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THEORY  OF  STRUCTURES. 


CHAPTER  I. 
FRAMES  LOADED  AT  THE  JOINTS. 

1.  Definitions. — Frames  are  rigid  structures  composed  of 
straight  struts  and  ties,  jointed  together  by  means  of  bolts,  straps, 
mortises,  and  tenons,  etc.  Struts  are  members  in  compression,  ties 
members  in  tension,  and  the  term  brace  is  appHed  to  either. 

The  external  forces  upon  a  frame  are  the  loads  and  the  reac- 
tions at  the  points  of  support,  from  which  may  be  found  the  result- 
ant forces  at  the  joints.  The  greatest  care  should  be  exercised 
in  the  design  of  the  joints.  The  resultant  forces  should  severally 
coincide  in  direction  with  the  axes  of  the  members  upon  which 
they  act,  and  should  intersect  the  joints  in  their  centres  of  gravity. 
Owing  to  a  want  of  homogeneity  in  the  material,  errors  of  work- 
manship, etc.,  this  coincidence  is  not  always  practicable,  but  it 
should  be  remembered  that  the  smallest  deviation  introduces  a 
bending  action.  Such  an  action  will  also  be  caused  by  joint  fric- 
tion when  the  frame  is  insufhciently  braced.  The  points  in  which 
the  lines  of  action  of  the  resultants  intersect  the  joints  are  also 
called  the  centres  of  resistance,  and  the  figure  formed  by  joining  the 
centres  of  resistance  in  order  is  usually  a  polygon,  which  is  desig- 
nated the  line  of  resistance  of  the  frame. 

The  position  of  the  centres  should  on  no  account  be  allowed 
to  vary.  It  is  assumed,  and  is  practically  true,  that  the  joints 
of  a  frame  are  flexible,  and  that  the  frame  under  a  given  load  does 
not  sensibly  change  iii  form.  Thus  an  individual  member  is  merely 
stretched  or  compressed  in  the  direction  of  its  length,  i.e.,  along 
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its  line  of  resistance,  while  the  frame  as  a  whole  may  be  subjected 
to  a  bending  action. 

The  term  truss  is  often  applied  to  a  frame  supporting  a  weight. 

2.  Frame  of  Two  Members. — OA,  OB  are  two  bars  jointed  at  0 
and  supported  at  the  ends  A,  B.  The  frame  in  Fig.  1  consists  of 
two  ties,  in  Fig.  3  of  two  struts,  and  in  Fig.  2  of  a  strut  and  a  tie. 


\o 


"^^ 


Fig.  1. 


Fig.  2. 


Fig.  3. 


Let  P  be  the  resultant  force  at  the  joint,  and  let  it  act  in  the  direc- 
tion OC.  Take  OC  equal  to  P  in  magnitude,  and  draw  CD  parallel 
to  OB.    OD  is  the  stress  along  OA,  and  CD  is  that  along  OB. 

Let  the  angle  AOB=a,  and  the  angle  COD=p. 

Let  Si,  Si  be  the  stresses  along  OA,  OB,  respectively.     Then 


<gi     OD    sin(a-^) 
P~OC~     sin  a 


and 


S2 
P 


CD    sin  p 
OC    sin  a 


3,  Frame  of  Three  or  More  Members. — Let  A1A2A3  ...  be  a 
polygonal  frame  jointed  at  Ai,  Ai,  A3,  .  .  .  Let  Pi,  P2,  P3,  .  .  . 
be  the  resultant  forces  at  the  joints  Ai,  A2,  A3,  .  .  .  ,  respectively. 
Let  Si,  S2,  S3,  .  .  .  be  the  forces  along  A1A2,  A2A3,  .  .  .  ,  respect- 
ively. 

Consider  the  joint  Ai. 

The  lines  of  action  of  three  forces,  Pi,  ;Si,  and  Sq,  intersect  in 
this  joint,  and  the  forces,  being  in  equilibrium,  may  be  represented 
in  direction  and  magnitude  by  the  sides  of  the  triangle  OsiSq,  in 
which  SiSe  is  parallel  to  Pi,  Osi  to  Si,  and  Osq  to  Sg- 

Similarly,  P2,  Si,  S2  may  be  represented  by  the  sides  of  the 
triangle  OsiSz  which  has  one  side,  Osi,  common  to  the  triangle  OsiSq. 
and  so  on. 

Thus  every  joint  furnishes  a  triangle  having  a  side  common 
to  each  of  the  two  adjacent  triangles,  and  all  the  triangles  together 
from  a  closed  polygon  S1S2S3  .  .  .  The  sides  of  this  polygon  represent 
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in  magnitude  and  direction  the  resultant  forces  at  the  joints,  and 
the  radii  from  the  pole  0  to  the  angles  S1S2S3,  .  .  .  represent  in 
magnitude,  direction,  and  character  the  forces  along  the  several 
sides  of  the  frame  A1A2A3  .  .  .    The  polygon  A1A2A3  .  .  .  is  the 


Fia.  4. 


Fig.  5. 


line  of  resistance  of  the  frame,  and  is  called  the  funicular  polygon 
of  the  forces  Pi,  P2,  P3,  .  .  .  with  respect  to  the  pole  0. 

The  two  polygons  aire  said  to  be  reciprocal,  and,  in  general,  two 
figures  in  graphical  statics  are  said  to  be  reciprocal  when  the  sides 
in  the  one  figure  are  parallel  or  perpendicular  to  corresponding, 
sides  in  the  other. 

A  triangle  or  polygon  is  also  said  to  be  the  reciprocal  of  a  point 
when  its  sides  are  parallel  or  perpendicular  to  corresponding  lines 
radiating  from  the  point.  Thus  the  triangle  OseSi  is  the  reciprocal 
of  the  point  Ai, .  and  the  polygon  A1A2A3  ...  is  the  reciprocal 
of  the  point  0. 

If  more  than  two  members  meet  at  a  joint,  or  if  the  joint  is 
subjected  to  more  than  one  load,  the  resulting  force  diagram  will  be 
a  quadrilateral,  pentagon,  hexagon,  .  .  .  according  as  the  number 
of  members  is  3,  4,  5,  .  .  .  or  the  number  of  loads  2,  3,  4,  .  .  . 

In  practice  it  is  usually  required  to  determine  the  stresses  in  a 
number  of  members  radiating  from  a  joint  in  a  framed  structure. 
If  the  reciprocal  of  the  joint  can  be  drawn,  its  sides  will  repre- 
sent in  direction  and  magnitude  the  stresses  in  the  corresponding 
members. 
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The  converse  of  the  preceding  is  evidently  true.  For  if  a  sys- 
tem of  forces  is  in  equilibrium,  the  polygon  of  forces  S1S2S3  .  .  . 
must  close,  and  therefore  the  polygon  which  has  its  sides  respect- 
ively parallel  to  the  radii  from  a  pole  0  to  the  angles  si,  S2,  S3,  .  .  . 
and  which  has  its  angles  upon  the  lines  of  action  of  the  forces,  must 
also  close. 

Ex.  1.  Let  0  be  a  joint  in  a  framed  structure,  and  let  Osi,  Os^,  Os,,  . . . 
be  the  axes  of  the  members  radiating  from  it.  The  polygon  A^A^A,  ...  is 
the  reciprocal  of  0,  the  side  A^Ai  representing  the  stress  along  Osi,  the  side 
A^A,  that  along  Os^,  etc.,  Fig.  5. 

Ex.  2.  Let  the  resultant  forces  at  the  joints  be  parallel.  The  polygon 
of  forces  becomes  the  straight  line  SjSs,  which  is  often  termed  the  line  of  loads. 
Thus,  the  forces  P^,  P,,  . . .  Pt  are  represented  by  the  sides  SiSj,  s^,,  . . .  8485, 


which  are  ia  one  straight  line  closed  by  SiSb  and  SjSj,  representing  the  remain- 
ing forces  Pi  and  Pe,  while  the  triangles  Os^s^,  Os^Sa, . .  .  are  the  reciprocals  of 
the  points  A,,  A,.  .  .  Draw  OH  perpendicular  to  SiSj.  The  projection  of 
each  of  the  lines  Osi,  Os^,  Os^, . .  .  perpendicular  to  s,Sb  is  the  same  and  equal 
to  OH,  which  therefore  represents  in  magnitude  and  direction  the  stress  which 
is  the  same  for  each  member  of  the  frame. 

Let  cii,  aj,  a,,  . . .  be  the  inclinations   of  the    members  AiA,,  A^A,,  . . . 
respectively,  to  the  hne  of  loads.    Then 

OH  =Hsi  tan  a^  ^Hs^  tan  a^; 

.:    OH  (cot  ai+COt  a6)=-ffSl+fi'«6=SlS5=P2+P3+-P4+^5=-Pl+-P6, 

and  OH,  in  direction  and  magnitude,  is  equal  to  the  stress  common  to  each 
member.     Also,  the  stress  in  any  member,  e.g.,  A^A^,  =08^=^ OH  cosec  at. 

Let  the  resultant  forces  at  the  joints  A^A,  be  incUned  to  the  common 
direction  of  the  remaining  forces,  and  act  in  the  direction  shown  by  the  dotted 
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lines.  Let  P,',  P,'  be  the  magnitudes  of  the  new  forces;  draw  SiS/  parallel 
to  the  direction  of  P^'  so  as  to  meet  Os^  in  s/;  join  s^s^'.  Since  there  is  equi- 
libriimi,  s^'s^  must  be  parallel  to  the  line  of  action  of  P^'.  Thus 
Sb'SjS,  is  the  force  polygon. 

Ex.  3.  The  forces,  or  loads,  P^,  Pa, .  . .  Pj  are  generally  ver- 
tical, while  Pj,  Pe  are  the  vertical  reactions  of  the  two  supports. 

Suppose,  e.g.,  that  AiA^  .  .  .  A^  is  a  rope  or  chain  suspended 
from  the  points  Ai,  A„,  in  a  horizontal  plane  and  loaded  at  A^A, .  . . 
with  weights  Pj,  P3, .  .  .  The  chain  will  hang  in  a  form  dependent 
upon  the  magnitude  of  these  weights.  The  points  H  and  So  will 
coincide,  and  OH  will  represent  the  horizontal  tension  of  the 
chain. 

Let  the  polygon  A^A^ ...  ^j  be  inverted,  and  let  the  rope  be 
replaced  by  rigid  bars,  AiA^,  A^A, . .  .  The  diagram  of  forces 
will  remain  the  same,  and  the  frame  will  be  in  equilibriiun  imder 
the  given  loads.  The  equilibrium,  however,  is  unstable,  as  the 
chain,  and  consequently  the  inverted  frame,  will  change  form  if  the  weights 
vary.    Braces  must  then  be  introduced  to  prevent  distortion. 


Fig.  8. 


Fig.  9. 


Pig.  10. 


Take  the  case  of  a  frame  DCBA  .  .  .  symmetrical  with  respect  to  a  verti- 
cal through  A,  and  let  the  weights  at  A,  B,C,. . .  be  TF,,  W^,  W^, .  . . ,  respect- 
ively. 

Drawing  the  stress  diagram  in  the  usual  manner,  OH  represents  the  hori- 
zontal thrust  of  the  frame. 

The  portions  SiSj,  s^s^, .  .  .  of  the  line  of  loads  give  a  definite  relation  between 
the  weights  for  which  the  truss  will  be  stable.  The  result  may  be  expressed 
analytically,  as  follows: 

Let  ai,  ffij,  a,,. . .  be  the  inclinations  of  AB,  BC,  CD, . . . ,  respectively, 
to  the  horizontal. 

Let  the  horizontal  thrust  OH=H.    Then 

ff  =.  ^  cot  «.  =  (y  +  w}j  cot  «,  =  (^'+  W,+  TF.)  cot  a,  - . . . 

If  TF,  =  TF,  =  r3=  ..., 

cot  a,  =  3  cot  "2  =  5  cot  ff a  "^  •  •  • 
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If  there  are  two  bars  only,  viz.,  AB,  BC,  on  each  side  of  the  vertical  centre 
line,  the  frame  will  have  a  double  slope,  and  in  this  form  is  employed  to  support 
a  Mansard  roof. 

If  there  are  a  number  of  bars  on  each  side  of  A,  and  if  an,  an+i  are  the 
inclinations  to  the  horizon,  of  the  nth  and  (n+l)th  bars,  respectively,  count- 
-ing  from  A, 

2w-l 
^"+'"2,1+1 


cot 


cot  ( 


If  such  a  frame  as  the  above  is  inverted,  the  stresses  in  the  members  are 
reversed  in  kind,  but  remain  of  the  same  magnitude. 

4.  Non-closing  Polygons. — Let  a  number  of  forces  Pi,  P2,  P3,  .  .  . 
act  upon  a  structure,  and  let  these  forces,  taken  in  order,  be  represented 
in  direction  and  magnitude  by  tlie  sides  of  the  unclosed  figure 


Fig.  11. 


Fig.  12. 


MNPQ.  .  .  .  This  figure  is  .the  unclosed  polygon  of  forces,  and 
its  closing  line  TM  represents  in  direction  and  magnitude  the  result- 
ant of  the  forces  Pi,  P2,  P3,  .  .  . 

For  PM  is  the  resultant  of  Pi  and  P2,  and  may  replace  them; 
QM  may  rei^lace  PM  and  P3,  i.e..  Pi,  P2,  and  P3;   and  so  on. 

Take  any  point  0  and  join  OM,  ON,  OP,  .  .  . 

Draw  a  line  AB  parallel  to  OM  and  intersecting  the  line  of  action 
of  Pi  in  any  point  B.  Through  B  draw  BC  parallel  to  ON  and  cut- 
ting the  line  of  action  of  P2  in  C.  Similarly,  draw  CD  parallel  to 
OP,  DE  to  OQ,  EF  to  OR,  .  .  .    The  figure  ABCD ...  is  called  the 
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funicular  polygon  of  the  given  forces  with  respect  to  the  pole  0. 
The  position  of  the  pole  0  is  arbitrary,  and  therefore  an  infinite 
number  of  funicular  polygons  may  be  drawn  with  different  poles. 
Also  the  position  of  the  point  B  in  the  line  of  action  of  Pi  is 
arbitrary,  and  hence  an  infinite  number  of  funicular  polygons  with 
their  corresponding  sides  parallel,  i.e.,  an  infinite  number  of  similar 
funicular  polygons,  may  be  drawn  with  the  same  pole. 


Fio.  13. 


Fig.  14. 


5.  To  show  that  the  Intersection  of  the  First  and  Last  Sides  of 
the  Funicular  Polygon  (i.e.,  the  Point  G)  is  a  Point  on  the  Actual 
Resultant  of  the  System  of  Forces  Pi,  P2,  P3,  .  .  . — First  consider 
two  forces  Pi,  P2,  MNP  being  the  force  and  ABCD  the  fimicular 
polygon. 

Let  AB,  DC,  the  first  and  last  sides  of  the  latter,  be  produced 
to  meet  in  gi;  also  let  DC  produced  meet  the  line  of  action  of  Pi 
in  H. 

Produce  OP  and  MN  to  meet  in  K. 

Let  the  fines  of  action  of  Pi  and  P2  meet  in  L. 

By  similar  triangles, 


KP 
KN 


HC 
"HL' 


KNHB 
KG  ~HC'' 


KG  _Hgi 
KM~HB' 


Hence 


or 


KPKN  KG 


KN  KG  KM 


HCHBHgi 
"HLHCHB' 


KP  _Hgi 
KM    HL' 
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and  therefore,  since  the  angle  H  is  equal  to  the  angle  K,  the  line 
PM  is  parallel  to  the  line  Lgi. 

But  PM  represents  in  magnitude  the  resultant  of  the  forces 
Pi,  P2,  and  is  parallel  to  it  in  direction. 

Therefore  Lgi  is  also  parallel  to  the  direction  of  the  resultant. 

But  L  is  evidently  a  point  on  the  actiuil  resultant  of  Pi,  P2. 
Hence  gfi  must  be  a  point  on  this  resultant. 

Next,  let  there  be  three  forces.  Pi,  P2,  P3. 

Replace  Pi,  P2  by  their  resultant  X  acting  in  the  direction  Lgi. 
The  force  and  fimicular  polygons  for  the  forces  X  and  P2  are  evi- 
dently MPQ  and  AgiDE,  respectively;  and  g2,  the  point  of  inter- 
section of  Agi  and  ED  produced,  is,  as  already  proved,  a  point  on 
the  actual  resultant  of  X  and  P3,  i.e.,  of  Pi,  P2,  and.Pa. 

Hence  the  first  and  last  sides,  AB,  ED,  of  the  fimicular  polygon 
ABODE  of  the  forces  Pi,  P2,  P3,  with  respect  to  the  pole  0,  inter- 
sect in  a  point  which  is  on  the  actual  resultant  of  the  given  forces. 

The  proof  may  be  similarly  extended  to  four,  five,  and  any 
nimiber  of  forces. 

If  the  forces  are  all  parallel,  the  force  polygon  of  the  two  forces 
Pi,  P2  becomes  a  straight  line,  MNQ.    Draw  the  fimicular  poly- 


FiG.  15. 


Fig.  16. 


gon  ABCD  as  before,  and  through  gi,  the  intersection  of  the  first 
and  last  sides,  draw  giY  parallel  to  MQ,  and  cutting  BC  in  Y. 
By  similar  triangles. 


Pi 
ON 


ON     BY    ^^^    ON~ON~CY' 


Pi 
P2 


BY- 


Hence  Ygi,  which  is  parallel  to  the  direction  of  the  forces  Pi,  P2, 
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divides  the  distance  between  their  Hnes  of  action  into  segments 
which  are  inversely  proportional  to  the  forces,  and  must  therefore 
be  the  line  of  action  of  their  resultant.  The  proof  may  be  extended 
to  any  number  of  forces,  as  in  the  preceding. 

Funicular  Curve. — Let  the  weights  upon  a  beam  AB  become 
infinite  in  number,  and  let  the  distances  between  the  weights  diminish 
indefinitely. 

The  load  then  becomes  continuous,  and  the  funicular  polygon 
is  a  curve,  called  the  funicular  curve. 

The  equation  to  this  curve  may  be  found  as  follows: 

Let  the  tangents  at  two  consecutive  points  P  and  Q  meet  in  B. 
This  point  is  on  the  vertical  through  the  centre  of  gravity  of  the 
load  upon  the  portion  MN  of  the  beam. 


A.  X   MdiEN 


Fig.  17. 


Fig.  18. 


Let  In  be  the  line  of  loads,  and  let  OS,  OT  be  the  radial  lines 
from  0,  the  pole,  parallel  to  the  tangents  at  P  and  Q.  Take  A 
as  the  origin,  and  let  w  be  the  intensity  of  the  load. 

Let  6  be  the  inclination  of  the  tangent  at  P  to  the  beam,  and 
let  the  polar  distance  OV  =p. 

The  load  upon  the  portion  MN  is  wdx.    Then 

wdx=ST=SV-TV  =p  tan  d-p  tan  (d+dd) 
=  —pdd,  approximately. 

,       ,  dd      d^y       .  „    dy 

Therefore  -^=?^-Pd^'    ^^'^^^    ^^^^ 

Integrating  twice, 

py  =  —  ffwcb:^ +Cix+C2, 

Ci  and  C2  being  constants  of  integration. 
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If  w  is  constant, 


wx-" 


py 7^  +  ClX  +  C2, 


and  the  curve  is  a  parabola. 

6.  Centres  of  Gravity. — Let  it  be  required  to  determine  the 
centre  of  gravity  of  any  plane  area  sjTnmetrical  with  respect  to 
an  axis  XX.  Divide  the  area  into  suitable  elementary  areas  ai, 
a2,  as,  .  .  .  having  known  centres  of  gravity. 


Fig.  19. 


Fig.  20. 


Draw  the  force  (the  line  In)  and  funicular  polygons  correspond- 
ing to  these  areas,  and  let  g  be  the  point  in  which  the  first  and  last 
sides  of  the  funicular  potygon  meet.  The  line  drawn  through  g 
parallel  to  In  must  pass  through  the  centre  of  gravity  of  all  the 
elementary  areas  and,  therefore,  of  the  whole  area.  Hence  it  is 
the  point  G  in  which  this  line  intersects  the  axis  XX. 

Rail  and  similar  sections  may  be  divided  into  elementary  areas 
by  drawing  a  number  of  parallel  lines  at  right  angles  to  the  axis 
of  symmetry,  and  at  such  distances  apart  that 
each  elementary  figure  may,  without  sensible 
error,  be  considered  a  rectangle  of  an  area  equal 
to  the  product  of  its  breadth  by  its  mean  height. 
In  the  case  of  a  very  irregular  section,  an 
accurate  template  of  the  section  may  be  cut 
out  of  cardboard  or  thin  metal.  If  the  tem- 
plate is  then  suspended  from  a  pin  through  a 
point  near  the  edge,  the  centre  of  gravity  of  the  section  will  lie  in 
the  vertical  through  the  pin.    By  changing  the  point  of  suspension, 


Fig    21. 
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a  new  line  in  which  the  centre  of  gravity  lies  may  be  found.  The 
iiltersection  of  the  two  lines  must,  therefore,  be  the  centre  of  gravity 
required.  Another  method  of  finding  the  centre  of  gravity  is  to 
carefully  balance  the  template  upon  a  needle-point. 

The  area  of  such  a  section  may  be  determined  either  by  means 
of  a  planimeter  or  by  balancing  the  template  against  a  rectangle 
cut  out  of  the  same  material,  the  area  of  the  rectangle  being  evi- 
dently the  same  as  that  of  the  section. 

7.  Moment  of  Inertia  of  a  Plane  Area. — Let  any  two  consecu- 
tive sides,  C2C3,  C3C4,  of  the  funicular  polygon.  Fig.  19,  meet  the 
line  gG  in  the  points  ma,  ns. 

Let  Xi,  X2,  X3,  .  .  .  be  the  lengths  of  the  perpendiculars  from  the 
centres  of  gravity  of  ai,  02,  as,  ...  ,  respectively,  upon  gG. 

Draw  the  line  OH  perpendicular  to  the  line  of  loads,  and  let 
OH=p. 

By  the  similar  triangles  Csmsns  and  034, 

mana    34    as  a3a;3 

= — = — ,     or    msns=—-- 

xs       p      p'  p 

and  —  4-  =m,sns-^  =  area  of  triangle  CsmsUs. 

But  the  total  area  A  bounded  by  the  funicular  polygon 
C1C2C3  .  .  .  and  the  Imes  gCi,  gk  is  the  sum  of  all  the  triangular 
areas  Cigwii,  C2m2n2,  Ciimni,  .  .  . ,  described  in  the  same  manner  as 
CsTHsris.      Therefore 

^~p    2  +p   2  +•••         2p    - 

The  sum  I(ax^)  is  the  moment  of  inertia,  /,  of  the  plane  area 
with  respect  to  gG.    Hence 

4=2^,    or    I=2Ap. 

The  moment  of  inertia  ly  of  the  area,  with  respect  to  a  parallel 
axis  at  distance  yi  from  gG,  is  given  by  the  equation 

ly-I+Syi^, 
where  ;Si  =^1+^2+  .  •  • 
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Let  the  new  axis  intersect  Cig  and  kg  in  the  points  q  and  r. 
Since  the  triangles  qgr  and  Oln  are  similar, 

qr  _ln _  S 
Vi~  V  ~  V' 

and  therefore  the  area  A'  of  the  triangle  qgr 

Hence  Iy=2pA+2pA' ^2p{A+A'). 

Note. — If  p  be  made  =^  =  2-, 

7=^2    and    %2=^^/^ 

and  therefore  Iy=A{A+A'). 

The  angle  lOn  is  also  evidently  a  right  angle. 
8.  Bow's    Method, — An   examination   of   the   frame   and   stress 
diagrams,  Figs.  4  and  5,  shows: 

(1)  That  if  the  lines  representing  external  forces  on  parts  of 
the  frame  meet  in  a  point,  the  corresponding  lines  in  the  stress 
diagram  form  a  closed  polygon. 

(2)  That  if  the  lines  representing  parts  of  the  frame  diagram 
form  a  closed  polygon,  the  corresponding  lines  in  the  stress  diagram 
meet  in  a  point. 

(3)  That  if  lines  meet  in  a  point  in  the  stress  diagram,  the  corre- 
sponding lines  in  the  frame  diagram  are  contiguous  and  form  either 
closing  or  non-closing  polygons. 

(4)  That  of  all  the  stress  diagrams  which  can  be  drawn  for  a 
given  frame  under  given  loads,  there  is  only  one  which  satisfies 
the  three  reciprocal  relationships  expressed  in  (1),  (2),  and  (3), 
and  it  is  called  the  reciprocal  diagram  of  stress. 

As  a  consequence  of  these  relationships.  Bow  devised  a  system 
of  notation  which  greatly  facilitates  the  construction  of  the  stress 
diagram. 

Lines  are  drawn  to  represent  the  external  forces  acting  at  the 
joints.    A  letter  is  then  assigned  to  each  enclosed  area  of  the  frame 
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and  also  to  each  space  between  the  lines  of  action  of  the  external 
forces.  Thus  each  line  in  the  frame  diagram  is  defined  by  the  two 
letters  in  the  two  spaces  separated  by  the  line  in  question.  The 
corresponding  line  in  the  reciprocal  diagram  is  parallel  to  this  line 
and  is  similarly  named. 

Generally  speaking,  this  method  will  be  adopted  in  dealing  with 
the  stresses  developed  in  framed  structures. 

9.  Roof -trusses.  —  A  roof  consists  of  a  covering  and  of  the 
trusses  (or  frames)  upon  which  it  is  supported.  The  covering  is 
generally  laid  upon  a  number  of  common  rafters  which  rest  upon 
horizontal  beams  (or  purlins),  the  latter  being  carried  by  trusses 
spaced  at  intervals  varying  with  the  type  of  construction,  but  aver- 
aging about  10  feet.  The  truss-rafters  are  called  principal  rafters, 
and  the  trusses  themselves  are  often  designated  as  principals. 

In  roofs  of  small  span  the  trusses  and  purlins  are  sometimes 
dispensed  with. 

Types  of  Truss. — A  roof-truss  may  be  constructed  of  timber, 
of  iron  or  steel,  or  of  these  materials  combined..  Timber  is  almost 
invariably  employed  for  small  spans,  but  in  the  longer  spans  it 
has  been  largely  superseded  by  iron,  in  consequence  of  the  com- 
bined lightness,  strength,  and  durability  of  the  latter. 

Attempts  have  been  made  to  classify  roofs  according  to  the 
mode  of  construction,  but  the  variety  of  form  is  so  great  as  to  render 
it  impracticable  to  make  any  further  distinction  than  that  which 
may  be  drawn  between  those  in  which  the  reactions  of  the  supports 
are  vertical  and  those  in  which  they  are  inclined. 

Fig.  22  is  a  simple  form  of  truss  for  spans  of  less  than  30  ft. 

Fig.  23  is  a  superior  framing  for  spans  of  from  30  to  40  ft.;  it 
maj^  be  still  further  strengthened  by  the  introduction  of  struts, 
Figs.  24  and  25,  and  with  such  modification  has  been  employed 
to  span  openings  of  90  ft.  It  is  safer,  however,  to  limit  the  use 
of  the  type  shown  by  Fig.  24  to  spans  of  less  than  60  ft.  Figs.  26, 
27,  28,  29,  and  30  are  forms  of  truss  suitable  for  spans  of  from  60  to 
100  ft.  and  upwards. 

Arched  roofs.  Figs.  29  and  30,  admit  of  a  great  variety  of  treat- 
ment. They  have  a  pleasing  appearance,  and  cover  wide  spans 
without  intermediate  supports.  The  flatness  of  the  arch  is  limited 
by  the  requirement  of  a  minimum  thrust  at  the  abutments.    The 
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thrust  may  be  resisted  either  by  thickening  the  abutments  or  by 
introducing  a  tie.  If  the  only  load  upon  a  roof-truss  were  its  own 
weight,  an  arch  in  the  form  of  an  inverted  catenary,  with  a  shallow 
rib,   might  be  used.     But  the  action  of  the  wind  induces  oblique 


Fig.  22. 


Fig.  23. 


Fig.  24. 


Fig.  25. 


Fig.  26. 


Fig.  27. 


Fia.  28. 


Fig.  29. 


Fig.  30. 


and  transverse  stresses,  so  that  a  considerable  depth  of  rib  is  gen- 
erally needed.  If  the  depth  exceed  12  in.,  it  is  better  to  connect 
the  two  flanges  by  braces  than  by  a  solid  web.  Roofs  of  wide  span 
are  occasionally  carried  by  ordinary  lattice  girders. 

Principals,  Purlins,  efc.— The  principal  rafters  in  Figs.  22  to  28 
are  straight,  abut  against  each  other  at  the  peak,  and  are  prevented 
by  tie-rods  from  spreading  at  the  heels.  When  made  of  steel,  tee  (T), 
rail,  and  channel  (both  single  —  and  double  ][)  bars,  bulb-tee  (J) 
and  rolled  (I)  beams,  are  all  excellent  forms. 

Timber  rafters  are  rectangular  in  section,  and  for  the  sake  of 
economy  and  appearance  are  often  made  to  taper  uniformly  from 
heel  to  peak. 

The  heel  is  fitted  into  a  suitable  cast-iron  skew-back,  or  is  fixed 
between  wrought-iron  angle-brackets  and  rests  either  directly  upon 
the  wall  or  upon  a  wall-plate. 

When  the  span  exceeds  60  ft.,  allowance  should  be  made  for 
alterations  of  length  due  to  changes  of  temperature.  This  may  be 
effected  by  interposing  a  set  of  rollers  between  the  skew-back  and 
wall-plate  at  one  heel,  or  by  fixing  one  heel  to  the  wall  and  allow- 
ing the  opposite  skew-back  to  slide  freely  over  a  wall-plate. 

The  junction  at  the  peak  is  made  by  means  of  a  casting  or  by 
steel  plates. 
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Light  iron  and  timber  beams  as  well  as  angle-irons  are  employed 
as  purlins.  They  are  fixed  to  the  top  or  sides  of  the  rafters  by 
brackets,  or  lie  between  them  in  cast-iron  shoes,  and  are  usually 
held  in  place  by  rows  of  tie-rods,  spaced  at  6  or  8  ft.  intervals 
between  peak  and  heel,  running  the  whole  length  of  the  roof. 

The  sheathing-boards  and  final  metal  or  slate  covering  are 
fastened  upon  the  purlins.  The  nature  of  the  covering  regulates 
the  spacing  of  the  purlins,  and  the  size  of  the  purlins  is  governed 
by  the  distance  between  the  main  rafters,  which  may  vary  from 
4  ft.  to  upwards  of  25  ft.  When  the  interval  between  the  rafters 
is  so  great  as  to  cause  an  imdue  deflection  of  the  purlins,  the  latter 
should  be  trussed.  Each  purlin  may  be  trussed,  or  a  light  beam 
may  be  placed  midway  between  the  main  rafters  so  as  to  form  a 
supplementary  rafter. 

Struts  are  made  of  timber  or  iron.  Timber  struts  are  rectangular 
in  section.  Steel  struts  may  consist  of  L  bars,  T  bars,  or  light  col- 
umns, while  cast  iron  may  be  employed  for  work  of  a  more  orna- 
mental character.  The  strut  heads  are  attached  to  the  rafters  by 
means  of  cast  caps,  steel  straps,  brackets,  etc.,  and  the  strut  feet  are 
easily  designed  both  for  pin  and  screw  connections. 

Ties  may  be  of  flat  or  round  bars  attached  either  by  eyes  and 
pins  or  by  screw-ends,  and  occasionally  by  rivets.  The  greatest 
care  is  necessary  in  properly  pi-oportioning  the  dimensions  of  the 
eyes  and  pins  to  the  stresses  that  come  upon  them. 

To  obtain  greater  security,  eaeh  of  the  end  panels  of  a  roof  may 
be  provided  with  lateral  braces,  and  wind-ties  are  often  made  to 
nm  the  whole  length  of  the  structure  through  the  feet  of  the  main 
struts. 

Due  allowance  must  be  made  in  all  cases  for  changes  of  tem- 
peratiore. 

ID.  Roof-Weights. — In  calculating  the  stresses  in  the  different 
members  of  a  roof-truss  two  kinds  of  load  have  to  be  dealt  with, 
the  one  'permanent  (or  dead)  and  the  other  accidental  (or  live).  The 
permanent  load  consists  of  the  covering,  the  framing,  and  accumw- 
lations  of  snow. 

Tables  at  the  end  of  the  chapter  show  the  weights  of  various 
coverings  and  framings. 

The  weight  of  freshly  fallen  snow  may  vary  from  5  to  20  lbs. 
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per  cubic  foot.  English  and  European  engineers  consider  an  allow- 
ance of  6  lbs.  per  square  foot  sufficient  for  snow,  but  in  cold  climates, 
similar  to  that  of  North  America,  it  is  probably  unsafe  to  estimate 
this  weight  at  less  than  12  lbs.  per  square  foot. 

The  accidental  or  live  load  upon  a  roof  is  the  wind  pressure, 
the  maximum  force  of  which  has  been  estimated  to  vary  from 
40  to  50  lbs.  per  square  foot  of  surface  perpendicular  to  the  direction 
of  blow.  Ordinary  gales  blow  with  a  force  of  from  20  to  25  lbs., 
which  may  sometimes  rise  to  34  or  35  lbs.,  and  even  to  upwards 
of  50  lbs.  during  storms  of  great  severity.  Pressures  much  greater 
than  50  lbs.  have  been  recorded,  but  are  wholly  untrustworthy. 
Up  to  the  present  time,  indeed,  all  wind-pressure  data  are  most 
unrehable,  and  to  this  fact  may  be  attributed  the  frequent  wide 
divergence  of  opinion  as  to  the  necessary  wind  allowance  in  any 
particular  case.  The  great  differences  that  exist  in  all  recorded 
wind  pressures  are  primarily  due  to  the  unphilosophic,  unscientific, 
and  unpractical  character  of  the  anemometers  which  give  no  cor- 
rect information  either  as  to  pressure  or  velocity.  The  inertia  of 
the  moving  parts,  the  transformation  of  velocities  into  pressures, 
and  the  injudicious  placing  of  the  anemometer,  which  renders  it 
subject  to  local  currents,  all  tend  to  vitiate  the  results. 

It  would  be  practically  absm-d  to  base  calculations  upon  the 
violence  of  a  wind-gust,  a  tornado,  or  other  similar  phenomena,  as 
it  is  almost  absolutely  certain  that  a  structure  would  not  lie  within 
its  range.  In  fact,  it  may  be  assumed  that  a  wind  pressure  of  40  lbs. 
per  square  foot  upon  a  surface  perpendicular  to  the  direction  of 
blow  is  an  ample  and  perfectly  safe  allowance,  especially  when  it 
is  remembered  that  a  greater  pressure  than  this  would  cause  the 
overthrow  of  nearly  all  existing  towers,  chimneys,  etc. 

II.  Wind  Pressure  upon  Inclined  Surfaces. — The  pressure  upon 
an  inclined  surface  may  be  obtained  from  the  following  formula, 
which  was  experimentally  deduced  by  Hutton,  viz.: 

Pn=psiaa^-^'^^''-^; (A) 

p  being  the  intensity  of  the  wind  pressure  in  pounds  per  square  foot 
upon  a  sxu^ace  perpendicular  to  the  direction  of  blow,  and  p„  being 
the  normal  intensity  upon  a  surface  inclined  at  an  angle  a  to  the 
direction  of  blow. 
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I^t  ph,  p»  be  the  components  of  p„,  parallel  and  perpendicular, 
respectively,  to  the  direction  of  blow:    Then 

Ph = Pn  sin  a    and    p^ = p„  cos  a. 

Hence,  if  the  inclined  surface  is  a  roof,  and  if  the  wind  blows  hori- 
zontally, a  is  the  roof's  pitch. 

Again,  let  v  be  the  velocity  of  a  fluid  cm-rent  in  feet  per  second, 
and  be  that  due  to  a  head  of  h  feet. 

Let  w  be  the  weight  of  the  fluid  in  pounds  per  cubic  foot. 

Let  p  be  the  pressure  of  the  current  in  pounds-  per  square  foot 
upon  a  surface  perpendicular  to  its  direction. 

If  the  fluid,  after  striking  the  surface,  is  free  to  escape  at  right 
angles  to  its  original  direction, 

p=2hw w. 

9 

Hence  for  ordinary  atmospheric  air,  since  w  =  .08  lb.,  approximately, 


32''      l20y 


?^  =  'S9^'=    90 (B) 


When  the_  wind  impinges  upon  a  surface  oblique  to  its  direction, 

/v  sin  5\2 
the  intensity  of  the  pressure  is  (     „„     1  ,  v  being  the  absolute  im- 
pinging velocity,  and  /i  being  the  angle  between  the  direction  of 
blow  and  the  surface  impinged  upon. 

Tables  prepared  from  formulae  A  and  B  are  given  at  the  end 
of  the  chapter. 

12.  Distribution  of  Loads.— Engineers  have  been  accustomed 
to  assume  that  the  live  load  is  xmiformly  distributed  over  the  whole 
of  the  roof,  and  that  it  varies  from  30  to  35  lbs.  per  square  foot  of 
covered  surface  for  short  spans,  and  from  35  to  40  lbs,  for  spans 
of  more  than  60  ft.  But  the  wind  may  blow  on  one  side  only,  and 
although  its  direction  is  usually  horizontal,  it  may  occasionally  be 
inclined  at  a  considerable  angle,  and  be  even  normal  to  a  roof  of 
high  pitch.  It  is  therefore  evident  that  the  horizontal  compo- 
nent (ph)  of  the  normal  pressure  (p„)  should  not  be  neglected,  and 
it  may  cause  a  complete  reversal  of  stress  in  members  of  the  truss, 
especially  if  it  is  of  the  arched  or  braced  type. 


18  THEORY  OF  STRUCTURES. 

If  Pn  is  the  total  normal  wind  pressure  on  the  side  of  a  roof  of 
pitch  a,  its  horizontal  component  P„  sin  a  will  tend  to  push  the 
roof  horizontally  over  its  supports.  This  tendency  must  be  resisted 
by  the  reactions  at  the  supports. 

In  roofs  of  small  span  the  foot  of  each  rafter  is  usually  fixed 

to  its  support,  and  it  may  be  assumed  that  each  support  exerts 

P    sm  (v 
the  same  reaction,   which  should  therefore  be  equal  to    -^^-^ — . 

In  roofs  of  large  span  the  foot  of  one  rafter  is  fixed,  while  that  of 
the  other  rests  upon  rollers.  The  latter  is  not  suited  to  withstand 
a  horizontal  force,  and  the  whole  of  the  horizontal  component  of 
the  wind  pressure  must  be  borne  at  the  fixed  end,  where  the  reaction 
should  be  assumed  to  be  equal  to  P„  sin  a. 

In  designing  a  roof-truss  it  is  assumed  that  the  wind  blows  on 
one  side  only,  and  that  the  total  load  is  concentrated  at  the  joints 
(or  points  of  support)  of  the  principal  rafters. 

For  example,  let  the  rafters  AB,  AC  of  a  truss  be  each  supported 
at  two  intermediate  points  (or  joints),  D,  E  and  F,  G,  respectively, 
and  let  the  wind  blow  on  the  side  AB. 

Take  BD=CF=h,  DE=FG  =  h, 
EA=GA=lz;    and  let  h  +  h  +  h^l; 
BC  =21  cos  a,  a  being  the  angle  ABC. 
Let    W    be    the    permanent    (or 
dead)  load  per  square  foot  of  roof- 
surface.     Le  p„  be  the  normal  wind 
pressure  per  square  foot  of  roof  surface.     Let  5  be  the  horizontal 
distance  in  feet  from  centre  to  centre  of  trusses. 

The   total  normal   live  load   concentrated  at5=p„d— ;   at  Z> 

Z1  +  Z2  _  ,^2  +  ^3  ,       ,  ,  Z3 

=Pna— 2~;   at  £=p„d— 2— ;   at  ^=p„d  y. 

The  total  vertical  dead  load  concentrated  at  D  and  F 
=wd  — K—',  at  E  and  G  =wd  — ^ — ;  at  A  =wdL3. 

Let  Ri,  R2  be  the  resultant  vertical  reactions  at  B  and  C,  respect- 
ively (i.e.,  the  total  vertical  reactions  less  the  dead  weights  wd— 
concentrated  at  these  points). 
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Take  moments  about  C.    Then 

Ri2l  cos  a=sum  of  moments  of  live  loads  about  C+sum  of 
moments  of  dead  loads  about  C 
= moment  of  resultant  wind  pressure  about  C+ mo- 
ment of  resdltant  dead  load  about  C 

=p„ld( ^+lcos2a]  +wd(h  +2l2+2l3)l  cos  a, 


where  k+1  cos  2a;  is  the  perpendicular  from  C  upon  the  line  of  action 

of  the  resultant  wind  pressure  which  bisects  AB  normally. 

The  moment  of  the  horizontal  reaction  at  5  or  C  about  C  is 
evidently  nil. 

R2  may  be  found  by  taking  moments  about  B. 

The  rafters  AB,  AC  have  one  end,  B,  fixed  and  the  other, 
C,  on  rollers,  the  reaction  R2  at  C 
being  vertical.  A  force  P,  inclined  at 
a  to  the  vertical,  acts  upon  AB  at  D, 
and  Q  is  the  resultant  vertical  load  on 
the  rafters.  Let  P  and  Q  meet  in  E. 
Taking  ED=P,  and  the  vertical  DF=Q, 
then,  on  the  same  scale,  FE  is  the  result- 
ant R3  of  P  and  Q.  Let  it  make  an 
angle  6  with  the  vertical.     Then 


Fig.  32. 


Q 


Q 


sma  —  d=~  sin^  =  ^  sin  a. 
P  Rz 

Let  ^3  and  R2  meet  in  0.  Then  OB  is  the  direction  of  the 
resultant  reaction  Ri  at  B.  Taking  the  vertical  BG=R2,  then,  on 
same  scale,  OG=Rz  and  OB=Ri,  OBG  being  a  triangle  of  forces. 
Let  Ri  make  an  angle  <f>  with  the  vertical.    Then 

•     /J     Q.     R2   ■    a    ^2  •     1 
sm  (6—0)  =^  sm  a=^  sm  6. 
til  tCz 

If  BG  =  l  and  if  p  and  q  are  the  perpendiculars  from  B  upon 
P  and  Q, 

Ril=Pp  +  Qq. 

13.  Simple  Frames  of  Various  Types. — (a)  Jib-crane. — Fig.  33 
represents  an  ordinary  jib-crane.    OX  is  the  post  fixed  in  the  ground 
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at  0,  BC  is  the  jib,  and  AC  the  tie.  The  jib-tie  and  gearing  are  so 
separated  from  the  post  as  to  admit  of  a  free  rotation  round  its  axis. 
Tig.  34  is  the  stress  diagram  when  the  crane  supports  a  weight  W 
as  indicated. 


Fig.  33.  Fig.  34. 


The  weight  W,  however,  is  not  suspended -directly  from  B,  but 

is  raised  or  lowered  by  means  of  a  chain  passing  over  pulleys  to 

a  chain-barrel  which  is  usually  fixed  to  the  post.     Disregarding 

W 
pulley  friction,  the  tension  in  the  chain  is  — ,  n  being  the  number 

of  falls.    Let  the  dotted  line,  Fig.  35,  indicate  the  direction  in  which 


Fig.  35. 


Fig.  36. 


the  chain  passes  to  the  chain-barrel.     The  loads  on  the  apex  are 

W 
now  W,  acting  vertically,  and  — ,  acting  in  the  direction  of  the  chain. 

11/ 

Thus  Fig.  36  is  the  stress  diagram,  and  AC  represents  in  direction 
and  magnitude  the  resultant  force  at  the  apex.    AD  is  the  tension 
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in  the  tie,  and  CD  the  compression  in  the  jib.  The  dotted  lines  in 
Fig.  36  also  show  that  generally  the  effect  of  chain  tension  is  to 
increase  the  thrust  on  the  jib  and  to  diminish  the  tension  in  the  tie. 
Draw  the  horizontals  AE  and  CG  to  meet  the  verticals  at  D  in  i? 
and  G  respectively. 

Then  DG=vert.  component  of  thrust  in  jib^pressure  in  post  at  0, 
and     DE=veTt.  component  of  tension  in  tie  =  tension  along  post. 

Therefore  DG-DjE  =  T^+i^G=  resultant    pressure  in  post  at  0. 

Also,  A^=  horizontal  component  of  tension^!)  in  tie,  and  the 
moment  of  this  force  with  respect  to  O^AExXO.  This  moment 
tends  to  upset  the  crane. 

OH,  the  horizontal  projection  of  the  jib  (or  tie),  is  the  radius 
or  throw  of  the  crane. 

If  the  post  revolves  about  its  axis  (as  in  pit-cranes),  the  jib  and 
gearing  are  bolted  to  it,  and  the  whole  turns  on  a  pivot  at  the  toe  K. 
In  this  case,  the  frame,  as  a  whole,  is  kept  in  equilibrium  by  the  , 
weight  W,  the  horizontal  reaction  H  of  the  web  plate  at  0,  and 
the  reaction  R  at  G.  The  first  two  forces  meet  in  H  and  -therefore 
the  reaction  at  K  must  also  pass  through  H. 

Hence,  since  OHK  may  be  taken  to  represent  the  triangle  of 
forces, 

H^W^.    and    R  =  W~. 
OK  OK 

In  a  portable  crane  the  tendency  to  upset  is  counteracted  by 
means  of  a  weight  placed  upon  a  horizontal  platform  OM  attached 
to  the  post  and  supported  by  the  tie  XM. 

The  horizontal  pull  at  X=AE,  Fig.  35,  and, if  OM  is  taken  to 
represent  AE,  then  on  the  same  scale  OX  is  the  counterweight  at  M^ 

(b)  Derrick-crane. — The  figure  shows  a  combination  of  a  der- 
rick and  crane,  called  a  derrick-crane.  It  is  distinguished  from 
the  jib-crane  by  having  two  backstays,  AD,  AE.  One  end  of 
the  jib  is  hinged  at  or  near  the  foot  of  the  post,  and  the  other  is 
held  by  a  chain  which  passes  over  pulleys  to  a  winch  on  the  post, 
so  that  the  jib  may  be  raised  or  lowered  as  required. 

The  derrick-crane  is  generally  made  of  wood,  is  simple  in  con- 
stiuction,  is  easily  erected,  has  a  vertical  as  well  as  a  lateral  motion,. 
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and  a  range  equal  to  a  circle  of  from  10  to  60  feet  radius.    It  is  there- 
fore useful  for  temporary  works,  setting  masonry,  etc. 

The  stresses  in  the  jib  and  tie  are  calculated  as  in  the  jib-crane, 

and    those   in   the   backstays   and 
post  may  be  obtained  as  follows: 

Let  the  plane  of  the  tie  and 
jib  intersect  the  plane  DAE  of  the 
two  backstays  in  the  line  AF,  and 
suppose  the  backstays  replaced 
by  a  single  tie  AF.  Take  OF  to 
represent  the  horizontal  pull  at  A. 
The  pull  on  the  "imaginary"  stay 
AF  is  then  represented  by  AF  and  is 
evidently  the  resultant  pull  on  the 
two  backstays.  Completing  the 
parallelogram  FGAH,  AH  will  repre- 
sent the  pull  on  the  backstay  AE, 
and  AG  that  upon  AD,  their  horizontal  components  being  OK,  OL, 
respectively.    The  figure  OKFL  is  also  a  parallelogram. 

If  the  backstays  lie  in  planes  at  right   angles  to   each   other, 

OL=Oi^  cos  ^  =  r  sin  a  cos  ^,  and  is  a  maximum  when  ^=0°, 
and 

OK  =0F  sin.  d  =  T  sin  a  sin  0,  and  is  a  maximirai  when  ^=90°, 

6  being  the  angle  FOL,  and  a  the  inclination  of  the  tie  to  the  vertical. 

Hence  the  stress  in  a  backstay  is  a  maximum  when  the  plane 
of  the  backstay  and  post  coincides  with  that  of  the  jib  and  tie. 

Again,  let  /?  be  the  inclination  of  the  backstays  to  the  vertical. 
The  vertical  components  of  the  backstay  stresses  are 

T  sin  a  cos  6  cot  /?    and    T  sin  a  sin  d  cot  /?; 

and,  therefore,  the  corresponding  stress  along  the  post  is 

T  sin  a  cot  ^  (cos  ^ +sin  d), 

which  is  a  maximum  when  6  =45°, 

c.  Shear-legs  {or  Shears)  and  Tripods  (or  Gins)  are  often  employed 
when  heavy  weights  are  to  be  lifted.  The  former  consists  of  two 
struts,  AD,  AE,  imited  at  A  and  supported  by  a  tie  AC,  which  may 
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be  made  adjustable  so  as  to  admit  of  being  lengthened  or  shortened 
The  weight  is  suspended  from  A,  and  the  legs  are  capable  of  revolving 


OW 


around  DE  as  an  axis.  Let  the  plane  of  the  tie  and  weight  intersect 
the  plane  of  the  legs  in  AF,  and  suppose  the  two  legs  replaced  by 
a  single  strut  AF.  The  thrust  along  AF  can  now  be  easily  obtained, 
and  hence  its  components  along  the  two  legs. 

In  tripods  one  of  the  three  legs  is  usually  longer  than  the  others. 
They  are  united  at  the  top,  to  which  point  the  tackle  is  also  attached. 

d.  Bridge-  and  Roof-trusses  of  Small  Span. — A  single  girder  is 
the  simplest  kind  of  bridge,  but  is  only  suitable  for  very  short  spans. 
For  longer  spans  the  middle  point  of  the  girder  may  be  supported 


Fig.  39. 


Fig.  40. 


by  struts.  Fig.  39,  through  which  a  portion  of  the  weight  is  transmitted 
to  the  abutments.     Let  P  be  the  portion  of  the  weight  thus  trans- 
mitted,   as  in  Fig.  40.      Fig.  41,  in  which 
AB=P  is  the  line   of  loads,  is   the  stress 
diagram,  and  the  thrust  along  each  strut  is 

p 

AC (=  BC)  = -^  cosec  a.     Drawing  the  hori- 

zontal  CO,  A0{  =B0)  and  CO  are  the  com- 
ponents of  the  thrust  at  the  foot  of  a  strut. 
Thus  the  vertical  and  horizontal  pressures 
on  the  masonry  at  the  foot  of  a  strut  are 

P.P.  ,•     1  Fig.  41. 

—  and  rj-  cot  a  respectively. 

In  Fig.  42  a  straining-cill  is  introduced,  and  the  girder  is  supported 
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at  two  intermediate  points.    Let  P  be  the  portion  of  the  weight  at 
each  of  these  points  which  is  transmitted  through  the  struts  and  the 


Fig.  42. 


Fig.  43. 


straining-cill,  Fig.  43.  Then  Fig.  44  is  the  stress  diagram,  ABC 
being  the  Hne  of  loads.  AD,  CD  are  drawn  parallel  to  the  corre- 
sponding struts,  and  AB=BC  =P.    Draw  DB  horizontally. 

The  thrust  along  the  straining-cill  =DB  =P  cot  a. 

"    a  strut  =^i)  (orCZ))=Pcoseca:. 

By  means  of  straining-cills  the  girders  may  be  supported  at 


Fig.  44. 


Fig.  45. 


several  points,  1,  2,  ...  ,  and  the  weight  concentrated  at  each  may 
be  assumed  to  be  one  half  of  the  load  between  the  two  adjacent 
points  of  support.  The  calculations  for  the  stresses  in  the  struts, 
etc.,  are  made  precisely  as  above. 

If  the  struts  are  very  long,  they  are  liable  to  bend,  and  counter- 
braces,  AM,  BN,  are  added  to  counteract  this  tendency. 

e.  The  triangle  is  the  only  geometrical  figure  of  which  the  form 
cannol,  be  changed  without  varying  the  lengths  of  the  sides.  For 
this  reason,  all  compound  trusses  for  bridges,  roofs,  etc.,  are  made 
up  of  triangular  frames. 

Fig.  46  represents  the  simplest  form  of  roof  truss.  AC,  BC  are 
rafters  of  equal  length  inclined  to  the  horizontal  at  an  angle  a,  and 
each  carries  a  uniformly  distributed  load  W. 

The  rafters  react  horizontally  upon  each  other  at  C,  and  their 
feet  are  kept  in  position  by  the  tie-beam  AB.    Consider  the  rafter  AC. 
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The  resultant  of  the  load  upon  AC,  i.e.,  W,  acts  through  the 
middle  point  D. 

Let  it  meet  thtf  horizontal  thrust  H  of  BC  upon  AC  in  F.  For 
equilibrium  the  resultant  thrust  at  A  must  also  pass  through  F. 

Also,  if  ;-  is  the  angle  FAE, 

,       AE     AE     1      ^ 

AFE  is  evidently  a  triangle  of  forces  for  W,  H,  and  fi.    Therefore 

W 
H  =  W  cot  y  =  -^cot  a, 


fi  =  TF  cosec  J- 


=  TFsJl  + 


cot^  a 


R  cosy^H  =  tension  in  tie, 
Rsmir  =  W  =  pressure  on  support. 

It  must  of  course  be  remembered  that  when  the  horizontal  mem- 
ber acts  as  a  tie  the  reactions  at  the  two  supports,  due  to  the  external 
loads  on  the  truss,  must  necessarily  be  vertical. 

p^H F/J^i 


Fig.  46. 


Fig.  47. 


If  the  rafters  AC,  BC  are  unequal,  let  ai,  a.2  be  their  inclinations 
to  A,  5,  respectively. 

Let  W\  be  the  uniformly  distributed  load  upon  AC,  Tf 2  that 
upon  BC. 

Let  the  direction  of  the  mutual  thrust  P  at  C  make  an  angle  ^ 
with  the  vertical,  so  that  if  CO  is  drawn  perpendicular  to  FC,  the 
angle  COB=fi;  the  angle  ACF  =90° -ACQ  =90°- (13- ai). 

Draw  AM  perpendicular  to  the  direction  of  P,  and  consider 
the  rafter  AC.  As  before,  the  thrust  Ri  at  A,  the  resultant  weight  TFi 
at  the  middle  point  of  AC,  and  the  thrust  P  at  C  meet  in  the  point  F. 
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Take  moments  about  A.    Then 

P-AM  =  WiAE. 

Bnt  AM  =  AC  sin  ACM  =  AC  cos  (fi-a{), 

AC 
and       AE=-^  cos  ai.    Therefore 


P=lli 


cosai 


2    cos  (/3-ai)' 
Similarly,  by  considering  the  rafter  BC, 
cos  a2  W2 


pJ^ 


cos  a2 


2   sin(/3+a2-90°)  2   cos  (/J+az)' 


Hence 


TFi      coscti 
2  cos(/?-ai) 

tan/3  = 


W2      cos  0:2 

~  2  cosO?+a2)' 


and  therefore  -l--  ^  1        2 


TFi  tan  a2  —  W2  tan  ai' 

The  horizontal  thrust  of  each  rafter  =P  sin  /?. 
The  vertical  thrust  upon  the  support  A  =Wi—P  cos  /?. 
The  vertical  thrust  upon  the  support  5  =  172+ P  cos  /?■ 
Sometimes  it  is  expedient  to  support  the  centre  of  the  tie-beam 
upon  a  column  or  wall,  the  king-post  being  a  pillar  against  -which 

the  heads  of  the  rafters  rest  in  such 
a   manner   that   the '  reaction   upon 
AC  Sit  C  is  at  right  angles  to  AC. 
Consider  the  rafter  AC. 
The  normal  reaction  R'   of  CO 
upon  AC,  the  resultant  weight  W 
at    the    middle    point.  D,    and    the 
thrust  B  at  A  meet  in  the  point  F. 
Taking  moments  about  A, 

W 
R'  =-^cosa. 

Thus     the    total    thrust    trans- 
mitted through  CO  to  the  support  at  0  =  17  cos^  a. 


R'-AC  =  W-AE,    or 
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w  w 

The  horizontal  thrust  on  each  rafter  =-?r  cos  a  sin  a  =-rsin  2  a. 

2  4 

X4.  King-post    Truss, — The    simple    triangular   truss    may   be 

modified  by  the  introduction  of  a  king-post,  Fig.  49,  which  carries 

a  portion  P  of  the  weight  on  the  tie-beam,  and  transfers  it  through 


Fig.  49. 


Fig.  50. 


the  rafters  to  the  end  of  the  tie,  where  it  is  again  resolved  into  hori- 
zontal and  vertical  coriiponents,  the  former  straining  the  tie  in 
tension,  and  the  latter  caiising  a  pressure  on  the  supports. 

Of  the  weight  W  on  each  rafter,  it  is  assumed  that  one-half  is  car- 
ried on  a  support,  and  the  other  half  on  the  ridge.     Thus  the  loads 
on  the  frame  are  W  at  the  ridge,  P  at  the  foot  of  the  post,  and  the 
.two  vertical  reactions,  each  =  ^(W+P),  at  the  supports.     Fig.  50 
is  evidently  the  stress  diagram,  AB  being  the  line  of  loads.      Then 

W+P 
AB  =  W;    reaction  at  each  support  =ZA  =  75= — x — 


YX^P. 


Therefore 


AC  =  thrust  along  rafter  =^(W+P)  cosec  a, 
CX  ^DY  =tension  in  tie  =i(Tf +P)  cot  a, 
DC  =  YX  =  tension  in  post  =P. 


Fig.  51. 


Fig.  52. 


In  Fig.  51  the  post  divides  the  tie-beam  into  two  segments 
a  and  h.      If  W  is   the  load  on  the  ridge,  assumed  equal  to  me 
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half  of  the  load  on  the  two  rafters,  and.  if  P  is  the  load  concen- 
trated at  the  foot  of  the  post, 

the  reaction  at  the  left    support  = — tt(1^+-P)  ^^^ 

"       "       "    "     right      "■      =-^jjiW+P). 

Fig.  52  is  evidently  the  stress  diagram,  AB  being  the  Ime  of 
loads. 

Then  AB  =  W;    reaction   at  left  support  =  ZA  =Tf-—i,  at  right 

support  =  YB  =  W——i .    Therefore 

AC  =  thrust  along  one  rafter  =W—-j:  cosec  a: 

BD=    '■'  "■     the  other  rafter  =  Tf-^cosec/?: 

a  +  o 

CX  =DY  =  tension  in  tie  =  W — -r  cot  a  =  W — ~t  cot  3; 

a+o  a+o       ^' 

DC  =  FX=  tension  in  post  =  P. 

The  tension  in  the  tie  diminishes  as  a  increases,  and  is  nothing 
when  a  =90°,  i.e.,  when  the  rafter  is  vertical. 

15.  Incomplete  Frames. — The  frames  discussed  in  the  preced- 
ing articles  will  support,  without  change  of  form,  any  load  consistent 
with  strength,  and  the  stresses  in  the  several  members  can  be  found 
in  terms  of  the  load.  It  sometimes  happens,  however,  that  a  frame 
is  incomplete,  so  that  it  tends  to  change  form  imder  every  distribution 
of  load.    An  example  of  this  class  is  the  simple  trapezoidal  truss, 
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Fig.  53.  Fig.  54. 


consisting  of  the  two  horizontal  members  AB,  DE,  and  the  two 
equal  inclined  members  AD,  BE,  Fig.  53. 

First,  let  there  be  a  weight  W  at  each  of  the  points  D,  E. 
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Fig.  54  is  the  stress  diagram  in  which  12=23=17. 
Evidently  also  Z1=Z3  =  TF= vertical  reaction  at  each  support. 
14  (=34)  =  IF  cosec  a  =  thrust  along  each  sloping  member. 
Tension  in  45=24  =  17  cot  a  =  thrust  along  DE. 
Next  let  there  be  a  weight  Wi  at  D  and  a  weight  W2{<Wi) 
at  E. 


Fig.  55. 


Fig.  56. 


Let  123  be  the  line  of  loads,  where  12  =  Tfi  and  23  =1^2. 

The  stress  diagram  for  the  joint  E  is  the  triangle  243,  and 
if  In  is  drawn  parallel  to  AD,  the  point  n  evidently  falls  outside  4 
and  the  stress  diagram  does  not  close.  The  frame  will  therefore 
be  distorted  unless  a  brace  is  introduced  connecting  B  and  D  or 
A  and  E.  In  the  former  case  the  stress  diagram  becomes  12345, 
the  line  45  being  drawn  parallel  to  BD. 

Drawing  the  horizontal  5X,  the  vertical  reaction  at  A  is  XI,  and 
at  B  is  X3. 

In  general,  if  Fig.  57  represents  any  frame  of  four  members, 
resting  upon  supports  at  A  and  B,  and  if  PT  is  a  weight  concen- 


FiG.  57. 


Fig.  58. 


trated  at  D,  then  124  is  the  stress  diagram  for  the  joint  at  D. 
Drawing  43  parallel  to  DE,  it  is  evident  that  23  is  the  only  weight 
which  can  be  supported  at  E  without  producing  distortion. 


30 


THEORY  OF  STRUCTURES. 


i6.  Queen-post  Truss. — It  is  a  common  practice  to  modify  the 
incomplete  frame  represented  by  Fig.  53  by  introducing  two  ver- 
tical queen-posts  {queen-rods  or  queens)  DF  and  EG,  Fig.  59,  through 
which  the  loads  are  transmitted  to  D  and  E.  The  frame  thus  modi- 
fied is  still  incomplete,  and  if  there  are  no  diagonal  braces  DG,  EF, 
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Fig.  60. 


the  distortion  of  the  frame  imder  an  unevenly  distributed  load  can 
only  be  prevented  by  the  friction  at  the  joints,  the  stiffness  of  the 
members,  and  by  the  queens  being  rigidly  fixed  to  AB  at  F  and  G. 

Let  Wi  be  the  load  at  F  transmitted  through  the  queen  FD  to  D. 

Let  W2  ( <  Wi)  be  the  load  at  G  transmitted  through  the  queen 
GE  to  E. 

If  the  frame  is  rigid,  the  reactions  Ri  at  A  and  R2  at  B,  which 
will  balance  these  weights,  can  easily  be  found  by  taking  moments 
about  B  and  A  successively.    Thus, 


and 


Ril  =  -Yil+c)+-j(J-c) 
R2l  =  -2-(l-c)+-~il+c), 


where  AB^l  and  FG=c. 

In  the  line  of  loads,  Fig.  60,  12=TFi  and  23=F2. 

Take  Xl=Ri   and  Z3=i22.    Then   X14    and    12541   are   the 
reciprocals  of  the  joints  at  A  and  D  respectively,  so  that  there  is 

1st.  A  thrust  =25  =Z4  =72i  cot  a  in  DE,  and 


2d.  Athrust=45=Z2  = 


W1-W2I-C 


mDF 


2  I 

= downward  pressure  at  F  on  the  tie  AB. 
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Again,  Z36  and  236n2  are  the  reciprocals  of  the  joints  at  B 
and  E  respectively.  For  equilibrium  this  last  should  close  with 
the  reciprocal  of  the  joint  D,  i.e.,  n  should  coincide  with  5.  But 
it  appears  that  there  is 

1st.  A  thrust  =n2=QX=R2  cot  a  in  DE,  and 
2d.  A  tension  =  6n  =Z2  -  1L1_JL?  t^  jn  EG 

=an  upward  pull  at  0  on  the  tie  AB. 
Thus  in  DE  there  is  an  unbalanced  thrust 

=  (/Ci-/i2)  cota  =  (TFi-Tr2)7Cota= ^ .      j, 

rf  being  the  depth  of  the  truss. 

The  tie  is  also  acted  upon  at  F  and  G  by  two  forces  of  equal 
magnitude  but  acting  in  opposite  directions,  thus  forming  a  couple 

of  moment  ^ j—c,  which  tends  to  cause  a  rotation  of  the 

tie-beam. 

To  neutralize  the  tendency  to  rotation  and  to  take  up  the  imbal- 
anced  force  in  DE,  a  brace  may  be  introduced  from  D  to  G,  Fig.  61, 
or  from  E  to  F.  In  the  former  case  the  brace  will  be  in  compression, 
and  in  the  latter  case  in  tension. 


Fig.  61. 


Fig.  62. 


Fig.  62  is  evidently  the  stress  diagram  for  the  modified  truss, 
and  the  stress  developed  in  DG  by  the  imbalanced  force  is 

W1-W2I-C        ^    W1-W2I-C  s 
56 ^sec^= 2" Td' 


5  being  the  length  of  the  diagonal. 
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With  a  single  collar-beam  DE,  Fig.  63,  and  a  load  2F  uniformly 

W 
distributed  over  the  rafters,  it  may  be  assumed  that  y  is  concentrated 

at  each  of  the  joints  D,  C,  and  E.    Then  Fig.  64  is  the  stress  diagram, 
1234  bemg  the  line  of  loads. 


Fis.  63. 


Fig.  64. 


The  stress  in  the  tie-beam       =X5  =|Tf  cot  a, 
"       "      "    "    collar-beam  =56  =iTFcotQ:, 
"     "AD{otBE)       =15  =fTFcosecci:, 
"      "CdIotCE)       =26  =iPFcoseca:. 

With  a  collar-beam  DE,  two  queen-posts  DF,  EG,  Fig.  65,  and 

a  imiformly  distributed  load  of  2W  over  the  rafters,  the  stresses  in 

the  members  at  the  joints  D  and  E  become  indeterminate.    A  further 

condition  is  therefore  required,  and  it  is  sometimes  assumed  that  the 

W 
component  of  each  of  the  weights  -g-  at  D  and  E,  normal  to  the 


Ox 


Fig.  65. 


Fig.  66. 


rafter  on  which  it  is  concentrated,  is  taken  up  by  the  collar-beam  and 
the  queen. 

Fig.  66  is  evidently  the  stress  diagram,  1234  being  the  line  of 
loads. 
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W  w 

56  ( =68)  =Y  cos  a  =  component  of  y  normal  to  rafter, 


W 


57  ( =78)  =-2"  cos2  a  =  thrust  along  each  queen. 
The  effect  upon  the  tie-beam  is  the  same  as  if  a  load 


W 


•  cos^  a  IS 

concentrated  at  each  of  the  joints  F  and  G,  the  loads  being  directly 
borne  by  the  supports  at  A  and  B. 

W  W 

67  ="2"  cos2  a  tan  a  =—  sin  2a  =  thrust  along  collar-beam, 

X5  =  Y7  =Z8  =  tension  in  tie-beam, 

XI  =Z4  =^W-XZ  =1  Tf -58  =|Tf -Tf  cos2  a  =vertical reac- 
tion at  each  support, 

W  "^ 

26  ( =36)  =  J  cosec  a;  15  ( =48)  =^W  cosec  a. 

This  frame  belongs  to  the  incomplete  class,  and  if  it  has  to  sup- 
port an  unequally  distributed  load,  braces  must  be  introduced  from 
D  toG  and  from  E  to  F. 

The  truss  ABC,  Fig.  67,  having  the  rafters  supported  at  two  inter- 
mediate points,  may  be  employed  for  spans  of  from  30  to  50  feet. 


Fig.  67. 


Fig.  68. 


Suppose  that  these  intermediate  joints  of  support  trisect  the  rafters, 

and  let  each  rafter  carry  .a  uniformly  distributed  load  W. 

W 
It  may  be  assumed  that  -^  is  concentrated  at  each  of  the  joints 

H,  D,  C,  E,  K.    Let  P  be  the  load  borne  directly  at  each  of  the 
joints  F  and  G. 
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Fig.  68  is  evidently  the  stress  diagram,  16  being  the  line  of  loads, 

W 
and  12  =23  =34  =45  =  56  =-3-. 

Also,  Zl  =f  W+P  =26  =vertical  reaction  at  each  support; 


Then 


17  =  (|i;r+P)  coseca=6-ll, 

W 
78  =-7r  cosec  a  =  10  •  11, 

D 

28  =  (f  F +P)  cosec  a  =  5  •  10, 
X7  =  aTf+P)cota=7-6, 
y-12  =  (tl^  +  P)cota, 


912 


=(?-) 


cot  a. 


17.  King-post  Roof-truss.    (Fig.  69.)— This  truss  is  a  simple  and 

economical  frame  for  spans  of 
not  more  than  30  feet.  To  elimi- 
nate excessive  bending  and  to  di- 
minish the  danger  of  transverse 
failure,  the  middle  points  of  the 
Fig-  69.  comparatively   long    rafters    are 

supported  by  struts  OD  and  OE.    A  portion  of  the  weight  on  the  rafters 
is  then  transmitted  through  these  struts  to  the  vertical  tie  (king-post 


Fio.  70. 


Fig.  71. 


or  rod)  CO,  which  again  transmits  it  through  the  rafters  to  act  partly 
as  a  vertical  pressure  upon  the  supports  and  partly  as  a  tension 
on  the  tie-beam.  The  main  purpose,  indeed,  of  struts  and  ties  is 
to  transform  transverse  into  longitudinal  stresses. 

If  W  is  the  uniformly  distributed  load  on  each  rafter,  it  may  be 
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assumed  that  one-half  of  the  load  upon  AD  and  upon  BE  is  borne 

du-ectly  by  the  supports  at  A  and  B,  and  that,  of  the  remainder  of 

W 
the  load,  -^  is  concentrated  at  each  of  the  joints  D,  C,  and  E. 

Let  P  be  the  load  concentrated  at  0. 

Then  Fig.  71  is  evidently  the   stress   diagram,  1234  being  the 

W 
line  of  loads  in  which  12=23=34 — ^. 

3         P 

Also,  Zl  =jTF  +  2-  =  F4=vertical  reaction  at  each  support. 

The  tension  in  the  tie  =Z5  =Z1  cot  a  =  [  jTf +y  1  cot  a  =  78, 

"  king-post  =  67  =^+-f' 
' '  thrust     ' '    I) A  (or BK)=\h  =  i^W+^ 

"        "        "     CD  (or  CE)  =26  =  (jW+j) 

W 
"    DO  (or  E0)=  56==-^  cosec  a. 


cosec  a, 
cosec  a, 


i8.  Bent  Crane. — Fig.  72  shows  a  convenient  form  of  crane  when 
much  headroom  is  required  near  the  post.  The  crane  is  merely  a 
girder  with  one  end  fixed,  and  the  sections  of  the  members  and  other 
details  of  construction  are  governed  by  the  lifting  power  required. 
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72. 

For  light  loads,  say  not   exceeding  10   tons,  the   flanges   may  be 
braced  together  as  shown  in  Fig.  72.     The  flanges  may  be  kept  at  the 
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same  distance  apart  throughout,  or  the  distance  between  them  may 
be  gradually  diminished  from  the  base  to  the  peak. 

Let  W  be  the  weight  concentrated  at  the  peak. 

Fig.  73  is  the  stress  diagram,  and  the  magnitudes  of  the  stresses 
obtained  from  this  diagram  may  be  checked  by  the  method  of 
moments. 

Take  IF  =  10  tons,  and  consider  the  equilibrium  of  the  portion  of 
the  crane  above  the  section  MN. 

Let  X,  y  be  the  length  of  the  perpendiculars  from  0  upon  Yf 
and  the  line  of  action  of  W  respectively.    Then 

X     150 
YfXy  =  10 Xx,   and    therefore   Yf  =  10-  =  j^=22i   tons, 

which  is  the  value  obtained  for  Yf  from  the  stress  diagram. 

19.  Roof-trusses  of .  Considerable  Span. — (a)  Each  of  the  joints 
in  the  principal  rafters  of  the  roof-truss  represented  by  Fig.  74  is 


Fig.  75. 


^C 


loaded  with  a  weight  W.  The  Ime  of  loads  is  NU,  Fig.  75,  in  which 
NO=OP  =  W=  ...  =TU,  and'  Fig.  75  is  the  diagram  giving  the 
stresses  in  all  the  members  of  the  truss. 
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(6)  Next,  let  the  truss  be  subjected  to  loads  which  act  on  the 
joints  of  one  of  the  principal  rafters  and  which  are  inclined  to  the 
vertical. 

(c)  Again,  let  the  frame  Fig.  76  be  subjected  to  inclined  loads 


Fig.  77. 

at  the  joints.  The  reactions  due  to  these  loads  may  be  found  as 
follows : 

Produce  the  lines  of  action  of  the  loads  to  meet  the  springing- 
line. 

Resolve  the  loads  NO,  OP,  PQ,  QR,  and  RS  into  their  vertical 
and  horizontal  components,  the  former  being  represented  by  N'O', 
O'P',  P'Q',  Q'R',  and  R'S,  Fig.  77. 

Take  any  pole  0"  and  join  it  with  0' ,  P',  Q'  R',  S. 

Construct  the  funicular  polygon  123456  and  draw  0"Y  par- 
allel to  the  closing  line  16.    Then  SY  and  YN  are  the  actual  reac- 
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tions  at  the  supports,  and  the  reciprocal  diagram  Fig.  77  can  be 
easily  constructed,  as  already  described. 

In  this  figure  the  points  H,  I,  J,  K,  L,  and  M  coincide,  and  there 
can  be  no  stress  in  HI,  IJ,  JK,  KL,  or  LM. 

(d)  Lock-joint  Trusses. — In  certain  trusses  the  stresses  at  two  or 
more  joints,  called  lock-joints,  are  indeterminate,  and  the  reciprocal 
figure  cannot  be  directly  drawn.  A  further  condition  is  required,  and 
it  is  sometimes  assumed  that  the  stresses  in  two  of  the  members 
meeting  at  a  lock-joint  are  equal.  The  stresses  are  also  determinate 
if  the  relative  yield  of  the  bars  is  known.  A  simple  and  independent 
method  may  be  illustrated  by  means  of  the  truss  shown  in  Fig.  78. 


Taking  any  pole  0",  Fig.  79  is  the  semi-funicular  polygon  of  the 
loads  on  the  roof,  and  the  bending  moment  at  any  point  is  meas- 
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ured  by  the  intercept  between  the  closing-line  19'  and  the  hne 
123  ...  9  (Chapter  II). 

Let  Fi  be  the  force  in  OY; 

X  be  the  vertical  distance  between  OY  and  the  truss  apex. 

Then    F^x  =the  bending  moment  at  the  apex 

=99'xO"y. 
Take  0"F=x; 

then  Fi=W, 

and  therefore  99'  is  the  stress  in  the  member  OY. 
Let  F2  be  the  force  in  GY. 

Then  2^2^  =  bending  moment  at  apex  of  space  G 

=55'X0"F 
=55' X  a;. 
Therefore      Fa  =2x55', 

and  thus  the  stress  in  GY  is  twice  the  intercept  55'. 

In  Fig.  80  take  FO  =99  and  rG=2x55'.  The  reciprocal  dia- 
gram can  now  be  easily  constructed. 

Consider  the  truss  Fig.  81  with  two  lock-joints.  In  this  truss 
the  rise  is  about  one  fifth  of  the  span;   the  struts  FG  and  ST  are 


Fig.  81. 


Pig.  82. 


normal  to  the  rafters,  and  about  one  tenth  of  the  span  in  length. 
The  members  AB  and  BC,  CD  and  DE, . .  .  ,JK  and  KL  meet 
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on  a  circular  arc  drawn  through  the  inner  end  of  the  strut  FG  and 
through  the  ends  of  the  rafter. 

Let  X  be  the  distance  between  the  member  MZ  and  the  apex 
of  the  truss. 

Let  the  truss  be  fixed  at  the  left  support  and  rest  on  rollers  at 
the  right  support. 

Consider  the  effect  of  a  normal  wind  pressure. 

At  the  points  of  intersection  of  the  springing-line  with  the  lines 
of  action  of  the  loads  resolve  the  loads  into  vertical  and  horizontal 
components,  and  represent  the  former  by  a'b',  b'c',  c'd',  . . .  i'j. 
Take  the  pole  0"  at  a  distance  from  the  load-line  a'j  equal  to  the 
vertical  distance  between  the  ridge  aad  MZ.    Draw  the  funicular 


Fig.  83. 

polygon  123  .  .  .rs  for  the  vertical  components  of  the  loads>  and 
draw  0"Z  parallel  to  the  closing-line  si.  Then  jZ  is  the  reaction 
at  the  right  support,  and  is  of  course  vertical.  Hence  if  the  vertical 
through  the  ti^uss  apex  intersects  the  closing-line  Is  in  m  and  sr 
produced  in  n,  mn  is  the  total  stress  in  MZ,  and  thus  the  position 
of  the  point  M  in  Fig.  83  is  defined.  The  diagram  can  now  be  com- 
pleted in  the  usual  manner. 

(e)  The  principal  rafters  of  the  truss  represented  by  Fig.  84 
are  each  I  ft.  long  and  are  spaced  d  ft.  centre  to  centre.  They 
carry  a  dead  weight  of  w  lbs.  per  square  foot  of  roof-covering,  and 
upon  the  rafter  AB  there  is  a  normal  wind  pressure  of  p„  lbs.  per 
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square  foot.    The  end  B  is  fixed,  and  rollers  are  placed  under  the 
foot  of  AC. 

\>    wld 
\S| 


Fig.  84. 


Fig.  85. 


Resolve  the  reaction  at  B  into  the  horizontal  component  H  and 
the  vertical  component  R. 

Then    H  =  total  horizontal  component  of  the  wind  pressure 

=Pnld  sin  a. 
Also,  taking  moments  about  C, 

Ri-2l  cos  a  =wld-l  cos  a  +p„W(  -  +Z  cos  a ), 

wld  Pn 


and  therefore 


—        Pnld  (I     cos  2a  \ 


Again,  since  there  are  rollers  at  C,  the  reaction  at  C  is  vertical, 
and  taking  moments  about  B, 

Ri2l  cos  a  =wld-l  cosa+pnld-K, 

wld      pjd 

Then   Fig.  85  is   the  stress  diagram,  1234   being  the  "line   of 
loads,"  in  which 

7/7 

LI3=wld;     32=p„2-=21. 


Also, 


Ri=lY,    YX=H,    and    Z4=i22. 
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The  dotted  lines  show  how  the  stress  diagram  is  modified  when 
rollers  are  placed  imder  B.  The  stresses  in  the  members  are  dimin- 
ished, and  hence,  in  designing  such  a  roof-truss,  the  wind  pressure 
should  be  assumed  to  act  upon  the  side  on  which  the  foot  of  the 
principal  is  fixed  to  its  support. 

(/)  A  roof-truss  for  a  larger  span  may  have  the  middle  points 
of  its  principal  rafters  supported  by  struts,  as  in  Fig.  86.  The  ver- 
tical dead  load  at  each  of  the  points  F,  A,  0=—^-. 

The  normal  wind  pressure  over  AB 

=^-  at  A  and  at  B, 
4  ' 


and 


Pnld 


&tF. 


The  horizontal  component  of  the  wind  pressure 
=Pnld  sin  a  =  horizontal  reaction  at  B. 


■i:^m. 


Fig.  86. 


Fig.  87. 


The  vertical  reactions  Ri  and  E^  at  B  and  C  can  be  found  at 
once  by  takmg  moments  about  C  and  B  successively,  and  are 


R2=iwU+ 


4  cos  a 
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Fig.  87  is  the  stress  diagram,  1234567  being  the  "line  of  loads" 
in  which  12=45=^,  23=~,  34  =-2~  =56=67. 

Also,  lY=Ri,    YX=H,    X7=R2. 

The  dotted  lines  show  how  the  stresses  are  modified  when  the 
roUers  are  under  B,  and  also  show  that  the  straining  is  greatest 
when  the  end  of  the  rafter  on  which  the  wind  blows  is  fixed. 

ig)  The  principal  rafters  of  the  truss  Fig.  88  are  supported  at 
two  intermediate  points. 

A 


Pio.  88. 


Dato.— Pitch  =30°;  AD  =BD=AE=CE =23  it.;  trusses =13  ft. 
centre  to  centre;  dead  weight  =8  lbs.  per  square  foot  of  roof -sur- 
face; wind  pressure  on  the  side  AB  normal  to  roof-surface  =28  lbs. 
per  square  foot;  DF=DH=EG=EK;  DF  and  EG  are  vertical; 
rollers  under  the  end  C;  span =79  ft.;  AF=BH  =21  ft.;  FH^S^it. 

I    24i  \ 

The  wind  pressure  =4459  lbs.   (=-2- •13-28)    at    each  of    the 

points  F,  H, 

and  =3822  lbs.  (=yl3-28j    at    each    of    the 

points.  A,  B. 

The  dead  load  =1274  lbs.   ( 2'^^'V    ^*   ^^^^    °^    *^® 

points  F,  H,  K,  G, 
and=2184  lbs.  (=21-13-8)  at  the  point  A. 
The  resultant  reaction  at  B 

=^(4x1274+2184)  +^;^  =13201.8  lbs. 

The  horizontal  reaction  at  B 

=  16562  sin  30°  =8281  lbs. 
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Fig.  89  is  the  stress  diagram  123  . . .  10,  being  the  "line  of 
loads"  in  which  12=67  =  3822  lbs.;  23=45=4459  lbs.;  34= 
1274=56=89=9-10;  78=2184  lbs.  Also,  17  =  13,202  lbs.;  YX 
=8281  lbs. 


Fig.  89. 


The  dotted  lines  show  the  modified  stresses  when  rollers  are 
imder  B,  and  again  show  that  the  straining  is  greatest  when  B  is 
fixed. 

Qi)  Bowstring  Roof-truss. — In  the  truss  represented  by  Fig.  90 
the  joints  of  the  upper  and  lower  chords  lie  on  curves  which  are 
either  circular  or  parabolic  arcs,  and  it  is  assumed  that  the  por- 
tion of  a  chord  between  any  two  consecutive  joints  is  straight. 
Under  a  imiformly  distributed  load  the  reciprocals  of  the  joints 
at  the  feet  of  the  verticals  do  not  close,  and  the  truss  evidently  belongs 
to  the  class  of  incomplete  frames.  Equilibriimi  is  impossible  and 
deformation  is  only  prevented  by  the  stiffness  of  the  truss  and  fric- 
tion of  the  joints.  To  render  the  stresses  determinate,  the  truss 
is  modified  by  the  introduction  of  the  sloping  members  shown  in 
Fig.  91,  and  the  stress  diagram  for  the  uniformly  distributed  load 
is  Fig.  92,  123456  bemg  the  line  of  loads,  in  which  12  =  W^=23 
=34  =45  =56=  load  concentrated  at  each  of  the  upper-chord  joints. 

Next  let  there  be  a  given  wind  pressure  on  the  left  half  of  the 
truss,  and  let  it  be  assumed  that  the  truss  is  fixed  at  the  left  sup- 
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port  and  rests  upon  rollers  at  the  right  support.  At  the  latter 
the  reaction  is  vertical  and  can  be  found  by  taking  moments  about 
the  left  support.  The  reaction  at  the  left  support  may  be  resolved 
into  a  vertical  and  a  horizontal  component,  and  the  latter  must 


Fig.  90. 


Fig.  92. 


Fig.  91. 


Fig.  93. 


Fig.  94. 


necessarily  be  equal  in  magnitude  to  the  horizontal  component 
of  the  total  wind  pressure.  The  vertical  component  is  now  easily 
obtained  by  taking  moments  about  the  left  support. 

A  reversal  of  stress  in  any  of  the  sloping  members  or  verticals 
on  the  right  half  of  the  truss  can  be  prevented  by  introducing  the 
counter-braces  shown  in  Fig.  93.    The  stress  diagram  for  the  wind 
effect  is  Fig.  94,  1234567  being  the  "line  of  load,"  in  which 
IF  =  vertical  reaction  at  left  support, 
YX  =  horizontal  reaction  at  left  support, 
X7  =  vertical  reaction  at  right  support, 
12  =i  normal  pressure  on  2a  =  23 
34=1      "  "         "  4&=45 

56=^      "  "        "6d=67. 


and  also 


46 


THEORY  OF  STRUCTURES. 


21.  Bridge-trusses. — ^A  bridge-truss  proper  consists  of  an  upper 
chord  (or  flange),  a  lower  chord  (or  flange),  and  an  intermediate 
portion,  called  the  web,  connecting  the  two  chords.  Its  depth  is 
made  as  small  as  possible  consistent  with  economy,  strength,  and 
stiffness.  Its  purpose  is  to  carry  a  distributed  load  which,  as  in 
roof-trusses,  is  assumed  to  be  concentrated  at  the  joints,  or  panel- 
points,  of  the  upper  and  lower  chords. 

(a)  Fig.  97  is  evidently  the  stress  diagram  for  the  bridge-truss 
represented  by  Fig.  95,  1234  being  the  line  of  loads,  in  which 

12  =  Wi,    23=Tf2,    34  =  TF3, 

the  loads  concentrated  at  the  panel-points  FKG  respectively. 
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Fig.  96. 


Fig.  97. 


Drawing  OX  parallel  to  the  closing  line  M'N  of  the  funicular 
polygon,  then  XI  and  X4  are  the  vertical  reactions  at  B  and  C 
respectively. 

Also  by  the  method  of  moments  it  follows  at  once  that 


and 


Xl=fTfi+iTr2+iTf3 
X4=iFi+iTf2  +  iTF3. 


This  truss  inverted  is  sometimes  used  for  bridge  purposes,  and 
may  be  constructed  entirely  of  timber.  The  stresses  remain  the 
same  in  magnitude,  but  are,  of  course,  reversed  in  character. 

(6)  Fig.  98  represents  a  through-bridge  truss  of  the  Warren  tjrpe, 
and  is  composed  of  a  number  of  equilateral  triangles. 

Let  123456  be  the  line  of  loads,  in  which 


12  =  PTi,    23  =  Wz,    34  =  W3,    45  =  W^,    and  56  =  Tf 5. 
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With  any  pole  0  describe  the  funicular  polygon  and  draw  OX 
paraUel  to  the  closing  line  QR.    Then  Zl  and  Z6  are  the  vertical 
reactions  at  *S  and  T  respectively. 
Fig.  98. 


Fig.  99. 
By  the  method  of  moments 

Xl=^Wl+iW2+W3+  f  TF4  +  Ws, 

If  the  truss  is  inverted,  the  loads  are  carried  on  the  upper  chord 
and  the  bridge  is  one  of  the  deck  type.  The  stresses  in  the  several 
members  remain  the  same  in  magnitude  but  are  opposite  in  kind. 

(c)  The  Howe  truss,  Fig.  101,  is  suitable  for  bridges  of  the  through 
type,  has  been  widely  used,  and  may  be  constructed  of  timber,  of 
iron,  or  of  timber  and  iron  combined. 

Under  a  uniformly  distributed  load  composed  of  W  concentrated 
at  each  panel-point.  Fig.  103  is  the  stress  diagram,  123  ...  8  being 
the  line  of  loads.  Also  Zl  =3^W=X8,  OX  being  drawn  parallel  to 
the  closing  line  of  the  funicular  polygon.  Fig.  102. 

If  the  load  is  unevenly  distributed  the  stresses  in  certain  of  the 
members  may  be  reversed.  For  example,  let  the  truss  carry  a  single 
load  concentrated  at  the  panel-point  M,  Fig.  101. 

Take  any  pole  0  and  draw  the  funicular  polygon,  Fig.  104.  If 
OX  is  now  drawn  parallel  to  the  closing  line, 

XI  =  reaction  at  left    support  =fP, 
and  X8=      "         "  right       '■'.      =iP. 
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These  results  may  also  be  verified  by  the  method  of  moments.    The 
stress  diagram  is  Fig.  105,  and  it  is  evident  that  the  stresses  in  the 

Fig.  101.  Fig.  103. 


Fig.  104. 


Fig.  105. 


verticals  and  ties  on  the  right  of  M  are  reversed  in  kind.  Such  a 
reversal  may  be  provided  for  by  giving  sufficient  sectional  area  to 
the  members  thus  strained  or  by  the  introduction  of  counter-braces 
which  are  indicated  by  the  dotted  lines  in  Fig.  101. 

Under  a  live  load,  as  when  a  train  passes  over  a  bridge,  counter- 
braces  may  be  introduced  on  each  side  of  the  centre,  and  although 
they  may  not  be  required  in  every  panel,  they  give  increased  stiffness 
to  the  truss. 

(d)  The  Pratt  deck  truss.  Fig.  106,  is  merely  an  inverted  Howe 
truss,  and  the  stresses  under  the  same  uniformly  distributed  load 
are  the  same  in  magnitude  but  are  reversed  in  kind.    Thus  in  the 


Fig.  106. 


Howe  truss  the  upper  chord   is  in   compression  and  the  lower  in 
tension,  the  verticals  are  ties  and  the  sloping  members  struts.    In 
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the  Pratt  deck  truss  the  upper  chord  is  iri  compression  and  the  lower 
in  tension,  the  verticals  are  struts  and  the  sloping  members  ties. 
The  dotted  lines  are  counter-braces  introduced  to  provide  for  the 
effects  of  a  varying  or  live  load. 

Note. — ^The  directions  of  the  lines  of  action  of  the  stresses  in  the 
several  members  at  a  joint  in  any  framed  structure,  and  hence  also 
their  character,  i.e.,  whether  they  are  tensions  or  compressions,  are 
easily  determined  by  following  in  order  the  sides  of  the  reciprocals 
of  the  joints. 

(e)  Petit  Truss. — This  type  of  truss  is  suitable  for  a  bridge  of 
long  span.    Fig.  107  represents  the  truss  for  a  through  bridge  and 
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its  stress  diagram  for  a  load  W  concentrated  at  each  panel-point  is 
Fig.  108. 

In  the  stress  diagram  ABCD ...  is  the  "line  of  loads"  and 
AB  =  W=BC=CD^  ..  . 

Also,  XA  =  vertical  reaction  at  the  left  support 

=6iTF.   ' 

In  drawing  the  reciprocals  of  the  joints  p,  q,  r .  .  . ,  it  must  be 
remembered  that  one  half  of  the  loads  concentrated  at  the  feet  of 
the  verticals  56,  910,  and  1314  are  transmitted  through  the  mem- 
bers 45,  89,  and  1213,  respectively. 


Fig.  109. 


Fig.  110. 


22.  Bowstring   Truss. — In  its  simplest  form  the  bowstring  truss 
is  represented  by  Fig.  109  for  a  through  and  by  Fig.  110  for  a  deck 


50 


THEORY  OF  STRUCTURES. 


bridge,  the   axis  of  the  curved  chord  being  either  the  arc  of  a  circle 
or  of  a  parabola. 

In  practice  the  portion  of  the  curved  chord  between  consecutive 
joints  is  usually  straight  (Figs.  Ill,  112),  and,  under  a  uniformly  dis- 
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Fig.  112. 


tributed  load  of  W  concentrated  at  each  panel-point  of  the  horizontal 
chord,  the  stress  diagram  for  one  half  the  truss  is  Fig.  113,  if  the 
joints  lie  in  a  circular  arc,  and  Fig.  114  if  they  lie  in  the  arc  of  a 


Fig.  113. 


Fig.  114. 


parabola.  In  the  latter  case  the  diagonals  are  unstrained  and  might 
be  dispensed  with,  so  that  the  uniformly  distributed  load  is  trans- 
mitted to  the  bow  through  the  verticals  only. 

In  the  stress  diagrams  A5  =  TF  =  BC=  CD  =DiJ=  load  concen- 
trated at  each  panel-point  and  XA=  vertical  reaction  at  a  support 

Under  a  moving  (or  live)  load  the  stresses  in  web  members  may 
be  reversed  in  kind.  Suppose,  for  example,  that  a  load  P  is  concen- 
trated at  the  panel-point  p.  Then  Fig.  116  is  the  stress  diagram, 
BCi32B  and  Z345X  being  the  reciprocals  of  the  joints  p  and  q. 
Following  the  sides  of  these  reciprocals  in  order,  the  stresses  in  34 
and  45  due  to  P  are  found  to  be  a  tension  and  compression  respec- 
tively, while  under  the  uniformly  distributed  load  the  corresponding 
stresses  are  a  compression  and  a  tension.    If  the  stresses  due  to 
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P  exceed  the  latter  in  magnitude,  the  members  34  and  45  must  be 
designed  to  bear  safely  stresses  which  may  be  alternately  tensile.- 


FiG.  115. 


Fig.  116. 


and  compressive.  This  can  be  done  either  by  giving  each  member 
in  question  a  suiEcient  sectional  area  or  by  introducing  the  counter- 
braces  shown  by  the  dotted  lines  in  Figs.  117,  118. 
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Fig.  119. 


The  stress  diagram  for  the  latter  case,  with  the  load  P  concen- 
trated at  p,  is  Fig.  119. 

It  will  of  course  be  noted  that  the  truss  represented  by  Fig.  118^ 
is  merely  the  truss  Fig.  117  inverted.    Under  the  same  load   the 
stresses  in  corresponding  members  are  of  the  same  magnitude,  but 
are  reversed  in  kind.    Thus  the  curved  chord  is  in  compression  in 
Fig.  117  and  in  tension  in  Fig.  118. 
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The  truss  Fig.  120  is  a  bowstring  truss  with  isosceles  bracing, 
the  upper  chord  being  straight  between  consecutive  joints. 


Fig.  121. 


Fig.  122. 


Under  any  given  loads  AB,  BC,  CD,  DE,  EF,  FG,  and  GH,  con- 
centrated at  the  panel-points,  Fig.  122,  is  the  stress  diagram,  XA 
and  XH  being  the  reactions  at  the  supports.  The  members  12  and 
14.15  are  always  in  tension  but,  tmder  a  live  load,  every  other  web 
member  may  be  placed  in  tension  or  in  compression  and  must  there- 
fore be  designed  for  a  reversal  of  stress. 

23.  Piers. — Fig.  123  represents  one  of  the  bracea  piers  for  sup- 
porting a  deck  bridge. 

Height  of  pier  =50  ft.;  of  truss  =30  ft. 

Width  of  pier  at  top  =  17  ft. ;  at  bottom  =33|  ft. 

The  bridge  when  most  heavily  loaded  throws  a  weight  of  100  tons 
on  each  of  the  points  A  and  5. 

Weight  of  half  pier  =30  tons. 

The  increased  weight  at  each  of  the  points  C,  D  and  E,  F  from 
the  portions  AD  and  CF  of  the  pier  =5  tons. 

Resultant  horizontal  wind  pressure  on  train  =40  ions  at  87^  feet 
above  base. 


PIERS. 


Resultant  horizontal  wind  pressure  on  truss  =20  tons  at  65  feet 
above  base. 

Resultant  horizontal  wind  pressure  on  pier=2J  tons  at  each  of 
the  points  C  and  E. 

With  the  wind  pressure  acting  as  in  the  figure,  the  diagonals 
CB,  ED,  and  GF  are  required.    When  the  wind  blows  on  the  other 


Fig.  123.  Fig.  124. 

side,  the  diagonals  D  to  A,  F  to  C,  and  H  to  E  are  brought  into 
play.    The  moment  of  the  couple  tending  to  overturn  the  pier 

= 40  X  87i + 20  X  65 + 4  X  25  =  4900  ton-feet. 

332 
The  moment  of  stability  =  (200+30)  X^  =3871^  ft.-tons. 

Thus  the  difference,  =4900 -3871^  =  1028^  ft.-tons,  must  be  pro- 
vided for  in  the  anchorage.    The  pull  on  a  vertical  anchorage-tie  at 
1028i 


G  = 


33| 


=30tVV  tons. 


Again,  if  H  be  the  horizontal  force  upon  the  pier  at  A  due  to 

wind  pressure, 

ZfX50  =40X871+20X65  =4800; 

.0^=96  tons. 
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Fig.  124   is  the   stress  diagram,  123456   being   the   load  lines, 
in  which  12=2  tons  =  23 ;   34  =  96  tons ;   45  =  100  tons =56. 
Project  12.6  upon  the  vertical  /6.      Then 


and 


/6  =  vertical  pressure  at  H, 
12,  f  =  outward  horizontal  thrust  at  H. 


Project  1,11,12  upon  the  vertical  64/,  and  upon  the  horizontal  Igi. 
Then 

/4  =  uplifting  force  at  G, 
and  Ig  =  14— /,12  =horizontal  pull  at  G. 

In  computing  the  stresses  in  the  leeward  posts  of  a  braced  pier 
it  is  common  practice  to  assume  that  the  maximum  load  is  upon 
the  bridge  and  that  the  wind  exerts  a  pressure  of  30  lbs.  per  square 
foot  upon  the  surfaces  of  the  train  and  structure,  or  a  pressure  of  50 
lbs.  per  square  foot  upon  the  surface  of  the  structure  when  unloaded. 
The  negative  (or  reversed)  stresses  in  the  Windward  posts  of  the  pier 
are  determined  when  the  minimum  load  is  on  the  pier,  the  wind 
pressure  remaining  the  same.  • 

24.  Fink  Truss. — In  the  truss  represented  in  the  accompanying 
figure  the  length  of  the  beam  AB  is  so  great  that  the  single  triangu- 
lar truss  ACB  with  a  single  central  strut  CO  is  an  insufficient  support. 
The  two  halves  are  therefore  strengthened- by  the  simple  triangular 
trusses  AGO  with  a  central  strut  GF  and  BPO  with  a  central  strut  PN. 

Again,  each  quarter  length,  viz.,  AF,  FO,  ON,  NB,  is  similarly 

trussed.    "The  subdivisions  may,  if  necessary,  be  carried  still  farther. 

A  D  F.SHOL  WQ  B 


K  C 

Pig.  125. 

This  truss  in  four,  eight,  sixteen,  . .  .  divisions  or  panels  is  known  as 
the  Fink  truss,  and  has  been  widely  employed  in  America,  the  niunber 
•of  panels  usually  being  eight  or  sixteen. 

'  The  members  shown  by  the  dotted  lines  may  be  introduced  for 
•stiffness,  and  the  platform  may  be  either  at  the  top  or  bottom.  The 
weight  directly  borne  by  a  strut  is  usually  determined  from  the 
loads  upon  the  two  adjacent  panels  by  assuming  the  corresponding 
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portions  of  the  beam  to  be  independent  beams  supported  at  the  ends. 

Thus  if  there  be  a  weight  W  at  the  point  S  in  the  panel  FH,  the  portion 

Siff 
of  W  borne  by  the  strut  GF  at  F  is  TF  ^frT,  and  the  portion  borne  by 

FS 
the  strut  KH  at  H  \sW  pTj. 

Let  Wx,  W2,  W3,  Wi,  W5,  We,  W7  be  the  weights  upon  the  struts 
(or  posts)  DE,  FG,  HK,  OC,  LM,  NP,  QR,  respectively; 

Let  Pi,  P2,  P3,  Pi,  P5,  Pe,  Pr  be  the  compressions  to  which 
these  posts  are  severally  subjected; 

Let  a,  /?,  Y  be  the  inclinations  to  the  vertical  of  AE,  AG,  AC, 
respectively; 

Let  Ti,  T2,  T3,  .  .  .  be  the  tensions  in  the  ties,  as  in  Fig.  125. 

The  tensions  in  the  ties  meeting  at  the  foot  of  a  post  are  evi- 
dently equal. 

Each  triangular  truss  may  be  considered  separately. 

From  the  truss  AEF,    2Ti  cos  a  =Pi  =  PFi ; 

from  the  truss  AGO,     2T2  cos  ^  =  P2  =  TFg  +  (^i  +  ^3)  cos  a ; 

from  the  truss  FKO,    2T3  cos  a  =P3  =  PFs; 

from  the  truss  ACB, 

2Ti  cos  r=Pi  =  Wi  +  iT2  +'T6)  cos  ^  +  (73  +  ^5)  cos  a ; 

from  the  truss  OMN,    2T'5  cos  a  =  P5  =  Tf  s ; 

from  the  truss  OPB,      2Te  cos  ^=P6  =  W6  +  {T5+T7)  cosql', 

from  the  truss  NRB,     2T7  cos  a  =  P7  =  F7. 


Hence 


!ri=-2-  sec  a,     -^2-2 
Ts^Y  sec  a, 


^U^^^W^^El±m^E^)  sec, 


Wj, 
2 


T5  =  -Fr  sec  a, 


-.-K 


F6  +  ^^!^^|^)sec/?,     T7  =  ^seca. 
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Again,  the  thrust  along  vli?'  =  ri  sin  a +  ^2  sin  i9  +  r4  sin  7-; 

"        "      along  F0  =  !r2sin/?  +  r4sin7-  +  7'3sina; 
"        "      at  0  =  ^4  sin  r; 
etc.,  etc. 
If  the  truss  carries  a  uniformly  distributed  load  W, 

W 

W  W 

T2  =  Te=-^  sec  13,    T^  =-j-  sec  7-. 

If  the  above  diagram  is  inverted,  it  will  represent  another  type 
of  truss  in  which  the  obliques  are  struts  and  the  verticals  ties. 

25.  Bolhnan  Truss. — Fig.  126  represents  a  beam  trussed  by  a 
number  of  independent  triangular  trusses,  the  vertical  posts  being 
equidistant.    The  weight  concentrated  at  the  head  of  each  post 

AD  B 


Fig.  126. 


may  be  found  by  the  method  described  m  Ex.  2,  which  in  fact  is 
generally  applicable  to  aU  bridge-  and  roof-trusses. 

Let  Ti,  T2  be  the  tensions  in  AE,  BE,  respectively; 

"     Wi  be  the  weight  at  D; 

"    ai,  a2  be  the  inclinations  of  AE,  BE,  respectively,  to  the 
vertical. 

„      „,.       sin  a2  m      TTT       sin  ai 

Then  Ti=Wi.    ,,    ,  „,.,    T2  =  Wi- 


sin  (a:i+a2)'  sin  (a;i+a2)* 

Similarly,  the  stress  in  any  other  tie  may  be  obtained. 

The  compression  in  the  top  chord  is  the  algebraic  sum  of  the 
horizontal  components  of  all  the  stresses  in  the  ties  which  meet 
at  one  end. 

The  verticals  are  always  struts  and  the  obliques  ties. 
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This  truss  has  been  used  for  bridges  of  considerable  span,  but  the 
ties  may  prove  inxjonveniently  long. 

26.  Method  of  Sections, — It  often  happens  that  the  stresses  in 
the  members  of  a  frame  may  be  easily  obtained  by  the  method  of 
sections.    This  method  depends  upon  the  following  principle: 

If  a  frame  is  divided  by  a  plane  section  into  two  parts,  and  if 
each  part  is  considered  separately,  the  stresses  in  the  bars  (or  mem- 
bers) intersected  by  the  secant  plane  must  balance  the  external  forces 
upon  the  part  in  question. 

Hence  the  algebraic  sums  of  the  horizontal  components,  ^{X), 
of  the  vertical  components,  i'(F),  and  of  the  moments  of  the  forces 
with  respect  to  any  point,  ^{M),  are  severally  zero;  i.e.,  analytically, 

i'(Z)=0,     I{Y)=0,    and    IiM)=0. 

These  equations  are  solvable,  and  the  stresses  therefore  determinate, 
if  the  secant  plane  does  not  cut  more  than  three  members. 


Example  1.  ABC  is  a  roof -truss  of  60  ft.  span  and  30°  pitch.  The  strut 
DF  =  (?fl'  =  5  ft.;    the  angle  FDA  =90°.    Also  AF=FB  =  AG  =  GC. 

The  vertical  reaction  at  B  =  5  tons.  The  weight  concentrated  at  Z)=-4J 
tons. 

Let  the  angle  ABF  =  a. 


Then 


AB  =  30  sec  30° = 20\/3,    cot  «  = 


lOv/3 


'2>/3.' 


1  2V3 


If  the  portion  of  the  truss  on  the  right  of  a  secant  plane  MN  be  removed, 
the  forces  C,  T,,  T,,  in  the  members  AD,  AF,  FG  must  balance  the  external 


9      " 
Fig.  127. 


409,100  Iba, 


Fig.  128. 


forces  5  tons  and  4J  tons  in  order  that  the  equilibrium  of  the  remainder  of 
the  truss  may  be  preserved. 
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Hence,  resolving  horizontally  and  vertically, 

r,+  T,  cos  (a+30°)  -C  sin  60°  =0, 
T,  sin  (a+ 30°)  -  C  cos  60°+  5  -  4i  =  0. 

Taking  moments  about  F, 

C5-5BFCOS  (30°-a)+4JDi!'sin30°=0. 
But 

cos  (a+30°)  =— ^,     sin  (a+30°)  =-^^,    cos  (30°-a) 1—. 

2Vl3  2V13  2>/l3 

BF = JSZ)  sec  a  =  5\/l3,    and    Di^"  -  5  f t. 

Therefore  T.+  r,  _4=-C-*^  =0, 

2\/l3  2 

C5-5x5Vi3-^+4ix5xJ=0. 

Hence  C  =  15}  tons,  Ti  =  9.89  tons,  and  T^  =  6.35  tons. 

Ex.  2.    Fig.  128  represents  a  portion  of  a  bridge-truss  cut  off  by  a  plane 
y    MN  and  supported  at  the  abutment  at  A. 
The  vertical  reaction  at  A=  409,400  lbs. 
The  weight  at  5  =  49,500  lbs. 
"     ,"  C  =  38,7001bs. 

AB  =  BC  =  24ft.;  BD  =  24ft.;  C^=29Jft. 

The  forces  C,  D',  T  in  the  members  met  by  MN  must  balance  the  ex- 
ternal forces  at  A,  B,  C. 

Resolving  horizontally  and  vertically, 

r+D'cos  a-C"cos/?=0,  • 

D'  sin  a+C  sin  /9- 409400 +49500 +38700  =0, 

a  and  fi  being  the  inclinations  to  the  horizon  of  EF,  DE,  respectively. 
Taking  moments  about  E, 

-rx29J  +409400X48-49500X24=0. 

29J    11  ,    ^       .    5i     2 

But  tan«=-2j=-     and    tan/3=-=-. 

11  9  .    „       2  ,9 

•  sin  a  —  — 7=.    cos  a=    , — ,    sm  a  =    , — ■,    cosp= — p= 

•  \/202'  v/202  \/85'  V85- 


Hence 
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2'  =  629,427Albs., 

9814500    /—     1090500   /— 
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C 


D' 


117 

1994600 
13 


V85  = 


13 


V851bs., 


\/202  lbs. 


The  results  in  the  two  preceding  examples  can  also  be  easily  verified  by 
drawing  the  stress  diagrams  of  the  portions  of  the  trusses  under  consideration. 

27.  Three-hinged  Braced  Arch.— For  station  roofs  and  for  sheds 
of  wider  spans  than  those  for  which  simple  trusses  are  found  to  be 


Fig.  129. 

economical,  it  is  a  common  practice  to  employ  two  braced  trusses,  as, 
e.g..  Figs.  129,  130,  connected  by  a  central  hinge  and  hinged  also 
at  the  two  abutments.  The  use  of  these  hinges  makes  the  stresses 
determinate  and  the  stress  diagram  for  any  given  loading  may  be 
drawn  as  soon  as  the  resultant  reactions  at  the  hinges  are  known. 
They  can  be  easily  calculated  by  the  "method  of  sections."  Fig.  130 
represents  one  of  the  three-hinged  braced  arches  which  support  the 
roof  of  a  large  hall. 

A  load  P  at  any  point  p  of  the  left  truss  developes  a  reaction  at  B, 
and  the  direction  of  this  reaction  must  necessarily  pass  through  the 
centre  hinge  C.  If  the  direction  falls  above  or  below  C,  the  hinge  is 
subjected  to  a  bending  moment  and  rotation  or  deformation  can 
only  be  prevented  by  the  inherent  stiffness  of  the  trusses.  Let  the 
lines  of  action  of  P  and  the  reaction  along  BC  meet  in  the  point  r. 
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Then,  for  the  equiUbriiun  of  the  left  truss,  the  resultant  reaction  at 
A  must  also  pass  through  the  point  r. 

So,  again,  a  load  Q  at  any  point  q  on  the  right  truss  develbpes  a 


Fig.  130. 


reaction  along  AC,  and  if  the  direction  of  the  reaction  meets  the  line 
of  action  of  Q  in  the  point  s,  then  Bs  is  the  direction  of  the  resultant 
reaction  at  B  due  to  Q. 


c  ^*     Kc 


Fig.  131. 


At  C  resolve  the  reaction  along  BC  due  to  P  into  its  horizontal 
and  vertical  components  H  and  V. 

At  C  resolve  the  reaction  along  AC  due  to  Q  into  its  horizontal  and 
vertical  components  H'  and  V. 
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Then,  evidently  H=H'    and    7  +  7'  =  0. 

Consider  the  equilibrium  of  each  truss  separately. 

In  Fig.  131,  considering  the  left  truss,  the  hinge  C  is  acted  upon 
by  the  horizontal  reaction  H  and  the  upward  vertical  force  (or  shear) 
7.  The  resultant  reaction  at  A  may  be  also,  resolved  into  its  vertical 
and  horizontal  components,  viz.,  Vi  and  Hi. 

As  H  and  Hi  are  the  only  two  horizontal  forces  acting  upon  the 
truss  in  this  case,  they  are  equal  in  magnitude,  but  act  in  opposite 
directions,  and  the  H\{=H)  at  A  may  be  either  taken  up  by  the 
abutments  or  by  a  tie-rod  connecting  A  and  B,  which  may  often  be 
conveniently  placed  below  the  floor. 

Take  moments  about  A .    Then, 

fl'X53.99+ 7X59.33  =PX9.33 
or  .ff  +  7xl.099=PX.173. 

Similarly,  by  taking  moments  about  B  for  the  right  truss, 

ifX53.99-7x59.33=Qx27.67 
or  ^-7xl.099  =  Qx.513. 

Hence  ff  =  P  X  .087 + Q  X  .256 

and  7=PX.08-QX.24. 

Also,  7i  +  7=P    and    V2-V=Q, 

V2  being  the  vertical  component  of  the  reaction  at  B, 

Therefore  7i=PX.9236+QX.229 

and  72=PX.0764+0X.771. 

The  principle  of  the  three  hinges  is  also  sometimes,  but  less 
frequently,  adopted  in  bridge  work  (Fig.  132).  The  two  halves  are 
connected  by  a  central  hinge  and  are  also  hinged  at  the  abutments. 
A  serious  objection  to  this  type  of  bridge  is  the  large  deflection  due  to 
changes  of  temperature.  The  elimination  of  the  hinge  at  C  greatly 
diminishes  the  deflection  and  stiffens  the  structure,  but  at  the  same 
time  developes  temperature  stresses  in  the  several  members. 
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The  reactions  at  the  three  hinges  are  determined  m  precisely  the 
sam«  manner  as  in  the  preceding  case. 

A  load  P  on  the  left  truss  necessarily  produces  a  reaction  along 
the  sloping  chord  CB  and  if  the  line  of  action  of  P  meets  BC  pro- 


FiG.  132. 

duced  in  s,  As  is  the  direction  of  the  resultant  reaction  at  A  due  to  P. 
So  Bt  is  the  direction  of  the  resultant  reaction  at  B  due  to  a  load  Q 
on  the  right  truss. 

If  the  resultant  reaction  passes  through  a  panel-point,  e.g.  g,  and 
intersects  ACt  in  t',  a  weight  placed  on  the  horizontal  chord  at  x 
produces  no  stress  in  the  member  Ym.  This  can  be  easily  proved  by 
considering  the  equilibrium,  under  the  weight,  of  the  portion  of  the 


Pig.  134. 


truss  on  the  right  of  a  vertical  section  MN.  The  moments  of  the 
stresses  in  Kn  and  nm,  and  of  the  resultant  reaction  at  B,  are  all  nil, 
as  their  lines  of  action  pass  through  the  point  9.  Hence  the  moment 
of  the  stress  in  Ym  and  therefore  the  stress  itself  is  also  nil. 

Let  Figs.  133,  134  represent  the  two  halves  of  a  3-hinged  bridge 
of  64  ft.  span,  2  ft.  deep  at  the  centre  and  10  ft.  deep  at  the  ends; 

Let  loads  of  4,  4,  2,  2,  4  tons  be  concentrated  at  the  panel-points 
3,  4,  5,  9,  and  10,  respectively; 

Let  H  be  the  horizontal  reaction  at  each  hinge; 

Let  Vi,  V2  be  the  vertical  reactions  at  A  and  B  respectively; 
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Let  ±V  be  the  vertical  shear  at  the  central  hinge. 
Consider  the  equilibrium  of  each  half  separately. 
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Fig.  135.  Fig.  136. 

Taking  moments  about  A, 

-7  ■32-jy-8+4(16+24) +  2X32=0, 
or  ^      H+4:V=28. 

Taking  moments  about  B, 

-7-32  +  ^.8-4x8=0, 
or  ^-47  =4. 

Therefore  ^  =  16    and    7=3. 

Also,  7i=10-7=7  tons    and    72=6  +  7=9  tons. 

Then  Figs.  135,  136  are  the  stress  diagram  of  Figs.  133,  134,  re- 
spectively. 

If  the  three-hinged  braced  arch,  Fig.  132,  is  inverted,  the  bridge 
becomes  one  of  the  suspension  type  and  the  load  is  carried  on  the 
lower  chord.  The  stresses  under  a  given  load  remain  the  same  in 
magnitude  but  are  reversed  in  kind. 

•  If  the  sloping  chord,  instead  of  being  straight,  has  its  joints 
Ijong  on  the  arc  of  a  parabola  with  its  vertex  at  the  central  hinge,  it 
can  easily  be  shown,  either  graphically  or  analytically,  that,  under  a 
uniformly  distributed  load,  no  stress  is  developed  in  the  horizontal 

chords. 

Although  it  is  the  usual  practice  to  connect  together  the  sloping 
chords  by  means  of  the  central  hinge,  it  is  really  more  rational  to 
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connect  the  horizontal  chords  together,  and  the  truss  then  requires 
no  depth  at  the  centre. 

Table  of  Weights  of  Roop-covehings. 


Description  of  Covering. 


Weight  of 
Covering 

in  lbs.  per 

sq.  ft.  of 

Covered 

Area. 


Dead  Weight  of  Roof  in  lbs.  per  sq. 
ft,  of  Covered  Aiea. 


Boarding  (|-inch) 

Boarding  and  sheet  iron. 
Cast-iron  plates  (j-inch). 

Copper 

Corrugated  iron 

Felt,  asphalted 

Felt  and  gravel 

Galvanized  iron 

Lath  and  plaster 

Pantiles 

Sheet  lead 

Sheet  zinc 

Sheet  iron  (corrugated). . 


"       "     (A  inch  thick) 

"       "    (16  W.G.)  and  laths... 

Shingles  (16-inch) 

(long) 

Sheathing   (pine,  1-inch  yellow, 

Northern) 

Sheathing   (pine,  1-inch  yeUow, 

Southern) 

Sheathing  (1-inch  chestnut  and 

maple) 

Sheathing  (1-inch  ash,  hickory, 

oak) 

Sheathing  (spruce,  1  inch  thick). 
Slates  (ordinary) 


Slates  Qarge). 


Slates  and  iron  laths 

Shingles,  pine 

Sheet  lead '. 

Thatch 

Tiles,  flat 

' '      grooves,  and  fillets 

Tiles  and  mortar 

Timbering  of  tiled  and  slate  roofs 

(additional) '. 

Tin 

Zinc , . . 


2.6  to  3 

6.5 

15 

8  to  1.25 

1  to  3.75 

1 

8  to  10 
1  to  3.5 

9  to  10 
10 

5  to  8 

1.25  to  2 

3.4 

3.4 

3 
5 
2 
3 

3 

4 

4 

5 

2 

5  to  9 


9  to  11 


10 

2 

5  to  8 

6.5 

15  to  20 

7  to  10 

20  to  30 

5.5to6.5 

7  to  1.25 

1  to2 


8  without  boards  and  11  with  boards 

for  spans  up  to  75  ft. 
12  without  boards  and  15  with  boards 
for  spans  from  75  to  150  ft. 


10  on  laths  for  spans  up  to  75  ft. 

14  on  laths  for  spans  from  75  to  150  ft. 


13  without  boards  or  on  laths  and  16 

on  li-iii.  boards  for  spans  up  to 

75  ft. 
17  without  boards  or  on  laths  and  20 

on  IJ-in.  boards  for  spans  from 

75  to  150  ft. 


Snow :  20  to  25  lbs.  -per  horizontal  square  foot. 
Wind :  30  to  50  "     "  vertical  square  foot. 


TABLES. 
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The  Carnegie  Steel  Company  gives  the  following  table  of  approxi- 
mate loads  (including  weight  of  truss)  per  square  foot  for  roofs  and 
spans  imder  75  ft. : 

Roof  covered  with  corrugated  sheets,  unboarded.  . . . 

"      on  boards 

"  "  "     slate,  on  laths 

Same,  on  boards  IJ  inch  thick 

Roof  covered  with  shingles,  on  laths 

Add  to  above,  if  plastered  below  rafters 

Snow,  light,  weighs  per  cubic  foot 5  to  12 

For  .spans  over  75  ft.  add  4  lbs.  to  the  above  loads  per 
square  foot. 

It  is  customary  to  add  30  lbs.  per  square  foot  to  the 
above  for  snow  and  wind  when  separate  calcu- 
lations are  not  made. 


8  lbs. 

11    " 

13    " 

16    " 

10    " 

10    " 

TABtE  OP  THE  Values  op  Pn,  P»,  Ph,  in  Pounds  per  Square  Foot  op  Surpace 

WHEN  P  =  40,  AS  DeTERMDTBD  BY  THE  FORMULA  Pn  =  P  sin  ol.*4oosa— 1. 


Ktch  of  Roof. 

Pn 

Pv 

Ph 

5° 

5.0 

4.9 

0.4 

10° 

9.7 

9.6 

1.7 

20° 

18.1 

17.0 

6.2 

30° 

26.4 

22.8 

13.2 

40° 

33.3 

25.5 

21.4 

50° 

38.1 

24.5 

29.2 

60° 

40.0 

20.0 

34.0 

70° 

41.0 

14.0 

38.5 

80° 

40.4 

7.0 

39.8 

90° 

40.0 

0.0 

40.0 

Table  Phepabed  jfrom  the  Formula  p- 


i^ 


Velocities  in 

Velocities  in 

Pressure  in 

feet  per  second. 

miles  per  hoiir. 

lbs.  per  sq.  ft. 

10 

6.8 

0.25 

20 

13.6 

1.00 

40 

27.2 

4.00 

60 

40.8 

9.00 

70' 

47.6 

14.25 

80 

54.4 

16.00 

90 

61.2 

20.25 

100 

68.0 

25.00 

110 

74.8 

30.25 

120 

81.6 

36.00 

130 

88.4 

42.25 

150 

102.0 

56.25 
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EXAMPLES. 

1.  A  number  of  coplanar  forces  have  to  be  in  equilibrium.  The  lines  of 
action  and  magnitudes  of  all  the  forces  with  the  exception  of  two  are  known; 
and  of  these  two,  the  hne  of  action  of  one  of  them  and  a  point  on  the  line  of 
action  of  the  other  are  also  known.  Show  how  you  would  graphically  de- 
termine the  two  unknown  forces. 

2.  Show  that  the  locus  of  the  poles  of  the  funicular  polygons,  of  which  the 
first  and  last  sides  pass  through  two  fixed  points  on  the  closing  Une,  is  a 
straight  line  parallel  to  the  closing  line. 

3.  The  first  and  last  sides  of  a  funicular  polygon  of  a  system  of  forces  in- 
tersect the  closing  line  in  two  fixed  points.  Show  that  for  any  position  of 
the  pole  each  side  of  the  polygon  will  pass  through  a  fixed  point  on  the  clos- 
ing line. 

4.  If  the  pole  of  a  funicular  polygon  describe  a  straight  Une,  show  that 
the  corresponding  sides  of  successive  funicular  polygons  with  respect  to  suc- 
cessive positions  of  the  pole  will  intersect  in  a  straight  line  which  is  parallel 
to  the  locus  of  the  pole. 

5.  Forces  act  upon  a  rectangle  in  the  manner  shown  by  Fig.  137.  De- 
termine the  magnitude,  position,  and  direction  of  the  resultant. 

6.  Fig.  138  represents  a  jointed  frame,  the  lengths  of  the  links  being  as 
indicated.    The  frame  is  acted  upon  by  six  forces,  of  which  three  are  given, 


if 

L. 


Fig.  137. 

and  the  Unes  of  action  of  all  the  forces  bisect  respectively  the  angles  marked 
by  a  dotted  arc.  Find  the  forces  X,  Y,  and  Z  and  determine  the  directions 
in  which  they  act.  Also  find  the  force  along  each  link,  distinguishing  be- 
tween struts  and  ties. 

7,  Draw  the  funicular  polygon  for  the  six  forces  of  1,  2,, 3,  4, 5,  and  6  tons, 
acting  at  angular  distances  of  60°,  as  in  Fig.  139.    Also  determine  graphically 
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the  moment  of  these  loads  with  respect  to  any  given  point  on  the  line  of 
action  of  the  6-ton  force. 


1^. 


V3-U 


Fig.  139.  Fig.  140. 


8.  A  rigid  frame  CAOB  is  hinged  at  C  and  rests  upon  rollers  at  B.  Find 
the  magnitude  and  direction  of  the  resultant  reaction  at  C,  and  also  the  ver- 
tical reaction  at  B,  due  to  the  horizontal  force  H  at  A,  Fig.  140. 

9.  Sketch  the  reciprocal  diagram  of  a  frame  consisting  of  four  equal  rods 
placed  so  as  to  form  a  parallelogram  with  angles  of  30°,  and  braced  by  two 
diagonals  crossing  each  other  without  joint,  the  rods  being  pinned  at  the 
corners  of  the  figure  only.  The  frame  is  free  from  external  forces,  but  in  such 
constraint  that  the  longer  diagonal  is  under  a  tension  of  2  tons. 

10.  Four  bars  of  equal  weight  and  length,  freely  articulated  at  the  extrem- 
ities, form  a  square  ABCD.  The  system  rests  in  a  vertical  plane,  the  joint  A 
being  fixed,  and  the  form  of  the  square  is  preserved  by  means  of  a  horizontal 
string  connecting  the  joints  B  and  D.     If  W  be  the  weight  of  each  bar,  show 

W 
(a)  that  the  stress  at  C  is  horizontal  and  =  — ,  (6)Hhat  the  stress  on  BC  at 

B  is  W—;r—  and  makes  with  the  vertical  an  angle  tan  ~*i,  (c)  that  the  stress 

on  AB  at  B  is  W  and  makes  with  the  vertical  an  angle  tan  -'},  (d)  that 

the  stress  upon  AB  at  A  is  ^W,  (e)  that  the  tension  of  the  string  is  2F'. 

11.  Five  bars  of  equal  length  and  weight,  freely  articulated  at  the  ex- 
tremities, form  a  regular  pentagon  ABODE.  The  system  rests  in  a  vertical 
plane,  the  bar  CD  being  fixed  in  a  horizontal  position,  and  the  form  of  the 
pentagon  being  preserved  by  means  of  a  string  connecting  the  joints  B  and 
E.    If  the  weight  of  each  bar  be  W  show  that  the  tension  of  the  string  is 

—  (tan  54° +  3  tan  18°),  and  find  the  magnitudes  and  directions  of  the  stresses. 

at  the  joints. 

.  12.  Six  bars  of  equal  length  and  weight  (  =  Pr),  freely  articulated  at  the 
extremities,  form  a  regular  hexagon  ABCDEF. 
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First,  if  the  system  hang  in  a  vertical  plane,  the  bar  AB  being  fixed  in  a 

horizontal  position,  and  the  form  of  the  hexagon  being  preserved  by  means  of 

a  string  connecting  the  middle  points  of  AB  and  DE,  show  that  (a)  the  tension 

W 
of  the  string  is  3TF,  (6)  the  stress  at  C  is  — =  and  horizontal,  (c)  the  stress 

2v/3 

at  D  is  1F\/||  and  ma;kes  with  the  vertical  an  angle  cot  ~*  2v'3. 

Show  that  the  stresses  at  C  and  F  remain  horizontal  when  the  bars  AF, 
FE,  BC,  CD  are  replaced  by  any  others  which  are  all  equally  inclined  to  the 
horizon. 

Second,  if  the  system  rest  in  a  vertical  plane,  the  bar  DE  being  fixed  in 
a  horizontal  position,  and  the  form  of  the  hexagon  being  preserved  by  means 
of  a  string  connecting  the  joints  C  and  F,  show  that  (a)  the  tension  of  the  string 
is  W\/3,  (6)  the  stress  at  C  is  TF\/fi  and  makes  with  CB  an  angle  sin  ~'v/tIt» 
(c)  the  stress  at  B  is  W\/-}^  and  makes  with  CB  an  angle  sin  ~^\/-h- 

Third,  if  the  system  hang  in  a  vertical  plane,  the  joint  A  being  fixed  and 
the  form  of  the  hexagon  being  preserved  by  means  of  strings  connecting  A 
with  the  joints  E,  D,  and  C,  show  that  (a)  the  tension  of  each  of  the  strings 
AE  and  AC  is  W\/3,  (i>)  the  tension  of  the  string  AD  is  2W,  and  determine 
the-  magnitudes  and  directions  of  the  stresses  at  the  joints,  assuming  that 
the  strings  are  connected  with  pins  distinct  from  the  bars. 

13.  A  system  of  heavy  bars,  freely  articulated,  is  suspended  from  two  fixed 
points;  determine  the  magnitudes  and  directions  of  the  stresses  at  the  joints. 
If  the  bars  are  all  of  equal  weight  and  length,  show  that  the  tangents  of  the 
angles  which  successive  bars  make  with  the  horizontal  are  in  arithmetic 
progression. 

Ans.  If  ttr,  ttr+i  are  the  slopes  of  the  rth  and  (r  4-  l)th  bars  and  Wr,  Wr+i 
their  weights,  and  if  H  is  the  horizontal  stress  in  each  bar,  the  stress  in  the  rth 

bar=ff.eca.  =  ^^=:±?^   .    7'^-^'    ,. 

2  Sm  (ar—Cir+i) 

14.  In  a  mansard  roof  of  12  ft.  rise,  the  upper  triangular  portion  (of  4  ft. 
rise)  has  its  rafterrinclined  at  60°  to  the  vertical.  The  rafters  of  the  lower  por- 
tion are  inclined  at  30°  to  the  vertical.  If  there  is  a  load  of  1000  lbs.  at  the 
ridge,  find  the  load  at  each  intermediate  joint  necessary  for  equilibrium,  and 
the  thrust  of  the  roof. 

A  load  of  2000  lbs.  is  concentrated  at  each  of  the  intermediate  joints  and 
a  brace  is  inserted  between  these  joints.     Find  the  stresj  in  the  brace^ 

Ans.  1000  lbs.;  thrust  =  500\/3  lbs. ;  333J\/3  lbs. 

15.  A  chain  of  equal  links  is  suspended  and  loaded  as  shown  in  Fig.  141. 
The  joints  lie  in  a  circular  arc  of  20  ft.  radius.  The  loads  at  E  and  F  are  in- 
chned  at  30°  to  the  vertical.  Determine  the  loads  at  the  other  joints  and  the 
stresses  in  the  finks. 

16.  A  chain  of  2?n  — 1  equal  rods  (each  of  weight  W),  finked  at  the  ends, 
is  suspended  from  two  points  in  the  same  horizontal  plane.  Prove  (a)  that 
the  horizontal  component  of  the  stress  at  each  joint  is  constant,  (b)  that  the 
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vertical  component  at  the  junction  of  the  nth  and  (M  +  l)th  (reckoned  from 
one  end)  is  W{m—i—n),  and  (c)  that  the  tangent  of  the  incUnation  of  the 
nth  rod  to  the  horizon  is  proportional  to  m—n. 

17.  A  bicycle,  Fig.  142,  with  30-in.  wheels    carries  a  rider  weighing  150 
lbs.    The  member  BC  is  horizontal,  and  A,  the  intersection  of  BC  and  ED, 


Fig.  141.  Fig.  142. 


is  vertically  above  the  centre  of  the  front  wheel.  Determine  the  stresses 
in  the  several  members  (a)  when  all  the  weight  is  carried  on  the  saddle,  (6) 
when  the  weight  is  carried  on  the  treadle. 

18.  The  lengths  of  the  post,  tie-rod,  and  jib  of  a  crane  are  15,  20,  and 
30  ft.,  respectively.  If  the  crane  lifts  a  weight  of  5  tons,  determine  the  stresses 
in  the  several  members  when  the  chain  passes  (a)  along  the  jib,  (6)  along  the 
tie.  Ans.  (a)  5;  1.65;  8.34  tons.     (6)8;  6.65;  13.48  tons. 

19.  The  post  OA  of  a  portable  hand  crane  makes  an  angle  of  45°  with 
the  jib  OB,  and  an  angle  of  120°  with  the  tie  AB.  The  backstay  AC  makes 
an  angle  of  45°  with  the  horizontal  strut  OD.  A  weight  of  10  tons  is  sus- 
pended from  the  end  B  of  the  jib.  Find  the  amount  and  kind  of  stress  in 
each  of  the  members  OB,  AB,  and  AC.  Also  determine  the  counter  balance- 
weight  required  at  C.  Ans.  33.5     27.3;   33.5;   23.7  tons. 

20.  The  post  of  a  jib-crane  is  10  ft.;  the  weight  lifted  =  PF;  the  jib  is  in- 
cUned  at  30°  and  the  tie  at  60°  to  the  vertical.  Find  (a)  the  stresses  in  the 
jib  and  tie,  and  also  the  B.  M.  at  the  foot  of  the  post. 

How  (6)  will  these  stresses  be  modified  if  the  chain  has  four  falls,  and  if 
it  passes  to  the  chain-barrel  in  a  direction  bisecting  the  angle  between  the 
jib  and  tie?  _ 

Ans.     (a)  Stress  in  tie  -  W;  in  jib  =  TF\/3;  B.M.  =  W5\/3  ft.-tons. 
(6)        "    "  "  =.87Pr;injib  =  1.87Pr. 

21.  An  ordinary  jib-crane  is  required  to  lift  a  weight  of  10  tons  at  a  hor- 
izontal distance  of  9  ft.  from  the  axis  of  the  post.  The  hanging  part  of  the 
chain  is  in  four  falls;  the  jib  is  15  ft.  long  and  the  top  of  the  post  is  16^  ft. 
above  ground.  Find  the  stresses  in  the  jib  and  tie  when  the  chain  passes 
(1)  along  the  jib,  (2)  along  the  tie. 

The  post  turns  round  a  vertical  axis.  Find  the  direction  and  magnitude 
of  the  pressure  at  the  toe,  which  is  3  ft.  below  ground. 

Ans.  (1)  Stress  in  tie  =6.1  tons;  in  jib  =1  lit  tons. 
(2)      "       "  "   =3.6  tons;  in  jib  =  9^  tons. 
Pressure  on  toe=10V'l0  tons,  inchned  to  vertical  at  an  angle  tan-'  3. 
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22.  Fig.  143  is  a  crane  for  lifting  4  tons,  the  chain  being  in  four  falls  and 
passing  from  A  to  E.    Draw  the  stress  diagram,  (a)  when  a  member  BD  is 


Ek ^loi- — >iD 

Fig.  143. 


10  tons 

Y 


--<90°  ^ 


Fig.  144. 


introduced,  (6)   when  a  member  CE  is  introduced, 
uplift  at  E. 


Also  find  the  vertical 


23.  The  bracing  of  the  crane,  Fig.  144,  consists  of  isosceles  triangles  having 
equal  bases  upon  an  outer  arc  of  30'  radius  subtending  an  angle  of  90°  at  the 
centre.  The  radius  of  the  inner  arc  is  27  ft.  and  the  flanges  are  6  ft.  apart 
at  the  ground  surface.  Determine  the  stresses  in  all  the  members  when  a 
weight  of  10  tons  is  being  hfted.     Also  find  the  stresses  in  the  anchorage-bars. 

24.  The  post  of  a  derrick-crane  is  30  ft.  high;  the  horizontal  traces  of 
the  two  backstays  are  at  right  angles  to  each  other,  and  are  15  ft.  and  25  ft. 
in  length.  Show  that  the  angle  between  the  shorter  trace  and  the  plane  of 
the  jib  and  tie,  when  the  stress  in  the  post  is  a  maximum,  is  30°  58'. 

Also  find  the  greatest  stresses  in  the  different  members  of  the  crane  when 
the  jib,  which  is  50  ft.  long  and  is  hinged  at  the  foot  of  the  post,  is  inclined 
at  45°  to  the  vertical,  the  weight  hfted  being  4000  lbs. 

Ans.  Stress  in  jib=6666f  lbs.;  in  tie  =4768.4  lbs.;  max.  thrust  along 
post  =  10991.5  lbs.;  max.  stress  on  long  backstay  =  7362.7  lbs.;  on  short 
l)ackstay  =  10539  lbs. 

A  25.  In  the  crane  represented  by  the  figure  AS  =  AC  =35  ft., 

BC  =20  ft.,  BD  =20  ft.,  the  weight  lifted  =25  tons,  AC  slopes  at 
45°,  the  chain  hangs  in  four  falls  and  passes  from  A  to  D.  Find 
the  stresses  in  all  the  members  and  the  upward  pull  at  D. 

Aws.  Stress   in   BC  =25.8;    AC=48.25;    AB=28.27; 
5D=  32.4  tons. 
Vertical  pull  at  D  =31.1  tons. 


Fig.  146. 


26.  The  figure  represents  the  framing  of  an  hydraulic  crane.  AB  =  BB 
^DF  =  FG=HK=5  ft.;  KG  =  BC=2i  ft.  Find  the  stresses 
in  the  members  of  the  crane  when  the  weight  (1  ton)  lifted 
is  (o)  at  A;  (b)  at  B;  (c)  at  D.  Also  (d)  find  the  stresses  when 
there  is  an  additional  weight  of  i  ton  at  each  of  the  points 
Ji,  D,  F,  and  G. 


H_  E 
K   G  F    DBA 

Fig,  146. 
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stress. 

Case  a. 

Cased. 

Casee. 

Cased. 

Ans.  Aa  = 

Bb 

2 

0 

0 

0 

Cd  = 

-De 

f* 

n 

a 

H 

Eg 

W 

3i 

2i 

« 

Xa 

V5 

0 

0 

0 

Xc 

^V2 

^^V2" 

0 

iV2 

Xf 

nV2 

fi\/2 

**V'2 

«V2 

ab 

0 

1 

0 

i 

de 

0 

0 

0 

i 

he 

f\/5 

V5 

0 

iV5 

dc 

AV317 

^317 

A\/317 

,iW'317 

fe 

ThVsn 

ThVsn 

tI^V317 

AVVsi? 

fg 

w^ 

A\/5 

aVs 

«\/5 

27.  The  post  JLB  of  a  jib-crane,  Fig.  147,  is  20  ft.;  the  jib  AC  is  inclined 
at  30°  and  the  tie  BC  at  45°  to  the  vertical;  the  weight  lifted  is  5  tons.  Find 
the  stresses  in  the  jib  and  tie  when  the  chain  passes  (a)  along  the  jib,  (&)  along 
the  tie,  (c)  horizontally  from  C  to  the  post. 


A   W 


r 

6  tons 


Pig.  147, 
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Fig.  148. 


The  chain  has  two  falls. 

Also  draw  the  stress  diagram  for  the  three  cases  when  the  dotted  members 
are  added. 

Case  a.  Case  b.  Case  c. 

Ans.  Stress  in  jib,     6.16  3.66  5.49 

•     "      "  tie,     2.59  .09  .35 

28.  Fig.  148  represents   a  2-ton  travelling  crane  running  upon  a  pair  of 
rails.     Draw  the  stress  diagram  and  find  the  reactions  on  the  rails. 


29.  In  the  crane  ABC  the  vertical  post  AB  =  15',  the  jib  AC  =23',  and 
the  angle  BAC  =  30°.  Find  (a)  the  stresses  in  the  jib  and  tie,  and  also  the 
bending  moment  at  the  foot  of  the  post  when  the  crane  Uf ts,  a  weight  of  4  tons. 

The  throw  is  increased  by  adding  two  horizontal  members,  CE,  BD  and  all 
inclined  member  DE,  the  figure  BE  being  a  parallelogram  and  the  diagonal 
CD  coincident  in  direction  with  CA.  Find  (6)  the  stresses  in  the  several 
members  of  the  crane  as  thus  modified,  the  weight  lifted  being  the  same. 

In  the  latter  case  show  (c)  how  the  stresses  in  the  members  are  affected 
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when  the  chain,  which  is  in  four  falls,  passes  from  E  to  B  and  then  down  the 
post. 

Ans.  (a)    Tension  in  tie=3i  tons;   thrust  in  jib  =6^  tons. 
(6)    Stress  in  C£=9.34;  in  J?D  =  10.16;  in  CB  =  13.49; 
in  CD  =6.15;  in  DA=10.7;  in  BD  =7  tons, 
(c)    Stress  in   CE  =8.9;    in  ED  =  10.7;    inCB  =  12.9: 
in  CD  =5.8;    in  DA  =  10.7;  in  BZ)=  7.4  tons. 
30.  The  horizontal  traces  of  the  two  backstays  of  a  derrick-crane  are  x 
and  y  feet  in  length,  and  the  angle  between  them  is  ,8.     Show  that  the  stress 


in  the  post  is  a  maximum  when 


cos  (/5  —  S)      X 


cos  d 
trace  y  and  the  plane  of  the  jib  and  tie. 


— ,  d  being  the  angle  between  the 

y 


31.  The  two  backstays  of  a  derrick-crane  are  each  38'  long,  and  the  angle 
between  their  horizontal  traces  2  tan~^  j^S  height  of  crane-post  =32';  the 
length  of  the  jib  =40';  the  throw  of  the  crane  =20';  the  weight  lifted  =4 
tons.  Determine  the  stresses  in  the  several  members  and  the  upward  pull 
at  the  foot  of  each  backstay  when  the  plane  of  the  jib  and  post  (a)  bisects 
the  angle  between  the  horizontal  traces  of  the  backstays,  (6)  passes  through 
a  backstay. 

Ans.  In  jib  =5;  in  tie  =2.52  tons;  in  backstay  in  (o)  =1.77,  in  (6)  =3.267 
tons. 

32.  Find  the  stresses  in  the  members  of  the  crane  represented  by  Fig. 
149;  also  find  balance-weight  at  C. 

Ans.  Stress  in  BE  =25;  DE=26.9;  DB  =  18.85;  DA  =26.08;  BA=1.67; 
BC  =  16.49  tons;   counterweight  at  C  =  11.67  tons. 

33.  In  the  crane  represented  by  Fig.  150,  draw  the  stress  diagram  when  a 


load  of  4000  lbs.  is  suspended  from  A.     If  the  chain  passes  along  BA  over  a 
pulley  at  A  and  is  m  four  falls,  determine  the  stresses  m  the  several  members. 

34  A  pair  of  shear-legs,  each  25  ft.  long,  with  the  point  of  suspension  20 
ft  vertically  above  the  ground  surface,  is  supported  by  a  tie  100  ft.  long; 
distance  between  feet  of  legs  =  10^5  ft.  Find  the  thrusts  along  the  legs  and 
the  tension  in  the  tie  when  a  weight  of  2  tons  is'  bemg  Ufted. 

Ans   Tension  in  tie  =  1.137  tons;  compression  in  eachleg  =  1.39  tons. 

35  ABCD  is  a  quadrilateral  truss,  AB  and  CD  being  horizontal  and  15 
and  30  ft -in  length,  respectively.    The  length  of  AC  is  10  ft.,  and  its  in- 
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clination  to  the  vertical  is  60°-  A  weight  TF,  is  placed  at  C,  and  W^  at 
D.  What  must  be  the  relation  between  Wi  and 
W^  so  that  the  truss  may  not  be  deformed?  For 
any  other  relation  between  W^  and  W^,  explain 
how  you  would  modify  the  truss  to  prevent  defor- 
mation, and  find  the  stresses  in  all  the  members. 

Ans.  Tf2  =  1.366  TT,. 
36.  Draw  the  stress  diagram  for  the  frame,  Fig. 
151,  under  a  load  of  1  ton  at  the  apex.    Also  find 
the  vertical  forces  in  the  anchorages. 

37-  In  the   frame,  Fig.  152,  AC  =  AB  =  10  ft., 
and    a   load   of  1000   lbs.  is  concentrated   at  A.  Fig.  151. 

What  load  at  B  will  prevent  distortion?      If  the 

member  BC  is  introduced  and  a  load  of  3000  lbs.  is  concentrated  at  B,  draw 
the  stress  diagram. 

38.  In  a  triangular  truss  of  the  dimensions  shown  in  Fig.  153,  a  load  of 


Fig.   152. 


Fig.  153. 


1  ton  is  concentrated  at  A  and  at  B.     What  must  be  the  magnitude  of  the 
load  P  at  C  so  that  there  may  be  no  distortion  of  the  frame? 

39.  In  a  quadrilateral  truss  ABCD,  AD  is  horizontal,  AB  and  BC  are 
inclined  at  angles  of  60°  and  30°  respectively  to  the  horizontal,  and  CD  is 
inclined  at  45°  to  the  horizontal.  What  weight  must  be  concentrated  at  C 
to  maintain  the  equilibrium  of  the  frame  under  a  weight  PF  at  B? 

If  a  weight  W  is  placed  at  C  as  well  as  at  D,  what  member  must  be  intro- 
duced to  prevent  distortion?    What  will  be  the  stress  in  that  member? 

Ans.  1st,  1.366  W;  2d,  stress  in  BD  =  .134TF  cosec  (60°  +  a),  where  a  =BDA. 

40.  ACE  is  a  triangular  truss  supported  at  A  and  E;  AE  =  30  it.;AC  = 
24  ft.;  CE  =  18  ft.  FB  and  FD  are  two  struts  from  a  point  F  in  the  tie  AE 
vertically  below  C,  B  and  D  being  the  middle  points  of  AC  and  CE  respec- 
tively. Find  the  load  which  must  be  placed  at  D  to  prevent  distortion  (a) 
when  there  is  a  vertical  load  of  i  ton  at  B  and  at  C,  (6)  when  there  is  a  nor- 
mal wind  pressure  of  J  ton  at  B  and  a  load  of  |  ton  at  B  and  at  C,  assuming 
the  end  A  to  be  fixed  and  the  end  E  to  rest  upon  rollers. 

Ans.  (a)  .23  ton;  (6)  .425  ton. 

41.  In  the  frame,  Fig.  154,  the  bars  are  each  of  the  same  length  and  slope 
as  shown,  BC  being  horizontal.  A  load  of  1  ton  is  placed  at  A.  What  load 
may  be  concentrated  at  B  and  at  C  without  producing  distortion?  If  the 
member  OB  is  introduced  and  a  load  of  1  ton  is  placed  at  A  and  at  B,  what 
must  be  the  load  at  C  so  that  there  might  be  no  distortion?    If  the  member 
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OC  is  also  introduced,  draw  the  stress  diagram  for  a  load  of  1  ton  at  each  of 
the  joints  A,  B,  and  C. 

42.  In  the  triangular  truss,  Fig.   155,  AB  =20',  AC  =  15',  and  BC  =25'. 
The  tie  BC  is  horizontal  and  is  supported  at  B  and  C.     The  middle  points  of 


J  BlO^C 


Fig.  154.  Fig.  155. 

AB  and  AC  are  supported  by  struts  DE  and  DF  from  a  point  D  vertically 
below  A.  Loads  of  400  and  800  lbs.  are  concentrated  at  E  and  A  respectively. 
What  load  must  be  concentrated  at  F  to  prevent  distortion? 

43.  Three  bars,  freely  articulated,  form  an  equilateral  triangle  ABC. 
The  system  rests  in  a  vertical  plane  upon  supports  at  B  and  C  in  the  same 
horizontal  line,  and  a  weight  W  is  suspended  from  A.     Determine  the  stress 

in  BC,  neglecting  the  weight  of  the  bars.  Ans.  — 

2\/3" 

44.  Three  bars,  freely  articulated,  form  a  triangle  ABC,  and  the  system  is 
kept  in  equilibrium  by  three  forces  acting  on  the  joints.  Determine  the  stress 
in  each  bar. 

What  relation  holds  between  the  stresses  when  the  lines  of  action  of  the 
forces  meet  (a)  in  the  centroid,  (6)  in  the  orthocentre  0  of  the  triangle? 

Ans.  (a)  BC:CA:AB;   (6)  OA:OB:OC. 

45.  A  triangular  truss  of  white  pine  consists  of  two  equal  rafters  AB,  AC, 
and  a  tie-beam  BC;  the  span  of  the  truss  is  30  ft.  and  its  rise  is  7^  ft.;  the 
uniformly  distributed  load  upon  each  rafter  is  8400  lbs.  Determine  the 
stresses  in  the  several  members. 

Ans.  Stress  in  BC  =  8400  lbs.,  in  A5=4200\/5  lbs. 

46.  A  roof-truss  of  20  ft.  span  and  8  ft.  rise  is  composed  of  two  rafters  and 
a  horizontal  tie-rod  between  the  feet.  The  load  upon  the  truss  =  500  lbs.  per 
foot  of  span.  Find  the  pull  on  the  tie.  What  would  the  pull  be  if  the  rod 
were  raised  4  ft.?  Ans.  3125  lbs.;  6250  lbs. 

47.  The  rafters  AB,  AC  of  a  roof  are  unequal  in  length  and  are  inclined  at 
angles  a,  /8  to  the  vertical;  the  uniformly  distributed  load  upon  AB  =  Wi,  upon 
AC=W2.    Find  the  tension  on  the  tie-beam. 

Ans    ^1  +  ^2  sin  a  sin  ^ 
2         sin(a  +  /?)' 

48.  In  the  preceding  example,  if  the  span  =10  ft.,  a  =60°  and  /J  =  45°,  find 
the  tension  on  the  tie,  the  rafters  being  spaced  2i  ft.  centre  to  centre  and 
the  roof  load  being  20  lbs.  per  square  foot.  Ans.  198  lbs. 

49.  The  equal  rafters  AB,  AC  for  a  roof  of  10  ft.  span  and  2J  ft.  rise  are 
spaced  2i  ft.  centre  to  centre ;  the  weight  of  the  roof-covering,  etc.  =  20  lbs. 
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per  square  foot.     Find  the  vertical  pressure  and  outward  thrust  at  the  foot 
of  a  rafter. 

Ans.  Total  vertical  pressure  =  125\/5  lbs.  =  horizontal  thrust. 

50.  The  lengths  of  the  tie-beam  and  two  rafters  of  a  roof-truss  are  in  the 
ratios  of  5:4:3.  Find  the  stresses  in  the  several  members  when  the  load  upon 
each  rafter  is  uniformly  distributed  and  equal  to  100  lbs. 

Ans.  Stress  in  tie  =  48  lbs. ;  in  one  rafter  =  60  lbs. ;  in  other  =  80  lbs. 

51.  In  a  triangular  truss  the  rafters  each  slope  at  30°;  the  load  upon  the 
apex  =  100  lbs.     Find  the  thrust  of  the  roof  and  the  stress  in  each  rafter. 

Ans.  100  lbs.;  86.6  lbs. 

52.  A  roof-truss  is  composed  of  two  equal  rafters  and  a  tie-beam,  and  .the 
span  =4' times  the  rise;  the  load  at  the  apex  =4000  lbs.  Find  the  stresses 
in  the  several  members. 

Secondly,  if  a  man  of  150  lbs.  stands  at  the  middle  of  a  rafter,  by  how 
much  wiU  the  stress  in  the  tie-beam  be  inceased? 

Ans.  1.  Stress  in  tie  =  4000  lbs. ;  in  each  rafter  =2000\/5  lbs. 
2.  75  lbs. 

53.  A  king-post  truss  for  a  roof  of  30  ft.  span  and  7i  ft.  rise  is  composed 
of  two  equal  rafters  AB,  AC,  the  horizontal  tie-beam  BC,  the  vertical  tie  AD, 
and  the  struts  DE,  DF  frorfi  the  middle  point  D  of  the  tie-beam  to  the  middle 
points  of  the  rafters;  the  roof  load  =  20  lbs.  per  square  foot,  of  roof  surface 
and  the  rafters  are  spaced  10  ft.  centre  to  centre.  Find  the  stresses  in  the 
several  members.  Second,  find  the  altered  stresses  due  to  a  man  of  150  lbs. 
weight  standing  on  the  ridge.  Third,  find  the  stresses  due  to  a  weight  on  the 
tie-beam  of  12  lbs.  per  square  foot. 

1st.  2d.  3d. 

Ans.  BE  ~ 

EA 
BD 
DE 
AD 

54.  The  triangular  truss  ABC,  Fig.  156,  is  of  the  dimensions  and  loaded 
as  indicated.  Draw  the  stress  diagram,  and  show  how  the  stresses  are  modi- 
fied when  the  strut  DE  has  been  removed.     The 

horizontal  component  of  the  normal  load  on  AB  sooit. 

is  to  be  divided  equally  between  the  two  supports.  ^°j\\  / 

55.  A  queen-truss  for  a  roof  consists  of  two 
horizontal  members,  the  lower  48  ft.  long,  the 
upper  16  ft.  long;  two  incUned  members  AB,  DC, 
and  two  queens  BE,  CF,  each  8  ft.  long;  the  points 
E,  F  divide  AD  into  three  equal  segments;  the  load  ''' 
upon  the  members  AB,  BC,  CD  is  120  lbs.  per  lineal  pj,,  i^q 
foot.     Find  (a)  the  stresses  in  the  several  members. 

How  (6)  will  these  stresses  be  modified  if  struts  are  introduced  from  the  feet 
of  the  queens  to  the  middle  points  G,  H  of  the  incUned  members?  In  this 
latter  case  also,  determine  (c)  the  stresses  due  to  a  wind  pressure  of  120  lbs. 


5625 

75V'5 

900\/5 

3750 

75\/5 

QOOVT 

2250'>/5 

150 

1800 

1875 

0 

0 

750\/5 

0 

1800 
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per  lineal  foot  normal  to  AB,  assuming  that  the  horizontal  reaction  is  equally 
divided  between  the  two  supports  at  A  and  D. 

Am.  (a)  Stress inlhs.  in  AE=4068M^EF=DF='BC; 
AB=  4546.56=  CD;  BE=0  =  CF. 
(6)  Stressinlbs.  in  A£  =  5139.84  =i)i;'; 

BC  =4066.56  =AF;  AG  =  5746.56  =Z)fl^; 
BG  =  4546.56  =Cfl^;  EG  =  1200=FH; 
CD  =  536.64  =  Cf. 
(c)  Additional  stress  in  AG  =  1040\/5;  £G=680\/5; 

GE  =  600V5;  AE  =  2320;  BE  =  600;  BF  =400\/5; 
BE  =400V5;  CF  =400;  CB  =  800;  EF  =  1120; 
FD  =320. 
(In  case  (c)  the  brace  BF  is  introduced  to  prevent  distortion.) 

56.  The  rafters  AB,  AC  of  a  factory  roof  are  18  and  24  ft.  in  length  re- 
spectively. The  tie  BC  is  horizontal  and  30  ft.  long.  The  middle  points  of 
the  rafters  are  supported  by  struts  DE,  DF  from  the  middle  point  D  of  the 
tie  BC;  the  point  D  is  supported  by  the  tie-rod  AD.  The  truss  carries  a 
load  of  500  lbs.  at  each  of  the  points  E,  A,  and  F.  Find  the  stresses  in  all 
the  members.  Secondly,  find  the  stresses  in  the  members  when  the  rafter 
AB  is  subjected  to  a  normal  pressure  of  300  lbs.  per  hneal  ft.,  rollers  being 
ate. 

Ans.  (1)  Stress  in  BE  =  1112J;     EA=712i;     Ai^  =  716J;     FC  =  1016J; 
BD=667i; 
CD  =813 J;     DE  =  300;     DF  =  300;     AD  =  520|  lbs. 
(2)  StressinBE  =  1012J;  EA  =  1012i;  AF =2700=  FC;  BD  =  3847^; 
CD=2160;    D£=2700;     Di^  =  0;       AD  =  1687i    lbs. 
If  it  be  assumed  in  the  first  part  that  the  whole  of  the  weight  is  concen- 
trated at  the  points  E  and  F,  draw  the  stress  diagram. 

57.  The  rafters  AB,  AC  are  supported  at  the  centres  by  the  struts  DE, 
DF;  the  centre  of  the  tie-beam  is  supported  by  the  tie  AD;  i?C  =  30  ft.,  AD  = 
7i  ft.;  the  load  upon  AB  is  4000  lbs.,  that  upon  AC  1600  lbs.  Find  (o)  the 
stresses  in  all  the  members.  By  an  accident  the  strut  DE  was  torn  away; 
how  (6)  were  the  stresses  in  the  other  members  affected? 

(a)         _       (i.)  _  (a)  (6) 

Ans.  BE  2400\/5     1400\/5;       BD  4800  2800 

EA  1400\/5"   1400V'5;       DC  3600  3600 


AF  l400\/5 

1400\/5; 

DE  1000^5 

FC  1800n/5 

1800\/5; 

DF  400\/5 

AD  1400 

400; 

400^5     • 

58.  A  triangular  frame  ABC,  in  which  AB  =  AC  and  BC  is  horizontal, 

is  supported  at  B  and  C  and  carries  a  weight  at   A.     If  T  and  C  are  the 

tensile  and  compressive  strength  of  the  material  of  the  frame,  show  that  the 

/(T+T 
economy  of  material  will  be  greatest  when  tan  ABC  =  y  . 

59.  A  roof-truss  consists  of  two  equal  rafters  AB,  AC  inclined  at  60°  to 
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the  vertical,  of  a  horizontal  tie-beam  BC  of  length  I,  of  a  collar-beam  DE 

of  length  -,  and  of  queen-posts  DF,  tlG  at  each  end  of  the  collar-beam;  the 

truss  is  loaded  with  a  weight  of  2600  lbs.  at  the  vertex,  a  weight  of  4000  lbs. 
at  one  collar-beam  joint,  a  weight  of  1200  lbs.  at  the  other,  and  a  weight  of 
1500  lbs.  at  the  foot  of  each  queen;  the  diagonal  DO  is  inserted  to  provide 
for  the  unequal  distribution  of  load.    Find  the  stresses  in  all  members. 

Ans.  Stress  in  BD  =  11 733^;  Si^  =  5866J\/3";  DF^imi; 

DA  =2600;  DS  =  3633J\/3;  Z)(?  =  1866J; 

GC=4933i\/3;  GJS  =  2433J;  CS  =  9866J; 

il£  =  2600  lbs. 
6o.  A  triangular  truss  consists  of  two  equal  rafters  AB,  AC  and  a  tie- 
beam  BC,  all  of  white  pine;  the  centre  D  of  the  tie-beam  is  supported  from 
A  by  a  wrought-iron  rod  AD;  the  uniformly  distributed  load  upon  each  rafter 
is  8400  lbs.,  and  upon  the  tie-beam  is  36,000  lbs.;  determine  (a)  the  stresses 
in  the  different  members,  BC  being  40  ft.  and  AD  20  ft.  What  (6)  will  be  the 
effect  upon  the  several  members  if  the  centre  of  the  tie-beam  be  supported 
upon  a  wall,  and  if  for  the  rod  a  post  be  substituted  against  which  the  heads 
of  the  rafters  can  rest?  Assume  that  the  pressure  between  the  rafter  and 
post  acts  at  right  angles  to  the  rafter. 

Ans.  (a)  Stresses  in  BI>  =  13200;   AD  =  18000;  AB  =  13200\/2  lbs. 
(6)       "  "      -=  4200;     "    =  4200;    "   =  6300V'2'lbs. 

6 1.  A  triangular  truss  of  white  pine  consists  of -a,  rafter  AC,  a  vertical  post 
AB,  and  a  horizontal  tie-beam  BC;  the  load  upon  the  rafter  is  300  lbs.  per 
lineal  foot;  AC  =30  ft.,  AS  =  6  ft.  Find  the  resultant  pressure  at  C,  upon 
AC  assuming  that  the  pressure  upon  AC  at  A  is  normal  to  AC. 

Find  the  stresses  in  the  several  members  when  the  centre  D  of  the  rafter 
is  also  supported  by  a  strut  from  B. 

Ans.  4762  lbs.;  stress  in  BC=4500\/6;  CD  =  11250;  D5  =  11250; 
DA=0;  AB  =  2250  lbs. 

62.  A  white-pine  triangular  truss  consists  of  two  rafters  AB,  AC  of  un- 
equal length  and  a  tie-beam  BC.  A  vertical  wrought-iron  rod  from  A,  10 
ft.  long,  supports  the  tie-beam  at  a  point  D,  dividing  its  length  into  the 
segments  BD  =  10  ft.  and  CD  =  20  ft.  The  load  upon  each  rafter  is  300  lbs. 
per  lineal  ft.;  the  load  upon  the  tie-beam  is  18,000  lbs.,  uniformly  dis- 
tributed.   Determine  the  stresses  in  the  several  members. 

Ans.  In  AB=9650V'2  lbs.;    AC  =  4825\/5" lbs.;  BD  =  CD  =  9650  lbs. ; 
AD  =9000  lbs. 

63.  A  frame  is  composed  of  a  horizontal  top-beam  40  ft.  long,  two  verti- 
cal struts  3  ft.  long,  and  three  tie-rods  of  which  the  middle  one  is  horizontal 
and  15  ft.  long.  Find  the  stresses  produced  in  the  several  members  when 
a  single  load  of  12,000  lbs.  is  concentrated  at  the  head  of  each  strut. 

Ans.  Stress  in  horizontal  members  =  50000  lbs. 
"      "  sloping  "      =51418   " 

"      "  struts  =12000  " 
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64.  The  rafters  AB,  AC  of  a  roof-truss  are  20  ft.  long,  and  are  supported 
at  the  centres  by  the  struts  DE,  DP;  the  centre  D  of  the  tie-beam  BC  is  sup- 
ported by  a  tie-rod  AD  10  ft.  long;  the  uniformly  distributed  load  upon  AB 
is  8000  lbs.,  and  upon  AC  is  2400  lbs.  Determine  (a)  the  stresses  in  all  the 
members. 

What  will  be  the  effect  (5)  upon  the  several  members  if  AB  be  subjected 
to  a  horizontal  pressure  of  156  lbs.  per  lineal  foot? 

Ans.  (a)    Stress  in  BD=  4600 x/s";  BE  =  9200;  EA  =5200; 
ED  =4000;  AD  =  2600;  i3i^  =  1200; 
AF  =  5200;  CF  =  6400;  CD  =  3200\/3". 
(b)    Tens,  in  BE  =  520\/3;  AD=260\/3';  compres.in 

ED  =520\/3;  AC=520\/S;  DC  =  780. 
No  stresses  in  BD,  AE,  and  DF. 
Determine  the  stresses  in  all  the  members  of  the  truss,  assuming  the  tie- 
beam  to  be  also  loaded  with  a  weight  of  600  lbs.  per  lineal  foot. 

Ans.  Stress  in  AB  increased  by  SOOOv's'lbs.;  in  BC hy  9000  lbs.; 
in  AD  by  OOOOv's'lbs, 

65.  A  horizontal  beam  of  length  I  is  trussed  and  supported  by  a  vertical 
strut  at  its  middle  point.  If  a  weight  W  roll  across  the  beam,  show  that  the 
stress  in  each  member  increases  proportionately  with  the  distance  x  of  the 
wheel  from  the  end. 

W  W 

Ans.   Stress   in  horizontal  tie  =  -yx  cot  6;  in  sloping  tie  =  j-x  cosee  6  ;- 

W 
in  strut  =2-y-a;,  S  being  angle  between  the  horizontal  and  the  sloping  mem- 
bers. 

66.  If  a  wheel  loaded  with  12,000  lbs.  travel  over  the  top-beam  in  the 
last  question,  what  members  must  be  introduced  to  prevent  distortion? 
What  are  the  maximum  stresses  to  which  these  members  will  be  subjected? 

Ans.  19122  lbs. 

67.  A  beam  of  30  ft.  span  is  supported  by  an  inverted  cjueen-truss,  the 
-queens  being  each  3  ft.  long  and  the  bottom  horizontal  member  10  ft.  long. 
Find  the  stresses  in  the  several  members  due  to  a  weight  W  at  the  head  of 
a  queen,  introducing  the  diagonal  required  to  prevent  distortion.  Also  find 
the  stresses  due  to  a  weight  W  at  centre  of  beam. 

Ans.  (1)  Stress  m  AB  =  '-^W='EF;  AE  =  2.32W;  BE-  IW; 

BF  =  l.\OW=DF;  BC-i^-W;  CF  =  0. 

W 
(2)  Stress  m  AB=fPF=£J^;    AE  =  1.74W  ^BE-^-^; 

BF  =  0. 

68.  The  platform  of  a  bridge  for  a  clear  span  of  60  ft.  is  carried  by  two 
queen-trusses  15  ft.  deep;  the  upper  horizontal  member  of  the  truss  is  20 
ft.  long;  the  load  upon  the  bridge  =50  lbs.  per  square  foot  of  platform,  which 
is  12  ft.  wide.     Find  the  stresses  in  the  several  members. 

Ans.  Stress  in  vertical  =  6000  lbs.;  in  each  sloping  member ■=  10000  lbs.; 
in  each  horizontal  member  =  8000  lbs. 
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^  /';  •?  ""rf^  ^"^'^  °f  ^T- i^'-  P^''  °^^'  *^«  ''"'ig^  i"^  tl^e  last  question, 
and  if  Its  effect  is  equally  divided  between  the  trusses,  find  (a)  the  greatest 
stress  m  the  members  of  the  truss,  and  also  (6)  in  the  members  which  must 
be  introduced  to  prevent  distortion.  Also  find  (c)  the  stresses  when  one 
haK  the  bridge  carries  an  additional  load  of  50  lbs.  per  square  foot  of 
platform.  ^ 

Ans.   (a)  In  sloping  end  strut  =3333 J  lbs.;  horizontal  tie  = 

2666f  and  1333J  lbs.;   horizontal  strut  =2666J  lbs 

(c)  In  sloping  end  strut  =6250  lbs.;  horizontal  tie  = 
5000  lbs.;  horizontal  strut  =5000  and  3000  lbs. 

(6)  In  case  (o)=1666J  lbs.;    in  case  (c)  =2500  lbs.  ' 

70.  The  platform  of  a  bridge  for  a  clear  span  of  60  ft.   is  carried  by 
two  trusses  15  ft.  deep,  of  the  type  shown  by  the      _        e       d      f 
accompanying   diagram;    the  load   upon  the    bridge       '\C^^^T\p^ 
is  50  lbs.  per    square  foot    of    platform,    which    is  s\|.,Pii 

12  ft.  wide.      Find  the  stresses  in  the  several  mem-  „  * 

bers.  Fi°-  157. 

Ans.  Stress  in  5^  =  13500;    50  =  6750^5;    EG  =  4:500; 

ED  =  13500;    GD  =2250V5;    GA  =4500\/5; 
ylD  =  9000  lbs. 

71.  If  a  single  weight  of  2000  lbs.  pass  over  a  truss  similar  to  that  shown 
in  the  preceding  question,  find  the  stresses  in  the  several  members  when  the 
load  is  (1)  at  E,  (2)  at  D. 

Ans.  (1)  Stress  in  BG  =  1500V5;  BE  =  3000^ED;  EG  =  2000; 

GD  =  1000VB;  AG  =  5Q0V5=AH  =  CH;  DH  =  0=FH; 
DF  =  1000  =FClhs. 
(2)  Stress  in  BA  =  IOOOa/S  =CA;  BD  =  2000  =DC=AD  lbs.. 
Stresses  in  other  members  =  0. 

72.  The  feet  of  th^  equal  roof-rafters  AB,  AC  are  tied  by  rods  BD,  CD 
which  meet  under  the  vertex  and  are  joined  to  it  by  a  rod  AD.  If  TT,,  W2 
are  the  uniformly  distributed  loads  in  pounds  upon  AB,  AC,  respectively, 
and  if  S  is  the  span  of  the  roof  in  feet,  find  the  weight  of  metal  (wrought  iron) 
in  the  ties. 

5  pjr  ^pp 
Ans.  —  — !-7 — -  S  cot  |S,  /  being   inch-stress  in  pounds  and  ^  the  angle 

ABD. 

(a)  If  AB=  AC  =-20  ft.,  AD  =  5  it.,  the  angle  BAD  =60°,  find  the  stresses 
in  the  several  members  when  a  weight  of  3500  lbs.  is  concentrated  at  the  vertex. 

Ans.  7000  lbs.;  6309.8  lbs.;  3500  lbs. 

(6)  The  roof  in  (a)  is  loaded  with  10  lbs.  per  square  foot  on  one  side  and 
33  lbs.  per  square  foot  on  the  other,  the  trusses  being  13  ft.  centre  to  centre. 
Determine  (a)  the  stresses  in  the  several  members.    Examine  (6)  the  effect 
of  a  horizontal  pressure  of  14  lbs.  per  square  foot  on  the  most  heavily  loaded  j^ 
side,  assuming  that  the  reaction  is  equally  divided  between  the  two  supports. 

Ans.  (a)  11180  lbs.;  10077.65  lbs.;  5590  lbs. 
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73,  In  the  truss  represented  in  the  accompanying  figure,  the  load  on 
AB  =  W„  on  AC^-W,;    the  angle  ABD  =  fi;    AD^BD 

A  "AE^CE.     Find  the  total  weight  of  metal  (wrought 

iron)  in  the  tie-rods. 

Ans.  ^^'  +  ^'i  s  cot  /?,  S  being  the  span  and  /  the 

Fig.  158.  ^       / 

inch-stress, 
(o)  If  the  stress  in  BD  or  EC  is  equal  to  the  stress  in  DE,  show  that  /?=- 

60°-^,  a  being  the  angle  ABC. 

O 

(b)  The  trusses  are  12  ft.  centre  to  centre;  the  span  is  40  ft.;  the  hori- 
zontal tie  is  16  ft.  long,  the  rafters  are  inclined  at  60°  to  the  vertical;  the 
dead  weight  of  the  roof,  including  snow,  is  estimated  at  10  lbs.  per  sq.  ft.  of 
roof  surface.  Determine  the  stress  in  each  member  when  a  wind  blows  on 
one  side  with  a  force  of  30  lbs.  per  sq.  ft.  normal  to  the  roof  surface,  assuming 
that  the  horizontal  reaction  (1)  is  wholly  borne  at  B,  (2)  is  equally  divided 
between  the  supports. 

Ans.  (1)  Stress  in  AB  =  8956.8  lbs. ;  BD  =  10015.2  lbs.  =£C; 
AD^  2503.8  lbs.  =AE;DJS  =-8196  lbs.; 
AC  =  11356.8  lbs. 
(2)  Stress  in  AB=  7756.8  lbs.;  BZ)=6840.9  lbs.=J5;C; 
AD=  1710  lbs.  =AB;  AC  =  10156.8  lbs. 

74.  In  the  truss  represented  by  the  accompanying  figure,  the  load  upon 
AB=TF„  upon  AC^W^;  the  angle  ABD=  P;  the  span  j^ 
BC^S;   the  ties  AD,  BD,  AE,  CE  are  equal;  F  and  G      ^ 
are  the  middle  points  of  the  rafters.     Find  the  amount 
of  metal  in  the  tie-rods  (wrought  iron).                                   **    Pi^   J59 

Ans.  5  SW,  +  (W,+W,)  cos' ^^ 
"  6  /  sin  /9  cos  ^ 

(a)  The  struts  DF  and  EG  are  each  5  ft.;  the  angle  ABC  =30°;  the  dead 
weight  of  the  roof,  including  snow,  is  9  lbs.  per  square  foot  of  roof  surface, 
and  the  trusses  are  12  ft.  centre  to  centre.  Determine  the  stresses  in  the 
several  members  when  a  wind  blows  with  a  force  of  30  lbs.  per  square  foot 
of  roof  surface  normal  to  the  side  AB.  The  span  =  60  ft.,  and  the  end  C  rests 
upon  rollers. 

Secondly,  determine  the  stresses  produced  in  the  members  of  the  truss  in 
the  preceding  question  when  a  single  weight  of  3000  lbs.  is  suspended  from  G. 
Ans.  (1)  Stresses  in  BD;  DA;  DE;        EA;         EC; 

31238.55;  19852.35;  12633.6;  8613.5;  19999.09; 
BF;  FA;        FD;  CG;  GA;         GE. 

29620.44;  28685.16;  7855.2;  22420.44;  21485.16;  1620  lbs, 
(2)  Stresses  in      BD;         DA;         DE;  EA;  EC; 

375\/39;   125\/39";  lOOOVs^  875\/39;  1125\/39; 
BF;     FA;    FD;     CG;     GA;  GE. 

2625;  2625;  0;   7875;  6375;  1500\/31bs. 
(6)  The  rafters  AB,  AC  are  of  unequal  length  and,make  angles  of  60°  and 
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45°  respectively  with  the  vertical;  the  strut  DF  =  7i  ft.;  the  tie  DE  is  hori- 
zontal; the  dead  load  upon  each  rafter  =  100  lbs.  per  Mneal  foot;  the  wind 
pressure  normal  to  AS  =  300  lbs.  per  lineal  foot,  rollers  are  placed  at  C.  Find 
the  stresses  in  all  the  members.    The  rafter  AB  =  45  ft. 

Show:by  dotted  Unes  how  the  stress  diagram  will  be  modified: 

(1)  If  the  rollers  are  placed  at  B. 

(2)  If  the  strut  DF  is  omitted. 

(3)  If  a  single  weight  of  500  lbs.  is  concefitrated  at  D. 

(c)  If  it  is  assumed  that  the  horizontal  reaction  is  equally  divided  between 
B  and  C,  show  that  the  stress  in  DE  due  to  a  horizontal  wind  pressure  upon 
AB  is  nil,  the  angle  ABC  being  30°. 

(d)  In  a  given  roof  the  rafters  are  of  pitch-pine,  the  tie-rods  of  wrought 
iron;  the  span  is  60  ft.;  the  trusses  are  12  ft.  centre  to  centre;  DF ^5  ft.  = 
EG;  the  angle  ABC  =  30°;  the  dead  weight  of  the  roof,  including  snow,  is 
9  lbs.  per  square  foot  of  roof  surface;  rollers  are  placed  at  C;  a  single  weight 
of  3000  lbs.  is  suspended  from  F,  and  the  roof  is  also  designed  to  resist  a  nor- 
mal wind  pressure  of  26.4  lbs.  per  square  foot  of  roof  surface  on  one  side  AB. 
Determine  the  stresses  in  the  several  members. 

75.  In    the    truss    represented   in  the   accompanying  figure,  the   struts 
DF  DH,  EG,  EK   are   equal,  and  the  ties   BD,   AD, 
EA,  EC  are  also   equal;   the  load  upon  AB  is  TFj,  and 
upon  AC  is  W^.     Find  the  weight  of  metal   (wrought 
iron)  in  the  ties.  Pjg   ;^go 

^^^    5  S  4:W,+3{W,+W,)  cos';3 
^^'  18  /  cos  /3  sin  /? 

(6)  The  rafters  AB,  AC  are  inclined  at  60°  to  the  vertical  and  are  each 

40  ft.  in  length.  The  foot  C  rests  on  rollers, 
and  the  foot  B  is  fixed.  fThe  strut  DF  is 
vertical,  is  10  ft.  long,  and  is  equal  to  the 
strut  DE  in  length.  Also  AF  =  HF  ^10  ft. 
The  dead  load  carried  by  the  rafters  is 
120  lbs.  per  lineal  foot.  Provision  has 
also  to  be  made  for  a  normal  wind  pres- 
sure upon  AB  of  300  lbs.  per  lineal  foot. 
Draw  the  stress  diagram,  and  show  how  it 
will  be  modified  if  the  strut  DF  is  re- 
FiG.  161.  moved. 

Ans.  Vertical  reaction  at  JS  =  10528  lbs.  both  before  and  after  DF  is  removed. 
'  Horizontal  reaction  at  B  =  6000  lbs.     The  dotted  lines  show  the  modi- 
fied stresses  for  one  half  of  the  truss. 

76.  The  boom  AB  of  the  accompanying  truss  is  supported  at  five  inter- 
mediate   points    dividing    the  length  into  six  a  „  1  »  g,  3  a  4  «  5  /  B 
segments  each  10  ft.  long.     The  depth  of  the      ^%^„/^_^>A  Vj^  ^ 
truss  =  10    ft.      Draw  stress    diagrams  for  the      ^  ^'i,^\^ 
following  cases :                                                           ■  ^    ,  ^ 

(a)  A  weight  of  100  lbs.  at  each  intermediate  pomt  of  support. 
(6)  Weights  of  100,  200,  300,  400,  500  lbs.  in  order  at  these  pomts. 
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Ans.  (a)  Stress  iiio  =  375;  6=325;  c  =375;  A =450; 
TO  =  125^13;  w=5(K/5;  0=50^6; 
p=25\/l3  1bs. 
(6)  Stress  in  a=875;  6=825;  c  =  925;  ^  =  1350;  d  =  13 
e  =  1125;  /  =  1375;  n=50V5;  0  =  100^5 
p  =  141f\/l3;  g  =  8J\/l3;  r  =  200\/5; 
8  =  250^5;  <=458iV'l3;  TO=291f\/l3  1 


soinb.      loonii. 


Fig.  163.  Fig.  164. 

77.  Determine  the  stresses  in  every  member  of  the  frame  shown  in  Fig.  li 

78.  Draw  the  stress  diagram  for  the  frame  Fig.  164,  loaded,  and  of  ■ 
dimensions  as  shown. 

79.  Each  of  the  joints  A,  B,  C,  D,  E,  F,  G,  Fig.  165,  is  loaded  with  : 
bs.  Find  the  stresses  in  the  several  members  and  distinguish  between  stn 
and  ties. 

80.  The  dead  load  upon  a  roof-truss  of  type  Kg.  166  consists  of  1( 
lbs.  at  F,  1000  lbs.  at  K,  and  500  lbs.  at  G;  the  wind  pressure  is  a  norr 


Fig.  165. 

force  of  30  lbs.  per  square  foot  of  roof  surface  upon  AB;  the  span  =  90  i 
the  rise  =25  ft.;  the  trusses  are  25  ft.  centre  to  centre.  Find  the  stres 
in  the  several  members  when  rollers  are  (o)  at  C,  (6)  at  B. 

Ans.  (a)  Reaction    (vertical)    at    C  =  12291 J  lbs.;    vertical   reaction 
B  =  23958J  lbs.;   horizontal  reaction  at  B  =  18750  lbs. 
Tension  in  5Z)=  48625;   DL  =  34475;  LB =21 675;  BC  =  2212i 

DF  =  786H;  AL  =  15888f;  Xi? =250  lbs. 
Compression  in  BJ^=3666fVl06';  J'£r=2788|\A66; 
HA  =  1977i\/ro"6;  AZ  =2325\/l06; 
XG  =  2408J\/l06;  GC=2458JvT^; 
Di^  =  1572|v'T06;  LJ7  =  1505|VT81; 
LK = 83 JVTsi ;  EG  =  50V'l06  lbs. 
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(6)  Only  alteration  in  stresses  is  that  each  stress  in  the  different 
sections  of  the  horizontal  tie  is  diminished  by  18750  Ibs.- 
all  the  remaining  stresses  are  unchanged.  * 

8i.  In  the  accoippanying  roof-truss,  angle  ABC  =30°;  the  span  =904  ft.; 
A^  DF" EG  =  10\  ft.;    each  rafter  is  divided  into  four 

r^^  V^G  equal    segments    by   the    points    of    support;    the 

trusses  are  20  ft.  centre  to  centre;  the  weight  of  a. 
•Wt      i«7  bay  of  the  roof  =  24,416  lbs.     Determine  the  stress 

j-iG.  it)C.  in  gach  member. 

Also  determine  the  stresses  due  to  a  wind  pressure  of  30  lbs.  per  square 
foot  of  roof  surface  acting  normally  to  AB,  when  rollers  are  under  (a)  C 
(6)  B.  " 


82.  Determine  the  stresses  in  all  the  members  of  the  truss  loaded  and 
of  the  dimensions  shown  in  Fig.  168. 


Fig.  168. 


83.  The  horizontal  boom  CD,  Fig.  169,  is  divided  into  eight  segments, 
each  8  ft.  long,  by  seven  intermediate  supports;  the  depth  of  the  truss  at 
each  end  =  16  ft.;  a  weight  of  1  ton  is  concentrated  at  C  and  at  D,  and  a 


G 

E      K 

L     0 

^B 

*^ 

i^ 

Fig.  169. 


weight  of  2  tons  at  each  of  the  points  of  division, 
in  the  several  members. 


Fig.  170. 
Determine  the  stresses 


84.  Fig.  170  is  a  skeleton  diagram  of  a  roof-truss  of  72  ft.  span  and  12 
ft.  deep;  G,  K,  L,  0,  H  are  respectively  the  middle  points  of  AE,  EL,  EF,. 
LF,  FB;  AE  =  EL=LF^FB='2Q  ft.;  the  trusses  are  12  ft.  centre  to  centre; 
the  dead  weight  of  the  roof  =  12  lbs.  per  square  foot;  the  normal  wini 
pressure  upon  AE  may  be  taken  =30  lbs.  per  square  foot;  the  end  A  is; 
fixed  and  B  is  on  rollers.  Draw  a  stress  diagram.  Show  by  dotted  lines 
bow  the  stress  diagram  is  modified  with  rollers  under  A,  B  being  fixed. 


85.  The  platform  of  a  bridge  of  84  ft.  span  and  9  ft. 
deep  is  carried  by  a  pair  of  trusses  of  the  type  shown 
in  the  figure.  If  the  load  borne  by  each  truss  is  300 
lbs.  per  Uneal  foot,  find  the  stresses  in  all  the  members. 


BCD 
--^     F   G    H 


Fig.  171." 
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Ans.  Stress  in  AB  =  6000;  AC  =  1200V73;  AZ)=3600vT7;  BC=4i 

CD  =  14400  ;DS=  28800. 

Stress  in  horizontal  chord  =48000;  in  each  vertical  =  3600  lbs. 

86.  The   inclined  bars  of  the  trapezoidal  truss   represented   by  Fig. 

make  angles  of  45°  with  the  vertical;    a  load  of  10  tons  is  applied  at 


Fig.  172. 


top  joint  of  the  left  rafter  in  a  direction  of  45°  with  the  vertical.  Assum 
the  reaction  at  the  right  to  be  vertical,  find  the  stresses  in  all  the  pieces 
the  frame. 


10 


10. 


Ans.  Vertical  reaction  at  D  =  -^\/2 ;   stress  in  DE  =  -^^2 ;  DB  =  6J ; 


B£  =  6f;  BA=^\/2;  AE=^\/2',  AC  =  ^;  C£  =  ^V2tons. 


^x/2;  AeA'%  .__  ,  ._ 

3        '     •        3        '  3  '  3 

87.  An  overhanging  roof,  Fig.  173,  is  supported  on  columns  and  loa( 

as  shown.     Draw  the  stress  diagram  and  also  determine  the  forces  in 

vertical  columns  at  A  and  B. 


Fig.  174. 


FiG.  175. 


88.  A  factory-roof  of  32  ft.  span  is  loaded  as  shown  in  Fig.  174,  and  1 
«,ngle  A  is  90°.  Determine  the  stresses  in  all  the  members.  Also  draw  t 
stress  diagram  when  there  is  a  normal  wind  pressure  on  AB  equivalent 
i  ton  at  C  and  B,  and  \  ton  at  B  and  A,  rollers  being  placed,  1st,  under 
and,  2d,  under  E. 

89.  A  cantilever,  Fig.  175,  is  loaded  and  of  the  dimemsions  as  sho\i 
Determine  the  stresses  in  all  the  members. 


90.  Draw  the  stress  diagram  for  the  truss  represented  by  Fig.  176,  t 
load  at  each  of  the  points  B  and  C  being  500  lbs. 
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Also  if  the  rafter  AB  is  subjected  to  a  normal  wind  pressure  of  100 
lbs.  per  lineal  foot,  introduce  the  member  BF  to  prevent  distortion  and  state 
in  pounds  the  stress  it  should  be  designed 
to  bear.  Draw  the  stress  diagram  of  the 
modified  truss,  assuming  that  A  is  fixed 
but  that  D  rests  upon  rollers. 

{AB  =  15'=AE;  BC  =  10';  angle  BAD  ^^^ 

=  45°;  angle  £AD=  30°.) 

91.  The  frame  Fig.  177  is  loaded  as  ^i«-  176. 
indicated     Find  the  stresses  in  the  members  and  the  horizontal  tension  in 
the  chord  at  the  base,  shown  by  the  dotted  hne. 

92.  A  crescent-shaped  roof  of  the  dimensions  and  loaded  as  shown  in 
Fig.  178  IS  fixed  at  the  right  supports  and  rests  upon  rollers  at  the  left  support. 


flOOOlb.       ^ 


Fig.  178. 

The  joints  of  the  upper  members  lie  in  the  arc  of  a  circle  of  24  ft.  radius,  and 
each  load  acts  towards  the  centre  of  this  circle.    Draw  the  stress  diagram. 

93.  A  station  roof  with  trusses  15  ft.  apart  is  supported  on  central  col- 
umns (Fig.  179)  and  the  weight  of  the  roof-covering  and  truss  may  be  taken 
at  30  lbs.  per  square  foot  of  covered  area.  A  horizontal  wind  pressure  exerts 
an  additional  force  of  30  lbs,  per  square  foot  of  projected  vertical  area.    De- 


Fig.  179. 


Fig.  180. 


100  lb.  SOO  lb.  800  lb. 


Fig.  181. 


termine  the  stresses  in  the  several  members,  assuming  that  the  point  of  inter- 
section of  the  totaL  resultant  force  with  the  vertical  post  is  a  virtual  hinge. 


94.  Draw  the  stress  diagrams  for  the  roof-truss  Fig.  180  when  subjected 
to  a  horizontal  wind  load  of  30  lbs.  per  square  foot  of  projected  vertical  area. 


So  THEORY  OF  STRUCTURES. 

The  r-oof-trusses  are  20  ft.  apart  and   the  foot  of  a  rafter  is  support 
rollers,  first  on  the  leeward  and  second  on  the  windward  side. 

95.  The  frame  of  the  dimensions  and  loaded  as  in  Fig.  181  is  fixed 
■on  the  windward  and  rests  upon  rollers  on  the  leeward  side  at  B.  Dra 
stress  diagram  and  show  by  dotted  lines  how  the  stresses  are  modified 
the  rollers  are  on  the  windward  side. 


96.  In  the   accompanying  roof -truss   AB=AC  =  30   ft.,   and   the   1 

are  all  normal  to  the  rafters.  Fine 
stresses  in  all  the  members,  the  loj 
each  of  the  joints  in  the  rafters  bei 
tons  (angle  ABC  =30°  and  angle 
=  10°).  How  will  the  stresses  be  1 
fied  if  there  is  a  force  of  2  tons  acti: 
each  of  the  points  of  support  betwei 

and  B  at  right  angles  to  the  rafter,  and  a  force  of  1  ton  at  A,  assuming 

the  end  B  is  fixed  and  that  C  rests  upon  rollers? 


Fig.  182. 


97.  The  load  upon  a  roof-truss  of  the  type  Fig.  183  is  1000  lbs.  at 
joint;   the  span  100  ft.;   the  rise  =25  ft.     Find  the  stresses  in  the  diff 
members.     How  will  the  stresses  be  affected  by  an  additional  load  0 
lbs.  at  each  of  the  joints  between  the  foot  and  ridge  on  one  side? 
Am.  Stress  in  BD  =  5500\/5;  DP  ^5000\/5; 

FH -=4500^/5;  HL  =4O0O\/5;  LN =3500v'i 
NA^SOOO^y^;  DE=0;  FG  =  500;  HK  =  100 
LM  =  1500;  NO  =2000;  AP =5000; 
BE  =  11000=EG;  GK=10000;  KM  =  9000; 

M0  =  8000;  OP  =  7000;  DG  =  500V5; 

FK  =  1000y/2;  HM  =  500\/T^;  LO  =  1000V 

iVP  =  500\/29  lbs. 


Fig.  183. 


Fig.  184. 


98.  The  frame  Fig.  184  supports  a  load  of  1  ton  at  A.  Find  the  str 
in  the  several  members,  and  also  the  overturning  moment  at  the  foot  c 
post,  which  is  18  ft.  in  length.    {BC  =  1'.6.)    Also  show  how  the  stressei 
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modified  when  the  weight  hangs  by  a  chain  in  two  falls,  the  chain  passing 
over  a  pulley  at  A  along  a  horizontal  line  from  A  to  the  post. 

99.  A  braced  semi-arch  is  10  ft.  deep  at  the  wall  and  projects  40  ft.  The 
upper  flange  is  horizontal,  is  divided  into  four  equal  bays,  and  carries  a  uni- 
formly distributed  load  of  40  tons.  The  lower  flange  forms  the  segment  of 
a  circle  of  104  ft.  radius.  The  bracing  consists  of  a  series  of  isosceles  triangles, 
of  which  the  bases  are  the  equal  bays  of  the  upper  flange.  Determine  the 
stresses  in  all  the  members. 

100.  A  bowstring  roof-truss,  with  vertical  and  diagonal  bracing,  of  50  ft. 
rise  and  five  panels  is  to  be  designed  to  resist  a  wind  blowing  horizontally 
with  a  pressure  of  40  lbs.  per  square  foot.  The  depth  of  the  truss  at  the  centre 
is  10  ft.  Determine  graphically  the  stresses  in  the  severail  members  of  the 
truss,  assuming  that  the  roof  rests  on  rollers  at  the  windward  support. 

loi.  The  inner  flange  of  a  bent  crane  forms  a  quadrant  of  a  circle  of  20  ft. 
radius  and  is  divided  into  four  equal  bays.  The  outer  flange  forms  the  seg- 
ment of  a  circle  of  23  ft.  radius.  The  two  flanges  are  5  ft.  apart  at  the  foot, 
and  are  struck  from  centres  in  the  same  horizontal  line.  The  bracing  con- 
sists of  a  series  of  isosceles  triangles,  of  which  the  bases  are  the  equal  bays 
of  the  inner  flange.  The  crane  is  required  to  lift  a  weight  of  10  tons.  De- 
termine the  stresses  in  all  the  members. 

102.  The  domed  roof  of  a  gas-holder  for  a  clear  span  of  80  ft.  is  strength- 
ened by  secondary  and  primary  trussing  as  in  the  figure.  The  points  B  and 
C  are  connected  by  the  tie  BPC  passing  beneath 
the  central  strut  AP,  which  is  15  ft.  long,  and 
is  also  common  to  all  the  primary  trusses;  the 
rise  of  A  above  the  horizontal  is  5  ft.;  the  second- 
ary truss   ABEF  consists  of   the  equal   bays  AH, 

HG,  GB,  the  ties  BE,  EF,  FA,  of  which  BE  is  horizontal,  and  the  struts  GE, 
FH,  which  are  each  2  ft.  6  in.  long  and  are  parallel  to  the  radius  to  the  centre 
of  GH;  the  secondary  truss  ACLK  is  similar  to  ABEF;  when  the  holder  is 
empty  the  weight  supported  by  the  truss  is  36,000  lbs.,  which  may  be  as- 
sumed to  be  concentrated  at  G,  H,  A,  M,  N,  in  the  proportions  8000,  4000, 
1000,  4000,  and  8000  lbs.,  respectively.  Determine  the  stresses  in  the  dif- 
ferent members  of  the  truss. 

103.  The  top  beam  of  a  roof  for  a  clear  span  of  96  ft.  consists  of  six  bars, 
AB,  BC,  CD,  DE,  EF,  FG,  equal  in  length  and  so  placed  that  A,  B,  C,  D, 
E,  F,  G  are  on  circle  of  80  ft.  radius;  the  lower  boom  also  consists  of  six  equal 
rods,  AH,  HK,  KL,  LM,  MN,  NG,  the  points  H,  K,  L,  M,  and  N  being  on 
a  circle  of  148  ft.  radius;  B  is  connected  with  H,  C  with  K,  D  with  L,  E  with 
M;  and  F  with  N;  the  opposite  corners  of  the  bays  are  connected  by  cross- 
braces;  the  end  A  is  fixed  to  its  support,  G  being  allowed  to  slide  freely  over 
a  smooth  bedplate.      Determine  graphically  the  stresses  in  the  various  mem- 
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bers  when  there  is  a  normal  wind  pressure  per  lineal  foot  of  460  lbs.  u 
AB,  340  lbs.  upon  BC,  and  60  lbs.  upon  CD. 

104.  A  lattice-work  arch  of  the  dimensions  and  loaded  as  in  Fig.  18' 
pin-jointed  at  the  supports.  Find  the  Une  of  resistance  which  will  j 
through  the  pin  joints  and  also  through  the  point  where  the  greatest  1 

Fig.  186. 


Fig.  187. 


intersects  the  upper  chord  of  the  arch, 
of  the  arch  under  the  given  loading. 


Also  determine  the  horizontal  thi 


105.  Fig.  187  represents  the  sickle  (or  bowstring)  truss  for  a  roof 
204  ft.  span.  The  joints  of  the  upper  and  lower  bows  lie  on  the  arcs  of  par 
olas,  the  rise  of  the  lower  bow  being  17  ft.  and  of  the  upper  bow  42^ 
Draw  the  stress  diagram  for  the  dead  weight  of  the  truss,  which  is  very 
proximately  equivalent  to  IJ  tons  per  panel,  i.e.,  to  IJ  tons  concentrated 
each  of  the  intermediate  joints  in  the  upper  bow.    The  trusses  are  24 
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apart,  and  the  load  on  each  truss,  including  snow  and  wind  pressure,  is  assumed 
to  be  40  lbs.  per  square  foot  of  covered  area.  Draw  the  stress  diagram  when 
this  load  covers  (a)  one  half  of  the  truss,  (6)  three  fourths  of  the  truss.  Also 
show  how  the  diagrams  are  modified  by  the  introduction  of  the  dotted  members. 

io6.  Each  rib  for  the  support  of  a  dome  of  320  ft.  diameter  consists  of 
two  concentric  booms  6.4  ft.  apart  and  connected  by  triangular  bracing  which 
divides  the  rib  into  15  bays  of  equal  length.  The  rib  is  pinned  at  the  centre 
and  at  the  two  supports  (A),    The  dead  load  on  each  of  the  exterior  joints 


Fig.  188. 


1  to  15  is  8000  lbs.  Determine  the  horizontal  thrust  and  draw  a  stress  dia- 
gram for  the  members  between  A  and  B.  Also  determine  the  horizontal 
thrusts  at  A  and  B  and  draw  the  stress  diagram  (a)  for  a  load  of  32  tons  at 
jomt  No.  7,  and  (b)  for  loads  of  24,  28,  44,  and  48  tons,  at  the  joints  Nos.  5, 
6, 11,  and  14,  respectively. 

107.  In  the  preceding  example,  draw  the  stress  diagram  for  a  normal  load 
of  10  tons  at  the  joint  No.  8,  passing  through  the  centre  0  of  the  dome. 

io8.  The  figure  represents  a  portion  of  a  Warren  girder  cut  o£E  by  the 
plane  MN  and  supported  upon  the  abutment  at  A.  M 

The  reaction  at  A  =20  tons;  the  load  concentrated 
at  each  of  the  points  5=4  tons.  Find  the  stresses 
in  each  of  the  members  met  by  MN.       _ 

Ans.  Stress  in  tension  _chord  =i^\/3  tons;  in 
compression  chord  =  32\/3  tons;  compression  in 
diagonal  =  lev's  tons. 
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<M,eoo  lbs.  ' 


Fig.  191. 


109.  The  figure  is  a  portion  of  a  bridge-truss  cut  off  by  the  plane  M. 
lyl  and  supported  upon  the  abutment  at  A;    AC=C 

=  14^^  ft.;  the  depth  BC^DE  =  17i  ft.;  in  the  thii 
panel  the  compression  in  the  upper  chord  is  64,6C 
'  lbs. ;  the  tension  in  the  lower  chord  is  53,800  lb 
Find  the  reaction  at  A,  the  equal  weights  supporte 
at  C  and  E,  and  the 'diagonal  stress  T. 

Ans.  Reaction  =38943   lbs.;   weight   at   C  and  a 
Fig.  190.  S  =  12954  lbs.;  r  =  16578  lbs. 

no.  The  figure  represents  a  bowstring  truss  of  80  ft.  span,  cut  ofif  by  ti 
plane  MN  and  supported  at  0.  The  upper  flange 
OCDE  is  an  arc  of  a  circle  of  85  ft.  radius;  OA  =AB 
= etc.  =10  ft.;  the  rise  of  the  truss  =  10  ft.;  a  load 
of  15  tons  is  concentrated  at  each  of  the  points  A  and 
B;  the  reaction  at  0  =  45  tons.  Find  the  stresses 
in  the  members  out  by  the  plane  MN. 

Ans.  r,  =94.827  tons;  ^2  =  95.744  tons;  D  =  .97  tons. 

111.  The  figure  represents  a  portion  of  a  roof -truss  cut  off  by  a  plane  Ml 
and  supported  at  A.  The  strut  DC  is  vertical 
AT)  =2^  ft.,  and  the  distance  of  D  from  AC =1 
ft.;    the  angle  between  AC  and  the  horizonta 

=  cos-'|;  the  vertical  reaction  at  A  =7  tons 
the  horizontal  reaction  at  A  =2^  tons;  at  eacl 
of  the  points  B  and  C  a  weight  of  4  tons  is  con 
centrated.  Find  the  stresses  in  the  member 
met  by  MN.  {AD  and  T,  make  equal  angle 
with  the  rafter  and  DB=DC.) 
Ans.  Cj  =  13.2  tons;  Tj- 2.1  tons;  r,  =  10.8  tons 

112.  Fig.  193  represents  a  portion  of  a  16-panel  bridge-truss  with  one  em 
supported  at  A.    The  load  at  each  panel-point  is  W  and  the  dimensions  ar 


Fig.  192. 


!«w 


Fig.  193. 


as  indicated.     Find  the  stresses  in  the  members  cut  by  a  vertical  sectio 
MN. 

Ans.  C  =  11.86pr;  T^I^W;  D=4.74r. 
113.  Find,  by  the  "  method  of  sections  "  the  stresses  in  the  members  oi  th 
truss  Fig.  194  cut  by  a  vertical  section  MN,  the  dimensions  and  loads  bein 
as  indicated. 


EXAMPLES. 


91 


lis.  The  cantilever  roof-truss  Fig.  195   is  supported   at   C  and  by  the 
stay  AB.    Find  the  position  of  the  "load  which  will  produce  no  stress  in  sr. 


Fia.  195. 


Pig.  196. 


Hence  also  find  the  maximum  tensile  and  compressive  stresses  in  the  mem- 
bers Tpq,  qr,  rs,  sq. 

ii6.  The  roof-truss  Fig.  196,  of  40  ft.  span  and  13  ft.  rise,  is  loaded  with 
4  tons  at  D  and  5  tons  at  C.  Find  the  load  P  a.t  E  which  will  make  the  stress 
diagram  close.    The  struts  are  each  4  ft.  in  length. 

117.  Fig.  197  is  the  truss  for  a  factory  roof  of  72  ft.  span  and  18  ft.  rise. 


-48-- 


00  o 


Fig.  197.  Fig.  198. 

It  is  loaded  as  indicated.     Draw  the  stress  diagram. 

118.  Fig.  198  is  a  six-panel  truss  of  48  ft.  span,  the  dimensions  and  load- 
ing being  as  indicated.     Determine  the  stresses  in  all  the  members. 

119.  A  ship's  gangway  is  loaded  and  of  the  dimensions  shown  in  Fig.  199. 

It        B 


Fig.  199. 


Fig.  200. 


The  end  A  rests  upon  rollers,  and  B  is  hinged  to  the  wharf.    When  B  is  10 
ft,  vertically  above  A,  find  the  stresses  in  all  the  members. 

120.  The  end  A  of  the  cantilever  truss  Fig.  200  rests  upon  rollers,  B 
is  hinged  and  the  bearing  at  C  produces  a  horizontal  thrust.  Draw  the  stress 
diagram  for  the  given  loads. 
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X2I,  The  cantilever  span  Fig.  201  is  loaded  with  5500  lbs.  per  foot 
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Fig.  201. 


-X00-- 


FiG.  202. 


of  bridge.    Determine  the  stresses  in  all  the  members,  and  check  the  resi 
for  the  pier  panel  by  the  method  of  moments. 

122.  The  dead  weight  of  a  draw-span  having  equal  arms  of  100  ft.,  ] 

202,  is  1200  lbs.    per  lineal 
of  truss.    Determine  the  stres 
in    all  the   members    when 
bridge  is  open. 


123.  Fig.  203  is  the  skelei 
diagram  of  a  cantilever  foi 
viaduct  in  India.  Determine  1 
stresses  in  the  various  memb 
under  the  indicated  loading. 


Ql  tool       42  tool  IS  fanf  O  bm  21  tm 


Fig.  203. 
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124.  The  figure  represents  the  shore  portion  of  one  of  the  trusses  fo: 

cantilever   highway  bridge.    The   depth  of   truss 

over   pier  =51    ft.;    the   length   of  each  panel  = 

17  ft.;  the  load  at  A  (from  weight  of  centre  span) 

-16,800  lbs.;   the  width  of  roadway  =  15  ft.;   the 

load  per  square  foot  of  roadway  =  80  lbs.     Find 

the   stresses   in  all  the   members,   assuming  the  ■^"*'  ^^■ 

reaction  at  the  pier  F  to  be  vertical. 

Ans.  <,-<,  =  28000;  <,-36500;  <.=45000;  <5  =  53500; 
«,- 55200;  ^=-48400;  fg  =41600  =  «,;  c.=5600Vl4 
c,  =  7300V34;  «,  =  10200;  »,  =  15300;  «,  =  20400. 

I2S.  The  truss  Fig.  205  is  hinged  at  A  and  B,  i 
reaction  at  B  being  horizontal.  The  loads  and  dim 
sioDs  are  as  indicated.    Draw  the  stress  diagram. 


126.  The  upper  ends  of  the  verticals  of  an 
panel  truss  he  in  the  arc  of  a  parabola  whose  pare 
eter  is  128  ft.,  the  depth  at  the  centre  being  32 
Draw  stress  diagrams  (a)  for  a  load  of  4  tons  at  ef 
panel-point;  (6)  for  an  additional  load  of  6  t 
at  the  first,  second,  and  third  panel-points.    (Throi 


Fig.  205. 


single-intersection  type.) 
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Ans, 


Fig.  206. 

127.  The  loads  upon  the  truss  of  a  swing-bridge  when  open  are  as  indi- 
cated in  Fig.  207,  C  being  the  counterweight  at  D  and  R  the  reaction  at  each 


2  torn  4  tons  4  ion.    g        jj  (2+o)toi» 

Fig.  207. 


Fig.  208. 


of  the  bearing  points  A  and  B.  Find  R  and  C,  and  draw  a  stress  diagram 
for  the  truss  under  the  given  loading.  The  panels  are  each  6  ft.  in  length 
and  the  truss  is  8  ft.  deep  at  the  1st  vertical  and  12  ft.  deep  over  the  turn- 
table. 

128.  A  /owr-panel  A  truss,  Fig.  208,  of  100  ft.  span  is  40  ft.  deep.  The 
panel  dead  load  is  18,750  lbs.  Determine  the  stresses  in  all  the  members. 
Also  determine  the  stresses  in  the  several  members  due  to  a  panel  live  load 
of  53,250  lbs.  concentrated  at  the  2d  and  3d  panel-points. 


129.  A  Warren  girder  80  ft.  long  is  formed  of  five  equilateral  triangles. 
Weights  of  2,  3,  4,  5  tons  are  concentrated,  respectively,  at  the  1st,  2d,  3d, 
and  4th  apex  along  the  upper  chord.  Determine  the  stresses  in  all  the  mem- 
bers of  the  girder. 

Ans.  Compression  chord:   Stress  in  1st  bay  =  2\/3;  2d=5^'\/3;  3d  =  7\/3; 
4th  =  6^3;  5th  =  21^3. 
Tension  chord:    Stress  in  1st  bay  =4^3;    2d-6fV'3;   3d  =  7J\/3; 

4th=5jV3. 
Diagonals:    Stress    in    1st    and    2d=4\/3;    3d    and    4th-=2|\/3; 
5th  and  6th  =  f\/3;  7th  and  8th=2\/3;  9th  and  10th 
=  5iV3. 
130.  A  Warren  girder  of  60  ft.  span,  composed  of  six  equilateral  triangles, 
carries  upon  its  lower  chord  a  weight  of  2  tons  at  the  first  and  second  joints, 
15  tons  at  the  centre  joint,  and  7i  tons  at  the  fourth  and  fifth  joints.     Find 
the  stresses  in  all  the  members. 
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Ans.  Stresses  in  tension  chord:  1st  bay  =Y  \/3j_  2d=WV3;  3d=-«#\ 
4th=*,^V3";  5th=^V3;   6th  =^  VS. 
Stresses  in  compr.  chord:  lstbay=^V3;    2d=¥V3;   3d=-^ 

4th=-Vv'3;  5th=¥\/3. 
Diag.  stresses  1st  and  2d  bays=^\/3;  3d  and  4th=-*/\/3;  5th  a 
6th=-V^\/3";  7th  and  Sth-Ws;  9th  and  10th  =  YV3;  Hth  a 

12th  =  '^3^ 
131.  Determine  the  stresses  in  the  members  of  a  Fink  truss  of  240  ft.  sp 
and  sixteen  panels;    depth  of  truss  =  30  ft.;    uniformly  distributed  loac 
64  tons.  _ 

_jj„ - ,  Ans.   Stress  in   BA=:\/5^BM =DM^DO= FC 

__L  M  N  o  p  Q  Rs     FQ=QH-HS;  in  CA=W2=C0-G0=GS;  in  J 

=  8V5  =  ES ;  in  AK  =  16Vl7 ;  in BLi  =  DN='FP=H 

A  inClf  =  8=(?Q;in£0  =  16;  inXS  =  32;  in  Ailf =8^ 

MO=OQ=QS 


BODE 


F    G   H 

Fig.  209. 
132.  Determine  the  stresses  in  the  members  of  a  BoUman  truss  100 
long  and  12J  ft.  deep,  under  a  uniformly  distributed  load  of  200  tons,  togetl 
with  a  single  load  of  25  tons  concentrated  at  25  ft.  from  one  end. 

Ans.  Stress  in  AB=H^\/2';  BL_=iF\/2;  AD^^Vd;  DL=^V. 
AF  =H^VlO;  FL='Wi&\  AH=^Vl7-HL;  ini?C  =  25=FG 
HK  =etc.;  DE  =50  tons;  compression  along  AL  =193|  tons. 


133.  Determine  the  chord,  vertical  and  diagonal  stresses  in  a  Howe  tr 
of  80  ft.  span,  8  ft.  depth,  and  ten  panels,  due  to  a  load  of  40  tons  (a)  C( 
centrated  at  the  centre;  (6)  concentrated  at  the  third  panel-point;  (c)  u 
formly  distributed;  (d)  distributed  so  that  5  tons  is  at  first  panel-point, 
tons  at  second,  and  25  tons  at  third.         Ans.  Numbers  on  figures  in  tons 
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Fig.  211.— Case  A. 
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134.  Draw  a  stress  diagram  for  the  A  truss,  Fig.  212,  (a)  due  to  a  dead 
load  of  600  lbs.  per  lineal  foot  of  truss,  (6)  due  to  a  live  load  of  1200  lbs.  per 
lineal  foot  of  truss  covering  the  first  two,  three,  four,  and  six  panels,  respectively. 

135.  A  Baltimore  truss  300  ft.  Jong,  one  half  of  which  is  shown  in  Fig. 


Fig.  213. 


213,  carries  a  load  of  80,000  lbs.  at  each  panel-point  of  the  lower  chord  and 
40,000  lbs.  at  each  panel-point,  of  the  top  chord.  Find  the  stresses  in  all  the 
members. 

136.  The  lower  lateral  system  of  a  cantilever  arm,  Fig.  214,  carries  at  the 
outer  end  a  horizontal  wind  load  of  472,080  lbs.  from  the  suspended  span. 
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Fig.  214.- 

Find  the  stresses   in  all  members,  assuming  that  the  diagonal  stresses  are 
equally  divided  between  the  two  systems  of  diagonals. 

137.  The  cantilever  arm  shown  in  Fig.  215  carries  a  vertical  load  of 
700,000  lbs.  at  its  outer  extremity.     Find  the  stresses  in  all  members. 

138.  One  arm  of  a  swing  span  is  loaded  as  shown  in  Fig.  216.  Find  all 
the  stresses  when  the  span  is  open,  assuming  that  of  each  panel  load  32,000 
lb&.  is  concentrated  at  the  top  chord  and  the  remainder  at  the  bottom  chord. 

139.  Find  all  the  stresses  in  the  truss.  Fig.  217,  for  an  upward  reaction 
of  100,000  lbs.  at  the  end  of  the  span. 
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Fig.  215. 


Fig.  216. 


Fig.  217. 
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140.  In  the  same  truss,  Fig.  218,  a  load  of  100,000  lbs.  is  applied  at  the 
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Fig.  218. 

third  panel-point  from  the  left.    Assuming  that  the  reaction  at  the  left  sup- 
port is  42,000,  find  the  stresses  in  all  members. 


141.  A  three-pin  steel  arch  truss  of  the  dimensions  and  loaded  as  shown 
in  Fig.  219  has  the  joints  of  the 


lower  chord  l)ang  in  the  arc  of  a 
parabola.  Draw  the  stress  dia- 
gram. Verify  your  results  by 
using  the  method  of  sections  to 
determine  the  stresses  in  the 
members  intersected  by  the 
cutting-planes  MN,  M'N'. 

142.  Draw  the  stress  diagram  for  the  3-pin  arch.  Fig.  220,  the  left  truss 
being  loaded  with  1200  lbs.  per  lineal  foot. 

143.  Fig.  221  is  the  3-hinged  truss  for  a  bridge  hinged  at  C  and  at  the 
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Fig.  220.  Fig.  221. 

two  abutments  A  and  B.  The  load  at  each  of  the  points  1  and  2  is  5  tons 
and  10  tons  are  concentrated  at  each  of  the  intermediate  panel-points.  The 
brafcing  consists  of  isosceles  triangles  with  the  equal  bays  of  the  horizontal 
chords  as  bases,  and  the  joints  in  the  lower  chord  lie  in  the  arc  of  a  circle  of 
90  ft.  radius.  The  depth  of  the  truss  at  the  abutments  is  18  ft.  Deter- 
mine the  reactions  at  A,  B,  and  C,  and  draw  a  stress  diagram  for  the  truss. 

144.  Fig.  222  represents  one  of  the  two  symmetrical  trusses  for  the  central 
span  of  a  suspension  bridge.     The  joints  in  the  upper  chord  lie  on  a  parabolic 
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arc  and  consecutive  joints  are  connected  by'  straight  links.    The  dead 
per  lineal  foot  of  truss  is  750  lbs.,  and  the  two,  intermediate  trusses  are  pii 
at  the  centre  and  at  the  piers.     Determine  the  stresses  in  the  members 


Fig.  222. 

by  the  sections  MN  and  M'N'.    Also  determine  the  stresses  in  the  a 
members  when  a  live  load  of   1250   lbs.  per  lineal  foot  covers  (o)  the 
two  panels,  (6)  the  panels  from  A  to  C,  (c)  the  panels  from  C  to  B. 

145-  Each  shore  arm  in  the  suspension  bridge  of  the  preceding  exan 
is  identical  with  one  half  of  the  central  span.  Determine  the  stresses  in 
corresponding  members  of  the  shore  arms  (a)  for  the  dead  load  of  750  lbs. 
hneal  foot,  (6)  when  the  live  load  of  1250  lbs.  per  hneal  foot  covers  first 
shore  arm  and  second  one  half  of  the  central  span. 

146.  A  braced  pier  is  of  the  dimensions  and  loaded  as  in  Fig.  223.  De 
mine  the  stresses  in  all  the  members  and  also  find  the  forces  in  the  vert 
anchorage-bars. 

147.  Draw  a  stress  diagram  for  the  braced  pier  Fig.  224,  of  the  dim 
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Fig.  223. 


Fig.  225. 


Fig.  224. 

sions  and  loaded  as  shown.    Also  find  the  resultant  vertical  and  horizor 
forces  at  A  and  B,  specifying  whether  they  are  in  tension  or  compressior 

X48.  A  trestle,  Fig.  225,  30  ft.  high  and  10  ft.  wide  is  loaded  as  sho 
Draw  the  stress  diagram  and  find  the  character  and  magnitude  of  the  res' 
ant  vertical  and  horizontal  forces  at  A  when  (a)  P  =  2Q,  (6)  P  =  3Q,  (c)  P  = 
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149.  The  figure  represents  a  pier,  square  in  plan,  supporting  the  ends 
of  two  deck-trusses,  each  200  ft.  long  and  30  ft.  deep.  The, height  of  the- 
pier  is  50  ft.  and  is  made  up  of  three  panels,  the 
upper  and  lower  being  each  17  ft.  deep.  Ten 
square  feet  of  bridge  surface  and  10  square  feet 
of  train  surface  per  Hneal  foot  are  subjected  to 
a  wind  pressure  of  40  lbs.  per  square  foot.  The 
centre  of  pressure  for  the  bridge  is  68  ft.,  and 
for  the  train  86  ft.,  above  the  pier's  base.  The 
wind  also  produces  a  horizontal  pressure  of  4000 
lbs.  at  each  of  the  intermediate  panel-points  on 
the  windward  side  of  the  pier.  Width  of  pier  =  17  ft.  at  top  and  33|  ft.  at 
bottom.  The  bridge  load  =  1600  lbs.  per  lineal  foot,  live  load  =  3000  lbs. 
per  lineal  foot.     Determine : 

(a)  The  overturning  moment.     (3180  ft.-tons.) 

(6)  The  horizontal  force  due  to  the  wind  at  the  top  of  the  pier.    (61.6  tons.) 

(c)  The  tension  in  the  vertical  anchorage-ties  at  S  and  T.     (Nil.) 

(d)  The  vertical  and  horizontal  reactions  at  T.     (275  and  65.6  tons.) 
Draw  a  diagram  giving  the  wind  stresses  in  all  the  members,  and  indi- 
cate which  are  in  tension  and  which  in  compression. 

Ascertain  whether  the  wind  pressure  of  40  lbs.  per  square  foot  upon  a 
train  of  empty  cars  weighing  900  lbs.  per  lineal  foot  will  produce  a  tension 
anywhere  in  the  inclined  posts.  What  will  be  the  tension  in  the  anchorage- 
ties?     (20.75  tons.) 

150.  The  figure  represents  one  half  of  one  of  the  piers  of  the  Bouble 
-Viaduct.  The  spans  are  crossed  by  two  lattice  gir- 
ders 14'  9"  deep  and  having  a  deck  platform.  The 
height  of  the  pier  is  183'  9"  and  is  made  up  of 
eleven  panels  of  equal  depth.  Width  of  pier  at  top  = 
13'  li",  at  bottom  =  67'  7".  With  wind  pressure  at 
55.3  lbs.  per  square  foot,  the  total  pressure  on  the 
girder,  train,  and  pier  have  been  calculated  to  be  20, 
16.2,  and  20  tons,  acting  at  points  196.2,  210.3,  and 
92.85  ft.,  respectively,  above  the  base.  The  dead 
weight  upon  each  half  pier  is  222^  tons,  of  which  60 
tons  is  weight  of  half  span,  120  tons  the  weight  of  the 
half  pier,  and  42^  tons  the  weight  of  the  train.  As- 
suming that  the  wind  pressure  on  the  pier  is  a  hori- 
zontal force  of  2  tons  at  each  panel-point  on  the  wind- 
ward side,  and  that  the  weight  of  the  pier  may  be  con- 
sidered as  a  weight  of  6  tons  at  each  panel-point,  deter- 
mine: 

(a)  The  overturning  moment. 
Fig.  227.  (&)  The   total   horizontal  force  at  the  top  of   the 

pier  due  to  the  wind. 
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(c)  *rhe  tension  in  each  of  the  vertical  anchorage-ties  at  S  and  T  due 
the  wind  pressure. 

(d)  The  vertical  and  horizontal  reactions  at  T. 

Show  that  the  greatest  compressive  stress  occurs  in  the  member  RT,  m 
that  it  amounts  to  422  tons. 

Draw  a  stress  diagram  giving  the  stresses  in  all  the  members,  indicatii 
whicii  are  in  tension  and  which  in  compression.  Width  of  pier  at  A  =20  i 
at  B  =23i  ft.,  at  C =36J  ft. 

151.  Draw  the  stress  diagram  for  a  trestle  loaded  and  of  the  dimensioi 
as  shown  in  Fig.  228. 


Fig.  228. 


Fig.  229.    Fig.  230. 


152.  Determine  the  stresses  in  the  several  members  of  a  steel  trestl 
shown  by  Fig.  229  when  subjected  to  horizontal  wind  loads  of  43,00( 
2400,  3600  and  4800  lbs.  at  A,  C,  D,  and  E,  respectively.  AB  is  equ! 
to  4  ft.,  and  the  vertical  distance  bewteen  B  and  D,  D  and  E,  E  and  . 
is  33J  ft.  The  width  of  the  trestle  at  the  top  is  8  ft.  and  at  the  bottoi 
4U  ft. 


CHAPTER  II. 
SHEARING  FORCES  AND  BENDING  MOMENTS. 

Note. — In  this  chapter  it  is  assumed  that  all  forces  act  in  one  and  the  same 
plane,  and  that  the  deformations  are  so  small  as  to  make  no  sensible  alteration 
either  in  the  forces  or  in  their  relative  positions. 

I.  Equilibrium  of  Beams. 

Case  I.  AB  is  a  beam  resting  upon  two  supports  in  the  same 
horizontal  plane.     The  reactions  R\  and  222       i^^i  ^^ 

at  the   points   of  support  are  vertical  and      Ah. ? JL, 

the   resultant  P  of  tne  remammg  external       i       ip  P 

forces  must  also  act  vertically  in  an  oppo-  Fig.  231. 

site  direction  at  some  point  C.    According  to  the  principle  of  the  lever, 

HC  AC 

Case  II.  AB  is  a  beam  supported  or  fixed  at  one  end,  and  such 

a  beam  is  often  called  a  cantilever  or  semi-girder.    The  fixture  at  A 

R  tends   to   prevent   any   deviation   from   the 

A  J.,  j.M  ^     .B  straight  in  that  portion  of  the  beam,   and 

i   i  Ip        *^®  ^^^^  ^^^  deviation  the  more  perfect  is 

^       Fig.  232.  ^^^  fixture. 

The   ends   may   be   fixed   by   means   of 
^=iB  two  props  (Fig.  232),  or  by  allowing  it  to 
,Q  Ip       rest  upon  one  prop  and  preventing  upward 

Fig.  233.  motion  by  a  ledge  (Fig.  233),  or  by  build- 

ing it  into  a  wall  (Fig.  234). 

In   any   case   it   may   be   assumed   that 
the   effect   of   the   fixture,   whether   perfect 
Fig.  234.  or    imperfect,    is    to    develop    two    unequal 

forces   Q  and  R,  acting  in  opposite  directions  at  points  M  and  N.. 
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These  two  forces  are  equivalent  to  a  left-handed  couple  (Q,  - 
the  moment  of  which  is  QMN,  and  to  a  single  force  R—Qai 
Hence  R—Q  must  =P 

Case  III.  AB  is  an  inclined  beam  supported  at  A  and  resi 
upon  a  smooth  vertical  surface  at  B. 

The  vertical  weight  P,  acting   at 
point  C,  is  the  resultant  load  upon  j 
Let  the  direction  of  P  meet  the  horizoi 
line  of  reaction  at  B  in  the  point  D. 
The   beam   is   kept   in   equilibrium 
the  weight  P,  the  reaction  Ri  at  A,  •< 
the  reaction  R2  at  B.    Now  the  two  foi 
R2  and  P  meet  at  D,  so  that  the  force  Ri  must  also  pass  through 
Hence  Ri  =P  sec  ADC  and  R2  =P  tan  ADC. 
Note. — The  same  principles  hold  if  the  beam  in  Cases  I  and 
is  inclined,  and  also  in   Case  III  whatever  may  be  the  directi 
of  the  forces  P  and  R2. 

Case  IV.  In  general,  let  the  beam  AB  be  in  equilibrium  un 
the  action  of  any  number  of  forces  Pi,  P2,  P3,  .  .  .  ,  Qi,  Q2,  Qs,  . 
of  which  the  magnitudes  and  points  of  application  are  given,  -a 
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-which  act  at  right  angles  to  the  length  of  the  beam.     Suppose 
beam  to  be  divided  into  two  segments  by  an  imaginary  plane  M 
Since  the  whole  beam  is  in  equilibrium,  each  of  the  segments  m 
also,  be  in  equilibrium.     Consider  the  segment  AMN. 

It  is  kept  in  equilibrium  by  the  forces  Pi,  P2,  P3,  .  .  .  and 
the  reaction  of  the  segment  BMN  upon  the  segment  AMN  at 
plane  MN;  call  this  reaction  Ei.  The  forces  Pi,  P2,  P3,  .  .  . 
-equivalent  to  a  single  resultant  Pi  acting  at  a  point  distant  n  fr 
MN.  Also,  without  affecting  the  equilibrium,  two  forces,  ei 
■equal  and  parallel  to  Pi,  but  opposite  to  one  another  in  direct! 
may  be  applied  to  the  segment  AMN  at  the  plane  MN,  and 
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three  equal  forces  are  then  equivalent  to  a  single  force  Ri  at  MN 
and  a  couple  {Ri,  —Ri)  of  which  the  moment  is  RiVi. 

Thus  the  external  forces  upon  AMN  are  reducible  to  a  single 
force  Ri  at  MN,  and  a  couple  {Ri,-Ri).  These  must  be  balanced 
by  El,  and  therefore  Ei  is  equivalent  to  a  single  force  -Ri  at  MN 
and  a  couple  (—R\,  Ri). 

In  the  same  manner  the  external  forces  upon  the  segment  BMN 
are  reducible  to  a  single  force  R2  at  MN,  and  a  couple  {R2,  -R2) 
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Fig.  237. 

of  which  the  moment  is  R2r2-    These  again  must  be  balanced  by  E2, 
the  reaction  of  the  segment  AMN  upon  the  segment  BMN. 

Now  El  and  E2  evidently  neutralize  each  other,  so  that  the 
force  Ri  and  the  couple  (Ri,  —Ri)  must  neutralize  the  force  R2 
and  the  couple  {R2,  —R2)-  Hence  the  force  Ri  and  the  couple 
{Ri,  —Ri)  are  respectively  equal  but  opposite  in  effect  to  the  force 
R2  and  the  couple  (R2,  —R2);  i.e., 

Ri=R2,    Rin=R2r2,    and    n  =i-2. 

The  force  Ri  tends  to  make  the  segment  AMN  slide  over  the 
segment  BMN  at  the  plane  MN,  and  is  called  the  Shearing  Force 
with  respect  to  that  plane.  It  is  equal  to  the  algebraic  sum  of 
the  forces  on  the  Ze/i  of  MN, 

=Pi+P2-P3+  ...  =^(P). 

So  R2=Qi-Q2-Q3+  ■  ■  ■  =-^(Q)  is  the  algebraic  sum  of  the 
forces  on  the  right  of  MN,  and  is  the  force  which  tends  to  make 
the  segment  BMN  slide  over  the  segment  AMN  at  the  plane  MN. 
R2  is  therefore  the  Shearing  Force  with  respect  to  MN,  and  is  equal 
to  i2i  in  magnitude,  but  acts  in  an  opposite  direction. 

Again,  let  pi,  P2,  Pa, ... ,  qi,  ^2,  qs,  ■  ■ . ,  be  respectively  the 
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distances  of  the  points  of  application  of  Pi,  P2,  P3,  ■  •  • ,  Qi,  Q2, 
Qs,  .  ..  from  MA''. 

Then  Biri=the  algebraic  sum  of  the  moments  about  MN  of 
all  the  forces  on  the  left  of  MN, 

=  PlPl+P2P2-P3P3+   ■  ■  .    -^(PP), 

is  the  moment  of  the  couple  (Ri,  —Ri). 

This  couple  tends  to  bend  the  beam  at  the  plane  MN,  and  its 
moment  is  called  the  Bending  Moment  with  respect  to  MN  of  all 
he  forces  on  the  left  of  MN. 

So  jB2?"2=the  algebraic  sum  of  the  moments  about  MN  of  all 
the  forces  on  the  right  of  MN, 

=Qiqi-Q2q2-  .  • .  =-S(.Qq), 

is  the  Bending  Moment,  with  respect  to  MN,  of  all  the  forces  on 
the  right  of  MN,  and  is  equal  but  opposite  in  effect  to  Riri. 

It  is  seen  that  the  Shearing  Force  and  Bending  Moment  change 
sign  on  passing  from  one  side  of  MN  to  the  other,  so  that  to  define 
them  absolutely  it  is  necessary  to  specify  the  segment  under  con- 
sideration. 

If  the  segment  CB  is  removed,  AC  may  be  kept  in  equilibrium 
by  applying  to  the  face  of  -the  section  at  C,  forces  of  precisely  the 
same  magnitude  and  character  as  those  which  acted  when  ACB  was 
a  continuous  beam.  These  forces  may  be  resolved  into  horizontal 
and  vertical  components.  The  algebraic  sum  of  the  latter,  i.e.,  the 
shearing  force  at  C,  must  necessarily  be  equal  to  the  algebraic 
sum  of  the  vertical  forces  acting  externally  upon  AC,  i.e.,  to  Ri. 
Again,  there  are  no  horizontal  forces  acting  externally  upon  the  beam, 
and  therefore  the  algebraic  sum  of  the  horizontal  components  of  the 
forces  at  C  must  be  nil.  Hence  these  horizontal  components  must 
be  equivialent  to  a  couple  which  will  neutralize  the  couple  due  to  the 
external  forces  acting  upon  AC,  of  which  the  moment  is  RiVi.  The 
moment  of  the  horizontal  components  at  C  is  usually  called  the 
moment  of  resistance,  but  is  sometimes  also  known  as  the  elastic 
moment,  as  it  is  due  to  the  elastic  deformation  of  the  section  under 
consideration. 

Again,  Fig.  238  represents   a  horizontal  beam  of  depth  resting 


SHEARING  FORCES  AND  BENDING  MOMENTS.  105 

upon  supports  at  A  and  B.  The  vertical  reaction  at  A  is  fi,  and 
the    resultant  load  upon  AD  (includ-  w 

ing  the  weight  of  AD)  is  W  at  a  dis-     |      g.     p^g 

tance  x  from  D.  H  pUT 

Let  a  rectangular  portion  pqrs  of 
the  beam  be  removed  and  replaced  by 
two  members,  pq  capable  of  bearing  a  Fig.  238. 

pressure  only,  and  rs  capable  of  bearing  a  tension  only,  as,  e.g.,  a 
chain.  These  members  alone  are  not  sufficient  to  maintain  equilib- 
rium, and  it  can  be  easily  shown  experimentally  that  an  upward 
shearing  force,  S,  must  be  applied  at  r  and  that 

S  =  R-W. 

Also,  the  bending  moment  at  D  due  to  R  and  W 

=  Ra-Wx, 

and  this  must  be  neutralized  by  the  moment  of  the  compression  C  in 
pq  with  respect  to  r  or  by  the  moment  of  the  tension  T  in  rs  with 
respect  to  p. 

Therefore  Ra-Wx  =  Ch  =  Th. 

Hence  also  C  =  T. 

2.  Examples  of  Shearing  Force  and  Bending  Moment. — In  general 
the  terms  shearing  force  and  bending  moment  will  be  designated  by 
the  abbreviations  S.F.  and  B.M.,  the  shearing  force  and  bending 
moment  at  any  point  distant  x  from  the  origin  by  Sx,  Mx,  and  the 
shearing  forces  and  bending  moments  at  any  points  A,  B  .  .  .  by 
Sa,  Si .  .  .  and  Ma,  Mb  ■  ■  .  respectively. 

The  beams,  imless  otherwise  specified,  are  horizontal. 

Ex.  a.  A  cantilever  OA,  Fig.  239,  is  fixed 

•-..,^  y  at  0  and  carries  a  weight  Pat  the  free  end  A. 


<^, 


->.. 


N 


Sx-P, 


and  the  S.F.  is  the  same  at  every  point  be- 
tween  0  and  A.      Describe   the  rectangle 
OCFA,  taking  OC  =  P^AF.    The  line  CF 
:  ^  is  the  S.F.  diagram   and  the  S.F.    at   any 

Fig.  239.  point   L  is   the   vertical   distance    LN  be- 

tween that  point  and  the  line  CF. 

Again, 

Mx=P(l-x), 

Pfhich  is  PI  when  a;  =0,  i.e.,  at  0,  and  is  0  when  x  =  l,  i.e.,  at  A. 
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Take  the  vertical  line  OG^Pl  and  join  GA.  The  line  GA  is  the  B.: 
diagram  and  the  B.M.  at  any  point  L  is  the  vertical  distance  Lt/betwe 
that  point  and  the  line  GA.     The  B.M.  is  evidently  greatest  at  0,  so  that 

the  max.  B.M.  =P1. 

Also,  LU=Mx''P{l-;c)=a.Te&ALNF 

=the  total  S.F.  between  L  and  A. 


K 


Ex.  6.  A  cantilever  OA,  Fig.  240,  is  fii 
at  0  and  carries  a  uniformly  distributed  to 
\m  of  intensity  w.    Then 

Sx  =w(l—x), 

^^==^^^  which  is  wl  when  x  =  0,  i.e,  at  0,  and  h 

i  °      '^  """^~-'-^— lA  when  a;  =  Z,  i.e.,  at  .A. 

I  Take  the  verti  cal  line  OC  =  wZ  and  j  oin  C 

Pig.  240.  The  line  CA  is  the  S.F.  diagram  and  the  S 

at  any  point  L  is  the  vertical  distance  LN  between  that  point  and  the  line  C 

Again,  Mx=-^(l-xy, 

the  equation  to  a  parabola  with  its  vertex  at  A. 

wP 
The  B.M.  is  —  when  x=Q,  i.e..  at  0,  and  is  0  when  x  =  l,  i.e.,  at  A. 

wP 
Take  the  vertical  line  0G='—  and  trace  "the  parabola  AG.    The  cur 

GA  is  the  B.M.  diagram  and  the  B.M.  at  any  point  L  is  the  vertical  distar 
LU  between  that  point  and  the  parabolic  arc  AG.  The  B.M.  is  evideni 
greatest  at  0,  so  that 

the  max.  B.M.= — -. 

2 

Also,  LV=Mx='^il-xy=axea,ALN 

= total  S.F.  between  L  and  A. 

Ex.  c.  A  cantilever  OA,  Fig.  241,  is  fixed  at  0  and  carries  a  weight  P  ai 
together  toith  a  uniformly  distributed  load  of  intensity  w. 

Sx  =  P+w(l-x), 

the  equation  to  a  straight  line. 

The  S.F.  is  P+wl,  when  x=0,  i.e.,  at  0,  and  is  P  when  x  =  l,  i.e.,  at  A 
Take  the  vertical  lines  OC^P  +  wl  and  AF  =  P  and  join  CF.    The  1 

CF  is  the  S.F.  diagram  and  the  S.F.  at  any  point  L  is  the  vertical  dista 

LN  between  that  point  and  the  line  CF. 

Again,  Mx  =  P(.l-x) +^(l-xy, 
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«-4:-i(i-')". 


the  equation  to  a  parabola  with  its  vertex  at  H,  where  AT  =  -  and  HT  =  — 

w  2w' 

The  B.M.  is  PI +  ~  when  a;  =0,  i.e.,  at  0,  and  is  0  when  x=l,  i.e.,  at  A. 
Take  the  vertical  Une  OG=Pi  +  ^  and  trace  the  parabola  GAH.    The 


\ 


1 


i 


Fig.  241. 

curve  GA  is  the  B.M.  diagram  and  the  B.M.  at  any  point  L  is  the  vertical 
distance  LU  between  that  point  and  the  parabolic  arc  GA. 
The  B.M.  is  evidently  greatest  at  0,  so  that 

wP 


the  max.  B.M.  =PZ+— . 
LU=Mx  =  P{l-x)  +^{l-xy^axea,  LNFA 
=  total  S.F.  between  L  and  A.- 


AlSJ;, 


Ex.  d.    The   beam  OA,  Fig.   242,  re. 
upon  supports  at  0  and  A,  carries  a  weight  P 
concentrated  at  a  point  B  dividing  the  beam  into 
the  segments  OB  =  a,  BA  =  b.    Then  T~/' 

a  +  b=l. 

Let    Ri,  R2  be   the    reactions   at  0  and    "k 

A  respectively.     Taking  moments  about  A      '• 

and  0, 

J,     Pb         ■,     J,     Pa 
iti  =  —    and    jTCa  =  -j-- 

Then,  between  0  and  B, 

Sx=Rl=  P~7 


Fig.  242. 
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and  between  B  and  A, 

Sx=Ri  —  ■»=  — iJ2=  —P—, 

so  that  on  passing  the  point  B,  the  S.F.  changes  sign. 

Take  the  vertical  lines  DC  =  R^-  BD  and  BE  =  R,  =  AF;  join  CD ; 
FE.  The  broken  line  CDEF  is  the  S.F.  diagram,  and  the  S.F.  at  any  pc 
L  is  ttie  vertical  distance  LN  between  that  point  and  the  broken  line  CDl 

Again,  between  0  and  B, 

Mx=RiX, 
the  equation  to  a  straight  line. 

The  B.M.  is  0  when  a;=0,  i.e.,  at  0, 

and  is  R\a = P-^-  when  a;  =  a,  i.e.,  at  B, 

So,  between  B  and  A, 

Mx^RiX-P(x-a), 

the  equation  to  a  straight  line. 

The  B.M.  is  Ria=P—  when  x  =  a,  i.e.,  at  B, 

and  is  R\l—P{l  —  a)  =0,  when  a;  =Z,  i.e.,  at  A. 

Take  the  vertical  line  BG  =  Py  and  join  GO  and  GA.    The  lines  OG,  ( 

are  the  B.M.  diagram,  and  the  B.M.  at  any  point  L  is  the  vertical  distance  j 
between  that  point  and  the  lines  OG,  GA. 

The  B.M.  is  evidently  greatest  at  B,  so  that 

the  max.  B.M.-Py. 

If  a-=6=— ,  the  weight  is  at  the  centre  and 

PI 
the  max.  B.M.  = — . 

4 

Also,  between  0  and  B, 

LU=Mx==RiX^a,Tea.  OCNL 

= total  S.F.  between  0  and  L. 
Between  B  and  A, 

LU  =Mx=RiX-P{x-a)  =RM  +  (R,-P)(x-a) 

==  algebraic  sum  of  the  areas  OCDB  and  BLNE 

= total  S.F.  between  0  and  L, 

Ex.  e.  The  beam  OA,  Fig.  243,  resting  upon  supports  at  0  and  A,  carrie 
uniformly  distributed  load  of  intensity  w. 
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Then  fl.=f  =  K., 


Sx  =  Ri—'wx=wl^—xj, 


which  is  —  when  x=0,  i.e.,  at  0, 

is  0  when  a;  =-,  i.e.,  at  the  middle  of  the  beam, 

and  is  '  — ~  when  x  =  l,  i.e.,  at  A. 

The  S.F.  therefore  changes  sign  mi   pass-  a 

ing  the  middle  point  B   of  the  beam  and  in-  ,--t" 

creases  uniformly  from  its  mimimum  value  zero   *'r~--><l 


-.Nl 


E!:  nt  n  nr,^  /,/    A  °il! till 


at  B  to  its  maximum  value—  at  0  and  at  A.       ?y'  '''  '"~"^k  -^ 

1  e  ^--.:;;    ^ 

Take  the  vertical  lines  OC=^'  =  AF  and    1  """^^-iF 

join  CF.     The   hne  CF  is  the  S.F.  diagram,  Fig.  243. 

and  the  S.F.  at  any  point  L  is  the  vertical  distance  LN  between  that  point 

and  the  lihe  CF. 

Again,  Mx=Rxx-^='^{lx-x\ 

which  may  be  written  in  the  form 

2 
the  equation  to  a  parabola  OGA  of  parameter  —  and  with  its  vertex  at  a  point 

defined  by  0B=—  and  BG=—.     The  parabola  OGA  is  the  B.M.  diagram, 
■2  8 

and  the  B.M.  at  any  point  L  is  the  vertical  distance  LU  between  that  point 

and  the  parabola. 

The  B.M.  is  least  at  the  supports  and  gradually  increases -towards  the 

centre  of  the  beam  where  it  is  greatest,  so  that  the 

max.  B.M.  =  -— . 


Also,  LU=Mx-''^-~[^-xj 


= area  50C— area  BLiV  " 

=area  OCNL 

= total  S.F.  between  0  and  L. 

Ex.  /.  The  beam  OA,  Fig.  244,  resting  upon  supports  at  0  and  A,  carries 

%  uniformly  distributed  load  of  intensity  w  together  with  a  weight  P  concentrated 

it  the  point  B  dividing  the  beam  into  the  segments  OB  =  o  and  BA  =  b. 

^     wl     -b      _     wZ     _,a 
rhen^  .iei=— +Py,     B^-y+P-. 
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Between  0  and  B 

Sx-Ri—wx^Pj-+'wl——xj, 
the  equation  to  a  straight  line. 


The  S.F.  is 


Fig.  244. 
P-T  +—  when  a; =0,  i.e.,. at  0, 
P-r+w(~—a)  when  a;  =  a,  i.e.,  at  S. 


and  is 

Between  B  and  A 

Sx  =  Ri—wx  —  P=  — wf  —  —  a;)  —Py, 
the  equation  to  a  straight  Une. 

w(  —  —  a]  —P-f  when  a;  =  o,  i.e.,  at  B, 


The  S.F,  is 


and  is 


"2~"~f  "''^hen  x  =  l,  i.e.,  at  A. 


Take  the  vertical  Unes 


0C=p4+?,5D  =  P^  +  .(l-a), 


I      2' 


I 


and  join  CD  and  EF.  The  broken  line  CDEF  is  the  S.F.  diagram  and 
S.F.  at  any  point  L  is  the  vertical  distance  LN  between  that  point  and 
broken  Une  CDEF. 

Inunediately  on  the  right  of  B 

theS.F.=.(l-a)+pVP-(|-a)-P^, 
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and  the  point  E  will  lie  above  or  below  B  according  as 


<2--«) 


>  or  <P^. 


In  the  latter  case  the  S.F.  changes  sign  at  B,  and  the  B.M.  is  found  to  have 
its  greatest  value  at  this  point. 

If  E  falls  above  B,  then  EF  cuts  OA  at  a  point  X  at  which  the  S.F.  is  nil, 
and  the  B.M.  is  then  greatest  at  X: 

Again,  between  0  and  B, 


2 
which  may  be  written  in  the  form 


,  1  /    b      iyZ\2         w/'b      wl      \ 

2 
the  equation  to  a  parabola  OGH  of  parameter  — ,  and  having  its  vertex  at  a 

point  defined  by 

nT=T-      ,         „,^„     .,, 

I      2  2w 


OT  =  P%  +  '^    and     rff=-^fp^H.-y. 

^w  \    Z      2  / 


The.  parabolic  arc  OG  is  the  B.M.  diagram  between  0  and  B,  and  the  B.M.  at 
any  point  L  is  the  vertical  distance  LU  between  that  point  and  the  arc  OG. 
Between  B  and  A 

Mx=Rix — — •  -P(x-a), 
which  may  be  written  in  the  form 

^'-^"-2^(2-^TJ  =-^(t-^T-^)' 

2 
the  equation  to  a  parabola  AGK  of  parameter  —  and  having  its  vertex  at  a 

point  X  defined  by 

The  parabola  AGV  is  the  B.M.  diagram  between  B  and  A,  and  the  B.M. 
it  any  point  L  is  the  vertical  distance  LU  between  that  point  and  the  parabola. 

If  P  is  at  the  middle  point,  a  =  6  =g-, 

1     wl' 
aod  the  B.M.  at  the  centre  =P — | — — . 

4       8 
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Again,  between  0  and  B, 


LU==Mx=Rix-^  =area  OCNL 

= total  S.F.  between  0  and  B. 
Between  B  and  A, 

LU=Mx=Rix-^-P(x-a) 

=  algebraic  sum  of  the  areas  OCDB  and  BENL 

= total  S.F.  from  0  to  L. 
An  examination  of  Exs.  a  to  f  shows  that  the  S.F.  and  B.M. 
ordinates  in  Exs.  c  and  /  are  the  algebraic  sums  of  the  corresponding 
ordinates  in  Exs.  a  and  b  and  Exs.  d  and  e.  Hence  it  follows  that 
the  effects  of  different  loads  upon  beams  may  be  determined  separately 
and  the  resultant  effects  are  then  found  by  superposing  the  corre- 
sponding results  thus  obtained. 

Ex.  1.  A  cantilever  OA,  Fig.  245,  12  ft.  long  carries  a  load  of  200  lbs.  at 
A  and  a  uniformly  distributed  load  of  600  Ihs.  Draw  to  scale  the  S.F.  and  B.M. 
diagrams  and  determine  the  S.F.  and  B.M.  at  6  ft.  from  0.  For  the  S.F.  dia- 
gram take  a  vertical  scale  of  measurement  so  that  1  in.  =  1600  lbs. 


The  S.F.  at 
and  at 


Fig.  245. 

0  =  600  +  200  =  800  lbs.  =  J  in. 

A  =200  lbs.  =  J  in. 

Take  the  verticallines  OC  =  i  in.,  Ai*"  =|^  in.,  and  join  CF.  At  6  ft.  from  0 

LN  =  xF  ™-  by  measurement  =  500  lbs. 
=S.F.  at  L. 

For  the  B.M.  diagram  take  a  vertical  scale  of  measm-ement  so  that  1  in. 
=6000  ft.-lbs. 

The  B.M.  at  0  =  600  X  6 + 200  X 12  =  6000  ft.-lbs.  =  1  in. 

and  at  A=0. 

Take  the  vertical  line  OG  =  1  in.  and  join  GA.    At  6  ft.  from  0 

LU  =  i  in.  hy  measurement  =  3000  ft.-lbs.  =  B.M.  at  L. 
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Ex.  2.  A  beam  OA,  Fig.  246,  resting  upon  supports  at  0  and  A,  30  ft.  apart, 
carries  a  uniformly  distributed  load  of  6000  lbs.,  and  a  single  weight  of  600 
lbs.,  at  a  point  B  dividing  the  beam  into  segments  OB  =  10  ft.  and  BA  =  20  ft. 


Fig.  246. 

Draw  to  scale  the  S.F.  and  B.M.  diagrams,  and  obtain  by  measurement  the  S.F. 
and  B.M.  at  points  5  ft.  from  0  and  from  A. 

Then,  i?,X30  =  600x20+6000Xl5  =  102000 

and  E.X30  =  600xlCi+6000Xl5  =  96000. 

Therefore  JB,=  3400  lbs.  and  ie2  =  3200  lbs. 

For  the  S.F.  take  a  vertical  scale  of  measurement  so  that  1  in.  =  3000  lbs. 

The  S.F.  at  0  =  iJi  =  3400  lbs.  =  1 A  in. ; 

immediately  on  left  of      5  =  /2i- 10X200  =  1400  lbs.=TV  in-; 

immediately  on  right  of   B  =  i2;  - 10  X  200  -  600  =  800  lbs.  =  T»ir  in. 

at  A=i2i-30X200-600=  -32001bs.=  -liV  in. 

Take  the  vertical  lines 
OC  =  lA  in.,  BD  =  rV  in-,  BE^^^  in.,.  AF  =  1 A  in.,  and  join  CD  and  EF. 

By  measurement     LN  at  5  ft.  from  0=i  in.  =2400  lbs. 

=  S.F.  at  L. 
By  measurement    UN'  at  25  ft.  from  0  =H  in.  =2200  lbs. 

=S.F.  at  L' 
and  is  of  course  negative. 
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Again,  between  Oand  B, 


or 


Mx  =  3400a; -100a;' 
Jlfx-28900=  -100(17-a;)» 


a  parabola  with  a  vertex  at  a  point  17  ft.  measured  horizontally  and  28,! 
ft.-lbs.  measured  vertically  from  0. 


Also,  the  B.M.  at 

and  at 

Between  B  and  A, 


0=0 

5  =  24000  ft.-lbs. 

Mx = 3400a;  -  lOOa;'  -  600(a;  -10) 
Mx  -  25600  =  - 100(14  -x) », 


a  parabola  with  its  vertex  at  a  point  14  ft.  measured  horizontally  and  13,f 
ft.-lbs.  measured  vertically  from  0. 


Also,  the  B.M.  at 
and  at 


5=24000  ft.-lbs. 
A=0. 


Trace  the  parabolas  OGH  and  AGK,  taking  a  vertical  scale  of  measu 
ment  so  that  1  in.  =24,000  ft.-lbs.    Then 

B0  =  1  in.,  HT  =  l^m.,  KV  =  1^\  in. 

By  measurement  LU  at  5  ft.  from  0=f|  in.  =14500  ft.-lbs. 

=B.M.  at  L. 
By  measurement  L'U'  at  25  ft.  from  0  =t\  in.  =  13500  ft.-lbs. 

=B.M.  at  L. 

3.  Relation  Between  Shearing  Force  and  Bending  Moment.— 

the  examples  of  the  preceding  article  it  has  .been  shown  that  at  ai 


*     Ml 


f 


k -X >j         I 

k p »i«-a-»| 


r      r+i 


Fig.  247. 


r 


point  of  the  beams  imder  consideration  the  B.M.  at  any  point  is  t 
total  S.F.  between  that  point  and  a  support.  The  following  is 
general  proof  of  this  statement. 

Let  the  beam  OA,  Fig.  247,  supported  at  0  and  A  be  acted  up 
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by  a  number  of  weights  concentrated  at  different  points  along  the 
beam; 

Let  a  be  the  distance  between  two  such  consecutive  points  r  and 
r+1,  and  take  Or  =  x. 

Let  q  be  the.  weight  at  r  and  let  p  be  the  distance  between  r  and 
the  line  of  action  of  the  resultant  P  of  the  weight  between  0  and  r. 

Let  Ml,  Ri  be  the  B.M.  and  vertical  reaction  at  0. 

Then  Riix+a) -P(p+a)-qa+Mi=Mr+i 

and  RiX-Pp+Mi=Mr. 

Therefore  (Ri-P-q)a  =  Sa=Mr+i-Mr 

=  increment  of  B.M.  between  r  and  r+1 
=  JM, 

S  being  the  S.F.  between  r  and  r  +  1. 

Now  S  is  nil  if  Mr+i^Mr,  and  every  point  of  the  beam  between 
r  and  r  +  1  is  subjected  to  the  same  constant  B.M.,  the  case  being  one 
of  simple  bending  without  shear,  as  in  a  car-axle. 

Again,  the  weights  on  the  beam  may  become  infinite  in  number 
and  so,  in  the  limit,  form  a  continuous  load.     Then 

dM  =  Sdx. 
From  the  equations 

JM 


a 


■  =  (S  f or  concentrated  weights, 


and  ~T-  =  /S  for  a  continuous  load, 

it  is  at  once  evident  that  the  S.F.  at  any  point  is  measured  by  the  tangent 
of  the  slope  of  the  B.M.  polygon  or  curve  at  that  point. 
Also,  designating  algebraic  sums  by  the  symbol  I, 

the         B.M.  =  2'(JM)=i'(Sa) 

=  the  total  S.F.  for  the  concentrated  weights, 
and  for  a  continuous  load 

M  =  fSdx  =  the  total  S.F, 

between  0  and  the  point  under  consideration. 
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Again,  AM  and  dM  change  sign  with  S  and  the  B.M.  is  a  mi 
(or  a  min.  in  certain  special  cases)  at  the  point  where  the  char 
occurs. 

For  a  continuous  load  this  point  is  defined  by  the  condition 


dM 
dx 


=0. 


If  w  is  the  intensity  of  the  continuous  load  at  x  from  0, 

S  =  R\  —  j  wdx, 


and  therefore 


dS    dm 


dx     dx^  ' 


equations  connecting  the  intensity  w,  the  S.F.  and  the  B.M.  at  ai 
point  in  the  beam. 
4.  Live  Loads. 

Ex.  a.  A  weight  P  travels  from  A  to  B  over  a  horizontal  girder  of  lengd 
resting  upon  supports  at  A  and  B. 


Fig.  248. 

When  P  is  at  F  distant  x  from  0,  the  middle  point  of  the  girder,  the  i 
action  Ri  at  A==—l  —  +xj, 


Between  A  and  F. 


Sx=Ri, 


and  the  positive  S.F.  at  any  point  F  is  greatest  at  the  instant  after  P  passes  t) 
point. 

Between  F  and  B, 


^-^•-^=-7(2--)' 
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and  the  negative  S.F.  at  any  point  F  is  greatest  at  the  instant  before  P  passes 
that  point. 

Also,  the  positive  S.F.  is  P  when  x=—,  i.e.,  at  A, 
and  is  0  when  x=  ——,  i.e.,  at  jB; 
the  negative  S.F.  is  0  when  x=—,  i.e.,  at  A, 
and  is  — P  when  x=  ——,  i.e.,  at  B. 

Take  the  vertical  lines  AD  =  BE  =  P  and  join  DB  and  AE. 

Then  DB  is  the  positive  and  AE  the  negative  S.F.  diagram,  and  the  S.K 
at  any  point  F  is  the  positive  vertical  distance  FG  or  the  negative  vertical 
distance  FH  between  DB  and  AB  or  between  AE  and  AB  respectively. 

Again,  the  B,M.  at  any  point  K  between  A  and  F  distance  y  from  0  is 


Mf=Ri 


ii-y)' 


which  is  the  greatest  when  y  has  its  least  value,  i.e.,  when  y=x  and  II  coin- 
cides with  F. 

So,  between  F  and  B  the  B.M.  at  any  point  L  distant  y  from  F 


=  R,(^-x  +  yj-Py 


which  is  greatest  when  y  has  its  least  value,  i.e.,  when  y=0  and  L  coincides 
with  F. 

Hence,  th^  B.M.  at  any  point  is  greatest  at  the  instant  P  passes  that  point, 
and  the  maximum  B.M.  diagram  is  therefore"given  by 


^-^■(|-)=f(-I-^^)' 


the  equation  to  a  parabola  ANB,  passing  through  the  points  A  and  B  and 

having  its  vertex  at  N  vertically  above  0  the  centre  of  the  girder  and  at  the 

PI 
distance  ON^-r. 
4 

In  addition  to  the  live  load,  let  a  single  weight  Q  be  concentrated  at  the 

point  T  distant  o  from  0.    The  corresponding  vertical  reaction  at  A 


-liH- 
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At  X  from  0  between  A  and  T 


the  maximum  /Sx=y|  — +  a;j  +-rl  — +a). 


At  X  from  0  between  T  and  0 


the  maximum  Si  = -r(  —  + a;  j  +jl  —+a)—Q 


At  a;  from  0  between  0  and  B 


the  maximum  01=— (  ——a;  1  — t[7^~'^j- 

The  S.F.  diagram  for  the  Uve  load  is  DB,  and  that  for  the  concentral 
load  the  broken  line  dgef. 

The  total  S.F.  at  any  point  is  the  algebraic  sima  of  the  vertical  distaa 
between  that  point  and  the  two  diagrams.    If  AdgT  and  TefB  are  inverl 


Fig.  249. 

so  as  to  take  the  positions  Ad'g'T  and  Te'fB,  the  S.F.  at  F=GY;  at  F'~G' 
-X'F'  =  G'X';  2A.F"=0;  aXF"'-=G"'F"'-X"'F"'=-G"'X"'. 
Again,  between  A  and  T 


.the  maximum  B.M.  at  a;  from  0=y(  j-a;M  +—\  —  +a\  {——x\; 

between  T  and  0 

the  mammum  B.M.  at  x  from  0=-^^  -x'j  +7(0 +'')  (o""*)  -Q(fl-'') 
the  maximum  B.M.  at  a;  from  0=y^^'-a;M  +7(0""*)  (o""*)- 


-m-' 


between  0  and  B 
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In  Fig.  250,  ANB  is  the  maximum  B.M.  diagram  for  the  live  load  and  the 
B.M.  diagram  for  the  concentrated  load  consists  of  the  two  Unes  AY',  BY'. 


Fig.  250. 

The  total  maximum  B.M.  at  any  point  is  the  algebraic  sum  of  the  vertical 
distances  between  that  point  and  the  two  diagrams.  If  AY'B  is  inverted 
so  as  to  take  the  position  AX'B, 

the  total  maximum  B.M.  at  F'=F'N'+F'Y'  ^X'N'; 

"      "  "  "      "     F=FN+FY=XN; 

II        'I  '(  It       II    pr/  ^pi'^/>  <pi/Y"  =X"N" 

Ex,  b.  Let  a  continuous  load  weighing  w  per  unit  of  length  travel  over  the 
girder  from  0  towards  A. 


Fig.  251. 


W3^ 

When  the  load  covers  a  length  OB^x,  the  reaction  at  ^  =•  -^. 

This  is  evidently  the  S.F.  at  all  points  in  front  of  the  advancing  load. 
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Between  B  and  0,  at  any  point  distant  y  from  B, 
theS.F.=——wy, 

which  is  greatest  when  y=0. 

Hence,  the  maximum  S.F.  at  any  point  due  to  the  live  load  is  in  fi 
of  the  advancing  load,  when  the  load  covers  the  longer  segment  OB,  an 
given  by 


the  equation  to  a  parabola  OD  with  its  vertex   at  0  and  intersecting 

vertical  at  A  in  the  point  D  where  AD  =—. 

As  the  load  travels  off  the  girder,  the  S.F.  behind  the  load  is  found  in  ] 
cisely  the  same  manner,  the  S.F.  diagram  being  the  parabola  AE  with 

vertex  at  A  and  intersecting  the  vertical  OE  in  the  point  E  where  OE  =— - 

Let  the  girder  also  carry  a  uniformly  distributed  dead  load  of  intensity 
Considering  one  half  of  the  girder,  DH  is  the  S.F.  for  the  live  load,  and  j 


A 

3 

K 

^^ 

^<i                                    0 

Fig.  252. 

the  S.F.  for  the  dead  load,  may  be  traced  below  OA.  The  total  maxim 
S.F.  at  any  point  B  is  then  XY,  the  vertical  distance  at  B  between  DH  i 
KG. 


Also, 


and 


GE 


wl 


It  win  be  subsequently  shown  that  the  design  of  the  web  of  a  girder  pi 
ticaUy  depends  upon  the  S.F. 

Again,  the  B.M.  at  B  when  the  hve  load  covers  OB  is 


wx",,      , 
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•   Betwetn  A  and  B,  at  y  from  A, 

theBM.='^y, 

which  increases  until  y  =  l—x. 

If  the  load  advances  a  distance  z  beyond  B, 

w 
the  reaction  at  A=  —  {z+xy, 

and  the  B.M.  at  B  =^Az+x)\l-x)  -^, 

which  is  a  maximum  when 

.     w,        .  ,, 

0  =-j(z+x){J,—x)  —we, 

or  z  =  l—x, 

i.e.,  when  the  live  load  covers  the  whole  girder. 

It  win  be  subsequently  shown  that  the  design  of  the  flanges  of  a  girder 
depends  essentially  upon  the  B.M.,  and  the  maximum  flange  stresses  are 
therefore  to  be  found  when  the  live  load  is  uniformly  distributed  over  the 
total  length  OA. 

In  the  results  deduced  above  it  is  assumed  that  the  length  of  the  live  load 
is  not  less  than  that  of  the  girder. 

Ex.  3.  The  two  main  girders  of  a  single-track  bridge  of  80  ft  span  carry 
a  dead  load  of  2500  lbs.  per  lineal  foot.  Determine  the  maximum  S.F.  and  B.M. 
at  10  ft.  from  a  support  when  a  live  load  of  3000  lbs.  per  lineal  foot  travels  over 
the  bridge. 

The  dead  load  on  each  girder 

=  80X^  =  100000  lbs. 

The  reaction  at  each  support  due  to  the  dead  load 

=  50000  lbs. 
The  S.F.  due  to  the  dead  load  at  10  ft.  from  a  support 

=  50000  - 10  X  ^y^  =  37500  lbs. 

The  S.F.  due  to  the  live  load  at  10  ft.  from  the  support  is  greatest  when 
the  live  load  covers  the  70  ft.  segment. 

The  corresponding  reaction  at  the  unloaded  end 

=|x^X35=45937ilbs. 

Therefore  the  total  maximum  S.F.  at  10  ft.  from  a  support 
=  37500  +  45937i  =  83437 J  Jbs. 
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The  B.M.  at  any  point  is  a  maximum  when  the  live  load  coversihe  whole 
girder. 

The  total  load  on  the  girder  is  then 

3000 


=  100000  +  SOX - 


=  220000, 


and  the  maximum  B.M.  at  10  ft.  from  a  support 

„     ,„    2500  +  3000 
=  110000X10 2 

=  962500  ft.-lbs. 


10.5 


5- 


Fig.  253. 


Fig.  254. 


Moments  of  Forces  with  Respect  to  a  Given  Point  Q. — First, 

consider  a  single  force  Pi. 

Describe  the  force  and  fnnictilar 
polygons,  i.e.,  the  line  SiSe  and  the 
lines  AB,  BC. 

Through  the  point  Q  draw  a  line 
parallel  to  SiSe,  cutting  the  Imes 
AB  and  CB  produced  in  x  and  y. 

Drop  the  perpendiculars  BM  and 
ON  upon  yx  and  SiSg  produced. 

^^^^  BM"  ON     ON 

and  Pi-BM=xy-ON. 

But  BM  is  equal  to  the  length  of  the  perpendicular  from  Q  to 
the  line  of  action  of  Pi,  and  the  product  xy-ON  is,  therefore,  equal 
to  the  moment  of  Pi  with  respect  to  Q.  Hence,  if  a  scale  is  so  chosen 
that  0A'^  =  unity,  this  moment  becomes  equal  to  xy;  i.e.,  it  is  the 
intercept  cut  off  by  the  two  sides  of  the 
funicular  polygon  on  a  line  dravm 
through  the  given  point  parallel  to  the 
given  force. 

Next,    let    there   be    two   forces, 

Pi,   P2. 

Describe  the  force  and  ftmicular 
polygons  S2S1S6  and  ABCD. 

Let  the  first  and  last  sides  (AB 
and  DC)  be  produced  to  meet  in  G, 
and  let  a  line  through  the  given 
point  Q  parallel  to'the  line  S2Se  intersect  these  lines  in  x  and  y. 
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Draw  GM  perpendicular  to  xy  and  ON  perpendicular  to  SzS^. 
Then 


xy      S2SQ    resultant  of  Pi  and  Pz 
GM' 


ON 


ON 


and  hence  (the  resultant  of  Pi  and  P2)  X  GM  =  xy  ■  ON. 

But  GM  is  equal  to  the  length  of  the  perpendicular  from  Q  upon 
the  resultant  of  Pi  and  P2,  which  is  parallel  to  SzSq  and  must 
necessarily  pass  through  G.  Hence,  if  a  scale  is  so  chosen  that 
OiV  =  unity,  xy  is  equal  to  the  moment  of  the  forces  with  respect 
to  Q;  i.e.,  it  is  the  intercept  cut  off  by  the  first  and  last  sides  of  the 
funicular  polygon  on  a  line  drawn  through  the  given  point  parallel 
to  the  resultant  force. 

A  third  force  P3  may  be  compoimded  with  Pi  and  P2,  and  the 
proof  may  be  extended  to  three,  four,  or  any  number  of  forces. 

The  result  is  precisely  the  same  if  the  forces  are  parallel. 

The  force  polygon  of  the  n  parallel  forces  Pi,  P2,  .  .  .  P„  becomes 
the  straight  line  SS1S2  .  .  .  Sn-    Let  the  first  and  last  sides  of  the 


funicular  polygon  meet  in  G.  Drop  the  perpendiculars  GM,  ON 
upon  xy  and  S^Sn,  xy  as  before,  being  the  intercept  cut.  off  on  a 
line  through  the  given  point  Q  parallel  to  S^Sn-    Then 

xyON='  GM  ■  SeSn.    Hence,  etc. 

Thus  the  moment  of  any  number  of  forces  in  one  and  the  same 
plane  with  respect  to  a  given  point  may  be  represented  by  the  intercept 
cut  off  by  the  first  and  last  sides  of  the  funicular  polygon  on  a  hne 
dravm  through  the  given  point  parallel  to  the  resultant  of  the  given 
forces. 
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6.  Bending  Moments.  Stationary  Loads.  —  Let  a  horizon 
beam  AB  supported  at  A  and  B  carry  a  number  of  weights  j 
P2,  P3,  ■  ■  ■  at  the  points  A^'i,  iVg,  N3, . . . 


Fig.  259. 


Fig.  260. 


The  force  polygon  is  a  vertical  line  1234 .  . ,  n,  where  12= J 
23  =  P2,  etc. 

Take  any  pole  0  and  describe  the  funicular  polygon  A1A2A3  . 

Let  the  first  and  last  sides  of  this  polygon  be  produced  to  m( 
in  G  and  to  cut  the  verticals  through  A  and  B  in  the  points  C  and 

Join  CD. 

Let  the  vertical  through  G  cut  AB  in  L  and  CD  in  K;  LG 
the  line  of  action  of  the  resultant. 

Draw  OH  parallel  to  CD. 

From  the  similar  triangles  OlH  and  GCK, 


IH 
0H~ 

GK 
CK- 

ngles  OnH  and  GDK, 

nH 
0H~ 

GK 
DK- 

IH     DK 
nH~CK 

'     BL 
AL 

Ri 
R2' 

Therefore 
Ri,  R2  being  the  reactions  at  A  and  B  respectively; 
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But  lH+nH  =  ln=Pi+P2+  . . .  =Ri+R2. 

Hence  lH  =  Ri    and    nH=R2. 

I  Thus  the  line  drawn  through  the  pole  parallel  to  the  closing  line  CD 
divides  the  line  of  loads  into  two  segments,  of  which  the  one  is  equal 
to  the  reaction  at  A  and  the  other  to  that  at  B. 

Let  it  now  be  required  to  find  the  bending  moment  at  any  point 
M  of  the  beam,  i.e.,  the  moment  of  all  the  forces  on  one  side  of  M 
with  respect  to  M. 

In  the  figure  these' forces  are  Ri,  Pi,  P^,  Ps,  Pi,  P5,  and  the 
corresponding  force  polygon  is  F123456.  The  first  and  last  sides 
of  the  funicular  polygon  of  the  forces  are  CD  parallel  to  OH 
and  A^Aq  parallel  to  06.  If  the  vertical  through  M  meet  these 
sides  in  x  and  y,  then,  as  shown  in  Art.  5,  the  moment  of  the  forces 
Ri,  Pi,  P2,  P3,  P4,  P5  with  respect  to  M,  i.e.,  the  bending  moment 
at  M,  =ON-xy,  ON  being  the  perpendicular  from  0  upon  IH  pro- 
duced. 

Hence,  if  a  scale  is  chosen  so  that  the  polar  distance  ON  is  unity, 
the  bending  moment  at  any  point  of  the  beam  is  the  intercept  on  the 
vertical  through  that  point  cut  off  by  the  closing  line  CD  and  the  oppo- 
site bounding  line  of  the  funicular  polygon. 

7.  Moving  Loads. — Beams  are  often  subjected  to  the  action  of 
moving  loads,  as,  e.g.,  in  the  case  of  the  main  girders  of  a  railway 
bridge,  and  it  becomes  a  matter  of  importance  to  determine  the 
bending  moments  for  different  positions  of  the  loads.  It  may  be 
assumed  that  the  loads  are  concentrated  on  wheels  which  travel 
across  the  bridge  at  invariable  distances  apart. 

At  any  given  moment,  let  the  figure  represent  a  beam  11  under 
the  loads  Pi,  P2,  Pz  ■  •  ■  Describe  the  corresponding  funicular 
polygon  CC'C"  .  .  .  D,  the  closing  line  being  CD. 

Let  the  loads  now  travel  from  right  to  left.  The  result  will  be 
precisely  the  same  if  the  loads  remain  stationary  and  if  the  sup- 
ports 11  are  made  to  travel  from  left  to  right. 

Thus,  if  the  loads  successively  move,  through  the  distances  12, 
23,  34.  .  . .  to  the  left,  the  result  will  be  the  same  if  the  loads  are 
kept  stationary  and  if  the  supports  are  successively  moved  to  the 
right  into   the   positions  22,  33,  44, . . .    The  new  funicular  poly- 


126 


THEORY  OF  STRUCTURES. 


gons  are  evidently  C'C"  ...D',  C'C"  . . .  D",  C"'C""  . .  .  D'", 
the  new  closing  lines  being  CD',  C"D",  C"'D"', .  . . 

The  bending  moment  at  any  point  M  is  measured  by  xy  foi 
first  distribution,  x'y'  for  the  second,  x"y''  for  the  third,  etc.. 


Fig.  261. 

position  of  M  for  the  successive  distributions  being  defined 
MM' =  12,  M'M"=23,  M"M"'  =  U,  . . . 

Similarly,  if  the  loads  move  from  left  to  right,  the  result  vnl. 
the  same  if  the  loads  are  kept  stationary  and  if  the  supports 
made  to  move  from  right  to  left. 

It  is  evident  that  the  envelope  for  the  closing  line  CD  foi 
distributions  of  the  loads  is  a  certain  curve,  called  the  envelop 
moments.  The  intercept  on  the  vertical  through  any  point  of 
beam  cut  off  by  this  cwrve  and  the  opposite  boundary  of  the  fun 
lar  polygon  is  the  greatest  possible  bending  moment  at  that  pi 
to  which  the  girder  can  be  subjected. 

Ex.  4.  Loads  of  12 
9  tons  are  concentr 
upon  a  horizontal  hean 
12  ft.  span  at  distance 
3  and  9  ft.  from  the  n 
hand  support.  Find 
the  B.M.  at  the  mi 
-    ,  \  ■    I      point  of  the  beam,  and^ 

— -jkJ.i-    (6)    the    maximum   B 
Fig.  262o.  Fig.  2626.    produced  at  the  same  p 

when  the  loads  travel  over  the  beam  at  the  fixed  distances  of  6  ft.  apart. 
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Scales  for  lengths,  ^  in.  =  1  ft.;  for  forces,  A  in.  =  l  ton. 
Take  polar  distance  =  |  in.  =  10  tons. 
Case  a.  B.M.  =  a;2/X10=3.15XlO  tons  =  31J  ton-ft. 
Case  b.  B.M.  =  x'j/'  X 10  =  3.6  X 10  tons  =  36  ton-ft. 

8.  Analjrtical  Method  of  Determining  the  Maximum  Shear  and 
Bending  Moment  at  any  Point  of  an  Arbitrarily  Loaded  Girder  AB. — 
At  any  given  moment  let  the  load  consist  of  a  number  of  weights 


A   ^- 

W 

o 
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W„.i    w„ 

O    O    CD      ,B 
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1 

! 
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Fig.  263. 


Wi,  W2,  .  .  ■  Wn,  concentrated  at  points  distant  ai,  02, .  .  .  an,  respec- 
tively, from  B. 

The  corresponding  reaction  Ri  at  A  is  given  by 

Ril  =  wiai+W2a2+  .  .  .  +Wna„, 

I  being  the  length  of  the  girder. 

Let  Wn=Wi+W2+  ...  +Wn,  the  sum  of  the  n  weights; 

Let  Wr  =  Wi+W2+  ...  +Wr,  the  simi  of  the  first  r  wejghts. 

The  shear  at  a  point  P  between  the  rth  and  the  (r+l)th  weights  is 

Sl=Rl-Wi-W2-    .  .  .Wr  =  Rl-Wr. 

Let  all  the  weights  now  move  towards  A  through  a  distance  x, 
and  let  p  of  the  weights  move  off  the  girder,  q  of  the  weights  be 
transferred  from  one  side  of  P  to  the  other,  and  s  new  weights, 
viz.,  Wn+i,  Wn+2,  ■  ■  ■  Wn+s,  advance  upon  the  girder,  their  .distances 
from  B  being. o„+i,  a„+2,  •  •  •  ««+«,  respectively; 

Let  L  =  wi+W2+  .  .  ■  +Wp,  the  total  weight  leaving  the  girder; 

Let  T  =  Wr+i+w,+2+  ■■■  +Wr+<i,  the  total  weight  transferred 
from  one  side  of  P  to  the  other; 

LetRpl  =  Wiai+W2a2+  ■  ■  ■  +Wpap; 

'LetRgl  =  Wr+iar+l+Wr+2ar+2+   ■  •  •   +Wr+gar+g; 

Let  R,l=Wn+ian+i+Wn+2an+2+  ■  ■  ■  +w»+.a«+». 

Thus  Rp,  Rq,  Ra  are  the  reactions  at  A  due  respectively  to  the 
weight  which  leaves  the  girder,  the  weight  which  is  transferred, 
and  the  new  weight  which  advances  upon  the  girder. 


128  THEORY  OF  STRUCTURES. 

The  reaction  R2  at  A  with  the  new  distribution  of  the  loads 
given  by 

R2l  =  Wp+i{ap+i+x)  +Wp+2{ap+2+x)  +  . . .  +Wr{a  +x) 

+  Wr+l{ar+l  +X)  +   .  .  .   +Wn.ian  +  X)  +W„+ia„+l  +  .  .  . 
+  Wn+8an+,  =  Rll-Rvl+^(Wn-L)+RJ., 

and  hence 

{R2-Ri)l=iR.-Rp)l+x{Wn-L). 

Also,  the  corresponding  shear  at  P  is 

=  R2-{Wr-L  +  T). 

Hence  the  shear  at  P  with  the  first  distribution  of  weights 
greater  or  less  than  the  shear  at  the  same  point  with  the  seco 
distribution  according  as 

'S^i  ^  S2, 
or  Ri-Wr^R2-Wr+L-T, 

or  T-L>R2-Ri, 


or 


T-L%Rs-Rv+j(W,,-L).    :    .    :    .    { 


When  no  weights  leave  or  advance  upon  the  girder,  R„  Rp,  am 
are  severally  nil,  and  hence 

Si  ^  S2, 

T>W„ 


according  as 


X 


<    1 


i.e.,  according  as  the  weight  transferred  divided  by  the  distance  thrm 
which  it  is  transferred  is  greater  or  less  than  the  total  weight  on  the  gir 
divided  by  the  span. 

Again,  let  z  be  the  distance  of  P  from  B,  and  let 

72^^  =  ^101+^202+   ■  •  .   +Wrar. 

The  bending  moment  at  P  with  the  first  distribution  of  weighti 
Mi  =  Ri{l—z)—wi{ai—z)—W2{a2—z)—  ...  —Wr{ar—s) 

=  Rl{l-z)-Rrl+zWr. 
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The  bending  moment  at  the  same  point  with  the  second  distri- 
bution is 

M2=R2Q-s) -Wp+i(ap+i+x-z) -Wp+2{ap+2+x-z) -  . . . 

-WriOr  +  X-z)-   .  .  .   -Wr+qiOr+q  +  X-z) 
^R2(l-z)-iRrl-Rpl+RJ)-{x-z)iWr-L  +  T). 

Hence  the  bending  moment  at  P  with  the  first  distribution  of 
weights  is  greater  or  less  than  the  bending  moment  at  the  same 
point  with  the  second  distribution  according  as 

> 


Ml  >  M2, 


or 


RlQ-z)  -Rrl  +  zWr^R2(l-z)-{Rr-Rp  +  Ra)l-{x-z)(Wr-L  +  T), 

or  zWr-(.Rp-Ra)l  +  {3:-z){Wr-L  +  T)  >  {R2-Ri){l-z) 


or 


z{L-T+R.-Rp)+liRq-Rs)+x(Wr-L  +  T)>'^il-z){Wn-L).  (B) 

Note. — If  no  weights  leave  or  advance  upon  the  girder  fi„  Rp, 
and  L  are  severally  nil,  and 

Ml  %  M2, 
according  as 

-zT +lRq+x(Wr  +  T)>j(l-z)Wn. 

If  also  the  point  P  coincide  with  the  rth  weight,  and  the  dis- 
tance of  transfer,  xi  =  ar  —  ar+i,  then 

RJ,  =  Wr+iar+i,    T  =  Wr+i,    and    z  =  ar. 
Hence  Mi  ^  M2,  according  as 
-Wr+iar+Wr+ia  +1  +  (a, -a,+i) (F^ + Wr+i)  <  -^-Y^Q-ar)    W„, 

^^^  l-ar<    1    ' 

i.e.,  according  as  the  sum  of  the  first  r  weights  divided  hy  the  length 
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of  the  corresponding  segment  is  greater  or  less  than '  the  total  weight 
upon  the  girder  divided  by  the  span. 

If  the  weights  are  concentrated  at  the  panel-points  of  a  truss, 
the  last  relation  may  be  expressed  in  the  form 

first  (r)  weights  >  total  weight 

r  panels        "^  total  number  of  panels* 

p.  Graphical  Determination  of  the  Maximtim  B.M.  at  any  Point 
-of  an  Arbitrarily  Loaded  Girder  AB. — ^When  all  the  weights  remain 
on  the  girder  the  last  result  in  the  preceding  article  indicates  a 
simple  graphical  method  for  the  determination  of  the  max.  B.M.  at 
any  point. 

Erect  a  vertical  line  AC  at  one  of  the  supports  A,  and  scale  off 


lengths  Ah,  hh,  .  •  .  h-ilr,  .  .  .  ,ln-iC  to  represent  the  several 
weights  wi,  W2,  .  .  .  ,  Wr,  •  ■  •  'Wn,  taken  in  order. 

Join  BC,  and  from  any  point  D  between  Ir  and  Ir-i  drawn  DO 
parallel  to  CB  intersecting  AB  in  0. 

The  B.M.  at  0  is  a  max.  when  the  weight  w^  is  concentrated  at 
that  point. 

If  the  line  parallel  to  CB  passes  through  the  division  point 
between  two  adjacent  load  lengths  the  B.M.  at  the  point  of  intersec- 
tion with  AB  will  be  a  max.  when  either  of  the  two  loads  represented 
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by  the  adjacent  load  lengths  is  concentrated  at  this  point.     For  exam- 
,  pie,  the  B.M.  at  Oi  is  a  max.  when  either  tu^-i  or  w^  is  concentrated 
at  Oi,  while  the  B.M.  at  O2  is  a  max.  when  either  Wr  or  Wr+i  is  con- 
centrated at  O2. 

Again,  the  S.F.  between  the  rth  and  r  +  lth  loads  =  fij  -  W,.,  and 
this  is  zero  if  the  B.M.  is  a  maximum. 

Therefore  7?i  =  Wr. 

Let  y  be  the  distance  of  the  C.  of  G.  of  the  n  weights  from  B. 


Then 

Wn-y-Ri-l  =  Wr-l. 

Therefore 

y     Wr       Aln     AO2       I -a, 
I     W„     AC       AB         I 

and 

y^l-Or. 

Hence  the  rth  load  and  the  C.  of  G.  of  all  the  loads  are  equally  distant 
from  the  ends  (or  the  centre)  of  the  span. 

Ex.  5.  A  series  of  loads  of  3000,  23,600,  20,100,  21,700,  22,900,  18,550, 
18,000,  18,000,  and  18,000  lbs.  travel,  in  order,  over  a  truss  of  240  ft.  span  and 
ten  panels. 

Let  Apipi ...  S  be  the  truss,  pi,  pi,  p^ ,  .  .  .  being  the  panel-points.  Let 
the  loads  travel  from  B  towards  A,  and  compare  the  shear  in  the  panel  ptp^ 
when  the  weight  of  3000  lbs.  has  reached  p^  with  the  shear  in  the  same  panel 
when  the  weights  have  advanced  another  24  ft. 

i2,  =  -^Xl8550=18551bs.,    Rp  =  0,    ^-=^; 

Tr„  =  91300  lbs.,    L  =  0,     r  =  3000Ibs. 
Hence  Si  ^  iSj,  according  as  (see  A) 

3000-0^1855  +  ^(91300-0)  ^10985; 

and,  therefore,  Si  <S2. 

Let  the  weights  again  advance  24  ft. 

i?,=^Xl8000  =  1800  lbs.,    Rp  =  0,    y=^; 
Wn  =  109300  lbs.,    L  =0,     T  =  23600  lbs 
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Hence  »Si  ^  Si,  according  as  (see  A,  Art.  8 ) 

23600-0  ^1800-0+ -^(109300-0),    or    23600^12730, 

and  therefore  Si>S2. 

Hence  the  shear  in  the  panel  pj)^  is  a  maximum  when  the  weight  of  30( 
lbs.  is  at  Pi. 

Again,  let  the  3000  lbs.  be  at  pz,  and  compare  the  bending  moment- at  ; 
with  the  bending  moment  at  the  same  point  when  the  weights  have  advance 
first  24  ft.  and  then  48  ft.  towards  A. 

First.  3  =  120  ft.,  L=0,  7=22900  lbs.,  iJ,Z  =  18000 X 24, -  i?p=0,  R^l 
22900X96,  a;  =  24  ft..  If  ^  =  68400  lbs.,  Trn  =  145850  lbs. 

Hence  Mi  k.  M2,  according  as  (see  B,  Art.  8  ) 

120(0-22900  +  1800-0) +22900X96-18000X24 

-     24 
+24(68400-0  +22900)  >  24o(240-120)(145850-0; 

or  1425600  <  1750200, 

and  therefore  Mi  ^  Af 2. 

Second.  z  =  120  ft.,  -L=3000  lbs.,  7  =  18550,  Rb=0,  iJp3  =  3000X21( 
^gZ  =  18550X96,  a:  =  24  ft.,  Tfr  =  91300  lbs.,  lFn  =  163850  lbs. 

Hence  Mi  <;  Mi,  according  as  (see  B) 
120  ^3000 -18550+0- 3000 -^j  +  240 ( 18550 -^-o) 

^  24 
+24(91300-3000  +  18550)  ^  r7^(240- 120) (163850 -3000), 

or  2155200  ^  1930200, 

,  and  therefore  Mi>M2. 

Hence  the  bending  moment  at  p^  is  a  maximum  when  the  weight  of  30C 
lbs,  is  at  pi,  i.e.,  when  all  the  panel-points  are  loaded. 

Ex.  6.  Three  eqval  wheels,  each  loaded  with  one  ton,  roll  at  the  same  cm 
slant  rate  over  a  girder  AB  of  12  ft.  span.  The  1st  and  2d  wheels  are  4l  ft.  at 
the  2d  and  3d  wheels  2  ft.  apart.  Draw  the  maximum  S.F.  (Fig.  265)  arid.B.A 
(Fig.  266)  diagrams. 

Let  the  wheels  roll  from  A  to  B; 

Let  Sa,  Sb,  Sc  be  the  S.F.  behind  the  1st,  2d,  and  3d  wheels,  respectively 

Let  Ma,  Mb,  Mc  be  the  B.M.  at  the  1st,  2d,  and  3d  wheels; 

Let  R  be  the  reaction  at  A. 
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For  the  1st  wheel: 

Let  X  be  its  distance  from  A. 

From  x  =  1'  to  a;  =  4'  the  1st  wheel  only  is  on  the  girder. 
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Therefore 


12  12 


and 


So  =  iE  =  l— ^, 


which  is    1     when    x=0    and  is    f    when    a;  =4'. 


Fig.  265. 
In  this  case  ab  is  the  S.F.  diagram  from  A  to  4. 


Also, 


Mx  =  Rx'=x--^, 


a  paraibola  with  its  vertex  at  D,  6'  horizontally  and  3  ft.-tons  vertically 
from  A. 

TheB.M.  is    0    when    a;=0    and  is    f  ft.-tons    when    x=4'. 

AC  is  the  corresponding  B.M.  diagram. 

From  a;  =4'  to  a;  =  6' the  1st  and  2d  wheels  are  on  the  girder.    Then     i 


and 


P_12-a:  j^l6-a;_7  _x 
^        12~^^2~    3     6' 


which  is    f    when    a;  =4'    and  is    i    when    x=6'. 
In  this  case  6c  is  the  S.F.  diagram  from  4  to  6. 


Also, 


Mx=Rx-lx4='^x-^-4, 
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a  parabola  with  its  vertex  at  F,  7'  horizontally  and  4^  ft.-tons  vertica 
from  A. 

TheB.M.  is    |    when    x=4'    and  is    4    when    x=&. 

CE  is  the  corresponding  B.M.  diagram. 


Fig.  266. 

From  «  =  6'  to  a;  =  8'  the  three  wheels  are  on  the  girder.    Then 

„_12-a:     16-a;    18-a:    23_£ 
12  12  12    °  6     4 


and 


Sa  —  R  —^ 


n_x 

'6     4' 


-which  is    J    when    x  =  6'    and  is     —J    when    a;  =  12'. 
In  this  case  cd  is  the  S.F.  diagram  from  6  to  12. 


Also, 


Mx=Rx-lXi-lX&=^x~4--'i^0, 
6         4 


a  parabola  with  its  vertex  at  T,  7|'  horizontally  and  4|f  ft.-tons  vertica 
from  A. 

The  B.M.  is    4    when    x  =  6'    and  is    0    when    a;  =  12'. 

TheB.M.  is    4f    when    x  =  8'. 

EGHB  is  the  corresponding  B.M.  diagram. 

For  the  2d  wheel: 

Let  X  be  now  the  distance  of  this  wheel  from  A. 

From  a;  =  0  to  a;  =  2'  the  first  two  wheels  only  are  on  the  girder.     Tl 

D_12-a:    8-x_  5      x 
12  12       8     6 
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and  Sb=-R  =  ---. 

3     6' 

which  is    I    when    x  =  0    and  is    |    when    a;  =  2'. 
In  this  case  the  S.F.  diagram  is  a'V  from  A  to  2. 

Also,  J»f,  =  iB,=L-£', 

o        o 

a  parabola  with  its  vertex  at  L,  5'  horizontally  and  4^  ft.-tons  vertically 
from  A. 

■    The  B.M.  is   .0    when    x  =  Q    and  is    |    when    x  =  2'. 
AK  is  the  corresponding  B.M.  diagram. 
From  a;  =2'  to  a;  =  8'  the  three  wheels  are  on  the  girder.    Then 

P_l4-a:      12-a;    8-x_17    x 
12  12  12        6     4 

and  S6=fl-1  =  ^~, 

6      4 

which  is    f    when    a;  =2'    and  is     — ^    when    a; =8'. 

In  this  case  the  S.F.  diagram  is  h'e'  from  2  to  8. 

Also,  Mx=Rx-l.2=^x-^-2, 

o        4 

a  parabola  with  its  vertex  at  Q,  5|'  horizontally  and  6^  ft.-tons  vertically 
from  A. 

The  B.M.  is  f  when  when   x  =  2',    is  -V*    x  =  8',  and  is    Y-   when  a;  =4'. 

KNQG  is  the  corresponding  B.M.  diagram. 

From  x  =  8'  to  a;  =  12'  the  2d  and  3d  wheels  only  are  on  the  girder.    Then 

„     12-a:     14-a:    13_x 
~    12    "*"    12    ""6"     6 

7     X 
and  /S6=/2-l=---, 

which  is     —  ^    when    a;  =  8'     and  is     —  f    when     x  =  12'. 
In  this  case  the  S.F.  diagram  is  c'd'  from  8'  to  12'. 

13       a;' 
Also,  ilfx-i?a;.-lx2  =  — a;-— -2, 

a  -parabola  with  j^  vertex  at   6^'  horizontally  and  5j^  ft.-tons  vertically 
from  A. 

The  B.M.  is  -V-  when  x=8',  is  0  when  a;  =  12',  and  is  3   when  a;  =  10'. 
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GSB  is  the  corresponding  B.M.  diagram. 

For  the  3d  wheel: 

Let  X  be  now  the  distance  of  the  3d  wheel  from  A. 

Erom  x=Oto  a;=6the  three  wheels  are  on  the  girder.    Thea 

12-a    lO-z    6-x    7     a> 
12    ■•■    12    "•"  12   ~3     4 

and  Sc=J?  =  |— |, 

which  is    I    when    x=Q    and  is    I    when     a;  =6'. 

In  this  case  a"b"  is  the  S.F.  diagram  from  A  to  6.  ■     • 

Also,  Mx  =  Rx=—x  —  —  , 

o  4 

a  parabola  with  its  vertex  at  0,  4|'  horizontally  and  SJ  ft.-tons  vertic 
from  A. 

The  B.M.  is  0  when    x=0,   is  5  when    x  =  6',    and  is   ^  when   »  = 

AiV  is  the  corresponding  B.M.  diagram. 

From  a;  =  6'  to  a;  =  10'  the  2d  and  3d  wheels  only  are  on  the  girder.    1 

„^12-x    lO-gj^lla; 
"    12  12         6     6 

and  jSic=i2=-T — — , 

6      6 

which  is    I     when    x  =  6'    and  is    ^    when    a:  =  10'. 
In  this  case  the  S.F.  diagram  is  b"c"  from  6'  to  IV, 

11       x' 
Also,  Mx=Rx=--x—--, 

6  D 

a  parabola  with  its  vertex  at  P,  5i'  horizontally  and  5^  ft.-tons  vertic 

from  A. 

The  B.M.  is    5    when    a;  =  6'    and  is    |    when    a;  =  10'. 

PR  is  the  corresponding  B.M.  diagram.  , 

From  a;  =  10'  to  a;  =  12'  the  3d  wheel  only  is  on  the  girder.    Then 

^-^2-=^-T2 
and  Sc=i2  =  l— — , 

which  is    i    when    a;  =  10'    and  is    0    when    x  =  12'. 
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In  this  case  c"b  is  the  S.F.  diagram  from  10  to  12. 
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Also, 


ilfx=/Jx=a;-— , 


a  parabola  with  is  vertex  at  D,  6'  horizontally  and  3  ft.-tons  vertically  from  A. 
TheB.M.  is    |    when    a;  =  10'    and  is    0    when    a;  =  12'. 
DRB  is  the  corresponding  B.M.  diagram. 
The  maximum  .B.M.  diagram  is  therefore  made  up  of  the  parabolic  arcs 


Fig.  268. 


Fig.  267. 

AN,  NQG,  GHB,  and  the  absolute  maximum  B.M.  is  6jV  ft.-tons  at  5|  ft. 
from  A. 

The  B.M.  may  also  be  obtained  in  the  manner  explained  in  Art.  7.    Take 
as  the  scale  for  lengths  ^%  in.  =  1  ft.,  and  as  the  scale 
for  forces  ^  in.  =  1  ton.     Also  take  the  polar  distance 
= if  in- =3  tons. 

Draw  the  funicular  polygon  when,  the  wheels  are 
concentrated  at  4,  6,  and  10.  Move  the  supports  right 
and  left,  1  ft.  at  a  time,  closing  the  funicular  polygon 
after  each  operation.  The  "  envelope  of  moments,"  Fig. 
267,  is  thus  obtained  and  the  maximum  B.M.  at  any 
point  is  the  intercept  on  the  vertical  through  that 
point  cut  off  by  this  envelope  and  the  opposite  boundary  of  the  funicular 
polygon.  This  intercept  can  be  easily  scaled  and  the  B.M.  in  foot-tons  is 
3Xthe  intercept  in  feet. 

lo.  Hinged  Girders. — Any  point  of  a  girder  at  which  the  B.M.  is 
nil  is  called  a  point  of  contrary  flexure,  and  on  passing  such  a  point 
the  B.M.  necessarily  changes  sign.  A  hinge  (or  pin)  may  therefore 
be  introduced  at  this  point  and,  if  it  is  strong  enough  to  bear  the 
shear,  the  equilibrium  of  the  girder  is  not  affected.  Consider  a  hori- 
zontal girder  resting  upon  four  supports  at  A,  B,  C,  and  D  and  hinged 
at  the  points  E  and  F  in  the  side  spans. 

Let  AE^a,  EB^h,  BC  =  c,  CF  =  e,  DF=d; 
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Let  Wi,  Wz,  Wz,  Wi,  Ws  be  the  loads  upon  AE,  EB,  BC,  L 
EC,  respectively,  and  let  Xi,  X2,  xz,  x^,  x^  be  the  several  distaiices 
the  corresponding  centres  of  gravity  from  the  points  E,  B,  C,  F, 


Fig.  269. 

Since  the  B.M.  is  nil  at  A  and  E  and  also  at  D  and  F,  the  t 
portions  AE  and  DF  are  in  precisely  the  same  condition  as  t 
independent  girders  carrying  the  same  loads  and  resting  upon  si 
ports  at  the  ends.  ' 

The  portion  EF  may  also  be  treated  as  an  independent  gin 
supported  at  B  and  C  and  carrying  in  addition  to  the  weights  T 
Wz,  Wn, 

a  weight  Wjl  — -j  at  the  cantilever  end  E 


and 


W. 


'0-1') " 


these  two  weights  being  equal  to  the  reactions  at  E  and  F  respectiv 
on  the  assumption  that  AE  and  DF  are  independent  girders. 
Let  Ri,  R2,  Rz,  Ri  be  the  reactions  at  A,  B,  C,  D,  respective 


Then 
and 


R4:d  =  W^i. 


Ri  and  Ri  are  therefore  always  positive  and  there  is  no  tendency 
the  part  of  the  girder  to  rise  from  off  the  supports  at  A  and  D,  a 
consequently  no  anchorage  is  needed  at  these  points. 
Take  moments  about  C  and  B.    Then 

-{Wi-Ri)(b+c)-W2{x2+c)+R2C-WzX3  +  WsX5+{Wi-Rde'=( 
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and 

-(Wl-Ri)b-W2X2  +  W3(c-Xs)-R3C 

+  W5ix5+c)+{Wi~Ri){c+e)='0, 

two  equations  giving  R2  and  R3,  since  Ri  and  R^  have  been  already 
determined. 

The  pier  moments  Pi  at  B  and  P2  at  C  are 

Pi  =  -  (Tf  1  -  Bi)  6  -  W2X2  =  -  TFi-Ca  -  a;i)  -  W2X2 

a 

and         P2=  -(1^4-/24)6-^5X5=  -Tf4|-(d-a;4)-F5a;5, 

i/ieir  values  depending  solely  upon  the  loads  on  the  spans  containing 
the  hinges. 

The  bending  moment  at  any  point  in  BC  distant  x  from  B 

=  R2X-{Wi-Ri)ib+x)-W2{X2  +  x)-M 

=  Pi+xiRi+R2-Wi-W2)-M, 

M  being  the  bending  moment  due  to  the  load  upon  the  length  x. 

The  shearing-force  and  bending-moment  diagrams  for  the  whole 
girder  can  now  be  easily  drawn. 

For  any  given  loads  upon  the  side  spans,  let  AEH  and  DFL  be 
the  bending-moment  curves  for  the  portions  AB,  CD;  BH  and  CL 
representing  the  pier  moments  at  B  and  C  respectively.  The  bend- 
ing moments  for  the  least  and  greatest  loads  upon  BC  will  be  repre- 
sented by  two  curves,  HKL,  HK'L,  and  the  distances  TT',  VV, 
through  which  the  points  of  contrary  flexure  must  move,  indicate 
those  portions  of  the  girder  which  are  to  be  designed  to  resist 
bending  actions  of  opposite  signs. 

Again,  let  the  two  hinges  be  in  the  intermediate  span. 

Let  AB  =  a,  BE  =  h,  EF  =  c,  FC  =  e,  CD  =  d; 

Let  Wi,  W2,  W3,  W4,  Wa  be  the  loads  upon  AB,  BE,  EF,  CD, 
CF,  respectively,  and  let  2:1,  ,0:2,  X3,  x^,  X5  be  the'  several  distances 
of  the  corresponding  centres  of  gravity  from  the  points  B,  B,  F,  C,  C 

EF  evidently  may  be  treated  as  an  independent  girder  supported 
at  the  two  ends  and  carrying  a  load  Ws- 

AE  and  DF  may  be  treated  as  independent  girders  carrying 
the  loads  Wi,  W2  and  PF4,  W5,  respectively,  and   also  loaded  at 
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the  cantilever  ends  E  and  F  with  weights  equal  to  the  reacti 


Fig.  270. 


at  E  and  F  due  to  the  load  W3  upon  girder  EF,  which  is  assurt 
to  be  independent.    Thus 


X3 


the  load  -at  ^  =  1^3— ; 


"    "  F  =  W3{l 


_X3\ 


The  pier  moments  Pi  at  B  and  P2  at  C  are 

h 


Pl  =  W2X2  +  WzX3- 


and 


P2  =  W^5  +  W3 


(-?)»-■ 


their  values  defending  solely  upon  the  loads  on  the  span  contain 
the  hinges. 

Let  Ri,  R2,  R3,  Ri  be  the  reactions  at  A,  B,  C,  D,  respective 
and  take  moments  about  the  points  B,  A,  D,  C.    Then 

Ria-WiXi  +  \W2X2  +  W3X3-)=0  =  Ria-W-iXi+Pi', 

-R2a  +  Wi{a-xi)-vW2{a+X2)  +W3X3~  =0; 

R3d-Wz{l-^A{e+d)-W5{x5+d)-Wi{d-x^=Q; 

-Rid-W3(l-^e-W^5  +  W4?:i=Q=-Rid+W^i-P2. 
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222  and  Rz  are  always  positive, 

Ri  is  positive  or  negative  according  as  WiXi  >Pi,   and 

Thus  there  will  be  a  downward  pressure  or  an  upward  pull  at 
each  end  according  as  the  moment  of  the  load  upon  the  adjoinmg 
span  is  greater  or  less  than  the  corresponding  pier  moment.  The 
ends  must  therefore  be  anchored  down  or  they  will  rise  off  their 
supports. 

The  shearing-force  and  bending-moment  diagrams  for  the  whole 
girder  can  now  be  easily  drawn. 

Let  HEFL  be  the  bending-moment  curve  for  any  given  load 
upon  the  span  BC,  BH  and  CL  being  the  pier  moments  at  B  and 
C  respectively. 

The  bending-moment  curves  for  the  least  and  greatest  loads 
on  the  side  spans  may  be  represented  by  curves  ATH,  AT'H  and 
DVL,  DV'L,  and  the  distances  TT',  VV  through  which  the  points 
of  contrary  flexure  move  indicate  those  portions  of  the  girder  which 
are  to  be  designed  to  resist  bending  actions  of  opposite  signs. 

Reverse  strains  may,  however,  be  entirely  avoided  by  making 
the  length  of  EF  sufficiently  great  as  compared  with  the  lengths 
of  the  side  spans. 

The  preceding  examples  serve  to  illustrate  the  mechanical  prin- 
ciples governing  the  stresses  in  cantilever  bridges. 

EXAMPLES. 

1.  A  beam  20  ft.  long  and  weighing  20  lbs.  per  lineal  foot  is  placed  upon 
a  support  dividing  it  into  segments  of  16  and  4  ft.,  and  is  kept  horizontal 
by  a  downward  force  P  at  the  middle  point  of  the  smaller  segment.  Find 
the  value  of  P  and  the  reaction  at  the  support. 

Show  that  the  required  force  P  will  be  doubled  if  a  single  weight  of  150  lbs. 
is  suspended  from  the  end  of  the  longer  segment.  Draw  shearing-force  and 
bending-moment   diagrams  in   both   cases.  Ans.  1200  lbs.;   1600  lbs, 

2.  A  man  and  eight  boys  carry  a  stick  of  timber,  the  man  at  the  end  and 
the  eight  boys  at  a  common  point.  Find  the  position  of  this  point,  if  the  man 
is  to  carry  twice  as  much  as  each  boy. 

Ans.  Distance  between  supports  =  f  length  of  beam. 

3.  A  timber  beam  is  supported  at  the  end  and  at  one  other  point;  the 
reaction  at  the  latter  is  double  that  at  the  end.    Find  its  position. 

Ans.  Distance  between  supports  =  J  length  of  beam. 
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4.  Two  beams  ABC,  BCD  are  bolted  at  B  and  C  so  as  to  act  as-  one 
beam  supported  at  A  and  D;  AB  =  12  ft.,  BC=4  ft.,  CD  =  16  ft.;  each  of 
the  bolts  will  bear  a  bending  moment  of  100  Ib.-ft.  Find  the  greatest  weight 
which  can  be  concentrated  on  the  portion  BC. 

Also  find  the  greatest  load  which  can  be  uniformly  distributed  from  A  to  D. 
Draw  the  corresponding  S.F.  and  B.M.  diagrams  in  each  case. 

Ans.  14tV  lbs.;  25  lbs. 

5.  A  beam  AB  of  30'  span  rests  upon  a  support  at  A,  is  fixed  in  a  wall 
at  B,  and  is  hinged  at  a  point  C  dividing  AB  into  the  two  segments  AC  =  20' 
and  CjB  =  10'.  Draw  the  S.F.  and  B.M.  diagrams  (a)  for  a  imiformly  dis- 
tributed load  of  30  tons,  (b)  for  an  additional  load  of  4  tons  concentrated 
at  10'  and  at  25'  from  A. 

In  each  case  give  the  maximum  S.F.  and  maximum  B.M.  on  AC  and  on 
CB.  Ans.  (a)  10  tons,  50  ft.-tons;  20  tons,  175  ft.-tons. 

(6)     2  tons,  20  ft.-tons;  6  tons,  40  ft.-tons. 

6.  A  horizontal  girder  of  length  21  rests  upon  supports  and  carries  N  weights, 

each  equal  to  W.     If  2a  is  the  distance  between  consecutive  weights,  place 

the  weights  so  as  to  throw  a  maximum  bending  moment  on  the  girder.    Find 

this  moment. 

WN 
Ans.  If  iViseven,  maximumB.M.  = -^r— (4Z'-l-a'— 2iVaQ  when  1st  weight 

is  Z— a(iV— I)  from  support. 

WNl     Wa 
If  N  is  odd,  maximum  B.M.  = — '7~(N'  —  1)   when    1st    weight 

is  l  —  a(N~l)  from  support. 

7.  Two  weights  P  and  Q  (<P)  are  carried  by  a  horizontal  girder  of  length  I 

resting  upon  supports  at  the  ends,  the  distance  between  the  weights  being  a 

Place  the  weights  so  as  to  throw  a  maximum  bending  moment  on  the  girder 

and  find  the  value  of  this  moment. 

A       HT     ■          Tjn^      (Wl-Qay     ,       ^.   Wl-Qa^  .  ttt^  • 

Ans.  Maximum  B.M.  = r — ; when  F  is  — from  support,  W  being 

iwl  2w  r-t-        .  o 

P  +  Q. 

8.  Three  loads  of  P,  Q,  and  R  tons,  spaced  6'  and  4'  apart,  are  carried 
by  a  girder  of  20'  span.  If  the  B.M.  at  the  middle  point  of  the  girder  is  the 
same  when  either  P  or  Q  is  concentrated  there,  show  that  P:Q:R::5.3:2. 
Also  find  in  terms  of  P  the  maximum  B.M.  at  5',  10',  and  15'  from  the  end. 

Ans.  5.6  P  ft.-tons;   6.2  P  ft.-tons;  4.4  P  ft.-tons. 

9.  Three  loads  of  2,  4,  and  3  tons,  spaced  4'  apart,  are  to  be  carried  by  a 
girder  of  18'  span.  Place  the  loads  so  as  to  throw  a  maximum  B.M.  on  the 
beam  at  4',  6',  9',  12',  and  15'  from  the  end,  and  find  the  values  of  the  several 
bending  moments. 

Ans.  19^  ft.-tons;  26J  ft.-tons;  30i  ft.-tons;   25J  ft.-tons;    17i  ft.-tons. 

10.  Fig.  271  is  a  step-ladder  in  which  ^5  =  9',  AC  =  10',  AE^8',  and  BC=- 
6'.  A  man  weighing  160  lbs.  stands  at  a  point  3'  from  A.  Find  the  tension 
in  DE,  and  draw  S.F.  and  B.M.  diagrams  for  each  leg,  assuming  the  floor  to 
be  smooth.  Ans.  288.8  lbs. 
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11.  A  man  of  weight  PT  ascends  a  ladder  of  length  I  which  rests  against  a 
smooth  wall  and  the  ground  and  is  inclined  to  the  vertical 

at  an  angle  a.  The  ladder  has  n  rounds.  Find  the  bend- 
ing moment  at  the  rth  round  from  the  foot  when  the 
man  is  on  the  pth  round  from  the  foot.  (Neglect  weight 
of  ladder.)  n-r  +  l    . 

Ans.  Wpl-. — -— -  sm  a. 
^  (n  +  1)^ 

12.  A  regular  prism  of  weight  W  and  length  a  is  laid 
upon  a  beam  of  length  2i(  >  a) .      If  the  prism  is  so  stiff  as  to    ,^it////////////w>/// 
bear  at  its  ends  only,  show  that  the  bending  action  on  the         ■piQ   271 
beam  is  less  than  if  the  bearing  were  continuous  from  end 

to  end  of  prism.  ,  W  /      a 

^  Ans.  1st.  Max.  B.M.=^n-|- 


2d. 


4('-r). 


13.  A  railway  girder  50  ft.  in  the  clear  and  6  ft.  deep  carries  a  uniformly 
distributed  load  of  50  tons.  Find  the  maximum  shearing  stress  at  20  ft.  from 
one  end  when  a  train  weighing  H  tons  per  lineal  foot  crosses  the  girder. 

Also  find  the  minimum  theoretic  thickness  of  the  web  at  a  support,  4  tons 
being  the  safe  shearing  inch-stress  of  the  metal.         Ans.  l&i  tons;  .195  in. 

14.  A  beam  is  supported  at  one  end  and  at  a  second  point  dividing  its 
length  into  segments  m  and  n.  Find  the  two  reactions.  Also  find  the  ratio 
of  OT  to  n  which  will  make  the  maximum  positive  moment  equal  to  the  maxi- 
mum  negative  moment.         ^^^_    «  (^3_^.)^  Jfi  (^+„)._  m:n:  :1  +V2:1. 

15.  One  of  the  supports  of  a  horizontal  uniformly  loaded  beam  is  at  the 
end.  Find  the  position  of  the  other  support  so  that  the  straining  of  the  beam 
may  be  a  minimum.  ^^^    j^.^^^^^^  ^^^^  ^^^  ^^pp^^.  ^l^^ 

16.  A  steel  plate  girder  of  80  ft.  span  carries  a  uniformly  distributed 
load  of  80  tons  and  also  loads  ot  4,  6,  and  8  tons  concentrated  at  points  on 
the  girder  10,  40,  and  60  ft.,  respectively,  from  one  end.  Draw  the  S.F.  and 
B.M.  diagrams.  State  the  B.M.  at  each  of  the  concentrated  loads  and  find 
the  position  and  amount  of  the  maximum  B.M. 

Ans.  435;   1020;   790  ft.-tons;  at  the  centre,  1020  ft.-tons. 

17.  A  beam  of  80  ft.  span  carries  weights  of  4,  6,  6,  6,  6,  and  5  tons  at 
points  10,  20,  30,  40,  50,  and  60  ft.,  respectively,  from  one  end.  Determine 
the  supporting  forces  at  the  two  ends  and  draw  the  S.F.  and  B.M.  diagrams. 
Also  state  the  B.M.  at  the  centre.  Ans.  181,  I4f  tons;  430  ft.-tons. 

18.  A  beam  of  80  ft.  span  carries  a  uniformly  distributed  load  of  80  tons 
and  also  a  concentrated  load.  Find  the  amount  and  position  of  the  latter, 
the  supporting  forces  at  the  ends  being  55  and  45  tons.  Also  find  the  B.M. 
and  S  F.  at  the  concentrated  load  and  at  the  centre. 

Ans,  20  tons  at  20  ft.  from  support;  900  ft.-tons;  35  and  15  tons;  1000 
ft.-tons;  -5  tons. 
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19.  The  total  load  on  the  axle  of  a  truck  is  6  tons.  The  wheels  are  6  ft. 
apart  and  the  two  axle-boxes  5  ft.  apart.  Draw  the 
curve  of  bending  moment  on  the  axle  and  state  what 
it  is  in  the  centre. 


Fig.  272. 


20.  In  the  truss  (Fig.  272)  the  points  of  trisection 
D  and  E  of  the  horizontal  member  BC  are  con- 
nected with  the  middle  points  F  and  G  of  the 
rafters  by  the  members  DF  and  EG.  Weights  of  2, 
3,  and  4  tons  are  concentrated  at  the  points  F,  A, 
and  G,  respectively.  Find  the  supporting  forces  at  B  and  C  and  draw  the 
curves  of  S.F..  and  B.M.  for  the  member  BC.  The  span  is  60  ft.  and  the  rise 
30  ft.  Ans.  4  tons;  5  tons. 

21.  The  post  OB,  14  ft.  in  length,  is  pivoted  at  0  and  is  acted  upon  by  a 
horizontal  force  P  at  G,  where  AG  =  G0=4:i.  The  member  ~A2^  is  pivoted 
at  A  and  is  loaded  with  5  tons  at  F.    The  joints  of 

the  members  BC,  CD,  DE,  and  EF  lie  on  the  arc 
of  a  circle  with  its  centre  at  0,  BF  subtending 
an  angle  60°  at  0.  AF  is  connected  with  BCDEF 
by  means  of  parallel  ties  inclined  at  30°  to  the 
vertical  and  spaced  at  equal  distances  apart  along 
AF.  Determine  the  stresses  in  these  ties  and  draw 
S.F.  and  B.M.  diagrams  for  the  post  OB  and  the 
member  AF. 

22.  A  beam  20  ft.  long  is  loaded  at  four 
points  equidistant  from  each  other  and  the  ends 
with  equal  weights  of  3  tons.  Find  the  bending 
moment  at  each  of  these  points  and  draw  the  curve 
of  shearing  force. 

23.  A  uniform  beam  20V3  ft.  in  length  rests 
with  one  end  on  the  ground  and  the  other  against  a  smooth  vertical  wall; 
the  beam  is  incUnedat  60°  to  the  vertical  and  has  a  joint  in  the  middle  which 
can  bear  a  bending  moment  of  30,000  Ib.-ft.  Find  the  greatest  load  which 
may  be  uniformly  distributed  over  the  beam.  Also  find  how  far  the  foot  of 
the  beam  should  be  moved  towards  the  wall  in  order  that  an  additional 
2000  lbs.  may  be  concentrated  at  the  joint. 

Draw  curves  of  shearing  force  and  bending  moment  in  each  case. 

Ans.  8000  lbs.;  distance  =  10 ft. 

24.  A  girder  AB,  Fig.  274,  30  ft.  long,  carries  a  brick  wall  16  ft.  high  by  1  ft. 
thick  and  weighing  120  lbs.  per  cubic  foot.  A  doorway  8  X  6  ft.  wide  is  cut 
in  the  wall  with  its  centre  hne  10  ft.  from  the  end  support.  Draw  S.F.  and 
B.M.  diagrams,  stating  the  scales  used. 

25.  A  girder  60  ft.  long,  Fig.  275,  carries  a  brick  wall  1  ft.  thick  and  weigh- 
ing 120  lbs.  per  cubic  foot.  The  remaining  dimensions  of  the  wall  are  shown 
in  the  sketch.     Draw  S.F.  and  B.M.  diagrams,  stating  the  scales  used. 


Fig.  273. 
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26.  A  beam  carries  a  load  of  2  tons  per  foot  run  over  the  central  half  of 
its  length,  and  a  load  of  1  ton  per  foot  run  over  the  remaining  portions.    It 


Fis.  275. 


has  to  be  supported  by  two  props  so  that  the  greatest  stress  induced  in  the 
beam  is  the  least  possible.  Assuming  the  beam  of  uniform  section,  find  the 
proper  position  of  the  props. 

27.  In  a  beam  ABODE  the  length  (AE)  of  24  feet  is  divided  into  four 
equal  panels  of  6  ft.  each  by  the  points  B,  C,  D.  Draw  the  diagram  of  moments 
for  the  following  conditions  of  loading,  writing  their  values  at  each  panel- 
point:  (i)  Beam  supported  at  A  and  E,  loaded  at  D  with  a  weight  of  10  tons; 
(11)  beam  supported  at  B  and  D,  loaded  with  10  tons  at  C,  and  with  a  weight 
of  2  tons  at  each  end  A  arid  E;  (in)  beam  encastr6  from  A  to  B,  loaded  with 
a  weight  of  2  tons  at  each  of  the  points  C,  D,  and  E. 

28.  A  beam  ABCD,  28  ft.  in  length,  overhangs  its  two  supports  at  B  and  C 
by  the  lengths  AB=8  ft.  and  CD  =4  ft.  The  length  of  BC  is  16  ft.  and  0 
is  its  middle  point.  A  load  of  100  lbs.  is  suspended  from  A,  and  loads  of 
800  and  200  lbs.  are  uniformly  distributed  over  BO  and  OD  respectively. 
Find  the  position  and  amount  of  the  maximum  positive  B.M.  on  the  beam 
and  draw  the  S.F.  and  B.M.  diagrams. 

Ans.  1153J  ft.-tons  at  6}  ft.  -from  B. 

S.F.  in  tons:  100  at  A  and  B,  +625  at  B,  -175  at  Band  0;  +200at-C, 

OatI>. 
B.M.  in  ft.-tons:  0  at  A,  -800  at  B,  +1000  at  0,  -400  at  C,  0  at  D. 

29.  A  girder  AD  of  18  ft.  span  is  to  carry  three  weights  of  2,  4,  and  3  tons, 
taken  in  order  and  spaced  4  ft.  apart.  The  points  B  and  0  divide  the  span 
into  the  three  segments  AB  =4  ft.,  BC  =8  ft.,  and  CD  =  6  ft.  Show  that  the 
B.M.  at  any  point  in  AB,  BO,  or  OD  is  a  maximum  when  the  weight  of  2,  4, 
or  3  tons  weight,  respectively,  is  concentrated  at  that  point.  Also  find  the 
two  points  at  which  the  B.M.  is  a  maximum  for  two  distributions  of  the  load. 
Determine  the  corresponding  bending  moments. 

Ans.  IQJ  ft.-tons  at  4  ft.  from  A;  25^  ft.-tons  at  12  ft.  from  A. 

30.  A  uniformly  loaded  beam  rests  upon  two  supports.  Place  the  sup- 
ports so  that  the  straining  of  the  beam  may  be  a  minimum. 

Ans.  Distance  of  each  support  from  centre  ^H^~'~~/2)' 

3x.  Two  bars  AO,  OB  in  the  same  horizontal  line  are  jointed  at  0  and 
supported  upon  two  props,  the  one  at  A,  the  other  at  some  point  in  OB  dis- 
tant X  from  C.     The  joint  C  will  safely  bear  n  Ib.-ft.;  the  bars  are  each  I 
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ft.  in    length    and  w  lbs.  in  weight.    Find  the  limits  within  whiph  x  must 

He. 

-        ,   wl±2n 

Ans.  l7t— ; — — -. 

3wZ,T  2n 

32.  A  imiform  load  PQ  moves  along  a  horizontal  beam  resting  upon  sup- 
ports at  its  ends  A  and  B.  Prove  that  the  bending  moment  at  a  given  point  0 
is  a  maximum  when  PQ  occupies  such  a  position  that  OP :  OQ : :  DA :  OB. 

Draw  curves  of  maximum  shearing  force  and  bending  moment  for  all 
points  of  the  beam. 

33.  A  beam  is  supported  at  the  ends  and  loaded  with  two  weights  mW 
and  nW  at  points  distant  a,  b,  respectively,  from  the  consecutive  supports. 

Show  that  the  bending  action  is  greatest  at  mW  or  nW  according  as  —  ^  — . 

34.  Find  the  maximum  B.M.  on  a  horizontal  beam  of  length  I  supported 
at  the  two  ends  and  carrying  a  load  which  varies  in  intensity  from  w  at  one 
end  to  w+pl  at  the  other. 

Ans.  Maximum  B.M.  =— (2iS — —j,  where  x(px+2w) '=2R,  R  being  the 

reaction  at  the  end. 

35.  A  wheel  supporting  10  tons  rolls  over  a  beam  of  20  ft.  span.  Place 
the  wheel  in  such  a  position  as  to  give  the  maximum  bending  moment,  and 
find  its  value.  Ans.  At  the  centre ;  50  ton-ft. 

36.  Two  wheels  a  ft.  apart  support,  the  one  mW  tons,  the  other  nW  tons, 
m  being  >n,  and  roll  over  a  beam  of  I  ft.  span.  Show  that  the  bending 
moment  is  an  absolute  maximum  at  the  centre  or  at  a  point  whose  distance 

from  the  nearest  support  is  ——-^r, r  according  as  Z  5  oil  +\ I,  and 

find  its  value  in  each  case.     (I  <  2a.) 

,        mWl.       ,.     m+UT,,  f  ,       na    )  '        ,, 

Ans.  —p- ton-ft. :— 7-;— TF -^  I )■    ton-ft. 

4  '     il         \      m+n] 

37.  Two  equal  wheels  4  ft.  apart  and  loaded,  the  one  with  4  and  the  other 
with  6  tons,  roll  in  this  order  at  a  constant  rate  from  left  to  right  across  a 
girder  of  9  ft.  span.  Find  the  maximum  B.M.  at  5  ft.  and  at  8  ft.  from  the 
left  support,  and  also  find  the  position  and  amount  of  the  absolute  maximum 
B.M.     Draw  the  maximum  S.F.  and  B.M.  diagrams. 

Ans.  13 J  ft.-tons,  5J  ft.-tons;  absolute  maximum  B.M.  =l4ff  ffr.-tons  at 
3|  ft.  from  left  support. 

38.  Two  wheels,  each  supporting  7  tons  and  spaced  4  ft.  apart,  roll  over 
a  girder  of  7^  ft.  span.  Find  the  maximum  B.M.  at  the  centre  and  the  abso- 
lute maximum  B.M.  for  the  whole  span.  Also  show  that  there  are  two  dis- 
tributions of  the  loads  which  will  give  the  same  maximum  B.M.  at  two  points. 
Find  the  positions  of  these  points  and  the  corresponding  B.M. 

Ans.  13i  ft.-tons;  l4jV  ft.-tons  at  1  ft.  from  the  centre;  13^  ft.-tons  at 
3  ins.  from  the  centre. 
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39.  Two  wheels  supporting,  the  one  11  tons,  the  other  7  tons,  and  spaced' 
6  ft.  apart,  roll  over  a  girder  of  12^  ft.  span.  Draw  the  B.M.  and  S.F,  dia- 
grams, and  find  the  absolute  maximum  B.M.  for  the  whole  span.  Also  show 
that  there  are  two  points  at  each  of  which  two  distributions  of  the  loads  give- 
the  same  maximum  B.M.s.     Find  these  points  and  the  corresponding  B.M.s. 

Ans.  37.21  ft.-tons  at  li  ft.  from  the  centre,  34.32  ft.-tons  at  3  ins.  from 
the  centre,  and  26.66  ft.-tons  at  9.212  ft.  from  the  centre. 

40.  In  the  preceding  example  show  that  ^he  maximum  negative  shear 
at  4/j  ft.  from  a  support  when  the  7-ton  wheel  only  is  on  the  beam,  is,  the 
same  as  the  maximum  negative  shear  at  the  same  point  when  both  of  the 
wheels  are  on  the  beam,  and  find  its  value.  Also  show  that  the  maximum 
negative  shear  at  9}  ft.  from  a.  support  is  the  same  when  only  the  11-ton  wheel 
is  on  the  beam  as  when  the  two  wheels  are  on  the  beam,  and  find  its  value. 

Ans.  If  J  tons;  -VtV  tons. 

41.  Solve  Ex.  39  when  the  girder  carries  an  additional  load  of  f  ton  per 
lineal  foot. 

Ans.  49.1205  ft.-tons  at  .959  ft.  from  the  centre;  46.5075  ft.-tons  at  3  ins. 
and  34.535  ft.-tons  at  3jV  ft.  from  the  centre. 

42.  A  rolled  joist  weighing  150  lbs.  per  hneal  foot  and  20  ft.  long  carries  a 
uniformly  distributed  load  of  6000  lbs.,  and  two  wheels  5  ft.  apart,  the  one 
bearing  5000  lbs.  and  the  other  3000  lbs.,  roll  over  the  joist.  Find  the  maxi- 
mum shears  at  the  supports,  at  the  centre,  and  at  5  ft.  from  each  end. 

Ans.  10,250  lbs.;   9750  lbs.;   3250  lbs.;   675Q  lbs.;   6250  lbs. 

43.  A  rolled  joist  17  ft.  long  is  supported  at  one  end  and  at  a  point  13  ft. 
distant  from  that  end.  Two  wagon-wheels  5  ft.  apart  and  each  carrying  a 
load  of  1300  lbs.  pass  over  the  joist.  Find  the  maximum  positive  and  nega- 
tive moments  due  to  these  Weights,  and  also  the  corresponding  reactions. 

Ans.  Maximum  positive  B.M.  =  5512J  Ib.-ft. ; 

reactions  =1550  and  1050  lbs. 
Maximum  negative  B.M.  =5200  Ib.-ft. ; 

reactions  =  1700  lbs.  and  -400  lbs. 
or  =  2900  lbs.  and  -300  lbs. 
The  maximum  B.M.  diagram  for  each  half  of  the  13-ft.  span  is  given  by 
M;,  =  100(21 -2a;)a;, 
X  being  measured  from  a  support. 

44.  Two  wheels  loaded,  the  one  with  6  and  the  other  with  4  tons,  and 
spaced  4  ft=  apart,  roll  from  left  to  right  across  a  girder  of  18  ft.  span.  Draw 
the  S.F.  and  B.M.  diagrams.  Determine  the  position  and  amount  of  the 
absolute  maximum  B.M.,  and  also  the  maximum  B.M.  at  6  ft.  from  the  left 
support.  In  the  latter  case  show  that  the  maximum  B.M.  is  the  same  for 
two  different  distributions  of  the  loads. 

Ans:  23jV  ft.-tons  at  9J  ft.  from  left  support;    18J  ft.-tons. 

45.  Three  wheels,  each  loaded  with  a  weight  W  and  spaced  5  ft.  apart, 
roll  over  a  beam  of  18  ft.  span.  Place  the  wheels  in  such  a  position  as  to 
give  the  maximum  bending  moment,  and  find  its  value..  Also  place  (a)  the 
wheels  so  that  B.M.  at  any  point  between  the  two  hindmost  wheels  may  be 
constant    and  find  its  value.    Also   (6)  determine  all  the  positions  of  the 
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"wheels  which  will  give  the  same  bending  moment  at  6  and  12  ft.  from  one 
«nd,  and  find  its  value. 

Ans.  8iW  when  middle  weight  is  at  centre  of  beam, 
(a)  1st  wheel  at  1  ft.  from  support;   B.M.  =7Pr. 
(6)  When  distance  between  end  wheel  and  support  is  ^  2  ft.  and 
^6ft.B.M.=7Pr. 

46.  Three  wheels  loaded  with  8,  9,  and  10  tons  and  spaced  5  ft.  apart,  are 
placed  upon  a  beam  of  15  ft.  span,  the  8-ton  wheel  being  3  ft.  from  the  left 
abutment.  Determine  graphically  the  B.M.  at  6  ft.  from  the  left  abutment. 
Also  find  the  greatest  B.M.  at  the  same  point  when  the  weights  travel  over 
the  beam,  and  the  absolute  maximum,  bending  moment  to  which  the  beam 
is  subjected. 

Ans.  47|  ton-ft.;  53s  ton-ft.;  absolute  maximum  B.M.  =56^r  ton-ft.  at 
2d  wheel  when  1st  is  2^  ft.  from  support. 

47.  Three  loads  of  5,  3,  and  4  tons,  spaced  4  ft.  apart,  travel  in  order  over 
a  girder  of  12  ft.  span.  Draw  maximum  S.F.  and  B.M.  diagrams.  Show 
that  the  B.M.  is  an  absolute  maximum  and  equal  to  18J  ton-ft.  at  5J  ft.  from 
one  end  when  the  5-ton  load  is  concentrated  at  that  point.  Also  show  that 
the  absolute  maximum  B.M.s  at  6  and  8  ft.  from  one  end  are  18  and  14J  ton-ft. 
respectively,  and  that  they  are  each  produced  by  two  different  dietributions 
of  the  loads. 

48.  Three  loads  of  3,  5,  and  4  tons,  spaced  4  ft.  apart,  travel  in  order  from 
left  to  right  over. a  girder  of  12  ft.  span.  Find  the  position  and  amount  of 
the  absolute  maximum  B.M.  Also  show  that  at  4  ft.  and  at  8  ft.  from  the 
left  support  there  are  two  distributions  of  the  loads  which  will  give  the  same 
maximum  B.M.  Find  the  amounts  of  these  bending  moments  at  the  points 
in  question. 

Ans.  22J  ft.-tons  at  5|  ft.  from  left  support;   181  ft.-tons;   17J  ft.-tons. 

49.  Three  loads  of  3,  4,  and  5  tons,  spaced  4  ft.  apart,  travel  in  order  from 
left  to  right  over  a  girder  of  12  ft.  span.  Find  the  position  and  amount  of 
the  absolute  maximum  B.M.  Show  that  4  ft.  from  the  left  support  there  are 
two  distributions  of  the  loads  for  which  the  B.M.  has  the  same  maximum  value, 
and  find  its  amount.  Also  show  that  at  some  point  between  6  ft.  and  7  ft. 
from  the  left  support  the  maximum  B.M.  is  the  same  for  two  distributions  of 
the  load.     Find  the  position  of  this  point  and  the  corresponding  B.M. 

Ans.  21^  ft.-tons  at  5|  ft.  from  left  support;  17J  ft.-tons;  19.46  ft.-tons 
at  6.472  ft.  from  left  support. 

50.-  Four  wheels,  each  carrying  5  tons,  travel  over  a  girder  of  24  ft.  clear  span 
at  equal  distances  4  ft.  apart.  Determine  graphically  the  maximum  B.M. 
at  8  ft.  from  a  support,  and  also  the  absolute  maximum  B.M.  on  the  girder. 

Ans.  ^P  ton-ft.;  80|  ton-ft. 

SI.  Four  wheels  each  loaded  with  a  weight  W  and  spaced  5  ft.  apart  roll 
over  a  beam  of  18  ft.  span.  Place  the  wheels  in  such  a  position  as  to  give  the 
maximum  bending  moment,  and  find  its  value. 

Ans.  One  wheel  off  the  beam  and  middle  wheel  of  remaining  three  at  the 
centre;  maximum  B.M.  =8JTF.  If  all  wheels  are  on  beam,  maximum  B.M. 
=  8ffPr. 


EXAMPLES.  Hg 

52.  AH  the  wheels  in  the  preceding  example  being  on  the  beam,  the  B.M. 
at  the  centre  for  a  certain  range  of  travel  is  constant  and  equal  to  that  for  a, 
particular  distribution  of  the  wheels  when  only  three  are  on  the  beam.  Find 
the  range,  the  B.M.,  and  the  position  of  the  three  wheels. 

Ans.  While  the  end  wheel  travels  3  ft.  from  the  support;  8TF;  the  first 
wheel  5  ft.  from  the  support. 

53.  If  the  load  on  each  of  the  wheels  in  Ex.  51  is  5  tons,  and  if  the 
beam  also  carries  a  uniformly  distributed  load  of  20  tons,  and  two  loads  of 
2  and  3  tons  concentrated  at  points  distant  5  and  9  ft.,  respectively,  hora. 
one  end,  find  the  maximum  shearing  force  (both  positive  and  negative)  and 
the  maximum  bending  moment  for  the  whole  span;  also  find  the  loci  for  the: 
maximum  shearing  force  and  bending  moment  at  each  point. 

Ans.  Denoting  the  distance  from  support  by  x,  the  maximum  positive 
shearing-force  diagram  is  given  by  equations  18S:c=443-40x  from  a;=0  to 
3,  =  428 -35a;  from  .t  =  3  to  5,  =  392  -  35a;  from  a;  =  5  to  8,  =  352  -  30a;  from  x  =  S 
to9,=298-30x  fromx  =  9to  13,=233-25a;  from  a;  =  13  to  18;  and  the  maxi- 
mum negative  shearing-force  diagram  by  equations  18Sx=233-25x  from  a;  =  0 
to5,  =172-30x  from  a;  =  5  to  9,  =118-30a;  from  a;  =  9  to  10,  =68-35a;  from, 
a;  =  10  to  13,  =68 -35a;  from  a;  =  13  to  16,  = -7-40x  from  a;  =  15  to  18. 

Maximum  positive  shear  =-W  tons;  maximum  negative  shear  =^V-  tons; 
maximum  bending  moment  curve  is  given  by  Mz  =-irx  -^x'  from  a;  =  0toa;  =  3; 
Mx-H^x-i^x'  horn  x=3  to  s  =  5;  Afz  =  ''^^x-\''x'-15  horn  x  =  5  to  x  =  8; 
Mx=x\\i-^x''  +  12  from  a;  =  8toa;  =  9;  abs.  max.  B.M.  =142  ton-ft. 

54.  Four  wheels  loaded  with  4,  4,  8,  and  8  tons  are  placed  upon  a  girder 
of  24  ft.  span  at  distances  of  3  in.,  6^  ft.,  8f  ft.,  and  9  ft.  from  the  left  support- 
Find  by  scale  measurement  the  bending  moment  at  the  centre  of  the  girder. 
If  the  wheels  travel  over  the  girder  at  the  given  distances  apart,  find  the 
maximum  B.M.  to  which  the  girder  is  subjected. 

Ans.  Max.  B.M.  =  122.2296  ton-ft. 

55.  Four  wheels  loaded  with  5,  2,  4,  and  3  tons  travel  in  order  from  left 
to  right  over  a  girder  of  12  ft.  span  at  distances  4,  3,  and  2  ft.  apart.  Draw 
the  max.  S.F.  and  B.M.  diagrams.  Give  the  maximum  positive  and  negative 
shearing  forces  at  0,  3,  7,  9,  and  12  ft.  from  the  left  support.  Find  the  position 
and  amount  of  the  abs.  max.  B.M.  Show  that  there  are  two  distributions 
of  the  wheels  for  which  the  B.M.  at  5  ft.  from  the  left  support  is  a  maximum,, 
and  find  its  value;  also  show  that  there  is  a  point  between  2  and  3  ft.  and 
one  between  8  and  9  ft.  from  the  left  support,  at  which  the  maximum  B.M.  is 
the  same  for  two  distributions  of  the  wheels.  Find  the  positions  and  amounts 
of  these  maximum  bending  moments. 

Ans.  +8f  and  -5i  tons;  +5i  and  -2i  tons;  +3^^^  and  -j\  tons;  +5^ 
and  —  2i  tons;  +8f  and  —  4J  tons;  21  ft.-tons  at  the  centre;  20i  ft. -tons; 
141 1.  ft.-tons  at  2f  ft.  and  17.061  ft.-tons  at  8.292  ft.  from  the  left  support. 

56.  A  rolled  joist  weighing  450  lbs.  per  lineal  foot  and  20  ft.  long  carries 
the  four  wheels  of  a  locomotive  at  3,  8,  13,  and  18  ft.  from  one  end.  Find 
the  maximum  bending  moment  and  the  maximum  shears,  both  positive  and 
negative,  the  load  on  each  wheel  being  10,000  lbs. 

Ans.  Max.-  B.M.  =  123,600  Ib.-f t. ;  max.  shears  =  23,500  lbs.  and  25,500  lbs. 
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57.  Solve  the  preceding  example  when  a  live  load  of  2|  tons  per  lineal 
foot  is  substituted  for  the  four  concentrated  weights  on  the  wheels. 

Ans.  Max.  B.M.  =2,202,500  ton-ft. 

58.  The  loads  on  the  wheels  of  a  locomotive  and  tender  passing  over  a 
beam  of  60  ft.  span  are  14,180,  14,180,  21,260,,  21,260,  21,260,  21,260, 16,900, 
16,900,  16,900,  16,900  lbs.,  counting  in  order  from  the  front,  the  intervals 
being  5,  5},  5,  5,  5,  SJ,  5,  4,  5  ft.  Place  the  wheels  in  such  a  position  as 
to  give  the  maxhniun  bending  moment,  and  find  its  value.  Also  find  the  maxi- 
mum bending  moments  for  spans  of  30,  20,  and  16  ft. 

Ans.  For  60  ft.  span,  max.  B.M.  is  at  5th  wheel  and  =  1,559,925.4  Ib.-ft. 

when  1st  wheel  is  7.85  ft.  from  support. 
For  30  ft.  span,  max.  B.M.  at  5th  wheel  when  2d  wheel  is  .596  ft. 

from  support  and   =436,761.4  Ib.-ft. 
For  20  ft.  span,  max.  B.M.  at  centre  when  3d  wheel  is  2J  ft. 

from  support  and   =212,600  Ib.-ft.  =  max.  B.M.  at  same  point 

when  4th  wheel  is  5  ft.  from  support. 
For  16  ft.  span,  max.  B.M.  is  at  5th  wheel  and  =132,875  Ib.-ft. 

when  4th  wheel  is  5  ft.  from  support. 

59.  If  the  60  ft.  beam  in  the  preceding  example  also  carries  a  uniformly 
distributed  load  of  60,000  lbs.,  find  the  curves  of  maximum  shearing  force 
and  bending  moment  at  each  point. 

60.  A  span  of  I  ft.  is  crossed  by  a  beam  in  two  half-lengths,  supported 
at  the  centre  by  a  pier  whose  width  may  be  neglected.  The  successive  weights 
on  the  wheels  of  a  locomotive  and  tender  passing  over  the  beam  are  14,000, 
22,000,  22,000,  22,000,  22,000,  14,000,  14,000,  14,000,  14,000  lbs.,  the  intervals 
being  7i,  4J,  4J,  4J,  10^,  6,  5,  5  ft.  Place  the  wheels  in  such  a  position  as 
to  throw  the  greatest  possible  weight  upon  the  centre  pier,  and  find  the  mag- 
nitude of  this  weight  for  spans  of  (1)  50  ft.;  (2)  25  ft.;  (3)  20  ft.;   (4)  18  ft. 

Ans.  (1)  85,320  lbs.;    (2)  56,880  lbs.;    (3)  48,400  lbs.;    (4)  44,000  lbs. 

6i.  Loads  of  3 J,  6,  6,  6,  and  6  tons  follow  each  other  in  order  over  a  ten- 
panel  truss  at  distances  of  8,  5|,  H,  and  4^  ft.  apart.  Apply  the  results  of 
Art.  8  to  determine  the  position  of  the  loads  which  will  give  the  maximum 
diagonal  and  flange  stresses  in  the  third  and  fourth  panels. 

62.  A  truss  of  240  ft.  span  and  ten  panels  has  loads  of  12|,  10,  12,  11,  9, 
S,  9,  9,  and  9  tons  concentrated  at  the  panel-points.  Find  by  scale  measure- 
ment  the  bending  moments  at  the  four  panel-points  which  are  the  most  heavily 
loaded,  and  determine  by  Art.  8  whether  these  are  the  greatest  bending  moments 
to  which  the  truss  is  subjected  as  the  weights  travel  over  the  truss  at  the 
panel  distances  apart.  Ans.  1146,  1992,  2598,  2916  ton-ft. 

63.  Loads  of  7i,  12,  12,  12,  12  tons  are  concentrated  upon  a  horizontal 
beam  of  25  ft.  span  at  distances  of  18,  108,  164,  216,  and  272  in.,  respectively, 
from  the  left  support.  Find  graphically  the  bending  moment  at  the  centre, 
of  the  span.  If  the  loads  travel  over  the  truss  at  the  given  distances  apart, 
find  the  maximum  B.M.  at  the  same  section.  Ans.  2319  ft.-tons. 

64.  A  span  of  I  ft.  is  crossed  by  two  cantilevers  fixed  at  the  ends  and  hinged 
at   the    centre.     Draw   diagrams    of   shearing   force    and   bending   moment 
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(1)  for  a  single  weight  W  at  the  hinge,  (2)  for  a  uniformly  distributed  load 
of  intensity  w. 

Ans.  Taking  hinge  for  origin,  the  shearing-force  and  bending-moment 
diagrams  are  given  by 

(1)  '^^=y;    Mx=-— . 

(2)  Sx^wx; 

6s.  A  beam  for  a  span  of  100  ft.  is  fixed  at  the  ends.  Hinges  are  intro- 
duced at  points  30  ft.  from  each  end.  Draw  curves  of  shearing  force  and 
bending  moment  (1)  when  a  weight  of  5  tons  is  concentrated  on  each  hinge; 

(2)  when  a  uniformly  distributed  load  of  ^  ton  per  lineal  foot  covers  (o)  the 
centre  length,  (6)  the  two  side  lengths,  (c)  the  whole  span. 

Ans.  (1)         Side  span:   max.  B.M. 
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66.  A  beam  ABCD  is  supported  at  four  points  A,  B,  C,  and  D,  and  the 
intermediate  span  BG  is  hinged  at  the  two  points  E  and  F.  The  load  upon 
the  beam  consists  of  15  tons  uniformly  distributed  over  AB,  10  tons  uniformly 
distributed  over  BE,  5  tons  uniformly  distributed  over  FC,  30  tons  uniformly 
distributed  over  CD,  and  a  single  weight  of  5  tons  at  the  middle  point  of  EF. 
AB  =  15  ft.;  BE  =  5  it.;  EF  =  15  it.;  FC  =  10  it.;  CD  =  25  it.  Draw  curves 
of  B.M.  and  S.F.,  and  find  the  points  of  inflexion. 

Ans.  A  to  B.  S.F.  in  tons:    +5  at  A,  —10  at  B. 

BtoC.     "     "     "    :   +12iat  B,  +2iat  B,  ±2iatiy,  -2iat-F. 

CtoD.     "     "    "   :   +17at  C,  -13atD. 

A  to  B.  Max.  B.M.  in  ft.-tons:  +12^  at  5  ft.  from  A,   -37i  at  B. 

BtoC.      "       "     "        "      :  +18|atF,   -50  at  C. 

CtoD.      "        "     "        "      :  +70Aat  lO^ft.  fromZ). 
Points  of  inflexion  are  10  ft.  from  A  in  AB  and  21f  ft.  from  D  in  CD. 

67.  Solve  example  69  when  the  girder  carries  an  additional  load  of  130  tons 
uniformly  distributed  over  130  ft.  from  A,  and  also  a  concentrated  load  of  20 
tons  at  the  middle  point  of  CD. 

Ans.  S.F.  in  tons:  at  A  =  -87i,  at  S=  ±167^,  a.t  H  =  +87i,  at  C=  -62^ 
and  +91i,  at  20-ton  load  =51i,  at  -D  =  -8J. 
B.M.  in  ft.-tons:  at  B=  -5100,  at43ift.  fromfl'=  +1914]^,  at  centre 
of  J5C  =  1875,  at  C  =- 3300,  at  20-ton  load  =- 450, 
atSift.  fromI>=+38/ff. 
Pis.  of  contrary  flexure:  in  AB  none;  in  CD  at  17J  ft.  from  D 
Eequired  length  of  CD  =  71.854  ft. 
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68.  A  girder  AC,  80  ft.  long,  carries  a  uniformly  distributed  load  of  80 
tons  and  is  supported  at  the  three  points  A,  B,  and  C.  A  hinge  is  introduced 
at  H,  and  the  distances  are  shown  in  Fig.  276.    Draw  to  scale  the  S.F.  and 

_i  g   B C  A  H  B  D    K  C 

''^.^X,,\ .0^ 4  '"  ■  |^«,L4io^.oi-fi.'4-^--- 

Fig.  276.  Fig.  277. 

B.M.  diagrams.  Compare  the  results  with  those  which  would  be  obtained 
if  the  portion  BC  is  hinged  at  K,  Fig.  277,  and  a  fourth  support  is  introduced 
at  D,  the  distances  being  as  shown. 

Ans.  Fig.  1.  Reactions  =  10  at  A,  =48atB,  =  22  at  C,  in  tons. 
Total  B.M.  area  =  +6965J. 
Pt.  of  contraflexure  in  BC  at  44  ft.  from  C. 
Fig.  2.  Reactions  =  10  at  A  and  C  =  30  at  B  and  D,  in  tons. 
Total  B.M.  area=  -1333J. 
Pt.  of  contraflexure  in  BD  none,  in  DC  at  20  ft.  from  C. 

69.  A  span  of  300  ft.  is  crossed  by  a  girder  ABCD  carrying  a  uniformly 
distributed  load  of  300  tons  and  resting  upon  supports  at  A,  B,  C,  and  D.  The 
length  of  AS  =40  ft.,  of  BC  =  180  ft.,  and  of  CD  =80  ft.  The  portion  BC  is 
divided  by  hinges  at  H  and  K  into  two  equal  cantilevers  BH  and  CK,  and  a 
suspended  span  HK  of  100  ft.  Draw  to  scale  the  curves  of  S.F.  and  B.M.,  and 
determine  the  points  of  contrary  flexure  in  the  side  spans.  What  must  be  the 
length  of  CD  to  make  the  reaction  at  D  equal  to  nil  ? 

Ans.  Max.  S.F.  in  tons:  at  A  =  -50,  at  5  =  ±90,  at  H=  50,  at  X  =  -50,  at 
C=-90and+75,  at  D=-5. 
Max.  B.M.  in  ft.-tons:  at  A=0,  at  B=  -2800,  at  centre  of  BC  = 

+  1250,  at  C=-2800,  at  23=0. 
Pts.  of  contrary  flexure:  in  AB  none ;  in  CD  10  ft.  from  D, 
Required  length  of  CI>=  74.834  ft. 


CHAPTER  III. 
MOMENTUM.    ENERGY.    BALANCING. 

I.  Velocity — Acceleration. — The  idea  of  velocity  involves  both 
speed  and  direction.  The  velocity  of  a  body  is  its  rate  of  change  of 
position,  and,  if  constant,  it  is  measured  by  the  number  of  units  of 
length  described  in  a  unit  of  time. 

The  units  of  length  ordinarily  used  are  a  foot,  a  metre,  or  a  cen- 
timetre, and  the  unit  of  time  is  a  second.  Thus,  if  s  feet  are  described 
in  t  seconds,  the  constant  velocity  v  is  given  by 

v  =  —    or    s  =  vt. 

The  velocity  may  not  be  constant,  but  may  be  always  changing 

during  an  interval  of  time,  however  short,  and  then  -  is  the  average 

velocity,  the  actual  velocity  at  any  point  bemg  the  average  velocity 

over  a  very  small  distance  including  that  point. 

The  average  velocity,  for  example,  of  a  tram  travelling  at  the 

.    45X5280    ^^  ,,  ^    u  ^  •. 

rate  of  45   miles  per  hour  is    g^^gq  =66  ft.  per  second,  but  its 

actual  velocity  at  any  point  may  be  very  different  from  this  amount. 
At  sea  the  speed  is  always  measured  in  knots,  a  knot  being  6080  ft. 

per  hour,  or  an  average  velocity  of  very  nearly  ggoo^''^"^^  ^*"  P^"" 

second. 

When  a  body  has  passed  over  s  ft.  in  i  sees.,  the  average  velocity 

is 
in  doing  an  additional  distance  of  As  ft.  in  At  sees,  is  ^,  and  if  At 

is  diminished  indefinitely,  the  average  velocity  becomes  the  actual 

153 
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velocity  at  the  instant  t  and  is  Ladicated  by  the  relation 

ds 

The  acceleration  of  a  body  is  its  rate  of  change  of  velocity,  and 
if  it  is  constant,  it  is  measured  by  the  change  of  velocity  in  a  unit 
of  time. 

Thus,  if  the  velocity  changes  from  V  f/s  to  v  i/s  in  t  sees.,  the 
acceleration  a  is  given  by 

v-V 
a  =  — : — ,    or    v  =  V+at. 


In  Montreal,  e.g.,  the  velocity  of  a  body  falling  freely  from  rest  is 

32.1765  f/s     or      980.73  cm/s      after  1  sec. 
64.353      "       "     1961.46     "  "-    2  " 

96.5295    "       '■'     2942.19      "  "     3  " 

There  is,  therefore,  an  increase  ia  the  velocity  of  32.1765  f/s 
or  980.73  cm/s  every  second.  The  acceleration  in  this  case  is 
the  same,  and  is  called  a  uniform  acceleration. 

Again,  let  U  be  the  average  velocity.    Then 

-=U=—^=V+iat, 

and  therefore 

s  =  Vt+^at^ 

and  {is  =  ^v^—^V^. 

The  acceleration  may  not  be  constant,  but  may  be  always  chang- 
ing in  any  interval  of  time,  however  smaU  that  interval  may  be,  and 
in  this  case  {v  —  V)/t  is  the  average  acceleration.  Let  the  velocity  change 
from-y  after  t  sees,  to  v+Jvaiter  (t+Jt)  sees.,  so  that  J'y  is  the  change 

^v 
of  velocity  in  an  additional  period  of  At  sees.    Then  —  is  the  average 

acceleration  per  second,  and  this  is  true,  however  small  Jt  may  be, 
so  that  in  the  limit  it  becomes  the  actual  acceleration  at  the  instant 
t  and  is  indicated  by  the  relation 

_dv  _(Ps 
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The  weights  of  various  materials  are  given  in  the  tables  at  the 
end  of  the  chapter,  and  the,  specific  gravity  (sp.  g.)  of  a  substance 
IS  Its  weight  as  compared  with  the  weight  of  an  equal  bulk  of  water 

The  weight,  for  example,  of  a  cubic  foot  of  water  is  approximately 
1000  ounces,  and  the  weight  of  a  cubic  foot  of  cast  iron  is  7200  ounces  • 
its  sp.  g.  is  therefore  7200/1000  =  7-2.  ' 

The  unit  of  force  is  generally  assumed  to  be  the  attraction  of  the 
earth  on  a  pound  weight  and  is  called  the  force  of  a  pound.  Thus  if 
a  is  the  acceleration  of  a  weight  of  W  lbs.  under  the  action  of  a  force 
of  P  lbs., 

9     W 

Now  the  value  of  g  is  different  in  different  parts  of  the  world,  being, 
for  example. 


32.1765 

32.19078 

32.182 

f/s 

i  c 
i  c 

or     980  73 
'■'     981.17 
"     980.9 

cm/s 

in  Montreal, 
"  Greenwich, 
"  London, 

32.152 

i  c 

"     980 

11 

"  Baltimore, 

981 

1 1 

"  Paris, 

32.088 

1 1 

' '     978.04 

i  i 

at  the  Equator, 

In  order  to  avoid  the  use  of  the  variable  g  a  new  imit  of  force 
called  the  poundal  and  one  grth  of  that  just  defined  has  been  intro- 
duced.    Thus  if  Q  =  Pg,  a  force  of  Q  poimdals  is  a  force  of  -(=P) 

9 
pounds. 

2.  Work. — Work  must  be  done  to  overcome  a  resistance.  Thus 
bodies,  or  systems  of  bodies,  which  have  their  parts  suitably  arranged 
to  overcome  resistances  are  capable  of  doing  work  and  are  said  to 
possess  energy.  This  energy  is  termed  kinetic  or  potential  according 
as  it  is  due  to  motion  or  to  position.  A  pile-driver  falling  from  a  height 
upon  the  head  of  a  pile  drives  the  pUe  into  the  soil,  doing  work  in 
virtue  of  its  motion.  Examples  of  potential  energy,  or  energy  at  rest, 
are  afforded  by  a  bent  spring,  which  does  work  when  allowed  to  resume 
its  natural  form;  a  raised  weight,  which  can  do  work  by  falling  to  a 
lower  level;  gunpowder  and  dynamite,  which  do  work  by  exploding; 
a  Leyden  jar  charged  with  electricity,  which  does  work  by  being 
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discharged^  coal,  storage  baiteries,  a  head  of  water,  etc.  It  is  a 
evident  that  this  potential  energy  must  be  converted  into  kinc 
energy  before  work  can  be  done.  A  famUiar  example  of  this  tra 
formation  may  be  seen  in  the  action  of  a  common  pendulum.  At  i 
end  of  the  swing  it  is  at  rest  for  a  moment  and  aU  its  energy  is  pot 
tial.  When,  under  the  action  of  gravity,  it  has  reached  the  low 
point,  it  can  do  no  more  work  in  virtue  of  its  position.  It  has  acquir 
however,  a  certain  velocity,  and  in  virtue  of  this  velocity  it  does  w( 
which  enables  it  to  rise  on  the  other  side  of  the  swing.  At  int 
mediate  points  its  energy  is  partly  kinetic  and  partly  potential. 

A  measure  of  energy,  or  of  the  capacity  for  doing  work,  is  1 
work  done. 

The  energy  is  exactly  equivalent  to  the  actual  work  done  in  1 
following  cases: 

(a)  If  the  effort  exerted  and  the  resistance  have  a  common  po 
of  application. 

(6)  If  the  points  of  application  are  different  but  are  rigidly  c< 
nected. 

(c)  If  the  energy  is  transmitted  from  member  to  member,'  p 
vided  the  members  do  not  change  form  under  stress,  and  that 
energy  is  absorbed  by  frictional  resistance  or  restraint  at  the  conn 
tions. 

Generally  speaking,  work  is  of  two  kinds,  viz.,  internal  work, 
work  done  against  the  mutual  forces  exerted  between  the  molecu 
of  a  body  or  system  of  bodies,  and  external  work,  or  work  done  by 
against  the  external  forces  to  which  the  body  or  bodies  are  subject 
In  cases  (a),  (b),  (c),  above,  the  internal  work  is  necessarily  nil. 

As  a  matter  of  fact,  every  body  yields  to  some  extent  un( 
stress,  and  work  must  be  done  to  produce  the  deformation.  Fi 
tional  resistances  tend  to  oppose  the  relative  motions  of  memb 
and  must  also  absorb  energy.  If,  however,  the  work  of  deformati 
and  the  work  absorbed  by  frictional  resistance  are  included  in  J 
term  work  done,  the  relation  still  holds  that 

Energy  =  work  done. 

A  measm-e  of  work  done  is  the  product  of  the  resistance  by 
distance  through  which  it  is  overcome.    When  a  man  raises  a  weight 
one  pound  one  foot  against  the  action  of  gravity  he  does  a  cert 
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amount  of  work.  To  raise  it  two  feet  he  must  do  twice  as  much  work, 
and  ten  times  as  much  to  raise  it  ten  feet.  The  amoimt  of  work 
must  therefore  be  proportional  to  the  number  of  feet  through  which 
the  weight  is  raised.  Again,  to  raise  two  pounds  one  foot  requires 
twice  as  much  work  as  to  raise  one  pound  through  the  same  distance; 
while  five  times  as  much  work  would  be  required  to  raise  five  pounds, 
and  ten  times  as  much  to  raise  ten  pounds.  Thus  the  amount  of 
work  must  also  be  proportional  to  the  weight  raised.  Hence  a 
measure  of  the  work  done  is  the  product  of  the  ntimber  of  pounds  by 
the  number  of  feet  through  which  they  are  raised,  the  resulting  num- 
ber being  designated  footr-pounds.  Any  other  units,  e.g.,  a  poxmd  and 
an  inch,  a  ton  and  an  inch,  a  kilogramme  and  a  metre,  etc.,  may  be 
chosen,  and  the  work  done  represented  in  inch-pounds,  inch-tons, 
kilogram-metres,  etc.  This  standard  of  measurement  is  appUcable 
to  all  classes  of  machinery,  since  every  machine  might  be  worked 
by  means  of  a  pulley  driven  by  a  falling  weight. 

3.  Oblique  Resistance. — Let  a  body  move  against  a  resistance 
R  inclined  at  an  angle  6  to  the  du-ection  of  motion  (Fig.  278).  No 
work  is  done  against  the  normal  compo- 
nent R  sin  6,  as  there  is  no  movement  of 
the  point  of  application  at  fight  angles  to 
the  direction  of  motion.  This  component 
is,  therefore,  merely  a  pressure.  The  work 
done  against  the  tangential  component 
R  cos  6  between  two  consecutive  points  M 
and  N  of  the  path  of  the  body  is  Rcosd-  MN.  ^°-       ' 

Hence  the  total  work  done  between  any  two  points  A  and  B  of  the 
path 

^I{R  cos  d-MN)  =£R  cos  dds, 

s  being  the  length  of  AB. 

If  AB  is  a  straight  line  (Fig.  279),  and  if  E  is  constant  in  direc- 
tion and  magnitude, 

the  total  work  =  Rcosd-AB  =  R-AC, 

AC  being  the  projection  of  the  displacement  upon  the  line  of  action 
of  the  resistance.    Let  the  path  be  the  arc  of  a  circle  (Fig.  280) 
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subtending  an  angle  a  at  the  centre, 
the  work  done  from  A  to  B. 


If  R  and  6  remain  consta 


=  22  cos  dxarc  AB  =  R  cos  d-OA-a=R-OM  eos0a=Rpa=Ma 

p  being  the  perpendicular  from  0  upon  the  direction  of  R,  a 
M  =  Rp  being  the  moment  of  resistance  to  rotation. 

If  there  are  more  resistances  than  one,  they  may  be  treal 

Rsinfl    o 

-f     /'  a 

i/0:\_<Rcose 


Fig.  280. 


separately  and  their  several  effects  superposed.  In  such  ca 
M  will  be  the  total  moment  of  resistance  and  will  be  equal  to  1 
algebraic  sum  of  the  separate  moments. 

The  normal  component  R  sin  6  produces  a  pressure. 

4.  Graphical  Method.— Let  a  body  describe  a  path  AB  (Fig.  2! 

against    a    variable    resistance    of    such 

_B   character  that  its  magnitude  in  the  dir 

tion  of  motion  may  be  represented  at  a 

point  M  by  an  ordinate  MN  to  the  curve  C 

Let   the    path   AB   be    subdivided   into 

number  of  parts,  each  part  MP  being 

small  that  the  resistance  from  ilf  to  P  n 

be    considered    uniform.     The    mean   va 

,  .,  .        .  ,           MN+PQ        ,  ^^ 
01  this  resistance  = ^ ,   and  the  w( 

MN+PQ 
done  in  overcoming  it  = ^ MP  =  the    area    MNQP    in  1 

limit.  Hence  the  total  work  done  from  A  to  B  =  the  area  bound 
by  the  curves  AB,  CD,  and  the  ordinates  AC,  BD. 

5.  Energy.    Impulse.   Momentum. — The  work  done  in  overcomi 
a  resistance  of  R  lbs.  through  a  distance  of  s  ft.  is  Rs  ft.-lbs. 
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The  power  required  to  overcome  a  resistance  of  R  lbs.  at  a  velocity 
of  V  f./s.  is  Rv  in  ft.-lbs.  per  second. 

A  horse-povjer,  usually  written  H.P.,  is  an  arbitrary  unit  which 
was  defined  by  Watt  as  the  power  which  accomplished  33,000  ft.-lbs. 
per  minute  or  550  ft.-lbs.  per  second.    Thus  the  H.P.  required  to 

overcome  the  resistance  of  R  lbs.  at  a  velocity  of  v  f./s.  is  — —. 

550 

One  foot-pound  =  1.356  joules. 

One  British  thermal  unit  =  1058  joules. 

One  watt  =  one  joule  per  second,  and  is  the  work  done 

by  a  current  of  1  ampere  at  1  volt. 

In  electricity,  however,  power  is  usually  reckoned  m  kilowatts, 
each  of  1000  watts. 

One  H.P.  =  550X1.356  =  746  watts,  so  that 
One  kilowatt  =  1000  -^  746  =  1.34  H.P. 

An  average  of  14  watts  per  candle-power  is  required  for  an 
incandescent  electric  lamp,  and  a  lamp  of  2000  candle-power  must 
therefore  absorb  8  kilowatts,  or  about  11  H.P. 

By  the  preceding  article,  when  the  body  starts  from  rest,  i.e., 
when  7=0, 

'       2  ~^~  Tf* 
and  v  =  at  =  ^^t. 

Therefore  Ps  =  —  -^ 

and  ~P' 

Thus  the  terms  Ps  and ^  are   convertible   and   so   also   are 

9   ^ 

the  terms  Pt  and  —v. 

But  Ps,  the  product  of  a  force  of  P  poimds  acting  in  its  own 
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direction  through  a  distance  of  s  ft.,  is  the  work  done  in  ft.-lbs.    There- 

fore  —  -r-  is  also  measured  in  ft.-lbs.  and  is  called  the  kinetic  energy 

or  stored-up  work  of  a  body  of  W  Ibs.'moving  with  a  velocity  of  v  i/s. 

Again,  Pt,  the  product  of  a  force  of  P  lbs.  acting  for  t  seconds^ 

is  its  impulse  and  is  expressed  in  second-pounds.    Hence,  too,  the 

W 
product  — V,  which  is  the  mechanical  equivalent  of  Pt,  is  expressed 

in  second-pounds  and  is  called  the  momentum  or  quantity  of  motion 
of  a  body  of  W  lbs.  moving  with  a  velocity  of  v  i/s. 

The  formulae  obtained  may  now  be  tabulated  as  follows: 
When  the  body  starts  from  rest,  i.e.  when  V=0, 

1  W 
Ps=-^ — v^  in  foot-pounds, 

Qs^^^WtP  in  foot-poundals, 

W    . 
Pt^ — V  m  second-pounds, 

Qt  =  Wv  in  second-poundals. 
When  the  body  starts  with  a  velocity  of  V  f./s.' 

as  =  ^t;2_^y2    a_jj(j    at  =  v  —  V. 
Therefore 

1  W       1  W 

Ps  =  ^  — v^—fT^-V^  in  foot-pounds, 

2  g        2   g  ^  ' 

Qs  =  ^Wv^—iWV^  in  foot-poundals, 

W      W 

Pt  =  — V V  m  second-poimds, 

9        9  F  , 

Qt  =  Wv  —  WV  in  second-poimdals. 

W 
The  relation  — v  =  Pt 

9 

is  the  analytical  statement  of  Newton's  Second  Law  of  Motion, 
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which  has  been  expressed  by  Clerk  Maxwell  in  the  following  form: 
"  This  change  of  momentum  is  numerically  equal  to  the  impulse  which 
produces  it,  and  is  in  the  same  direction." 

This  residt  is  also  true  for  two  or  more  bodies  or  systems  of  bodies 
severally  acted  upon  by  extraneous  forces,  and  the  equation  may 
be  written 

Imv^IFt. 

Hence,  the  total  change  of  momentum  in  any  assigned  direction  is 
equal  to  the  algebraic  sum  of  the  impulses  in  the  same  direction. 
Therefore,  also,  if  there  are  no  extraneous  forces,  the  total  momentum 
in  any  assigned  direction  is  constant,  which  is  the  principle  of  the 
conservation  of  linear  momentum. 
The  relation 


Ps 


2\9         9      I 


is  the  analytical  expression  of  the  statement  that  Fs,  the  work  done, 
is  equal  to  the  change  of  kinetic  energy  in  a  given  interval. 

If  the  body  is  a  material  particle  of  a  connected  system,  a  similar 
result  holds  for  every  other  particle  of  the  system,  and  denoting 
algebraic  sum  by  the  symbol  I, 


1  /   W  W    \ 

2\    g  g       ' 


so  that  the  sum  of  the  work  done  by  the  several  forces  is  equal  to 
the  total  change  of  kinetic  energy.  This  is  a  particular  case  of 
the  'principle  of  conservation  of  energy  which  asserts  that  energy  is 
indestructible. 

This  principle,  like  Newton's  laws  of  motion,  admits  of  no  gen 
eral  proof,  but  every  experiment  verifies  its  truth. 

A  part  of  the  work  IPs  may  be  expended  in  doing  what  is  called 
{a)  effective  or  useful  work,  as,  e.g.,  in  overcoming  an  external  resist- 
ance, and  Q})  wasted  work,  as,  e.g.,  in  overcoming  frictional  resistance. 

Denoting  by  T^  the  total  effective  work  and  by  T^  the  total 
available  or  motive  work, 

I  /   W  W     \ 

Im     -'^     ^^       2\     gr  g      J 

=  the  total  change  of  kinetic  energy. 
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If  it  requires  an  expenditure  of  Tm  ft.-lbs.  of  work  to  drive  a  machine 
giving  Te  ft.-lbs.  of  useful  work,  the  efficiency  of  the  machine  is  defined 

to  be  the  ratio  of  the  useful  to  the  total  work  or  -™^. 

■'  m 

In  the  case  of  a  machine  working  at  a  normal  speed,  the  velocities 
of  the  different  parts  are  periodic,  being  the  same  at  the  beginning 
and  end  of  any  period  or  number  of  periods.  For  any  such  interval 
v  =  V,  and  therefore 

so  that  there  is  an  equivalence  between  the  motive  and  effective 
work. 

It  requires  an  expenditure  of  Wh  ft.-lbs.  of  work  to  raise  a  weight 
of  W  pounds  from  rest  to  rest  through  a  vertical  distance  of  h  feet. 
The  weight  wUl  then  possess  an  equivalent  amount  of  potential 
energy,  and  if  it  is  allowed  to  fall  freely  through  the  vertical  dis- 
tance of  h  feet  it  acquires  a  velocity  of  v  f/s.  given  by 

1  v^    ^ 

2  g 

1  W 

and  therefore  t^a  =,  ^^_ 

2  9 

This  shows  the  equivalence  between  the  work  done  in  raising  the 
weight,  the  potential  energy  of  the  weight  at  its  highest  point,  and 
the  work  given  out  in  the  form  of  kinetic  energy  in  falling  freely. 
Suppose  that  the  weight  moving  with  a  velocity  of  v  f/s  strikes 
a  second  body,  and  that  the  point  of  application  moves  in  the  direc- 
tion of  the  blow,  through  a  small  distance  x  against  a  mean  resist- 
ance R'.    Then 

R'x  =  work  required  to  overcome  R', 
= kinetic  energy  of  W, 

1  W 

=  ^^  =  Wih+x). 

2  g 

Within  a  certain  limit,  called  the  limit  of  elasticity,  the  actual 
resistance  is  directly  proportional  to  the  distance  through  which 
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the  poiht  of  application  moves,  and  therefore  varies  uniformly  from_ 
nil  to  a  maximum  resistance  R.    Then 

and  therefore 

Rx  =  2Wih+x). 

Hence,  if  W  is  suddenly  applied  from  rest, 

and  R  =  2W, 

so  that  the  effect  of  the  sudden  application  is  to  develope  a  resistance 
equal  to  twice  the  weight. 

6.  Triangle  and  Parallelogram  of  Velocity  and  Acceleration. — So 
far  the  motion  of  a  body  on  a  straight  line  has  only  been  considered. 
Let  a  steamer  in  t  sees,  move  from  0  to  A  with  a  velocity  of  Vi  f/s., 
and  in  the  same  time  let  a  body  move  across  the  deck  in  a  direction 
parallel  to  OB  with  a  velocity  of  V2  f/s.  Fig.  282.  In  t  sees,  the 
body  will  be  at  a  point  C  defined  by  OA  =  Vit  and  AC  =  V2i,  AC  being 

parallel  to  OB.    The  ratio  jyl  =  ~7  =  ~  is  constant,  and  therefore  C 

OC 
must  describe  the  straight  line  OC.    Also  the  ratio  ^  is  constant, 

and  since  OA  is  described  at  a  constant  rate,  so  also  is  OC,  and 
therefore  the  resultant  of  vi  and  V2  is  a  constant  velocity.  Taking 
t  to  be  one  second,  then  OA=vi,  AC  =  V2,  and  OC,  the  actual  dis- 
placement of  the  body  in  a  xmit  of  time,  is  the  resultant  velocity  in 
direction  and  magnitude.  It  is  the  diagonal,  drawn  from  the  starting- 
point  0,  of  the  parallelogram  OACB. 

Again,  if  OA  and  AC  are  taken  to  represent  the  increase  (or 
'growth)  of  component  velocities,  OC  must  represent  the  increase 
(or  growth)  of  the  resultant  velocity. 

Thus  the  parallelograms  of  velocity  and  acceleration  are  estab- 
lished and  -velocities  and  accelerations  may  be  resolved  and  com- 
pounded in  accordance  with  precisely  the  same  rules  that  govern 
the  triangle  of  forces. 
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Relative  Velocity. — The  velocity  of  one  body  relatively  to  another 
is  the  velocity  with  which  the  first  body  would  appear  to  move 
if  the  observer  were  moving  with  the  second  body.  The  relative 
motion  is  of  course  unaffected  if  the  same  velocity  is  applied 
in  the  same  direction  to  each  body.  Let  a  body  at  0  move  in  the 
direction  OA  with  a  velocity  of  vi  f/s.,  and  let  a  body  at  D  move 


Fig.  282. 


Fig.  283. 


in  the  direction  DE  with  a  velocity  of  V2  f/s,  Fig.  283.  Apply  to  0 
and  to  D  a  velocity  of  V2  f/s.  in  a  direction  opposite  to  the  motion 
of  D.  Then  D  is  brought  to  rest,  while  0  has  two  simultaneous 
velocities,  the  one,  vi,  in  the  direction  of  OA,  and  the  other,  V2,  in 
the  direction  of  OB,  parallel  to-  DE. 

Taking  OA  =  vi  and  OB  =  v^,  the  diagonal  OC  is  the  resultant 
of  these  two  velocities  and  represents  in  direction  and  magnitude 
the  relative  velocity,  i.e.,  the  velocity  of  0  as  seen  from  D. 

7.  Equation  of  Motion  and  Energy. — Let  Xi,  y\,  zi  be  the  co- 
ordinates of  the  C.  of  G.  of  a  moving  body  of  mass  M  with  respect 
to  three  rectangular  axes  at  any  given  instant. 

Let  X2,  2/2,  22  be  the  co-ordinates  of  the  same  point  after  a  unit 
of  time. 

Let  Xi,  2/1,  2i  be  the  co-ordinates  of  any  particle  of  mass  m  at 
the  given  instant. 

Let  X2,  y2,  Z2  be  the  co-ordinates  of  the  same  particle  after  a 
unit  of  time.     Then 

Mxi  =  I(mxi),    Myi  =  I(myi),    Mzi  =  I{mzi); 
Mx2  =  2  (mx2) ,     My  2  =  2  {my  2) ,    Mz2  =  I  (mzz) ; 
therefore     M{x2-xi)  =  Im{x2-x{),    M(t/2  -j/i)  =  ^m{y2  -yi), 

M{z2—zi)  =Im{z2—zi), 
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or  Mu  =  Imu,    Mv  =  Imv,    Mw  =  Imw, 

u,  V,  w  being  the  component  velocities  of  the  C.  of  G.  at  the  given 
instant  with  respect  to  the  three  axes,  and  u,  v,  w  the  component 
velocities  of  the  particle  m  at  the  same  instant. 
From  these  last  equations, 

Mu^  =  Imuu,    Mv^  =  Imvv,    MaP  =  Imvnu. 
Therefore  M{u^ +v^-  +  w^)  =  lm{vu +vv+ ww) , 

which  may  be  written  in  the  form 

or  MU^  +  ImV^^Imi^, 

U  being  the  resultant  velocity  of  the  C.  of  G.,  v  that  of  the  particle, 
and  V  that  of  the  particle  relatively  to  the  C.  of  G. 
The  last  equation  may  be  written 

MU^     IrnV^_IrmP 

Thus  the  energy  of  the  total  mass  collected  at  the  centre  of 
gravity,  together  with  the  energy  relatively  to  the  centre  of  gravity, 
is  equal  to  the  total  energy  of  motion. 

If  the  body  revolves  around  an  axis  through  its  C.  of  G.  with 
an  angular  velocity  w,  the  second  term  of  the  last  equation  becomes 

— Iwjfio?  =  —rlmr^  =  -—I, 
2  2  2   ' 

r  being  the  distance  of  the  particle  m  from  the  axis  and  /  the  moment 
of  inertia  of  the  body  with  respect  to  the  axis. 

Again,  let  X,  Y,  Z  be  the  forces  parallel  to  the  axes  of  x,  y,  z, 
respectively,  acting  upon  a  particle  of  mass  m.    Then 

yni^  =  lY 


=sS 
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and  Im^  =  IZ. 

Tlierefore 

\  dt  dt^     dt  dt^     dt  dty       \^dt  ^^dt  ^^dt  I 
Integrating  with  respect  to  t, 

H  being  a  constant  of  integration, 

or  ^Imv^  =  fl{Xdx  +  Ydy + Zdz)  +H. 

Hence,  if  vo  is  the  initial  velocity, 

iilmiP  -  Imvo^)  =fl  {Xdx  +  Ydy + Zdz) 

=  the  work  done  on  the  system. 

8.  Angular   Velocity.     Centrifugal  Force. — Angular  velocity  may 

be  defined  as  the  number  of  radians  per  second,  a  radian  being  the 

angle  subtended  at  the  centre  of  a  circle  by  an  arc  equal  in  length  to 

180° 
the  radius.    This  angle  is  =  57 .  2958  degrees,  and  if  a  wheel 

miakes  N  revolutions  per  minute,  its  angular  velocity  is  -^  radians 

per  second. 

A  body  constrained  to  move  in  a  plane  curve  exerts  upon  the 
hody  which   constrains  it  a  force  called  centrifugal  force,  which  is 
equal  and  opposite  to  the  deviating  (or  centrip- 
etal) force  exerted  by  the  constraining  body  upon 
the  revolving  body. 

Let  a  particle  of  mass  m  move  from  a  point 
\  P  to  a  consecutive  point  Q  (Fig.  284)  of  its 

\  path  during  an  interval  of  time  t  imder  the 

'^0  action  of  a  normal  deviating  force. 

Fio-  284.  Let  the  normals  at  P  and  Q  meet  in  0;  PQ 

may  be  considered  as  the  indefinitely  small  arc  of  a  circle  with  its 
centre  at  0. 
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If  there  were  no  constraining  force,  the  body  would  move  along 
the  tangent  at  P  to  a  point  T  such  that  PT='vt,  v  being  the  linear 
velocity  at  P. 

Under  the  deviating  force  the  body  is  pulled  towards  0  through 
a  distance  PN  =  ift^,  f  being  the  normal  .acceleration  and  QN  being 
drawn  perpendicular  to  OP. 

Also,inthelimit,         PQ  =  PT  =  QN  =  vt. 

But  QN^^PNX20P. 

Therefore  v^t^  =  yf2R, 

R  being  the  radius  OP,  and  hence 

(0  being  the  angular  velocity. 

Hence  the  deviating  force  of  the  mass  m 

=  to/  =  TOp-  =  maPR, 

and  is  equal  and  opposite  to  the  centrifugal  force. 

Again,  if  a  solid  body  of  mass  M  revolve  with  an  angular  velocity 
u)  about  an  axis  passing  through  its  C.  of  G.,  the  total  centrifugal 
force  will  be  nil,  provided  the  axis  of  rotation  is  an  axis  of  symmetry, 
or  is  one  of  the  principal  axes  of  inertia  at  the  C.  of  G. 

If  the  axis  of  rotation  is  parallel  to  one  of  these  axes,  but  at  a 
distance  R  from  the  C.  of  G., 

-    W    - 
the  centrifugal  force  =  Imru?  =  oPImr  =  oPMR  =  — aPR, 

r  being  the  distance  of  a  particle  of  mass  m  from  the  axis  and  W 
the  weight  of  the  body.  Thus  the  centrifugal  force  is  the  same  as  if 
the  whole  mass  were  concentrated  at  the  C.  of  G. 
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If  the  axis  of  rotation  is  Laclined  at  an  angle  d  to  the  principal 
axis,  the  body  will  be  constantly  sub- 
jected to  the  action  of  a  couple  of  moment 
2^tan^,  E  being  the  actual  energy  of 
the  body. 

Consider,  for  example,  the  case  of  a 
ring  of  radius  r  rotating  with  angular 
velocity  w  about  its  centre  0.  Let  p  be 
the  weight  of  the  ring  per  unit  of  length 
of  periphery.  Consider  any  half-ring  AFB. 
The    centrifugal    force    of    any    element 


Fig.  285. 


9 

The  component  of  this  force  parallel  to  AB  is  balanced  by  an 
equal  and  opposite  force  at  C",  the  angle  COB  being  =  the  angle 
CO  A.    Thus  the  total  centrifugal  force  parallel  to  AOB  is  nil. 

The  component  of  the  force  at  C,  perpendicular  to  AB, 

-  2^'w2r  sin  COD  =  '^^o/r  cos  C'CE 


9 
pCC 


g    '^'W 


■-V — DD'. 
9 


Hence,  the  total  centrifugal  force  perpendicular  to  AB 

CiP'T  V 

=  p i'(Z)Z)')=2^a;V. 

9  9 

If  T  is  the  force  developed  in  the  material  at  each  of  the  points  A 
and  B, 

9 


since  the  direction  of  T  is  evidently  perpendicular  to  AB, 

and  therefore 

V  being  the  circumferential  velocity. 


9  9 
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Let  /.  be  the  intensity  of  stress  at  A  and  B,  and  w  the  specific 
weight  of  the  material. 

Assuming  that  T  is  distributed  uniformly  over  the  sectional 
areas  at  A  and  B, 

f       '^   2 

'     9 

Thus,  the  stress  is  independent  of  the  radius  for  a  given  value 
of  V,  and  the  result  is  applicable  to  every  point  of  a  flexible  element, 
whatever  may  be  the  form  of  the  surfaces  over  which  it  is  stretched. 

9.  Ex.  1.  A  train  of  W  lbs.  gross  weight  starts  from  a  station  at  A  and  runs 
on  the  level  to  a  station  at  D,  I  ft.  away.  If  the  average  speed  is  not  to  exceed  v 
j/s,  find  the  time  between  the  two  stations. 

If  the  time  is  not  limited,  find  the  least  time  in  which  the  run  from  A  to  D 
can  be  made  and  the  maximum  speed  attained. 

LetPlbs.be  the  average  pull  exerted  by  the  engine; 
R   "     "     "         "        road  resistance; 
B    "     "     "         "        brake  resistance. 

Under  the  action  of  the  force  P-R  the  speed  of  the  train  gradually  in- 
creases from  nil  at  A  to  v  f/s  at  B,  and  the  train  then  possesses  a  kinetic 

energy  of  -x — v'  ft.-lbs.     The  train  runs  at  the  uniform  speed  of  v  f/s  from 

B  to  C,  when  steam  is  shut   off,  the     ^ 1 >j 

brakes  appUed,  and  the  train  is  gradually  a| ? T i  d 

brought  to  rest  at  D,  its  kinetic  energy     j^ ^^ ^j^ j_p_^ ^-g,--^ 

having    been    absorbed    by  the    force 

B+R  acting  through  the  distance  C  D^q.  Fig.  286. 

Hence,  taking  AB  =p, 

the  time  between  A  and  D 

=time  from  A  to  B  +time  from  B  to  C  +time  from  C  to  D 

_P  ^l-p-<i  I  g_l_)_P±i (1) 

^■W  If  ^V        V  V 

Also,  (P-R)p4-^v^-{B+R)q (2) 

'  ^  g 

Substituting  in  (1)  the  values  of  p  and  q  from  (2),  the  time  between  A  and  D 
_l     l^Wv         P  +  B 


"v     2    g    (P-R){B+Ry 


^ecmdlv  if  the  speed  is  not  limited,  it  gradually  increases  from  nil  at  A 
to  a  maximum  at  E,  where  AB==m.    Steam  is  then  shut  off,  the  brakes 
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applied,   and    the    train   is    gradually  brought    to   rest    in    the    distance 
ED^-l-m, 

Taking  Vmax.  f/s  as  the  max.  speed  attained, 


and  therefore 


{P-R)m=\  -ivms.K.y-'  (B  +  RKl-m), 
(2lg  (P-R)(B+R)}i 


Also,  the  least  time  between  A  and  D 

=time  from  A  to  S +time  from  ^  to  D 
2m       2(1 -m)        21 


Vmax.  Vmax.       "Vmax. 

(21W         P  +  B         \i  ... 

=  \-T(p^mBTR)r''' (^) 

If  the  trains  runs  up  an  incline  of  1  in  m,  the  puU  P  of  the  engine  has  to  do 
the  additional  work  of  lifting  the  weight  W  lbs.  of  the  train  through  the  vertical 

distance  —  every  second.     The  times  and  maximum  speed  can  therefore  be  found 

W 
from  the  expressions  (2),  (3),  and  (4)  by  substituting  R -\ —  for  R. 

Again,  if  E  lbs.  is  the  weight  on  the  locomotive  drivers,  and  if  the  adhesion 
is  fi  times  the  weight,  then 

B-^fiW, 
and  the  max.  pull  P  =  /lE. 

W 
The  steepest  incline  up  which  an  engine  can  cUmb  is  —=,. 

In  practice  /<  usually  varies  from  \  to  \. 

The  H.P.  required  to  run  a  train  of  W  tons  at  a  speed  of  M  miles  per  hour 
up  or  down  an  incline  having  a  slope  of  a.°,  and  against  an  average  road  resist- 
ance on  the  level  at  this  speed  of  R  lbs.  per  ton,  is 

WM 
{R  cos  a  ±2000  sin  a)-^;^, 

which  for  a  light  incUne  of  1  in  ?n  becomes 

\R± -^ ) — ,  approximately. 

Ex.  2.  The  rim  of  a  fly-wheel  weighing  5000  lbs.  has  a  velocity  of  40  f/s; 
what  is  its  kinetic  energy?  What  is  the  loss  of  kinetic  energy  dvs  to  a  reduc- 
tion of  4  per  cent  in  the  rim  velocity?    How  much  is  the  rim  velocity  reduced 
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by  a  diminution  of  45,000  ft.-lbs.  in  the  kinetic  energy  f    If  .08  is  the  coefficient 

of  axle  friction,  and  if  the  diameter  of  the  flywheel  is  12  times  that  of  the  axle, 

how  many  H.P.  vrillbe  required  to  turn  the  wheel? 

rri,     1  •     X-  5000  40' 

The  kinetic  energy — —  —  =  125,000  ft.-lbs. 

The  rim  velocity  reduced  4  per  cent  becomes  (40-1.6)  =38.4  f/s.,  and 

the  corresponding  kinetic  energy  = ^ — '—^. 

Therefore  the  loss  of  kinetic  energy 


5000/40='    38.4%     „„„„,    „ 

=^(T-^)=9«ooft.-ibs. 


If  V  f/s.  is  the  rim  velocity  when  the  kinetic  energy  is  diminished  by 
45,000  ft.-lbs., 

5000/40'     v'\     ,,„_  ,    ,       , 

-^ ( "2~  ~"2  /  "°^^'000,    and  therefore    «  =  32  f/s., 

so  that  the  reduction  of  velocity  is  8  f/s. 

The  circumferential  velocity  of  the  axle=||=Y  f/s. 

The  weight  on  the  axle  =  5000  lbs. 

The  frictional  resistance  at  the  axle  surf  ace  =  .08  X  5000 

=400  lbs. 
Therefore  the  H.P.  required  to  turn  the  wheel 

_400X^-_ 
~'~550~"^'^- 

Ex.  3.  A  weight  of  Wi  tons  falls  h  ft.  and  by  n  successive  blows  drives  an 
inelastic  pile  weighing  Wi  tons  a  feet  into  the  ground.  Find  the  mean  effective 
resistance  of  the  ground.  If  the  ground  resistance  is  directly  proportional  to  the 
depth  of  penetration,  how  far  will  the  pile  sink  under  the  rth  blow  ?  If  the  head 
of  the  pile  is  crushed  for  a  length  of  x  ft.,  x  being  very  small  as  compared  with 

the  depth  —  of  penetration,  find  (1)  the  mean  thrust,  during  the  blow,  between 
n 

the  weight  and  the  pile;  (2)  the  time  of  penetration;  (3)  the  time  during  which 

the  blow  acts. 

As  the  pile  is  inelastic,  the  weight  does  not  rebound,  but  the  pile  and  weight, 

immediately  the  blow  is  struck,  move  along  together  with  a  common  velocity 

of  u  f/s.,  given  by 

u  =  — v, 

9  9 

since  the  momentum  does  not  change. 
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Thus  the  available  energy  of  the  pile  and  weight 

1  W,+Wi  ,        PFi'      v'        W,'h 


2        g  Wi  +  W22g     W.  +  W^' 

ient  to  carry  the  pile  and  weight  thr 
-  ft.,  against  Re,  the  mean  effective  ground  resistance  in  tons,  and  therefore 


This  energy  is  sufficient  to  carry  the  pile  and  weight  through  a  distance  of 

a 

n 


_  a        Wr'h 

He — 


R, 


n     TF1  +  TF2' 
Wi^     nh 


'W1+W2  a' 


so  that  the  pile  and  weight  will  slowly  sink  under  a  superposed  weight  of 
fie  tons. 

To  allow  for  gravity,  the  value  of  fie  should  be  increased  by  Wi-¥Wi. 

Let  T  be  the  mean  thrust  between  the  weight  and  pile  for  the  very  small 
interval  of  t  seconds,  during  which  the  head  of  the  pile  is  crushed  through 
the  distance  of  x  ft.  The  thrust  T  is  necessarily  very  great  as  compared 
with  Re,  which  may  be  disregarded  without  causing  any  sensible  error.    Hence 

Tx=ih.e  work  expended  in  the  crushing 

=  Wih  —  == — ==r  =  ^s5^ — sF  f t.-tons 
Wi+Wi    W1  +  W2 

and  T  =  „.   ,  „,  -  tons. 

Also,  T  is  necessarily  very  great  as  compared  with  R,  which  may  be  dis- 
regarded without  causing  any  appreciable  error. 

Therefore    '         7"*=  impulse 

= change  of  momentum 

Wi,  _  .       W1W2    V 


h    g 


X      V       X 

and  t  =-r  ^~=jr Xtmie  of  fall  of  weight. 
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After  the  blow  the  pile  sinks  —  ft.  with  an  average  velocity  of  —  f/s,  and 

the  time  of  penetration  = — r-  —  = i= — '  sees. 

n      2      n      WiV 

_Wi  +  W2      a 
Wi      4n\/fc" 

If  the  ground  resistance  is  proportional  to  the  depth  of  penetration,  let 
Si- =  penetration  produced  by  r  blows; 
x,_,  =         "  "       "   r-1  blows. 

Then  a;,— a;^,  -         "  <<       «   ti^  j.^^  hlo-w  against  an  average 

resistance  of „  ~i-  — S. 


Hence  Xx  +  Xr-,  ggxCgx-av-i)  =work  done  by  each  blow 

2         a 


So, 


iiJe 

°2 

a' 

t 

n 

r 

T- 

-1 

.  n' 

K 

-1 

-x' 

r- 

-2 

a' 

z 
X  — 

2 

2 
^1 

a' 

2 

-0 

a' 
r,' 

and  therefore  '^r^^-'    °^    ^r' — Tr^'"' 

lb  \i/  71 

30  that  the  penetration  under  the  rth  blow 

=x-x      =    -^(W-Vi^). 

If  fimax.  is  the  maximum  ground  resistance, 

Wl      2nh 


Amax.  —  ^-fte — 


TFi+TTj   a 
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1  X 

The  time  of  penetrating  the  depth  x^x-^-^v^      . — 

If  X  is  not  small  as  compared  with  the  depth  of  penetration  of  a  blow, 
let  y  and  2  be  the  distances,  in  feet,  through  which  the  pile  moves  during  the 
action  of  the  blow  and  after  the  blow.    Then 

Tx  +  Rey^yrork  done  in  the  crushing  and  in  overcoming  the 
ground  resistance  in  t  seconds 

^,     1  W1+W2  , 
^W^h-^-^~u\ 

Tt  =  change  of  momentum  of  Wi 

-yiv-u), 

Tt— Ret  =  ch.a,nge  of  momentum  of  pile 
W2 


and  ReZ=  work  done  after  the  blow 

1    W1+W2    2      WJ.       T  J> 

=77 u'  =  Wih  —  Tx—Rey, 

so  that  Tx  +  Re(y+z)=  WJi, 

or  Tx-\-RM  =  Wih. 

Ex.  4.  Let  a  body  of  weight  Wi  moving  in  a  given  direction  with  a  velocity 
1)1  strike  a  body  of  weight  W2  moving  in  the  same  direction  with  a  velocity  %. 
After  impact  let  the  bodies  continue  to  move  in  the  same  direction  with  a  common 
velocity  u.    Find  the  energy  lost  in  impact. 

W        W2 

— 'ui  H V2  =  momentum  before  impact 

9  9 

—momentum  after  impact 
or  W,vi  +  Waz  =  (TFi  +  Tf  2)  u. 


Energy  before  mipact        =  —  -r-  H —  tt, 

9    ^       9    ^ 
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1  u' 

Energy  lost  by  impact  =  tt  (Wivi^  +  TF^^')  —^(Wi  +  W2) 

^9  ^9 

~  2g{W,  +  W,)  ■ 

If  either  of  the  bodies  is  subjected  to  any  constraint,  energy  must  be  ex- 
pended to  overcome  such  constraint,  and  the  loss  of  energy  by  impact  will  be 
less. 

Ex.  5.  Let  a  hammer  weighing  PFi  Ihs.,  moving  with  a  velocity  of  v  ft.  per 
second,  strike  a  nail  weighing  Wi  lbs.  and  drive  it  x  ft.  into  a  piece  of  timber,  of 
weight  W2,  against  a  mean  resistance  of  R  lbs. 

First,  assume  the  timber  to  be  fixed  in  position. 

Let  Ui  be  the  common  velocity  acquired  by  the  hammer  and  nail. 

Ml' 

{Wi+Wi)-^  =  energy  expanded  in  overcoming  R. 
29 

=  Rx (1) 

Wi  Wi  +  W2 

But  — oj  =  change  of  momentum  = Ui (2) 

9         ^  9 

W?     v^ 
Therefore  ¥:Tb^.^=^^ ^^^ 

a,nd  the  time  of  the  penetration  =—  =  ^— sec (4) 

Second,  let  the  timber  be  free  to  move,  and  let  M2  be  the  common  velocity 
acquired  by  the  hammer,  nail,  and  timber. 

(W1+W2)—  =  energy  expended  in  overcoming  R  plus  the  energy  expended 
2g 

in  producing  the  velocity  zta 

--Rx  +  iWi+W^  +  W,)^ (5) 

'^9 

Wl  W1+TF2  W,+W2  +  W3  ... 

But  — v  = wi= -^2 W 

^^  9  9  9 

Hence,  substituting  these  values  of  mi  and  Ui  in  eq.  (5), 

WxW>_ ^  _  p  cr. 

{Wi+W2){W.+W2  +  W,)2g     ^''' ^'' 

also,  the  time  of  the  penetration 

X  W1W3  V  ,-. 

^iui'Wr  +  W^  +  W^gB^^"-' ^  ^ 
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and  the  distance  through  which  the  timber  moves 

~2^     {Wr  +  W,  +  Wzy2gR^^ ^^> 

Ex.  6.  An  accumulator,  loaded  to  a  pressure  of  760  lbs.  per  square  inch, 
has  a  ram  of  21  ins.  diameter  with  a  stroke  of  24  ft.  How  much  H.P.  can  be 
obtained  for  a  period  of  60  seconds? 

„p  .     ,     1    22.„,.»  750X24 

H.P.reqmred=--(21)g^^^ 

=  226.8. 

Ex.  7.  Ten  thousand  50-watt  incandescent  and  two  hundred  and  fifty  450- 
watt  arc  lamps  are  to  be  supplied  with  power  from  a  waterfall,  20  miles  away, 
having  an  effective  head  of  40  ft.  The  efficiency  of  the  converting  apparatus  is 
92  per  cent,  of  the  turbine  85  per  cent,  and  the  losses  are  5  per  cent  between  the 
lamps  and  converters  at  the  receiving  end  of  the  transmission,  10  per  cent  on  the 
line,  and  10  per  cent  in  the  generators  and  transformers  between  the  line  and  the 
turbine-shaft.    Find  the  necessary  flow  of  water  per  hour. 

The  total  watts  required  =  (50.10000+450.260)isV--^-'5^-W-Snf- 
Hence,  if  Q  is  the  water-supply  in  cubic  feet  per  second, 

62i.Q.i^=H.P.=612'S<'0       ^1°0)^ 


550       ■   ■       746      92-85-95-90' 

and  Q  =  300-175c.f/sec., 

and  the  supply  in  cubic  feet  per  hour 

=  60- 60-Q  =  1,080,630. 

Ex.  8.  A  1-00.  bullet  moving  with  a  velocity  of  800  ft.  per  second  strikes  a 
target  and  is  stopped  dead  in  the  space  of  ^inch  (g  =  32) .    Then 

^•A-A-(800)'=/S'-#,-tV; 

and  R',  the  mean  resistance  overcome  by  the  bullet,  =5000  lbs.     The   time 
in  which  the  bullet  is  brought  to  rest 

momentum    A -A -800        1 

force  5000    ^3200^^"" 

Ex.  9.  A  volume  of  water  of  length  I  feet  moves  along  a  pipe  with  a  velocity 
of  V  f/s  and  is  quickly  and  uniformly  shut  off  by  the  closing  of  a  valve.  Find 
the  increase  in  the  pressure  per  square  inch  near  the  valve. 

If  p  is  the  increased  pressure  per  square  foot,  and  t  sees,  the  interval  in 
which  the  closing  is  effected, 

pi  =  momentum  of  the  fluid  mass 

=^*i., 
9 
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and  therefore 


the  pressure  per  square  inch  =  ^  =2r?  ^. 

144    144  ^i 


Ex.  10.  A  weight  of  W  pounds  of  water  passes  through  a  turbine  wheel 
from  a  to  f.  It  enters  at  a  with  a  -velocity  of  v^  f/s  in  a  direction  inclined  at 
an  angle  of  90° -r  to  the  radius  Oa=ri.  It  leaves  at  f  with  a  velocity  of  v^  f/s 
in  a  direction  fh  inclined  at  an  angle  S  to  the  radius  Of  =  r^.  If  wis  the  angular 
velocity  of  the  wheel,  find  the  work  done  every  second  by  the  water  on  the  wheel. 

Let  pi,  pi  be  the  perpendiculars  from  the  axis  0  upon  the  directions  of 

vi,  V2,  respectively.    Then 

W 

— (■U1P1—D2P2) —change  of  angular  momentum  per  sec.  between  a  and  / 

=M,  the  moment  of  impulse. 

Therefore  the  work  done  in  foot-pounds  per  second 

W 
=M(o^ — (o(vipi—  V2P2) . 

9 

Let  i/y,  be  the  component  of  Vi  along 
the  tangent  at  a; 

Let  v^  be  the  component  of  %  along    "i^ 
the  tangent  at  /. 

Then    p^v,  =PiV^  seer  =  r,v^ 

and  P2V2  =  P2i>Z  cosec  8  =  rjvj^ , 

so  that  the  work  in  foot-pounds 


=M<o  =— -  w(r,v^  -r^vj 

where  ui^rio)  and   Ui=ri(ii,  are  the  peripheral  lineal  velocities  at  a  and  / 
respectively. 

The  components   v'^  and  v'^  are    usually  called   the  whirling    velocities. 


Ex.  11.  An  ice-yacht  travels  in" the  direction  of  its  keel  ioith  a  velocity  of 
V  f/s  under  the  action  of  a  wind  blowing  with  a  velocity  of  w  f/s  in  a  direction 
making  an  angle  /?  with  the  keel.     The  sail  is  set  at  an  angle  a  with  the  keel, 
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and  it  is  assumed  that  there  is  no  resistance  to  motion  along  the  keel.  Find  the 
maximum  speed  of  the  yacht. 

In  Fig.  288,  take  OA^v  and  BO  =w.  Then  AB  is  the  apparent  or  relative 
velocity  of  the  wind. 

The  yacht  will  be  moving  at  full  speed  when  AB  is  parallel  to  the  sail  OD, 


- —       o7^ 

D — ' 

Fig.  288. 

and  the  components  of  the  velocities  of  the  wind  (OB)  and  the  sail  (AO)  at 
right  angles  to  the  sail  are  then  equal. 

Therefore  v  sia  a  =w  sin  (^  —  a). 

For  given  values  of  w  and  a,  v  is  a,  maximum  when  /S=90°,  and  then 

J)  sin  a  =w  cos  a. 


or 


V  =  W  cot  a. 


The  velocity  of  the  boat  to  windward 


=  7;  cos  p  =  W 


cos  psinp  —  a 


which,  for  a  given  set  of  sail,  is  greatest  when 


2^-a=90°  or    ^-45°+^. 

it 


Thus  the  maximum  speed  to  windward 


=— (cosec  a— 1). 

Ex.  12.  The  charge  of  powder  for  a  27-ton  breech-loader  with  a  9-ton  carriage 
is  300  Ihs.;  the  weight  of  the  projectile  is  500  Ihs.,  its  diameter  is  10  in.,  and  its  radius 
of  gyration  3.535  in.;  the  muzzle  velocity  is  2020  ft.  per  sec;  the  velocity  of  recoil, 
16 J  ft.  per  sec;  the  gun  is  rifled  so  that  the  projectile  makes  one  turn  in  40  calibres. 

Total  energy  of  explosion  =  energy  of  shot  +  energy  of  recoil; 
Energy  of  shot  =  energy  of  translation  +  energy  of  rotation 

_500    (2020)'    500    1_   /  j^   2020\  '  /3.535\  ' 
32.2       2  32.2  2    \  /,     40.^1    \    12   / 

=  31680124.2  +  97758.6 
=  31777882.8  ft.-lbs.; 


EXAMPLES.  179 

Energy  of  recoil -^^^^  ilM!  =330652.1  ft.-lbs. 

Hence,  if  C  be  the  energy  of  1  lb.  of  powder, 

C  •  300  =  31777882.8  +  330652.1 

=  32108534.9  ft.-lbs., 

and  hence  C  =  107028.45  ft.-lbs.  =47.7  ft.-tons. 

Ex.  13.  Let  W  he  the  weight  of  a  fly-wheel  in  pounds,  and  let  its  maximum 
and  minimum  angular  velocities  be  w,,  (02,  respectively.  The  motion  being  one  of 
rotation  only,  the  energy  stored  up  when  the  velocity  rises  from  aii  to  oii,  or  given 
out  when  it  falls  from  coi  to  «2,  is 

L(o>,'-a>,')=^^kKco,^-a,,^)=^(v,^-V,'), 

Vi,  V2  being  the  linear  velocities  corresponding  to  <ui,  102,  and  k  being  taken 
equal  to  the  mean  radius  of  the  wheel. 

It  is  usual  to  specify  that  the  variation  of  velocity  is  not  to  exceed  a  cer- 
tain fractional  part  of  the  mean  velocity. 

Let  V  be  the  mean  velocity,  and  —  the  fraction.     Theh 


Therefore 

Hence  the  work  stored  or  given  out  = 


1)2  = 

Y 
=— ;    also,    Vi+V2=2V. 

«,'-V     V 

2           /i- 

,     WV 

9    /^ 


Ex.  14.  An  engine  weighing  64  tons  travels  round  a  curve  of  1000  ft.  radium 
at  the  rate  of  45  miles  per  hour.  Find  the  horizontal  thrust  on  the  rails,  and  also 
find  the  direction  and  magnitude  of  the  resultant  thrust. 

™     ,.,,,,,.             ,      64X2000    1     /45X5280\^     ,„,„. 
The  horizontal  thrust  m  pounds  = — —  -—  I  1=1 7,424. 

The  vertical  weight  in  pounds  =64X2000  =  128,000. 

Therefore  the  resultant  thrust  is  inclined  to  the  vertical  at  an  angle  whose 
,  .    17424      1.089      ,„„,„,  . 
*^°^^'^*'^l28000=-8-  =  -^^^^2^- 
The  resultant  thrust  in  pounds 

=^(17,424)^  + (128000)^  =  129,181. 

Ex.  15.  Find  the  total  kinetic  energy  of  a  system  of  rigidly  connected  heavy 
particles  revolving  about  a  fixed  axis  urith  a  uniform  angular  velocity  m. 
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Let  TTi,  Wi,  Ws.  .  .Wn  be  the  weights  of  the  particles  in  pounds,  and 
let  X,  X2,  xs . . .  Xn  be  the  distances,  respectively,  of  the  particles  from  the 
fixed  axis. 

The  kinetic  energies  of  the  several  weights  are 


1  Wi,      ,,   1  W2,      ,, 


Therefore  the  total  kinetic  energy 
2  [9 


Xi^-\ X2'  +  . 

9 


1  W-,.,      ,, 


g     I 


/  being  the  moment  of  inertia  of  the  system,  and  k  the  radius  of  gjration. 

10.  Inertia — ^Balancing. — Newton's  First  Law  of  Motion,  called 
also  the  Law  of  Inertia,  states  that  "a  body  will  continue  in  a  state 
of  rest  or  of  iiniform  motion  in  a  straight  line  unless  it  is  made  to 
change  that  state  by  external  forces." 

This  property  of  resisting  a  change  of  state  is  termed  inertia, 
and  in  dynamics  is  always  employed  to  measure  the  quantity  of 
matter  contained  in  a  body,  i.e.,  its  mass,  to  which  the  inertia  must 
be  necessarily  proportional.  Thus,  to  induce  motion  in  a  body, 
energy  must  be  expended,  and  must  again  be  absorbed  before  the  body 
can  be  brought  to  rest.  The  inertia  of  the  reciprocating  parts  of  a 
machine  may  therefore  heavily  strain  the  framework,  which  should 
be  bolted  to  a  firm  foundation,  or  must  be  sufficiently  massive  to 
.counteract  by  its  weight  the  otherwise  unbalanced  forces. 

Ex.  16.  Consider  the  case  of  a  direct-acting  horizontal  steam-engine,  Fig.  289. 

At  any  given  instant  let  the  crank  OP  and 
the  connecting-rod  CP  make  angles  6  and 
<j>,  respectively,  with  the  line  of  stroke  AB. 
Let  V  be  the  velocity  of  the  crank-pin 
centre  P,  and  let  u  be  the  corresponding 
piston  velocity,  which  must  evidently  be 
the  same  as  that  of  the  end  C  of  the  con- 
FiG.  289.  necting-rod. 

Let  OP  produced  meet  the  vertical  through  C  in  /. 

At  the  moment  under  consideration  the  points  C  and  P  are  turning  about 
J  as  an  instantaneous  centre.    Therefore 


V 


IC 
"IP" 


sin  {0  +  4>) 
cos  4> 
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Let  W  be  the  weight  of  the  reciprocating  parts,  i.e.,  the  piston-head,  piston- 
rod,  cross-head  (or  motion-block) ,  and  a  portion  of  the  connecting-rod. 
Assume  (1)  that  the  motion  of  the  crank-pin  centre  is  uniform; 

(2)  that  the  obliquity  of  the  connecting-rod  may  be  disregarded, 
without  sensible  error,  and  hence  ^  =  0. 
Draw  PN  perpendicular  to  AB,  and  let  ON  =  x;  ON  is  equal  to  the  distance 
of  the  piston  from  the  centre  of  the  stroke,  corresponding  to  the  position  OP 
of  the  crank. 

The  kinetic  energy  of  the  reciprocating  parts 


g  2      g        2  J  2  [      T') ' 


r  being  the  radius  OP. 

Therefore  the  change  of  kinetic  energy,  or  work  done,  corresponding  to  the 
values  xi,  xi  of  x, 

^Wv^  /xi^-X2\ 
g   2\     r'     )• 

Let  R  be  the  mean  pressure  which,  acting  during  the  same  interval,  would 
do  the  same  work.    Then 

W  v'  xi+xi 


and  therefore  R 


9  2 


Hence,  in  the  limit,  when  the  interval  is  indefinitely  small,  xi^Xf  x,  and  the 
pressure  corresponding  to  x  becomes 


H' X. 

g  r' 

This  is  the  pressure  duo  to  inertia,  and  may  be  written  in  the  form 

R  =  C—, 
r 

= 1  being  the  centrifugal  force  of  W  assumed  concentrated  at  the 

crank-pin  centre.  72  is  a  maximum  and  equal  to  C  when  a;=r,  i.e.,  at  the 
points  A,  B,  and  its  value  at  intermediate  points  may  be  represented  by  the 
vertical  ordinates  to  AB  from  the  straight  line  EOF  drawn  so  that  AE=BF 
■=  C.  In  low-speed  engines  C  may  be  so  small  that  the  effect  of  inertia  may 
be  disregarded,  but  in  quick-running  engines  C  may  become  very  large  and 
the  inertia  of  the  reciprocating  parts  may  give  rise  to  excessive  strains. 

Another  force  acting  upon  the  crank-shaft  is  the  centrifugal  force  of  the 
crank,  crank-pin,  and  of  that  portion  of  the  connecting-rod  which  may  be 
supposed  to  rotate  with  the  crank-pin. 
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Let  w  be  the  weight  of  the  mass  concentrated  at  the  crank-pin  centre  which 
will  produce  the  same  centrifugal  force  as  these  rotating  pieces  (i.e.,  iw-sum 
of  products  of  the  weights  of  the  several  pieces  into  the  distances  of  their 
centres  of  gravity  from  0). 

The  centrifugal  force  oi  w= . 

g   r 

Thus  the  total  maximum  pressure  on  the  crank  shaft 

g  r      gr  g 

<o  being  the  uniform  angular  velocity  of  the  crank-pin. 

This  pressure  may  be  counteracted  by  placing  a  suitable  balance-weight 
(or  weights)  in  such  a  position  as  to  develops  in  the  opposite  direction  a  cen- 
trifugal force  of  equal  magnitude. 

Let  Wi  be  such  a  weight,  and  R  its  distance  from  0.    Then 

g  g 

or  RW,=r(W+w), 

from  which,  if  R  is  given,  Wi  may  be  obtained. 

During  the  first  half  of  the  stroke  an  amount  of  energy  represented  by 
the  triangle  AEO  is  absorbed  in  accelerating  the  reciprocating  parts,  and  the 
same  amount,  represented  by  the  triangle  BOF,  is  given  out  during  the  second 
half  of  the  stroke  when  the  reciprocating  parts  are  being  retarded. 

During  the  up-stroke  of  a  vertical,  engine  the  weights  of  the  reciprocating 
parts  act  in  a  direction  opposite  to  the  motion  of  the  piston,  while  during  the 
down-stroke  they  act  in  the  same  direction. 

In  AE  produced  (Fig.  290)  take  EE'  to  represent  the  weight  of  the  recip- 
rocating parts  on  the  same  scale  as  AE  represents  the 
pressure  due  to  inertia.     Draw  E'O'F'  parallel  to  EOF. 
During  the  up-stroke  the  ordinates  of  E'O'  represent 
the  pressures  required  to  accelerate  the  reciprocating 
Fig.  290.  parts,  the  pressures  while  they  are  retarded  being  repre- 

sented by  the  ordinates  of  O'F'. 
The  case  is  exactly  reversed  in  the  down-stroke. 

N.B. — The  formula  R=C—  may  be  easily  deduced  as  follows: 

u=v  sm  8;  the  acceleration  =-r-  =v  cos  6 —  ==— a;. 

dt  dt      r' 

W  du 
Therefore      —  -r-  ^accelerating  force  =force  due  to  inertia 
g  dt 

a  r^  r 
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^T^'  Vu  ^°°®''*®'"  *  double-cylinder  engine  with  two  cranks  at  right  angles 
and  let  d  be  the  distance  between  the  centre  lines  of  the  cylinders  (Fig.  292), 


Fig.  291. 


f  Ccos  fl 

-Centre  lino 
of  Cylr. 

t    ■ 

—              i 

1 

.Centre  Una 
of  Cylr. 

tC.siT)^ 

Fig.  292. 


The  pressiires  due  to  inertia  transmitted  to  the  crank-pins  when  one  of  the 
cranks  makes  an  angle  d  with  the  Une  of  stroke  are 

Pi=C cos  e    and    Pz =C sin  d. 

These  are  equivalent  to  a  single  alternating  force 

P=C(coseisin0) 

acting  half-way  between  the  lines  of  stroke,  together  with  a  couple  of  moment 

M=P^=C^(cosd±sme). 

The  force  and  couple  are  twice  reversed  in  each  revolution,  and  their  maxi- 
mum values  are 


:::.  =C\/2     and     Mn 


..  -2-V  2. 


In  order  to  avoid  the  evils  that  might  result  from  the  action  of  the  force 
and  couple  at  high  speeds,  suitable  weights  are  introduced  in  such  positions 
that  the  centrifugal  forces  due  to  their  rotation,  tend  to  balance  both  the  force 
and  the  couple.  For  example,  the  weights  may  be 
placed  upon  the  fly-wheel  of  a  stationary  engine,  or, 
again,  upon  the  driving-wheels  of  a  locomotive. 

Let  a  balance-weight  Q  be   placed  nearly  diamet- 
rically opposite  to  the  centre  of  each  crank-pin  (Fig.  293),  I 
and  let  R  be  the  distance  from  the  axis  to  the  centre  of 
gravity  of  Q. 

Let  e  be  the  horizontal  distance  between  the  balance- 
weights. 

The  centrifugal  force  F  due  to  the  rotation  of  Q 


0  (velocity  of  Q)'_Q  1  R^  2^QR  2 
"g  R  gR  r''"      gr'''' 
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and  this  force  F  is  equivalent  to  a  single  force  F  acting  half-way  between 

the  weights  and  to  a  couple  of  moment  F-r.     Let  <j>  be 

~^r~^]^-fi — *  the  angle  between  the  radius  to  a  balance-weight,  and  the 
common  bisector  of  the  angle  between  the  two  cranks 
(Fig.  294). 

Since  there  are  two  weights  Q,  there  will  be  two  couples 

each  of  moment  F—,  and  two  forces  each  equal  to  F  acting 
Fig.  294.  2' 

half-way  between  the  weights,  the  angle  between  the  axes 
of  the  couples  being  180°— 2^  and  that  between  the  forces  being  2(j>.  The 
moment  of  the  resultant  couple  is  Fe  sin  <j>,  and  its  axis  bisects  the  angle 
between  the  axes  of  the  separate  couples;  the  resultant  force  parallel  to  the 
line  of  stroke  =2F  cos  i>. 

Q  and  ^  may  now  be  chosen  so  that 

2F  cos  <t>  =  maximum  alternating  force  =C\/2, 
and  Fe  sin  (j>  =maximum  alternating  couple  =—\/ 2. 

Then  tan  ^  = — , 


and 


-u 


e'+iP 


QR  ,    W 
ff  r'         g 


r   eSj     2    ' 


and  therefore  <?  =  -  "H  v  P^^- 

e  A,  \     2 

Ex.  18.  Again,  the  pressure  C  at  a  dead-point  may  be  balanced  by  a  weight  Q 
diametrically  opposite. 

If  fi  is  the  radius  of  the  weight-circle,  then 

g  r  gr'    ' 

and  therefore  Q=-W^. 

R 

The  weight  Q  may  be  replaced  by  ^  weight  Q^^  on  the  near  and  a  weight 


e—d 
Q-^  on  the  far  wheel.    Thus,  since  the  cranks  are  at  right  angles,  there  will 

be  two  weights  90"  apart  on  each  wheel,  viz.,  Q^^  in  line  with  the  crank  and 
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e—d 
Q-g— .    These  two  weights,  again,  may  be  replaced  by  a  single  weight  B  whose 

centrifugal  force  is  the  resultant  of  the  centrifugal  forces  of  the  two  weights. 
Thus 


\g  r)   "[g   2e   RJ       \g   2e  RJ  ' 


xf  being  the  Uneal  velocity  at  the  circumference  of  the  weight-circle. 


Therefore 


B'^Qf- 


2^ 


iSi     2    ■ 


^e+d 


If  a  is  the  angle  between  the  radius  to  the  greater  weight  Q— —  and  the 


crank  radius, 


tan  a 


Qe-dv2 
g2e_R__e~d 
'Qe+dv"~e+d' 
g    2e  R 


Note. — In    outside-cylinder    engines    e—d    is    approximately   nil,    and 
B-Q=W^. 

II.  Curves  of  Piston  Velocity. — Consider  the  engine  in  Ex.  16. 
s 


Fig.  295. 


Let  CP  produced  intersect  the  vertical  through  0  ia.  T,  and 
in  OP  take  07"  =  or. 

The  piston  velocity  u  and  the  velocity  v  of  the  crank-pin  centre 
are  connected  by  the  relation 


u     sin  (6  +  4>)  _0T  _0T' 
V  ~     COS0       OP     OP' 


.    (1) 
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If  the  velocity  v  is  assumed  constant,  and  if  it  is  represented  by  OP, 
then  on  the  same  scale  OT'  wUl  represent  the  piston  velocity  u. 
Drawing  similar  lines  to  represent  the  value  of  u  for  every  position 
of  the  crank,  the  locus  of  7"  wUl  be  found  to  consist  of  two  closed 
curves  OGS,  OHT,  called  the  polar  curves  of  piston  velocity.  They 
pass  through  the  point  0  and  through  the  ends  S  and  T  of  the  ver- 
tical diameter.  On  the  side  towards  the  cylinder  they  lie  outside 
the  circles  having  OS  and  OT  as  diameters,  while  on  the  side  away 
from  the  cylinder  they  lie  inside  the  circles.  If  the  connecting-rod 
is  so  long  that  its  obliquity  may  be  disregarded, 

^  =  0,    u  =  vsmd, 

and  the  curves  coincide  with  the  circles. 

A  rectangular  diagram  of  velocity  may  be  drawn  as  follows. 


/  / 
/  / 

V 

1/ 

X^       //^ 

/~^ 

R 

C     N 
Fig.  296. 

c    ^ 

Upon  the  vertical  through  C,  Fig.  296,  take  CL  =  OT;  the  locus 
of  L  is  the  curve  required  for  one  stroke.  A  similar  curve  may 
be  drawn  for  the  return-stroke  either  below  MN  or  upon  the  pro- 
longation NR{=MN)  of  MN. 

If  the  obliquity  of  the  connecting-rod  is  neglected,  the  curves 
evidently  coincide  with  the  semicircles  upon  MN  and  NR,  MN 
{  =  NR)  defining  the  extreme  positions  of  C.  The  obliquity,  how- 
ever, causes  the  actual  curve  to  fall  above  the  semicircle  during 
the  first  half  of  the  stroke,  and  below  during  the  second  half. 

Again,  let  the  connecting-rod  (0  =  n  cranks  (r) .    Then 


sin^     I 
- — _  =  -=« 

sm  ^    r       ' 


and  by  eq.  (1), 


...  .^       ,,       I  ■    „     sm  a  cos  ^  \ 

u  =  v{smd  +  cos0x,a,n(p)=v\sm6+  -r  ).    . 

vn^— sin^  d/ 


(2) 
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If  the  obliquity  is  very  small, 

,        ...      sin  ^ 

tan  0 =sin  0  =  ,  approximately, 

and  therefore       u  =  vl^rr.e  +  ^^^^\  =.(sin  ^+^). 

12.  Curve  of  Crank-effort. — The  crank-effort  F  for  any  position 
OP  of  the  crank  is  the  component  along  the  tangent  at  P  of  the 
thrust  along  the  connecting-rod. 

This  thrust       ^ 


cos  <{)' 


lu        r  T7      T^Sm(5  +  d)) 

therefore  F  =  P ^^ — r^ . 

cos  (f> 

If  the  pressure  P  upon  the  piston  is  constant,  and  if  it  is  rep- 
resented by  OP,  then,  on  the  same  scale,  Of,  Fig.  297,  will  rep- 
resent the  crank-effort.  Thus  the  curves  of  piston  velocity  already 
drawn  may  also  be  taken  to  represent 
curves  of  crank-effort.  If  the  pres-- 
sure  P  is  variable,  as  is  usually  the 
case,  let  OP,  the  crank  radius  repre- 
sent the  initial  value  of  P.  After 
expansion  has  begun,  take  OP'  in  OP, 
for  any  position  OP  of  the  crank,  to 
represent  the  corresponding  pressure 
which  may  be  directly  obtained  from 

the  indicator-diagram.  Draw  P'T'  parallel  to  PT,  and  take 
OT"  =  OT'.  Then  OT"  will  represent  the  required  crank-effort,  and 
the  linear  and  polar  diagrams  may  be  drawn  as  already  described. 

13.  Curves  of  Energy — Fluctuation  of  Energy. — In  tlie  curve  of 
crank-effort  as  usually  drawn,  the  crank-effort  for  any  position  OP 
of  the  crank  is  the  ordinate  S'H,  the  abscissa  DH  being  equal  to 
the  arc  AP,  i.e.,  to  the  distance  traversed  by  the  point  of  applica- 
tion of  the  crank-effort.    Thus,  DSE  and  EVG  being  the.  curves, 

DE = EG  =  semicircumf erence  of  crank-circle  =  nr. 
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If  the  obliquity  is  neglected,  the  curves  of  crank-effort  are  the 
two  curves  of  sines  shown  by  the  dotted  lines. 

The  area  DS'H  also  evidently  represents  the  work  done  as  the 


crank  moves  from  OA  to  OP,  and  the  total  work  done  is  represented 
by  the  area  DSE  in  the  forward  and  by  EVG  in  the  return  stroke. 
Let  Fq  be  the  mean  crank-effort.    Then 

FoX2CT  =  2Px2r, 

assuming  P  to  be  constant. 

Therefore 


F      2^ 


2P 


Draw  the  horizontal  line  1234567  at  the  distance  ^^^  from  DEG, 

and  intersecting  the  verticals  through  D,  E,  and  G  in  1,  4,  and  7, 
and  the  curves  in  2,  3,  5,  and  6.  The  engine  may  be  supposed  to 
work  against  a  constant  resistance  P,  equal  and  opposite  to  the  mean 
crank-effort  i^o- 

From  D  to  2,  72  >  crank-effort,  and  the  speed   must   therefore 
continually  diminish. 

From  2  to  3,  fi  <  crank-effort,  and  the  speed  must  continually 
increase. 

Thus  2  is  a  point  of  min.  velocity,  and  therefore  also  of  min. 
kinetic  energy. 

From  3  to  E,  72  >  crank-effort,  and  the  speed  must  continually 
diminish. 

Thus  3  is  a  point  of  max.  velocity,  and  therefore  also  of  max. 
kinetic  energy. 

Similarly,  in  the  return-stroke,  5  and  6  are  points  of  min.  and 
max.  velocity  respectively. 
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The  change  or  fluctuation  of  kinetic  energy  from  2  to  3  =  area  283, 
bounded  by  the  curve  and  by  23. 

The  fluctuation  from  3  to  5  =  area  3E5,  bounded  by  35  and 
by  the  curve. 

.      .        .        F    Fr    ^ 
Agam,  smce  p  =  p:j.,  the  ordmates  of  the  curves  may  be  taken 

to  represent  the  moments  of  crank-effort,  and  the  abscissa  are  then 
the  corresponding  values  of  d. 

The  work  done  between  A  and  any  other  position  P  of  the  crank- 
pin 

/"p  jQ     T>    n  ■    a      sin  ^  cos  ^   \  ,„ 
=  /  Frdd  =  Pr  /      sm  (?  +  -^  ]dd 

Jo  Jo   \  Vn^-  sin^dj 

=  Pr(l-  cosd+n-Vn^-  sin^  6). 

If  there  are  two  or  more  cranks,  the  ordinates  of  the  crank- 
effort  cuPve  will  be  equal  to  the  algebraic  sums  of  the  several  crank- 
efforts.  For  example,  if  the  two  cranks  are  at  right  angles,  and  if 
Fi,  F2  are  the  crank-efforts  when  one  of  the  cranks  {Fi)  makes  an 
angle  6  with  the  line  of  stroke. 


-,      „/  .    „    sin  2d\ 


and 


^      „/       ^    sin2^\ 

Therefore      Fi  +F2  =  P(sin  6  +  cos  d)  =  combined  crank-effort, 

P  being  supposed  constant.    . 

Note. — In  the  case  of  the  polar  curves  of  crank-effort,  if  a  circle 

2P 
is  described  with  0  as  centre  and  a  radius  =  mean  crank-effort  =  — , 

it  will  intersect  the  curves  in  four  points,  which  are  necessarily 
points  of  max.  and  min.  velocity. 

EXAMPLES. 

1.  A  stone  weighing  8  oz.  falls  for  5  seconds.     What  is  its  momentum,  and 
what  force  will  stop  it  in  3  seconds?  Ans.  80;  IJ  lbs. 

2.  What  force,  acting  for  6  seconds  on  a  mass  of  12  lbs.,  will  change  its 
velocity  from  200  to  320  ft.  per  second?  Ans.  7i  lbs. 
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3.  The  velocity  of  a  body  is  observed  to  increase  by  four  miles  per  hour  in 
every  minute  of  its  motion.  Compare  the  force  acting  on  it  with  the  force  of 
gravity.  Am.  11  to  3600. 

4.  A  railway  train  whose  mass  is  100  tons,  moving  at  the  rate  of  a  mile  a 
minute,  is  brought  to  rest  in  10  seconds  by  the  action  of  a  uniform  force. 
Find  how  far  the  train  runs  during  the  time  for  which  the  force  is  applied. 
Also  determine  the  force,  stating  the  units  employed. 

Ans.  440  ft.;   27^  tons. 

5.  If  the  unit  of  mass  is  the  mass  of  12  lbs.,  and  the  units  of  length  and 
time  are  14  ft.  and  12  seconds  respectively,  find  the  measures  of  the  mass, 
velocity,  and  momentum  of  a  body  which  weighs  1  cwt.  and  is  moving  with  a 
velocity  of  35  ft.  per  second. 

Ans.  mass  =9J;  velocity  =30;  momentum  =280. 

6.  A  goods  truck  of  6  tons,  travelling  at  3  miles  an  hour,  collides  with  another 
truck  at  rest,  and  both  move  on  together  at  2  miles  an  hour.  Find  the 
mass  of  the  second  truck.  Ans.  3  tons. 

7.  Find  the  average  force  which  will  bring  to  rest,  in  2  ft.,  an  ounce  bullet 
moving  at  the  rate  of  1500  ft.  per  second.  How  long  will  it  take  to  bring  it  to 
rest?  ^2 

Ans.  351]%  poundals;  -=^secs. 
.75 

8.  A  man  of  12  stone  weight  climbs  up  a  mine-shaft  800  ft.  deep  by  a  lad- 
dsr.     What  work  does  he  do?    If  he  exerts  ^  horse-power,  how  long  will  he  be? 

Ans.  134,400  ft.-lbs.;   201*1  minutes. 

9.  A  shot  is  fired  from  a  gun,  which  is  fixed,  with  a  certain  charge  of  powder. 
If  the  quantity  of  powder  be  quadrupled,  in  what  proportion  wOl  the  velocity 
of  the  shot  be  increased?  Ans.  Doubled. 

10.  A  body  falling  from  a  mast  took  .25  second  to  fall  from  the  hatchway 
to  the  bottom  of  the  hold,  a  distance  of  20  ft.  From  what  height  did  it  fall 
and  with  what  velocity  did  it  strike?  Ans.  llOi  ft.;  84  f/s. 

11.  A  train  going  at  the  rate  of  45  miles  an  hour  takes  half  a  minute  in 
passing  another  train,  230  yards  long,  going  in  the  same  direction  at  the  rate 
of  15  miles  an  hour.    What  is  the  length  of  the  first  train?    Ans.  210  yards. 

12.  A  train  215  yards  long,  going  at  the  rate  of  55  mUes  an  hour,  takes 
10  seconds  in  passing  another  train  going  in  the  opposite  direction,  at  the 
rate  of  35  miles  an  hour.    What  is  the  length  of  the  second  train? 

Ans.  225  yards. 

13.  Just  as  a  tramcar  reaches  a  man  standing  by  the  tramway  it  has  a 
velocity  of  8^  ft.  per  second;  the  man  takes  hold  of  and  mounts  the  car.  What 
change  of  velocity  takes  place,  the  weights  of  the  car  and  man  being  1  ton 
and  10  stone  respectively?  Ans.  8  f/s. 

14.  One  hundred  and  fifty  pounds  is  drawn  up  the  shaft  of  a  coal-pit, 
and,  starting  from  rest,  acquires  a  velocity  of  3  imles  an  hour  in  the  first 
minute.  Assuming  that  the  acceleration  is  uniform,  find  how  heavy  the  mass 
appears  to  one  drawing  it  up.  Ans.  150Ji  lbs. 

iS-  A  train  of  100  tons,  running  on  a  level  line,  is  kept  going  by  the  loco- 
motive at  a  uniform  pace  of  50  miles  per  hour;  the  steam  is  suddenly  shut 
off,  and  the  train  comes  to  rest  after  it  has  travelled  2  miles  farther.    What 
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was  the  force  applied  by  the  locomotive  to  the  train,  supposing  the  resistance 
of  the  rail  and  air  to  be  constant?  Ans.  A  weight  of  iHf  ton. 

1 6.  If  a  700- lb.  shot  be  fired  from  a  75- ton  gun  with  a  speed  of  1200  feet 
per  second,  find  the  speed  of  recoil  of  the  gun.  A.ns.  5  f /s. 

17.  What  force  must  be  applied  for  one  tenth  of  a  second  to  a  mass  of 
10  tons  in  order  to  produce  in  it  a"  velocity  of  3840  ft.  per  minute?  What 
would  be  the  energy  of  the  mass  so  moving? 

Ans.  A  weight  of  200  tons ;  640ft.-tons/sec. 

18.  A  bullet  moving  at  the  rate  of  1100  ft.  per  second  passes  through 
a  thin  plank,  and  comes  out  with  a  velocity  of  1000  ft.  per  second.  If  it  then 
passes  through  another  plank  exactly  like  the  former,  with  what  velocity 
will  it  come  out  of  this  second  plank?  Ans.  100V'79f/s. 

19.  A  shot  of  600  lbs.  is  fired  from  a  10-ton  gun  with  a  velocity  of  1000 
ft.  per  second.  If  the  mass  of  the  powder  be  neglected,  find  the  velocity  of 
recoU.  ,       Ans.  26.8  f/s. 

20.  A  bullet  whose  mass  is  1  oz.  is  fired  with  a  velocity  of  1210  ft.  per 
second  into  a  mass  of  1  cwt.  of  wood  at  rest.  What  is  the  velocity  with  which 
the  wood  begins  to  move?  Ans.  8.098  in. /s. 

21.  An  1800-lb.  shot  moving  with  a  velocity  of  2000  ft.  per  second  im- 
pinges on  a  plate  of  10  tons,  passes  through  it,  and  goes  on  with  a  velocity 
of  400  ft.  per  second.    If  the  plate  be  free  to  move,  find  its  velocity. 

Ans.  12.857  f/s. 

22.  To  find  the  velocity  of  an  8-lb.  shot  that  will  just  penetrate  an  armor - 
plate  10  ins.  thick,  the  resistance  being  84  tons.  If  the  velocity  of  the  shot 
be  doubled,  what  must  be  the  thickness  of  the  plate  in  order  that  the  shot 
may  only  just  penetrate  it?  Ans.  1120  f/s;    40  ins. 

23.  The  velocity  of  flow  of  water  in  a  service-pipe  48  ft.  long  is  64  ft.  per 
second.  If  the  stop-valve  is  closed  in  -J  of  a  second,  find  the  increase  of  pres- 
sure near  the  valve.  Ans.  375  lbs.  per  sq.  in. 

24.  A  body  approaches  an  observer  with  a  velocity  due  east.  If  the 
observer  moves  due  north  with  an  equal  speed,  in  what  direction  will  the 
body  appear  to  move?  Ans.  South-east. 

25.  A  horseman  at  full  gallop  fires  at  a  stationary  animal.  Show  that 
he  must  aim  behind  the  animal. 

26.  If  the  animal  is  also  running  in  a  parallel  direction,  show  that  the 
horseman  must  aim  in  front  or  behind  according  as  his  speed  is  less  or  greater 
than  that  of  the  animal. 

27.  Rain  is  faUing  vertically,  and  it  is  observed  that  the  splashes  made 
by  the  drops  on  the  window  of  a  moving  railway  carriage  are  inclined  to  the 
vertical.  Explain  this,  and  point  out  in  which  direction  the  splashes  are 
inclined. 

If  the  train  is  also  travelling  at  60  miles  per  hour,  and  the  inclination  of 
the  splashes  to  the  vertical  is  30°,  what  is  the  velocity  of  the  falUng  drops? 

28.  A  steamboat  is  going  north  at  15  miles  per  hciu*  while  an  east  wind 
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is  blowing  at  5  miles  per  hour.    Find  the  angle  the  direction  of  the  smoke 
makes  with  the  ship's  keel.  Ans.  W.  by  S.  at  cot-'  3. 

29.  Knowing  the  direction  of  the  true  wind  and  the  velocity  and  direc- 
tion of  the  apparent  wind  on  a  ship,  as  shown  by  the  direction  of  the  vane 
on  the  mast,  determine  the  velocity  of  the  ship,  supposing  there  is  no  leeway. 

30.  To  determine  (o)  the  direction  taken  by  the  smoke  of  a  steamer,  (6) 
the  du-ection  and  velocity  with  which  the  wind  appears  to  blow  to  a  passenger 
on  board.     (N.B. — ^The  smoke  is  carried  along  with  the  wind.) 

31.  A  train  travels  at  the  rate  of  45  miles  an  hour.  Rain  is  falling  verti- 
cally, but  owing  to  the  motion  of  the  train,  the  drops  appear  to  fall  past  the 
window  a-t  an  angle  tan-'  1.5  with  the  vertical.  Find  the  velocity  of  the 
rain  drops. 

32.  The  rim  of  the  wheel  of  a  centrifugal  pump  moves  at  30  ft.  per  second; 
water  flows  radially  at  5  ft.  per  second;  the  vanes  are  inclined  backward  at 
an  angle  of  35°  to  the  rim.  What  is  the  absolute  velocity  of  the  water?  What 
is  the  component  of  this  parallel  to  the  rim?  Ans.  23.4  f /s;   22.8  i/a. 

33.  Find  the  time  in  which  it  is  possible  to  cross  a  road,  of  breadth  100  ft., 
in  a  straight  hne  with  the  least  velocity,  between  a  stream  of  vehicles  of 
breadth  40  ft.,  following  at  intervals  of  20  ft.,  with  velocity  5  f/s. 

Ans.  50  sees. 

34.  A  man  stands  on  a  platform  which  is  ascending  with  a  uniform  acceler- 
ation of  6  ft.  per  second  per  second,  and  at  the  end  of  four  seconds  after 
the  platform  has  begun  to  move  he  drops  a  stone.  Find  the  velocity  of  the 
stone  after  three  more  seconds.  Ans.  72  f/s. 

35-  A  man  in  a  lift  throws  up  a  ball  vertically  with  a  velocity  of  v  f/s  ~ 

and  catches  it  again  after  t  seconds;   prove  that  the  vertical  acceleration  of 

v 
the  Uft  is  0—2-—. 
^        t 

36.  A  railway  train  is  going  at  30  ft.  per  second;  how  must  a  man  throw 
a  stone  from  the  window  so  that  it  shall  leave  the  train  laterally  at  1  ft.  per 
second,  but  have  no  velocity  in  the  direction  of  the  train's  motion? 

Ans.  30.03  f/s  at  178°  6'  with  direction  of  train's  motion. 

37.  If  a  bucket  of  water,  weighing  20  lbs.,  is  pulled  up  from  a  well  with 
an  acceleration  of  8  ft.  per  second  per  second,  find,  in  pounds  weight,  the 
force  which  must  be  applied  to  the  rope.  Ans.  25  lbs. 

38.  Find  the  maximum  velocity  of  an  ice-yacht  sailing  at  right  angles 
to  a  wind  of  10  miles  an  hour  if  the  angle  between  the  sail  and  the  keel  is 
sin-'  .6  (neglecting  all  resistances  to  motion  along  the  keel). 

Ans.  13 J  f/s. 

39.  Find  the  angle  between  the  sail  and  the  keel  of  the  ice-yacht  if,  when 
the  wind  is  perpendicular  to  the  keel,  the  maximum  velocity  of  the  yacht 
is  four  times  the  velocity  of  the  wind.  Ans.  tan-'  .25. 

40.  An  ice-yacht  is  sailing  at  right  angles  to  the  wind  at  the  rate  of  20  miles 
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an  hour.    Its  sail  makes  with  the  keel  an  angle  of  30°.    Find  the  least  pos- 
sible velocity  of  the  wind.  Arts.  &iVS  f /s. 

41.  Show  that  it  is  possible  with  an  ice-boat  to  beat  to  windward  faster 
than  the  wind  is  blowing  in  an  opposite  direction. 

Show  also  that  it  is  quicker  to  beat  to  leeward  instead  of  sailing  dead 
before  the  wind. 

42.  A  steamer  takes  3  minutes  on  the  measured  sea-mile  with  the  tide 
and  4  minutes  against  the  tide;  find  the  speed  of  the  tide  and  the  speed  of 
the  vessel  through  the  water.  Am.  17J  knots;  2^  knots. 

43-  A  ship  sailing  north-east  by  compass  through  a  tide  running  4  knots 
finds  after  2  hours  she  has  made  good  4  miles  south-east;  determine  the  direc- 
tion of  the  current  and  the  speed  of  the  ship. 

44.  A  ship  is  saihng  at  6J  knots  directly  towards  a  battery  where  artil- 
lery practice  is  going  on.  The  man  at  the  helm  observes  the  flash  of  a  gun 
and  hears  the  report  15  seconds  afterwards;  five  minutes  after  the  first  flash 
he  observes  a  second  flash,  and  hears  the  report  12  seconds  afterwards.  Assum- 
ing that  a  sea-mile  is  6080  ft.,  find  the  velocity  of  sound. 

45.  Two  particles  are  started  simultaneously  from  the  points  A  and  B, 
5  ft.  apart,  one  from  A  towards  B  with  a  velocity  which  would  cause  it  to 
reach  B  in  3  seconds,  and  the  other  at  right  angles  to  the  former  and  with 
three  fourths  of  its  velocity.  Find  their  relative  velocity  in  magnitude  and 
direction,  the  shortest  distance  between  them,  and  the  time  at  which  they 
are  nearest  to  one  another. 

46.  From  the  edge  of  a  cliff  two  stones  are  thrown  at  the  same  time,  one 
vertically  downwards  with  a  velocity  of  30  ft.  per  second,  the  other  vertically 
upwards  with  the  same  velocity.  The  first  stone  reaches  the  ground  in  7i 
seconds.    How  much  longer  will  the  other  be  in  the  air?    Ans.  IJ  sees. 

47.  A  steam-engine  moves  a  train  of  mass  60  tons  on  a  level  road  from  rest, 
and  acquires  a  speed  of  5  miles  an  hour  in  5  minutes.  If  the  same  engine 
move  another  train  and  give  it  a  speed  of  7  miles  an  hour  in  10  minutes,  find 
the  mass  of  the  second  train.  (The  mass  of  the  engine  is  included  in  that 
of  the  train,  and  the  forces  exerted  by  it  are  the  same  in  both  cases.) 

Ans.  85t  tons. 

48.  A  force  which  can  just  support  200  lbs.  acts  for  one  minute  on  6000  lbs. 
What  velocity  does  v  produce  in  it?  Ans.  64  f/s. 

49.  In  a  ship  sailing  at  16  miles  per  hour  it  is  observed  that  the  direction 
of  the  wind  is  apparently  30°  to  the  line  of  keel  and  from  the  bows;  its  velo- 
city is  apparently  4  miles  per  hour.    What  is  its  true  direction  and  magnitude? 

Ans.  Cosec-'  6.34;    12.69  m/h. 

50.  The  velocity  of  a  ship  in  a  straight  course  on  an  even  keel  is  8J  miles 
an  hour;  a  ball  is  bowled  across  the  deck,  perpendicular  to  the  ship's  length, 
with  a  uniform  velocity  of  3  yards  in  a  second.  Describe  the  true  path  of 
the  ball  in  space,  and  show  that  it  will  pass  over  45  ft.  in  3  seconds  nearly. 
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51.  A  train  passes  two  men  walking  beside  a  railway  in  3  J  seconds  and 
3f  seconds  respectively;  a  second  train  passes  the  men  in  4f  seconds  and  4 J 
seconds  respectively.  •  Show  that  this  train  will  overtake  the  first  train  and, 
if  on  a  different  line,  could  pass  it  completely  in  36  seconds. 

52.  Two  ships,  A  and  B,  of  which  B  bears  from  A  35°  E.  of  N.,  lie  east- 
wards of,  a  coast  which  presents  seawards  a  long  vertical  •precipice  running 
N.  and  S.  A  cannon  is  fired  from  B,  and  5  seconds  after  the  fiash  is  seen  from 
A  the  report  is  heard,  and  7  seconds  later  the  echo  from  the  precipice.  Find 
the  distance  of  A  from  the  coast,  assuming  1100  f/s  as  the  velocity  of  sound. 

53.  A  goods  train  is  running  uniformly  at  15  m/h ;  a  passenger  train 
runs  on  a  parallel  line  with  an  average  speed  of  25  m/h,  but  stops  at  a  station 
every  mile  for  1  minute.  The  goods  train  has  a  start  of  1  minute.  When 
and  where  wiU  the  trains  pass?    Solve  this  problem  graphically. 

54.  A  man  rows  a  boat  through  the  water  at  the  rate  of  3  miles  an  hour 
in  a  direction  60°  east  of  north,  in  a  current  flowing  southwards  at  the  rate 
of  IJ  miles  an  hour.  Show  that  the  boat  will  travel  due  eastwards  and  find 
rate  of  progress.  Ans.  |V3  m/h. 

55.  AB  is  a  given  straight  line,  and  P  a  given  fixed  point  without  it;  a 
particle  Q  moves  along  AB  with  a  given  constant  velocity.  When  Q  is  in 
any  assigned  position,  find  its  angular  velocity  with  respect  to  P. 

Ans.  pv/PQ',  V  being  the  constant  velocity  and  p  the  perpendicular  from 
P  to  AB. 

56.  A  particle  under  the  action  of  a  number  of  forces  moves  with  a  uniform 
velocity  in  a  straight  line.     What  condition  must  the  forces  fulfil? 

57.  A  lift  is  descending  and  coming  to  rest  with  a  uniform  retardation 
of  4  F.P.S.  units.  A  man  in  the  lift  weighs  out  a  pound  of  tea  with  an  ordinary 
balance,  and  a  pound  of  sugar  with  a  spring  balance.  How  many  pounds  of 
each  does  he  really  obtain?  Ans.  1  lb.  of  tea;  f  lb.  of  sugar. 

58.  A  3-ton  cage,  descending  a  shaft  with  a  speed  of  9  yards  a  second,  is 
brought  to  a  stop  by  a  uniform  force  in  the  space  of  18  ft.  What  is  the  ten- 
sion in  the  rope  while  the  stoppage  is  occurring?  Ans.  4f|f  tons. 

59.  A  1-oz.  buUet  is  fired  with  a  velocity  of  1000  ft.  per  second.  Find 
the  velocity  with  which  a  2-oz.  bullet  could  be  fired  from  the  same  rifle  with 
treble  the  charge  of  powder.  Ans.  1225  f's. 

60.  If  a  14-lb.  shot  leave  the  muzzle  of  a  2-ton  gun  with  a  relative  speed 
of  540  ft.  per  second,  find  the  speed  of  recoil.  Ans.  1.682  f/s. 

61.  A  gun  weighing  5  tons  is  charged  with  a  shot  weighing  28  lbs.  If 
the  gun  be  free  to  move,  with  what  velocity  will  it  recoil  when  the  ball  leaves 
it  with  a  velocity  of  100  ft.  per  second?  Ans.  J  f/s. 

62.  A  railway  train  travels  i  mile  on  a  smooth  level  line,  while  its  speed 
increases  uniformly  from  15  to  20  miles  an  hour.  What  proportion  does 
the  pull  of  the  engine  bear  to  the  weight  of  the  train?  Ans.  n'eW. 
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63.  A  13-ton  gun  recoils  on  being  fired  with  a  velocity  of  10  ft.  per  second, 
and  is  brought  to  rest  by  a  uniform  friction  equal  to  the  weight  of  A  ton.. 
How  far  does  it  recoil?  Ans.  5  ft. 

64.  Determine  the  charge  of  powder  required  to  send  a  32-lb.  shot  to  a 
range  of  2500  yards  with  an  elevation  of  15°,  supposing  the  initial  velocity 
is  1600  ft.  a  second  when  the  charge  is  half  the  weight  of  the  shot,  and  that 
the  initial  energy  of  the  shot  is  proportional  to  the  charge  of  powder. 

65.  A  5-oz.  ball  moving  at  the  rate  of  1000  f/s  pierces  a  shield  and  moves 
on  with  a  velocity  of  400  f/s;   what  energy  is  lost  in  piercing  the  shield? 

Ans.  4076  ft.-lbs. 

66.  A  half -ton  shot  is  discharged  from  an  81 -ton  gun  with  a  velocity  of 
1620  ft,  per  second.  What  will  be  the  velocity  with  which  the  gun  will  begin 
to  recoil  if  the  mass  of  the  powder  be  neglected?  Will  the  gun  or  the  shot 
be  able  to  do  more  work  before  coming  to  rest,  and  in  what  proportion? 

Ans.  10  f/s;   shot  does  162  times  that  of  gun. 

67.  A  ball  weighing  12  lbs.  leaves  the  mouth  of  a  cannon  horizontally 
with  a  velocity  of  1000  ft.  per  second;  the  gun  and  carriage,  together  weigh- 
ing 12  cwt.,  slide  upon  a  smooth  plane  whose  inclination  to  the  horizon  is 
30°.  Find  the  space  through  which  the  gun  and  carriage  will  be  driven  up 
the  plane  by  the  recoil.  Ans.  4.982  ft. 

68.  The  pressure  of  water  in  a  hydraulic  company's  main  is  750  lbs.  per 
square  inch,  and  the  average  flow  is  25  cubic  feet  per  minute.  What  horse- 
power does  this  represent?  If  the  charge  for  the  water  is  twopence  per  lOO 
gals-.,  what  is  the  cost  per  horse-power  hour? 

69.  An  accumulator  loaded  to  a  pressure  of  750  lbs.  per  square  inch  has 
a  ram  of  21  ins.  diameter,  with  a  stroke  of  24  ft.  How  much  horse-power 
can  be  obtained  for  a  period  of  50  seconds?  Ans.  226.8. 

70.  Find  the  weight  which  will  give  an  average  fluid  pressure  of  750  lbs. 
per  square  inch  in  an  accumulator  with  a  14-in.  ram  and  a  stroke  of  16  ft. 
How  much  energy  can  be  stored  up? 

A71S.  115,500  lbs.;   1,848,000  ft.-lbs. 

71.  A  steam-pump  raises  11  tons  of  water  15  ft.  high  every  minute.  What 
is  its  horse-power?  Ans.  10. 

72.  Find  the  horse-power  required  to  raise  a  weight  of  10  tons  up  a  grade 
of  1  in  12  at  a  speed  of  6  miles  per  hour  against  a  resistance  of  9  lbs.  per  ton. 

Ans.  31.3. 

73.  Find  the  horse-power  of  an  engine  that  would  empty  a  cylindrical 
shaft  full  of  water  in  32  hours  if  the  diameter  of  the  shaft  be  8  ft.  and  its  depth 
600  ft.,  the  weight  of  a  cubic  foot  of  water  being  62.5  lbs.  Ans.  30. 

74.  Determine  the  horse-power  transmitted  by  a  belt  moving  with  a  velocity 
of  600  ft.  per  minute,  passing  round  two  pulleys,  supposing  the  difference 
of  tension  of  the  two  parts  is  the  weight  of  1650  lbs.  Ans.  30. 

75.  A  cylindrical  shaft  of  10  ft.  diameter  has  to  be  sunk  to  a  depth  of  100 
fathoms  through  chalk,  the  weight  of  the  chalk  being  143$  lbs.  per  cubic  foot. 
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What  horse-power  is  required  to  lift  out  the  material  in  12  working  days  of  8 
hours  each? 

76.  An  engine  is  required  to  raise  in  3  minutes  a  weight  of  13  cwt.  from  a 
pit  whose  depth  is  840  ft.     Find  the  horse-power  of  the  engine.     Ans.  12.35. 

77.  An  accumulator-ram  is  8.8  ins.  in  diameter  and  has  a  stroke  of  21  ft. 
Find  the  store  of  energy  in  foot-pounds  when  the  ram  is  at  the  top  of  the 
stroke  and  is  loaded  until  the  pressure  is  750  lbs.  per  square  inch. 

Ans.  958,320  ft.-lbs. 

78.  In  a  differential  accumulator  the  diameters  of  the  spindle  are  7  ins. 
and  5  ins. ;  the  stroke  is  10  ft.  Find  the  store  of  energy  when  full  and  loaded 
to  2000  lbs.  per  square  inch.  Ans.  377,000  ft.-lbs. 

79.  In  a  differential  press  the  diameters  of  the  upper  and  lower  portions 
of  the  ram  are  6  ins.  and  8  ins.  respectively.  The  pressure  is  1000  lbs,  per  square 
inch.,  and  the  stroke  is  10  ft.  Find  the  load  on  the  accumulator,  the  maximum 
store  of  energy,  and  the  store  of  water. 

Ans.  22,000  lbs.;  220,000  ft.-lbs. ;  1J|  cu.  ft. 

80.  Find  the  horse-power  of  a  fall  where  18,000,000  cu.  ft.  passes  per 
minute,  faUing  162  ft.  Ans.  5,522,727. 

81.  A  horizontal  axle  10  ins.  diameter  has  a  vertical  load  upon  it  of  20 
tons,  and  a  horizontal  pull  of  4  tons.  The  coefficient  of  friction  is  0.02.  Find 
the  heat  generated  per  minute,  and  the  horse-power  wasted  in  friction,  when 
making  50  revolutions  per  minute.  Ans.  155  thermal  units;  3.63  H.P. 

82.  A  3-H.P.  steam-crane  is  found  to  raise  a  weight  of  10  tons  to  a  height 
of  50  ft.  in  20  minutes;  what  part  of  the  work  is  done  against  friction?  If  the 
crane  is  kept  at  similar  work  for  8  hours,  how  many  foot-pounds  of  the  work 
are  wasted  on  friction?  Ans.  H;  20,640,000  ft.-lbs. 

83.  Find  the  energy  per  second  of  a  waterfall  30  yds.  high  and  i  mile  broad 
where  the  mass  of  water  is  20  ft.  deep  and  has  a  velocity  of  7^  miles  an  hour 
when  it  arrives  at  the  fall.    The  weight  of  water  is  1024  oz.  per  cubic  foot. 

Ans.  496,849.2  ft.-tons/sec. 

84.  A  shaft  560  ft.  deep  and  5  ft.  in  diameter  is  full  of  water;  how  many 
foot-pounds  of  work  are  required  to  empty  it,  and  how  long  would  it  take  an 
engine  of  3^  horse-power  to  do  the  work?  (N.B.  Of  course  it  is  to  be  assumed 
that  there  is  no  flow  of  water  into  the  shaft.) 

Ans.  192,500,000  ft.-lbs.;  1666f  minutes. 
8s.  Find  the  work  expended  in  raising  the  materials  (112  lbs.  per  cubic 
foot)  for  a  brick  tower  125  ft.  in  height  and  of  24  ft.  external  and  16  ft.  internal 
diameter.     In  what  time  could  the  materials  be  raised  by  a  2i-H.P.  engine? 

Ans.  220,000,000  Ib.-ft. ;  44|  hours. 

86.  A  uniform  .beam  weighs  1000  lbs.  and  is  20  ft.  long.  It  hangs  by  one 
end,  round  which  it  can  turn  freely.  How  many  foot-pounds  of  worTc  must  be 
done  to  raise  it  from  its  lowest  to  its  highest  position?      Ans.  20,000  ft.-lbs. 

87.  Electric  lamps  give  1  candle-power  for  4  watts;  how  many  10-  or 
how  many  16-candle  lamps  may  be  worked  per  electric  horse-power?  The 
combined  efficiency  of  engine,  dynamo,  and  gearing  being  70  per  cent,  what 
is  the  candle-power  available  for  every  indicated  horse-power? 

Ans.   18;  11;  130.55. 
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88.  A  cast-iron  fly-wheel  of  36  sq.  ins.  section  and  120  ins.  mean  diameter 
makes  60  revolutions  per  minute.  Find,  approximately,  the  mean  energy 
of  rotation.  Also  find  the  number  of  revolutions  per  minute  after  losing  800 
ft.-lbs.  of  energy.  Ans.  54,424  ft.-lbs. ;  59. 

89.  If  the  earth  be  assumed  to  be  spherical,  how  much  heat  would  be 
developed  if  its  axial  rotation  were  suddenly  stopped,  a  unit  of  heat  corre- 
sponding to. 778  ft.-lbs.?  Weight  of  mass  of  earth  =  10" X 6.029  tons;  diam- 
eter of  earth  =8000  miles. 

90.  A  fly-wheel  supported  on  a  horizontal  axle  2  ins.  in  diameter  is  pulled 
round  by  a  cord  wound  round  the  axle  carrying  a  weight.  It  is  found  that  a 
weight  of  4  lbs.  is  just  sufficient  to  overcome  the  friction.  A  further  weight 
of  16  lbs.,  making  20  in  all,  is  applied,  and  after  two  seconds  starting  from 
rest  it  is  found  that  th^  weight  has  gone  down  12  ft.  Find  the  moment  of 
inertia  of  the  wheel.  Ans.  .014. 

91.  Find  the  horse-power  of  an  engine  which  pumps  up  water  from  a  depth 
of  50  ft.  and  delivers  it  at  the  rate  of  1000  gals,  per  minute  through  a  pipe 
whose  cross-section  is  1  sq.  ft.  Ans.  15/^- 

92.  A  fly-wheel  with  a  rim  of  uniform  axial  thickness  weighs  1000  lbs., 
has  a  60-in.  external  and  a  48-in.  internal  diameter,  and  makes  60  revolutions 
per  minute.  The  greatest  fluctuation  of  energy  is  1000  ft.-lbs.  Find  the  varia- 
tion in  speed. 

Ans.  9.36  revolutions  per  minute. 

93.  A  beam  will  safely  carry  1  ton  with  a  deflection  of  1  in.  From  what 
height  may  a  weight  of  100  lbs.  drop  without  injuring  it,  neglecting  the  effect 
of  inertia?  "  Ans.  10.2  in. 

94.  A  cut  of  .06  in.  depth  is  being  made  on  a  4-in.  wrought-iron  shaft 
revolving  at  1 0  revolutions  per  minute ;  the  traverse  feed  is  .3  in.  per  revolution ; 
the  pressure  on  the  tool  is  found  to  be  400  lbs.  What  is  the  horse-power  ex- 
pended on  the  tool?    How  much  metal  is  removed  per  hour  per  horse-power? 

Ans.  .1381;  98.28  cu.  ins. 

95.  The  travel  of  the  table  of  a  planing-machine  which  cuts  both  ways 
is  9  ft.;  taking  the  resistance  to  be  overcome  at  400  lbs.  and  the  number  of 
double  strokes  per  hour  at  80,  find  the  horse-power  absorbed  in  cutting. 

Ans.  29. 

96.  The  fly-wheel  of  a  3-H.P.  riveting-machine  fluctuates  between  80  and 
120  revolutions  per  minute;  every  two  seconds  an  operation  occurs  which 
requires  seven  eighths  of  all  the  energy  supply  for  two  seconds.  Find  the 
wheel 's  moment  of  inertia.  Ans.  65.6. 

97.  A  fly-wheel  weighing  5  tons  has  a  mean  radius  of  gyration  of  10  ft- 
The  wheel  is  carried  on  a  shaft  of  12  ins.  diameter,  and  is  running  at  65  revolu- 
tions per  minute.  How  many  revolutions  will  the  wheel  make  before  stopping, 
if  the  coefficient  of  friction  of  the  shaft  in  its. bearing  is  0.065?  (Other  resist- 
ances may  be  neglected.)  Ans.  352. 

98.  In  a  gas-engine,  using  the  Otto  cycle,  the  I.H.P.  is  8,  and  the  speed  is 
264  revolutions  per  minute.  Treating  each  fourth  single  stroke  as  effective 
and  the  resistance  as  uniform,  find  how  niany  foot-lbs.  of  energy  must  be 
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stored  in  a  fly-wheel  in  order  that  the  speed  shall  not  vary  by  more  than  one- 
fortieth  above  or  below  its  mean  value.  Ans.  30,000  ft.-lbs. 

99.  A  sphere,  mass  16  lbs.,  at  rest  is  struck  by  another,  mass  8  lbs.,  moving 
with  a  velocity  of  20  miles  per  hour  in  a  direction  making  an  angle  of  45°  with 
the  line  of  centres  at  the  moment  of  impact;  the  coefficient  of  rebound  is 
i.     Determine  the  subsequent  motion. 

100.  A  steamer  of  8000  tons  displacement  sailing  due  east  at  16  knots 
an  hour  colhdes  with  a  steamer  of  5000  tons  displacement  saihng  at  10  knots 
an  hour.  Find  the  energy  of  collision  if  the  latter  at  the  moment  of  collision 
is  going  (1)  due  west;   (2)  northwest;    (3)  northeast. 

Ans.  92,823;  79,951;  17,820  ton-ft. 

101.  A  fly-wheel  weighs  10,000  lbs.,  and  is  of  such  a  size  that  the  matter 
composing  it  may  be  treated  as  if  concentrated  on  the  circumference  of  a  cir- 
cle 12  ft.  in  radius;  what  is  its  kinetic  energy  when  moving  at  the  rate  of 
15  revolutions  a  minute? 

How  many  turns  would  it  make  before  coming  to  rest,  if  the  steam  were 
cut  off  and  it  moved  against  a  friction  of  400  lbs.  exerted  on  the  circumference 
of  an  axle  1  ft.  in  diameter?  Ans.  55,561.2  ft.-lbs.;  44.2  turns. 

102.  Two  inelastic  bodies,  the  one  of  100  lbs.  moving  due  W.  at  20  f/s, 
the  other  of  50  lbs.  moving  due  E.  at  10  f/s,  collide.  Find  the  energy  of  col- 
lision. What  will  be  the  energy  of  collision  if  they  move  in  the  same  direction, 
i.e.,  due  E.  or  due  W.?  Ans.  468}  ft.-lbs. ;  52-^  ft.-lbs. 

103.  Prove  that  for  a  rope  round  pulleys,  running  at  3000  ft.  a  minute, 
to  transmit  40  horse-power,  the  tension  on  the  driving  side  must  be  880  lbs., 
supposing  it  double  the  tension  on  the  slack  side. 

104.  A  fly-wheel  weighs  20  tons  and  its  radius  of  gyration  is  5  ft.  How 
much  work  is  given  out  while  the  speed  falls  from  60  to  50  revolutions  per 
minute?  Ans.  94.3  ft. -tons. 

105.  A  tower  is  to  be  built  of  brickwork,  and  the  base  is  a  rectangle  22  ft. 
ty  9,  and  the  height  is  66  ft.,  the  waUs  being  2  ft.  thick.  Find  the  number 
of  units  of  work  expended  on  raising  the  bricks  from  the  ground,  and  the  num- 
ber of  hours  in  which  an  engine  of  3  horse-power  would  raise  them,  a  cubic 
foot  of  brickwork  weighing  1  cwt.  Ans.  26,345,088  ft.-lbs. 

106.  A  rifle-bullet  .45  in.  in  diameter  weighs  1  oz.;  the  charge  of  powder 
weighs  85  grains;  the  muzzle-velocity  is  1350  ft.  per  second;  the  weight  of 
the  rifle  is  9  lbs.  Neglecting  the  twist,  determine  the  energy  of  1  lb.  of  powder. 
If  the  bullet  loses  ^  of  its  velocity  in  its  passage  through  the  air,  find  the  aver- 
age force  of  the  blow  on  the  target  into  which  the  bullet  sinks  J  in. 

If  there  is  a  twist  of  1  in  in  20  in.,  find  the  charge  to  give  the  same  muzzle 
velocity,  the  length  of  the  barrel  being  33  in. 

107.  The  table  of  a  small  planing-machine,  which  weighs  1  cwt.,  make 
six  double  strokes  of  4^  ft.  each  per  minute.  The  coefficient  of  friction  between 
ihe  shding  surfaces  is  0.07.  What  is  the  work  performed  in  foot-poimds  per 
jninute   in  moving  the  table?  Ans.  423.3 
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1 08.  The  fly-wheel  of  a  40-H.P.  engine,  making  50  revolutions  per 
minute,  is  20  ft.  in  diameter  and  weighs  12,000  lbs.  What  is  its  kinetic 
energy? 

If  the  wheel  gives  out  work  equivalent  to  that  done  in  raising  5000  lbs. 
through  a  height  of  4  ft.,  how  much  velocity  does  it  lose? 

The  axle  of  the  fly-wheel  is  12  in.  in  diameter.  What  proportion  of  the 
horse-power  is  required  to  turn  the  wheel,  the  coefficient  of  friction  being  .08? 

If  the  fly-wheel  is  disconnected  from  the  engine  when  it  is  making  50  revo- 
lutions per  minute,  how  many  revolutions  will  it  make  before  it  comes  to  rest? 
Ans.  511,260.4  ft.-lbs.;  1.04  ft.  per  sec;  A;  169.4. 

109.  A  imiform  circular  disc,  whose  radius  is  4  ins.  and  weight  2  lbs.,  can 
turn  about  a  horizontal  axis  through  its  centre  at  right  angles  to  its  plane. 
When  started  at  the  rate  of  200  revolutions  per  minute,  and  left  to  itself; 
it  is  observed  to  come  to  rest  in  one  minute. 

Prove  that  the  retarding  couple  (supposed  constant)  has  the  same  moment 
as  a  weight  of  25^^  grains  attached  to  the  rim  at  the  extremity  of  a  horizontal 
radius.     Also  find  how  many  revolutions  it  makes. 

no.  A  particle  is  placed  on  a  rough  horizontal  plate  at  a  distance  of  9  ins. 
from  a  vertical  axis  about  which  the  plate  can  turn.  Find  the  greatest  num- 
ber of  revolutions  per  minute  the  plate  can  make  without  causing  the  particle 
to  slip  upon  it,  the  coefficient  of  friction  being  |.  Ans.  50tf. 

111.  A  wrought-iron  fly-wheel  10  ft.  in  diameter  makes  63  revolutions 
per  minute.  Find  the  intensity  of  stress  on  a  transverse  section  of  the  rim, 
disregarding  the  influenfte  of  the  arms.  If  the  wheel,  which  weighs  W  lbs. 
gives  out  work  equivalent  to  that  done  in  raising  W  through  a  height  of 
5^  ft.  in  1  sec,  what  velocity  will  it  lose?  If  the  axle  of  the  wheel  is  10  in. 
in    diameter   and   if  .08   is   the    coefficient   of   friction,  show  that    it   will 

take  -|^  H.P.  to  turn  the  wheel.     (g=32.2.) 
2500 

Ans.  16,335  lbs.;  5.6  ft.  per  sec 

112.  An  engine  of  400  horse-power  can  draw  a  train  of  200  tons  gross 
up  an  incline  of  1  in  280  at  30  miles  an  hour.  Determine  the  resistance  of 
the  road  in  pounds  per  ton.  Ans.  17  lbs. 

113.  Prove  that  a  train  going  45  miles  an  hour  will  be  brought  to  rest 
in  about  378  yards  by  the  brakes,  supposing  them  to  press  with  two-thirds 
of  the  weight  on  the  wheels  of  the  engine  and  brake-vans,  which  are  half  the 
weight  of  the  train,  taking  a  coefficient  of  friction  0.18. 

Prove  that  an  engine  capable  of  exerting  a  uniform  pull  of  3  tons  can  take 
this  train,  weighing  120  tons,  on  the  level  from  one  station  to  stop  at  the  next, 
2  miles  off,  in  about  3  mins.  38^  sees.,  the  speed  being  kept  uniform  when  it 
has  reached  45  miles  an  hour. 

114.  Determine  the  constant  effort  exerted  by  a  horse  whioh  does  1,650,000 
ft.-lbs.  of  work  in  one  hour  when  walking  at  the  rate  of  2^  miles  per  hour. 

Ans.  125  lbs. 
lis.  A  train  is  drawn  by  a  locomotive  of  160  H.P.  at  the  rate  of  60  miles 
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an  hour  against  a  resistance  of  20  lbs.  per  ton.      What  is  the  gross  weight 
of  the  train?  .Ans.  50  tons. 

1 1 6.  A  train  of  292f  tons  is  drawn  up  an  incUne  of  1  in  75,  5^  miles  long, 
against  a  resistance  of  10  IJjs.  per  ton,  in  ten  minutes.  Find  the  H.P.  of  the 
engine.  The  speed  on  the  level,  the  engine  exerting  769.42  H.P.,  is  43.4  miles 
per  hour.     What  is  the  resistance  in  pounds  per  ton? 

Ans.  1027  H.P.;  22.7  lbs.  per  ton. 

117.  An  engine  with  its  tender  weighs  80  tons.  It  is  moving  uniformly 
at  the  rate  of  20  miles  an  hour,  against  a  resistance  of  7  lbs.  a  ton.  At  what 
horse-power  is  it  working? 

If  it  drew  after  it  a  train  of  12  carriages,  each  weighing  10  tons,  at  the 
rate  of  40  miles  an  hour,  against  a  resistance  of  8  lbs.  a  ton,  at  what  horse- 
power would  it  now  be  working?  Ans.  29f|;  170J. 

118.  Given  a  locomotive  with  two  18"X26"  cylinders,  the  connecting- 
rod  =  6  ft.,  the  boiler-pressure  =140  lbs.,  and  driving-wheels  of  7'  0"  diameter, 

calculate  the  adhesion-friclion,  i.e.,  the  ratio  — .  ,  ^  ^    ,  . — -. 

weight  on  drivers 

119.  A  railway  wagon  weighing  20  tons,  with  two  pairs  of  wheels  8'  0" 
centre  to  centre,  and  with  its  centre  of  inertia  7'  0"  above  top  of  rails,  has 
its  wheels  skidded  while  running.  Take  ft  =0.15.  Required  the  total  retard- 
ing force  and  pressure  of  each  wheel. 

Ans.  7.375;  12.625,  and  3  tons  on  rail. 

120.  Prove  that  if  a  motor  car  going  at  100  km./h.  can  be  stopped  in 
200  m.,  the  brakes  can  hold  the  car  on  an  incline  of  1  in  5,  and  determine  the 
time  required  to  stop. 

121.  What  horse-power  is  given  up  in  lowering  by  2  ft.  the  level  of  the 
surface  of  a  lake  2  square  miles  in  area  in  300  hours,  the  water  being  lifted 
to  an  average  height  of  5  ft.  ?  Ans.  29.23. 

122.  A  cistern  at  a  height  of  250  ft.  above  the  river  is  to  be  filled  with 
20,000  gals,  of  water  every  24  hours  by  pumps  worked  by  a  turbine  with  a 
fall  of  4  ft.  Determine  how  much  water  the  turbine  wiU  require,  and  its 
horse-power  with  an  efficiency  of  70  per  cent. 

Ans.  875,000  gals,  per  24  hours;  1.05. 

123.  Taking  the  average  power  of  a  man  as  one  tenth  of  a  horse-power, 
and  the  efficiency  of  the  pump  used  as  0.4,  in  what  time  will  ten  men  empty 
a  tank  of  50' X  30' X  6'  filled  with  water,  the  lift  being  an  average  height  of 
30  ft.?  Ans.  1274  minutes. 

124.  A  fire-engine  pump  is  provideci  with  a  nozzle  the  sectional  area  of 
which  is  1  square  inch,  and  the  water  is  projected  through  the  nozzle  with 
an  average  normal  velocity  of  130  ft.  per  second;  find  (1)  the  number  of 
cubic  feet  discharged  per  second,  (2)  the  weight  of  water  discharged  per  min- 
ute, (3)  the  kinetic  energy  of  each  poimd  of  water  as  it  leaves  the  nozzle,  (4) 
the  horse-power  of  the  engine  required  to  drive  the  pump,  assuming  the  effi- 
ciency to  be  70  per  cent.  Ans.  .9  cu.  ft.;  1.51  tons;  262.3  ft.-lbs.;  38.3 

125.  Find  the  shortest  time  from  rest  to  rest  in  which  a  chain  capable  of 
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bearing  a  safe  load  of  25  tons  can  raise  a  weight  of  10  tons  out  ©f  a  hold  15  ft. 
deep;  also  find  the  greatest  load  which  can  be  raised  or  lowered  in  2^  seconds. 

Ans.  li  seconds;  21 J  tons. 
126.  A  heavy  vertical  chain  is  drawn  upwards  by  a  given  force  of  P  lbs- 
weight,  which  exceeds  its  weight  W.    Find  its  acceleration  and  its  tension 
a*  any  assigned  point.    Show  that  the  tension  at  its  middle  point  is  iP. 

P  —  W 
Ans.  — Ty— ?)  ^P>  n  being  the  fraction  of  the  chain  below  the  point  con- 
sidered. 
12,7.  A  rope  500  ft.  long,  and  weighing  2  lbs.  a  foot,  is  wound  on  a  roller. 
What  is  the  difference  of  its  potential  energy  in  this  position  and  in  its  position 
when  200  ft.  of  the  rope  have  rolled  out,  neglecting  friction  and  the  weight 
of  the  roller  and  supposing  that  no  part  of  the  rope  touches  the  ground? 

Ans.  1,280,000  ft.-poundals. 

128.  A  chain  hanging  vertically,  520  ft.  long,  weighing  20  lbs.  per  foot, 
is  wound  up;  what  work  is  done?  Ans.  1362  ft. -tons. 

129.  What  is  the  kinetic  energy  of  a  tramcar  moving  at  6  miles  per  hour, 
laden  with  thirty-six  passengers,  each  of  the  average  weight  of  11  stones, 
weight  of  car  2^  tons?  What  is  its  momentum?  If  stopped  in  two  seconds, 
what  is  the  average  force?  If  the  force  is  constant,  this  must  also  be  the 
space  average  force;   find  the  distance  of  stopping  if  the  force  is  constant. 

Ans.  13,400  ft.-lbs.;    3045.565;    1522.8  lbs.;    88  ft. 

130.  Find  the  horse-power  of  a  locomotive  which  moves  a  train  of  mass 
50  tons  at  the  rate  of  30  miles  an  hour  along  a  level  railroad,  the  resistance 
from  friction  and  the  air  being  16  lbs.  weight  per  ton.  Ans.  64. 

131.  Acyhnder  and  a  ball,  each'of  radius  iE,  start  from  rest  and  roll  down 
an  inchned  plane  without  sUpping.  If  V  is  the  velocity  of  translation  after 
descending  through  a  vertical  distance  h,  show  that 

V''=^{2gh)  in  the  case  of  the  cylinder 
and 

F'=|(2j/i)  in  the  case  of  the  ball. 

132.  A  wheel  having  an  initial  velocity  of  10  ft.  per  second  ascends  an 
incline  of  1-in  100.  How  far  will  the  wheel  run  along  the  incline,  neglecting 
friction?    g=W2.2.  Ans.  232.9  ft. 

133.  The  fly-wheel  of  an  engine  of  4  H.P.  running  at  75  ~  revolutions  per 
minute  is  equivalent  to  a  heavy  rim  of  45  ins.  mean  diameter,  weighing  500  lbs. 
Determine  the  ratio  of  the  kinetic  energy  in  the  fly-wheel  to  the  energy  de- 
veloped in  a  revolution,  and  also  find  the  maximum  and  minimum  speeds 
of  rotation  when  the  fluctuation  of  energy  is  one  fourth  of  the  energy  of  a 
revolution.  Ans.  1;  1.94;  75.2,  74.8. 

134.  It  was  found  that  when  a  length  of  12  ins.  was  cut  off  the  muzzle  of 
a  6-in.  gun,  the  velocity  feU  from  1490  to  1330  f/s.  If  the  weight  of  the  shot 
was  100  lbs.,  calculate  the  pressure  on  its  base  as  it  left  the  muzzle. 

Ans.  11.13. 

135.  Three  goods  trucks,  weighing  respectively  5  tons,  7  tons,  and  8  tons. 
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are  placed  on  the  same  line  of  rails.  The  first  is  made  to  impinge  on  the 
second  with  a  velocity  of  60  ft.  per  second  without  rebounding.  The  first 
and  second  together  impinge  in  the  same  way  on  the  third.  Find  the  final 
velocity.  Ans.  15  f/s. 

136.  A  steel  punch  f  in.  in  diameter  is  employed  to  punch  a  hole  in  a  plate 
•|  in.  in  thickness;  what  will  be  the  least  pressure  necessary  to  drive  a  punch 
through  the  plate  when  the  shearing  strength  of  the  material  is  35  tons  per 
square  inch?  Ans.  51.56  tons. 

137.  Find  the  weight  of  rim  required  for  the  fiy-wheels  of  a  punching- 
machine,  intended  to  punch  holes  IJ  in.  diameter  through  l^-in.  plates;  speed 
of  rim  30  ft.  per  second. 

138.  In  a  fly-press  for  punching  holes  in  iron  plates,  the  two  balls  weigh 
30  lbs.  each,  and  are  placed  at  a  radius  of  30  ins.  from  the  axis  of  the  screw, 
the  screw  itself  having  a  pitch  of  1  in.  What  diameter  of  hole  could  be  punched 
by  such  a  press  in  a  wrought-iron  plate  of  \  in.  thickness,  the  shearing  strength 
of  which  is  25.2  tons  per  square  inch?  Assume  that  the  balls  are  revolving 
at  the  rate  of  60  revolutions  per  minute  when  the  punch  comes  into  contact 
with  the  plate,  and  that  the  resistance  is  overcome  in  the  first  sixteenth  of 
an  inch  of  the  thickness  of  the  plate.  Ans.  1.136  in. 

139.  Find  the  stress  due  to  centrifugal  force  in  the  rim  of  a  cast-iron  wheel 
8  ft.  diameter,  running  at  160  revolutions  per  minute. 

140.  Find  in  pounds  the  horizontal  thrust  on  the  rails,  of  an  engine  weigh- 
ing 20  tons,  going  round  a  curve  of  600  yds.  radius  at  30  miles  an  hour. 

Ans.  Weight  of  13j  cwts. 

141.  A  leather  belt  runs  at  2400  ft.  per  minute.  Find  how  ftiuch  its  tension 
is  increased  by  centrifugal  action,  the  weight  of  leather  being  taken  at  60  lbs. 
per  cubic  foot.  Ans.  20f  lbs.  per  square  inch. 

142.  Find  the  centrifugal  force  arising  from  a  cylindrical  crank-pin  6  in. 
long  and  3^  in.  in  diameter,  the  axis  of  the  pin  being  12  in.  from  the  axis  of 
the  engine-shaft,  which  makes  100  revolutions  per  minute.  How  would  you 
balance  such  a  pin?  Ans.  55.02  lbs. 

143.  A  railway  carriage  of  mass  1000  lbs.  is  travelling  with  velocity  50 
f/s  round  a  curve.  If  the  radius  of  the  curve  be  1000  ft.,  find  the  magnitude 
and  direction  of  the  resultant  thrust  on  the  rails.  If  the  rails  are  4  ft.  8^  ins. 
apart,  find  how  much  the  outer  rail  must  be  raised  so  that  the  carriage  may 
press  perpendicularly  on  the  rails. 

Ans.  1003.04  lbs.;  tan—  A;  ^Jins. 

144.  In  a  fly-wheel  weighmg  12,000  lbs.  and  making  50  revolutions  per 
minute,  the  centre  of  gravity  is  one  seventeenth  of  an  inch  out  of  the  centre. 
Find  the  centrifugal  force.  Ans.  50.4  lbs. 

145.  In  the  preceding  question,  if  the  axis  of  rotation  is  inchned  to  the 
plane  of  the  wheel  at  an  angle  cot"'  .001,  find  the  centrifugal  couple,  the 
radius  of  gyration  being  10  ft.  Ans.,  1028.9  ft.-lbs. 

146.  A  rubber  tire  weighing  2  lbs.  per  foot  is  stretched  over  the  circum- 
ference of  a  wheel  3  ft.  in  diameter,  the  tangential  pull  in  the  rubber  being 
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10  lbs.  Find  the  radial  pressure  exerted  by  the  tire  on  the  circumference  of 
the  wheel  per  inch  of  length  when  the  wheel  is  at  rest,  and  the  speed  at  which 
the  wheel  must  revolve  to  make  the  tire  cease  to  exert  any  radial  pressure. 

147-  An  engine  of  mass  1  ton  is  traveUing  round  a  curve  at  the  rate  of 
30  miles  an  hour.  If  the  curve  is  an  arc  of  a  circle  whose  radius. is  1210  ft., 
determine  the  horizontal  thrust  between  the  engine  and  the  rails. 

Ans.  .05  ton. 

148.  Prove  that  the  india-rubber  band  of  a  bicycle  will  become  slack  when 
running  at  more  than  {ngdT /W)^  f/s,  where  W  denotes  the  weight  of  the 
band  in  pounds,  T  the  tension  in  pounds,  and  d  the  diameter  of  the  wheel  in 
feet. 

149.  What  is  the  angular  velocity  of  the  4-ft.  wheel  of  a  car  which  is  travel- 
ling at  the  rate  of  30  miles  per  hour?  What  is  the  relative  velocity  of  the 
centreandthehighestpoint  of  the  wheel?  Ans.  22;  30m/h. 

150.  A  locomotive  engine  weighing  9  tons  passes  round  a  curve  600  ft. 
in  radius  with  a  velocity  of  30  miles  an  hour.  What  force  tending  towards 
the  centre  of  the  curve  must  be  exerted  by  the  rails  so  that  the  engine  may 
move  on  this  curve?  Ans.  Weight  of  18.15  cwts. 

151.  If  trains  are  to  run  at  30  miles  an  hour,  find  how  much  the  outer 
rail  should  be  raised  on  a  curve  of  half  a  mile  radius,  the  gauge  being  4  ft., 
so  that  there  shall  be  no  side  thrust  on  the  flange.  Ans.  1.1  in. 

152.  A  railway  train  is  running  smoothly  along  a  curve  at  the  rate  of  60 
miles  an  hour,  and  in  one  of  the  cars  a  pendulum  which  would  ordinarily 
oscillate  seconds  is  observed  to  oscillate  121  times  in  two  minutes.  Show 
that  the  radius  of  the  curve  is  =1650  ft.  nearly. 

153.  If  a  railway  carriage  without  flanges  to  its  wheels  moves  on  a  cir- 
cular curve,  show  how  the  effect  of  the  centrifugal  force  may  be  counteracted 
by  a  rise  of  the  outer  rail,  and  find  what  the  rise  of  the  outer  above  the  inner 
rail  should  be  if  the  radius  of  the  circle  be  1320  ft.,  with  a  velocity  of  the  train 
30  miles  an  hour,  and  the  breadth  of  the  track  5  ft.  Ans.  2|  ins. 

154.  A  train  weighing  4000  lbs.  per  lineal  ft.  has  a  speed  of  30  miles  per 
hour  around  a  10-degree  curve  on  a  steel  viaduct.  Find  (a)  the  transverse 
pressure  per  lineal  ft.  of  structure  due  to  the  centrifugal  load;  (6)  the  super- 
elevation of  the  outer  rail.  Ans.  (a)  420  lbs. ;  (6)  5.95  inches. 

iSS.  The  fly-wheel  of  an  engine  makes  80  revolutions  per  minute,  and  the 
reciprocal  of  the  coefficient  of  fluctuation  of  the  velocity  is  not  to  exceed  40. 
Determine  the  least  moment  of  energy  required,  the  fluctuation  of  energy 
per  second  being  8000  lbs.  If  the  weight  of  the  wheel  is  4000  lbs.,  find  the 
radius  of  gyration.  Ans.  4500;  6  ft. 

156.  A  circular  disk  of  cast  iron  (sp.  g.  =7.1)  10  ins.  in  diameter  and  1  in 
thick  acts  as  a  pulley  for  a  cord  carrying  10  lbs.  on  one  end  and  5  lbs.  on  the 
other.  Find  the  angular  velocity  of  rotation  of  the  pulley,  and  the  hnear 
velocities  of  the  weights  50  seconds  after  starting  from  rest,  disregarding  the 
fluctuation  of  the  shaft  and  its  inertia.        Ans.  770;    320  ft.  per  second. 
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157.  A  fly-wheel  of  a  shearing-machine  has  150,000  ft.-lbs.  of  kinetic  energy- 
stored  in  it  when  its  speed  is  250  revolutions  per  minute;  what  energy  does 
it  part  with  during  a  reduction  of  speed  to  200  revolutions  per  minute?  If 
82  per  cent  of  this  energy  given  out  is  imparted  to  the  shears  during 
a  stroke  of  2  ins.,  what  is  the  average  force  due  to  this  on  the  blade  of  the 
shears? 

158.  A  4  in.  X3  in.  diameter  crank-pin  is  to  be  balanced  by  two  weights 
on  the  same  side  of  the  crank;  the  length  of  the  crank  is  12  ins.;  the  engine 
makes  100  revolutions  per  minute;  the  distance  of  the  C.  of  G.  of  each 
weight  from  the  axis  of  the  shaft  is  6  in.    Find  the  weights. 

159.  A  heavy  ball  attached  by  a  string  to  a  fixed  point  0  revolves  in  a 
horizontal  circle  with  a  given  uniform  angular  velocity  a>.  Find  the  vertical 
depth  of  the  centre  of  the  ball  below  the  point  of  attachment. 

If  a  uniform  rod  be  substituted  for  the  ball  and  string,  find  its  position. 

Also  find  the  position  when  the  ball  is  attached  to  the  fixed  point  by  a 

uniform  rod;  r  being  the  ratio  of  the  weight  of  the  rod  to  the  weight  of  the 

^^^'  Ans.  h=l--  h4^-,  /.  =  |4'^^ 

(1)''         2  01'  2  oi^n+S 

160.  The  deflection  of  a  truss  of  I  ft.  span  is  ZX.OOl  under  a  stationary 
load  W.  What  will  be  the  increased  pressure  due  to  centrifugal  force  when 
W  crosses  the  bridge  at  the  rate  of  60  miles  an  hour?  242  W 

^''^-  125  T- 

161.  A  fly-wheel  20  ft.  in  diameter  revolves  at  30  revolutions  per  minute. 
Assuming  weight  of  iron  450  lbs.  per  cubic  foot,  find  the  intensity  of  the 
stress  on  the  transverse  section  of  the  rim,  assuming  it  unaffected  by  the 
arms.  Ans.  96  lbs.  per  square  inch. 

162.  Diameter  of  a  pipe  is  18  in.;  at  one  point  it  is  curved  to  an  arc  of 
6  ft.  radius.  Water  flows  round  the  curve  with  a  velocity  of  6  ft.  per  second. 
Determine  the  centrifugal  force  per  foot  of  length  of  bend  measured  along 
the  axis.  Ans.  20.717  lbs. 

163.  A  disk  of  weight  W  and  area  A  square  feet  makes  n  revolutions  per 
second  about  an  axis  through  its  centre,  inchned  at  an  angle  0  to  the  normal 
to  the  plane  of  the  disk.     Find  the  centrifugal  couple. 

Ans.  -^-rs-  tan  d  ft.-lbs. 
0.1^ 

164.  Assuming  15,000  lbs.  per  square  inch  as  the  tensile  strength  of  cast 
iron,  and  taking  5  as  a  factor  of  safety,  flnd  the  maximum  working  speed  and 
the  bursting  speed  for  a  cast-iron  fly-wheel  of  20  ft.  mean  diameter  and  weigh- 
ing 24,000  lbs.,  the  section  of  the  rim  being  160  sq.  in. 

165.  A  60-in.  driving-wheel  weighs  3^^  tons,  and  its  C.  of  G.  is  1  in.  out  of 
centre.     Find  the  greatest  and  the  least  pressure  on  the  rails. 

166.  A  wheel  of  weight  W,  radius  of  gyration  k,  and  making  n  revolutions' 
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per  second  on  an  axle  of  radius  R,  comes  to  rest  after  having  made  N  revo- 
hitions.     Find  the  coefficient  of  friction. 

Ans.  sin^=^^^^,  and  coeff.  of  fric.=tan^. 

167.  The  maximum  variation  in  the  energy  of  a  fly-wheel  whose  mean 
speed  is  101  revolutions  per  minute  is  16,500  ft.-lbs.  Find  the  weight  and 
approximate  section  of  the  rim  of  the  wheel,  the  mean  diameter  being  10  ft., 
and  the  greatest  variation  of  speed  being  2J  per  cent  from  its  mean  value. 

168.  A  hammer  weighing  2  lbs.  strikes  a  nail  with  a  velocity  of  15  ft.  per 
second,  driving  it  in  |  in.    What  is  the  mean  pressure  overcome  by  the  nail? 

Ans.  675  lbs. 

169.  A  mass  of  50  lbs.  falls  from  a  height  of  50  ft.  and  penetrates  2  ft, 
into  loose  sand.    To  find  the  resistance  of  the  sand  in  pounds  weight. 

Ans.  1300  lbs. 

170.  A  pile-driver  of  300  lbs.  falls  20  ft.,  and  is  stopped  in  ^  second.  What 
is  the  average  force  exerted  on  the  pile?  Ans.  3344  lbs. 

171.  Determine  in  tons  the  mean  thrust  on  the  terminus  buffers,  which 
stop  in  6  ft.  a  train  of  200  tons  going  at  6  m/h;  also  find  the  time  it  brakes 
in  seconds.  Ans.  40^  tons;    Itt  seconds. 

172.  Show  that  a  brake  resistance  of  385  lbs. /ton  will  destroy  a  velocity 
of  60  m./h.  in  704  ft.  and  in  16  seconds. 

173.  With  full  brake  power  it  is  possible  to  pull  up  a  train  in  225  ft.  when 
running  at  30  m/h,  and  in  900  ft.  at  60  m/h.  How  many  seconds  does  it 
take  to  puU  up,  and  what  wiU  be  the  distance  overshot  by  the  delay  of  a  second 
in  the  action  of  the  brakes? 

174.  The  brakes  of  a  train  reduce  its  speed  3i  m/h  every  second,  and 
take  one  second  to  be  applied.  In  what  distance  can  a  train  be  stopped  when 
going  at  30  m/h  and  at  60  m/h? 

17s.  Determine  the  length  and  time  in  which  a  barge  of  50  tons  moving 
at  2  m/h  can  be  brought  up  by  a  rope  round  a  post,  supposing  the  breakifig 
pull  of  the  rope  is  1  ton. 

176.  An  express  train,  timed  to  run  at  the  full  speed  of  60  m/h,  is  checked 
by  a  signal  to  20  m/h  over  a  mile  of  road  under  repair.  The  train  takes 
one  mile  from  rest  to  get  up  fuU  speed,  and  half  a  mile  to  pull  up.  Show  that 
the  train  will  be  2  minutes  40  seconds  late. 

177.  A  weight  falls  16  ft.  and  does  2560  ft.-lbs.  of  work  upon  a  pile  which 
it  drives  4  ins.  against  a  uniform  resistance.  Find  the  weight  of  the  ram, 
and  the  resistance.  Ans.  160  lbs.;  7680  lbs. 

178.  When  a  nail  is  driven  into  wood,  why  do  the  blows  seem  to  have 
little  if  any  effect  unless  the  wood  is  backed  up  by  a  piece  of  metal  or  stone? 

179.  A  hammer  weighing  2  lbs.  strikes  a  steel  plate  with  a  velocity  of  10 
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ft.  per  second,  and  is  brought  to  rest  in  .0001  second.     What  is  the  average 
force  on  the  steel?  Ans.  6250  lbs. 

i8o.  A  hammer  weighing  10  lbs.  strikes  a  blow  of  10  ft.-lbs.  and  drives  a 
nail  .5  in.  into  a  piece  of  timber.  Find  the  velocity  of  the  hammer  at  the 
moment  of  contact,  and  the  mean  resistance  to  entry.  Also  find  the  steady 
pressure  that  will  produce  the  same  effect  as  the  hammer. 

Ans.  8f/s;  240  lbs.;  480  lbs. 

i8i.  In  Ex.  179,  taking  the  weight  of  the  naif  to  be  4  oz.  and  the  weight 
of  the  piece  of  timber  to  be  100  lbs.,  find  the  depth  and  time  of  the  penetration 
(a)  when  the  timber  is  fixed;  (b)  when  the  timber  is  free  to  move. 

Also  in  case  (6)  find  the  distance  through  which  the  timber  moves. 

Ans.  (o)|f  in.;  ^second;    (6)  .44245  in.;   .0009448  second;   .04113  in. 

182.  An  inelastic  pile  weighing  half  a  ton  is  driven  12  ft.  into  the  ground 
by  30  blows  of  a  hammer  weighing  2  tons  falling  30  ft. 

Prove  that  it  would  require  120  tons  in  addition  to  the  hammer  to  be  super- 
posed on  the  pile  to  drive  it  down  slowly,  supposing  the  resistance  of  the  ground 
uniform;  but  240  tons  if  the  resistance  increases  as  the  penetration. 

Prove  that,  with  uniform  resistance,  each  movement  of  the  pile  takes 
0.0228  second. 

183.  If  the  resistance  of  the  ground  to  the  penetration  of  an  inelastic  pile 
is  60  tons,  prove  that  15  blows  of  a  hammer  weighing  1  ton  falling  20  ft.  will 
drive  the  pile  4  ft.  into  the  ground,  the  pile  weighing  ^  ton. 

Prove  also  "that  the  time  of  each  movement  of  the  pile  is  0.01863  second. 

184.  An  inelastic  pile  weighing  788  lbs.  is  driven  3J  ft.  into  the  ground  by 
120  blows  from  a  weight  of  112  lbs.  falling  30  ft  Find  the  steady  load  upon 
the  pile  which  will  produce  the  same^  effect,  assmning  the  ground-resistance 
to  be  (a)  uniform;  (&)  proportional  to  the  depth  of  penetration.  If  the  re- 
sistance is  uniform,  how  long  (c)  does  each  movement  of  the  pile  last?  How 
many  blows  (d)  are  required  to  drive  the  pile  the  first  half  of  the  depth,  viz., 
1|  ft.,  the  ground-resistance  being  7168  lbs.?  How  far  (e)  does  the  pile  sink 
under  the  last  blow? 

Ans.  (a)  14,336  lbs.;- (6)  28,672  lbs.;  (c)  .0107  second;  (d)  30;  (e)  .0146  ft- 

185.  A  pile  is  driven  a  ft.  vertically  into  the  ground  by  n  blows  of  a  steam- 
hammer  fastened  to  the  head  of  the  pile.  Prove  that,  if  p  is  the  mean  preS' 
sure  of  the  steam  in  pounds  per  square  inch,  d  the  diameter  of  piston  in  inches, 
I  the  length  of  stroke  in  feet,  W  the  weight  in  pounds  of  the  moving  parts 
of  the  hammer,  w  lbs.  the  weight  of  the  pile  and  the  fixed  parts  of  the  hammer 
attached  to  it,  then  the  mean  resistance  of  the  ground  in  pounds  is 


nW    l^jA     „  \  I 
W +w\        4      V  o 
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186.  Prove  that  if  a  hammer-head  weighing  2  lbs.,  striking  with  a  velocity 
of  50  f/s  a  nail  A  in.  in  diameter  and  weighing  1  oz.,  drives  the  nail  1  in. 
into  a  plank  of  wood,  then  a  bullet  0.5  in.  in  diameteff  and  weighing-1  oz.,  strik- 
ing with  a  velocity  1500  f/s,  will  penetrate  1.16  in.  of  the  wood;  supposing 
the  resistance  uniform  and  proportional  to  the  sectional  area  of  the  hole. 
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Determine  also  the  penetration  of  the  bullet,  supposing  the  resistance 
proportional  to  the  penetration. 

Determine  also  the  time  of  movement  in  each  case. 

187.  Prove  that  the  mean  resistance  of  the  wood  is  204  lbs.  to  a  nail  weigh- 
ing 1  oz.,  supposing  a  hammer  weighing  1  lb.,  striking  it  with  a  velocity  of 
34  f /s  drives  the  nail  1  in.  into  a  fixed  block  of  wood. 

If  the  block  is  free  to  move  and  weighs  68  lbs.,  prove  that  the  hammer  will 
drive  the  nail  only  |f  in. 

Prove  that  the  nail  is  0.0052  and  0.005128  second  in  penetrating  the  wood 
in  the  two  cases,  during  which  the  block  if  free  will  move  0.015  in. 

188.  Show  that  the  total  work  done  in  raising  a  number  of  weights  through 
to  a  given  level  is  the  product  of  the  sum  of  the  weights  and  the  vertical  dis- 
placement of  their  centre  of  gravity. 

189.  An  engine  has  to  raise  4000  lbs.  1000  ft.  in  5  minutes.  What  is  its 
horse-power?    How  long  will  the  engine  take  to  raise  10,000  lbs.  100  ft.? 

Ans.  2A^\  H.P.;  IJ  minutes. 

190.  How  many  men  will  do  the  same  work  as  the  engine  in  the  preceding 
question,  assuming  that  a  man  can  do  900,000  ft.-lbs.  of  work  in  a  day  of 
9  hours?  Ans.  480  men. 

191.  Determine  the  horse-power  which  will  be  required  to  drag  a  heavy 
rock  weighing  10  tons  at  the  rate  of  10  miles  an  hour  on  a  level  road,  the  co- 
efficient of  friction  being  0.8.  What  will  be  the  speed  up  a  gradient  of  1  in  50, 
the  same  power  being  exerted?  Ans.  477M;    9It  miles  per  hour. 

192.  Two  horses  draw  a  load  of  4000  lbs.  up  an  incline  of  1  in  25  and  1000 
ft.  long.     Determine  the  work  done.  Ans.  160,000  ft.-lbs. 

193.  At  what  speed  do  the  horses  walk  if  each  horse  does  16,000  ft.-lbs.  of 
work  per  minute?  Ans.  2tt  miles  per  hour. 

194.  It  is  said  that  a  horse  can  do  about  13,200,000  ft.-lbs.  of  work  in  a 
day  of  8  hours,  walking  at  the  rate  of  2i  miles  per  hour.  What  pull  (in  pounds) 
could  such  a  horse  exert  continuously  during  the  working  day?  How  many 
such  horses  would  be  required  to  do  as  much  work  as  an  engine  of  10  H.P., 
working  day  and  night?  Ans.  125  lbs.;  36. 

195.  Find  the  shortest  distance  in  which  a  train  going  at  30  m/h  can 
be  brought  up  by  continuous  brakes  pressing  on  the  wheels  with  three  fourths 
of  the  weight  of  the  train.     Take  .16  as  the  coefficient  of  friction. 

Ans.  About  252  ft. 

196.  A  train  of  60  tons  travels  20  miles  in  1  hour  with  nine  intermediate 
stoppages,  each  of  2  minutes,  at  intervals  of  2  miles.  The  resistance  of  the 
road  is  10  lbs.  per  ton,  and  the  brake-power  of  the  engine  and  brake-van,  half 
the  weight  of  the  train,  is  one  sixth  of  its  weight.  Find  the  pull  of  the  engine 
and  its  horse-power  when  running  at  full  speed. 

197.  An  express  train  reduced  speed  from  60  to  20  miles  an  hour  in  800 
yds.,  the  distance  between  the  distant  and  home  signals.     How  much  farther 
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out  should  the  distant  signal  be  placed,  or  how  much  should  the  brake-power 
be  increased? 

198.  A  train  of  100  tons  fitted  with  continuous  brakes  is  to  be  run  on  a 
level  line  between  stations  one  third  of  a  mile  apart  at  an  average  speed  of 
12  m/h,  including  two  thirds  of  a  minute  stop  at  each  station.  Prove  that 
the  weight  on  the  driving-wheels  must  exceed  22^  tons,  with  an  adhesion  of 
one  sixth. 

Prove  that  this  line  can  be  worked  principally  by  gravity  if  the  road  is 
curved  down  between  the  stations  to  a  radius  of  11,740  ft.,  implying  a  dip 
of  33  ft.  between  the  stations,  a  gradient  at  a  station  of  1  in  13,  and  a  maxi- 
mum running  velocity  of  31  m/h. 

199.  Show  that  the  time  lost  by  a  train  with  continuous  brakes,  over- 
shooting a  station  a  ft.  and  backing  in,  isCv'n  +  l  +l).  / —   seconds  at  least, 

the  coefficient  of  adhesion  being  ft  and  the  weight  on  the.  driving-wheels  —  of 

n 

the  weight  of  the  train. 

200.  (a)  A  train  weighing  160  tons  (of  2240  lbs.)  travels  at  30  miles  an 
hour  against  a  resistance  of  10  lbs.  per  ton.    What  horse-power  is  exerted? 

(6)  With  the  same  horse-power  what  will  be  the  speed  up  a  gradient  of 

1  in  100? 

(c)  If  the  steam  is  shut  off,  how  far  wiU  the  train  run  before  stopping  (1)  ' 
on  the  incline;   (2)  on  the  level? 

(d)  If  the  draw-bar  suddenly  breaks,  in  what  distance  would  the  carriages 
(100  tons  in  weight)  be  stopped  if  the  brakes  are  applied  immediately  the 
fracture  occurs,  the  weight  of  the  brake-van  being  20  tons  and  the  coefficient 
of  friction  .2? 

(e)  If  the  engine  (weight  =60  tons)  continued  to  exert  the  same  power 
after  the  fracture,  what  would  be  its  ultimate  speed? 

(/)  What  resistance  would  be  required  to  stop  the  whole  train,  after  steam 
is  shut  off,  in  1000  yds.  on  the  level? 

Ans.  (a)  128;  (6)  OjV  miles  per  hour;  (c)  (1)  199.2  ft.,  (2)  6776  ft!;  (d) 
680.3  ft.  on  the  level,  62.9  ft.  on  the  incUne;  (e)  80  miles  an 
hour  on  the  level,  24.6  miles  on  the  incline;  (/)  22.58  lbs.  per 
ton. 

201.  Prove  that  a  train  going  60  miles  an  hour  can  .be  brought  to  rest  in 
about  313  yds.  by  the  brakes,  supposing  them  to  press  on  the  wheels  with 
two  thirds  of  the  weight  of  the  train,  taking  a  coefficient  of  friction  0.18  in 
addition  to  a  passive  resistance  of  20  lbs.  a  ton. 

Prove  that  the  mean  uniform  pull  to  be  exerted  by  an  engine  to  take  this 
train,  weighing  100  tons,  on  the  run  from  one  station  to  a  stop  at  the  next, 

2  miles  off,  in  4  minutes,  is  about  2.6  tons. 

202.  A  train  of  120  tons  is  to  be  taken  from  one  station  to  the  next,  a 
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mile  off,  up  an  incline  of  1  in  80,  in  4  minutes  without  using  the  brakes.  Prove 
that  with  no  road  resistance  the  engine  must  exert  a  pull,  until  steam  is  turned 
off,  of  about  6203  lbs.,  and  the  weight  on  the  drivers  must  be  37,218  lbs. 
=16.6  tons,  with  an  adhesion  of  one  sixth. 

203.  With  a  coefficient  of  adhesion  ft  a  motor  car  actuated  and  braked 
on  the  hind  axle  can  get  up  a  speed  v  i/s  in  x  ft.,  or  be  brought  to  rest  again 
in  y  ft.  given  by  giiax=v\a  —  fh)  and  gftay=v'{a  + fih),  a  being  the  distance 
between  the  a^des  and  h  the  weight  from  the  ground  of  the  C.  G.  midway 
between  the  wheels. 

204.  Determine  in  tons  the  greatest  train  an  engine  capable  of  exerting 
a  uniform  pull  of  3  tons  can  take  on  the  level,  from  one  station  to  the  next,  a 
mile  off,  in  4  minutes,  supposing  the  resistance  of  the  road  estimated  at  20 
lbs.  a  ton,  and  the  brake  power  at  400  lbs.  a  ton  in  addition. 

205.  Supposing  that  1  in  m  is  the  steepest  incline  a  train-  can  crawl  up 
with  uniform  velocity,  and  1  in  n  is  the  steepest  incline  on  which  the  brakes 
can  hold  the  train,  prove  that  the  quickest  run  up  an  incline  of  1  in  p,  from 
one  station  to  stop  at  the  next,  a  distance  of  a  ft.,  which  can  be  made  is 

■\l  ,     — ,  /■  ''^  ,  seconds.    Also  determine  the  proportion  of  the  weight  which 

must  be  carried  by  the  driving-wheels  of  the  engine  with  a  coefficient  of  ad- 
hesion /I,  assuming  the  resistance  on  the  level  to  be  equivalent  to  an  incline 
of  1  in  q. 

206.  If  the  end  of  a  railway  wagon  exposes  a  surface  of  6X4  ft.  to  the 
wind,  what  is  the  greatest  gradient  up  which  a  20  lb.  to  the  square  foot  gale 
will  drive  it?    Take  the  weight  at  10  tons,  the  friction,  10  lbs.  per  ton. 

Ans.  1  in  59. 

207.  A  locomotive  and  tender  weigh  70  tons,  of  which  26  tons  are  carried, 
by  the  driving-wheels.  Taking  the  adhesion  at  ^,  friction  10  lbs.  per  ton- 
what  maximum  gradient  can  the  engine  ascend?  Ans.  1  in  16. 

208.  Determine  the  pull  of  an  engine  and  the  weight  on  the  drivers,  on 
which  d=20,  1  =24,  Z)=60,  for  a  mean  effective  pressure  p  =  100  lbs.  on  the 
square  inch,  taking  an  adhesion  of  one  sixth. 

209.  The  weight  upon  the  driving-wheels  (D  in.  in  diameter)  of  a  loco- 
motive is  W  tons;  the  adhesion  =  owe  fifth;  the  cylinders  have  a  diameter  of 
d  in.  and  a  stroke  of  I  in.    Find  the  steam-pressure  required  to  skid  the  wheels 

WD 
Ans.  400  -7^  lbs.  per  square  inch. 

210.  In  an  express  engine  the  driving-wheels  are  8  ft.  in  diameter,  and 
the  load  on  them  is  15  tons;"  the  cylinders  are  18"X28".  Find  the  pressure 
of  steam  which  will  skid  the  wheels  with  an  adhesion  of  one  sixth.  Determine 
the  ratio  of  the  velocity  of  the  engine  to  the  velocity  of  the  piston  at  any 
point  of  the  stroke. 
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211.  A  locomotive  capable  of  exerting  a  uniform  pull  of  2  tons,  with  a 
24-in.  stroke,  20-in.  cylinder,  and  60-in.  driving-wheels,  hauls  a  train  between 
two  stations  3  miles  apart.  The  gross  weight  of  the  train  and  locomotive  = 
200  tons;  the  road  resistance  =  12  lbs.  per  ton  (of  2000  lbs.);  the  brakes, 
when  applied,  press  with  two  thirds  of  the  weight  on  the  wheels  of  the  engine 
and  brake-van,  viz.,  90  tons,  the  coefficient  of  friction  being  .18..  Find  (a) 
the  least  time  between  the  stations;  (6)  the  distance  in  which  the  train  is 
brought  to  rest;  (c)  the  maximum  speed  attained;  (d)  the  pressure  of  the 
steam;    (e)  the  weight  upon  the  driving-wheels. 

Ans.  (a)  513.8  seconds;    (6)  990  ft.;    (c)  42  miles  per  hour;    (d)  25  lbs. 
per  square' inch. ;   (e)  llj  tons. 

212.  If  the  speed  in  the  last  question  is  linlited  to  30  miles  an  hour,  find 
(a)  the  time  between  the  stations;  (6)  the  distance  in  which  the  train  is  brought 
to  rest;  (c)  the  distance  traversed  at  30  miles  an  hour. 

Ans.  (a)  5434 seconds;  (6)504ift.;  (c)  7773 J  ft. 

213.  If  the  steam-pressure  in  the  above  locomotive  is  increased  to  50  lbs. 
per  square  inch,  find  (a)  the  weight  of  the  heaviest  train  which  can  be  hauled 
between  the  stations  in  10  minutes,  the  road-resistance  being  20  lbs.  per  ton 
(of  2000  lbs.),  and  the  braking-power  being  sufficient  to  bring  the  train  to 
rest  in  a  distance  of  720  ft. 

Also  find  (6)  the  braking-power;  (c)  the  weight  thrown  upon  the  drivers, 
the  coefficient  of  friction  being  |;  (d)  the  maximum  speed  attained. 

Ans.  (a)  310^  tons;    (6)  15.6  tons;    (c)  24  tons;    (d)  36  miles  per  hour. 

214.  Two  trains,  each  with  a  brake-power  of  190  lbs.  per  ton  (of  2000  lbs.), 

run  between  Montreal  and  Toronto,  a  distance  of  333  miles,  against  an  average 

resistance  of  10  lbs.  per  ton.     One  train  runs  through,  and  the  other  stops  at 

9N 
N  intermediate  stations.     Show  that  the  saving  of  fuel  in  the  former  is  -^ 

per  cent;  the  speed  is  not  to  exceed  30  miles  per  hour. 

215.  Prove  that  the  horse-power  of  an  engine  drawing  a  train  of  120  tons 
up  an  incline  of  1  in  224  at  30  miles  an  hour  is  336,  taking  the  resistance  of 
the  road  on  the  level  at  this  speed  at  25  lbs.  a  ton. 

Determine  also  the  horse-power  of  an  engine  drawing  a  train  of  200  tons 
up  an  incline  of  1  in  140  at  30  miles  an  hour,  resistance  of  road  18  lbs.  a  ton; 
or  of  the  engine  drawing  the  train  down  an  incline  of  1  in  140  at  50  miles  an 
hour,  resistance  at  this  speed  50  lbs.  a  ton. 

Determine  the  pull  of  the  engine,  and  supposing  it  constant,  find  how 
far  the  train  would  go  up  an  incline  of  1  in  100,  before  the  velocity  dropped 
from  50  to  30  miles  an  hour,  taking  an  average  uniform  resistance  of  the  road 
of  20  lbs.  a  ton. 

216.  A  locomotive  exerting  a  uniform  pull  of  4  tons  hauls  a  train  of  200 
tons  up  an  incline  of  1  in  200,  between  two  stations  2  miles  apart,  the  greatest 
allowable  speed  being  30  miles  an  hour.  If  the  road-resistance  is  10  lbs.  per 
ton  (of  2000  lbs.),  and  if  the  brakes  are  capable  of  exerting  a  pressure  of  100 
tons,  the  adhesion  being  one  fifth,  find  (a)  the  time  between  the  stations;  (b) 
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the  distance  in  which  the  train  is  brought  to  rest;   (c)  the  distance  traversed 
at  30  miles. 

Also,  if  the  speed  is  not  limited  to  30  miles,  find  (d)  the  least  time  in  which 
the  distance  can  be  accomplished;  (e)  the  maximum  speed  attained;  (/)  the 
distance  in  which  the  train  is  brought  to  rest. 

Ans.  (a)  5immutes;   (6)  275  ft.;   (c)  7260  ft.;   (d)  4.47  minutes;   (e)  53.8 
miles  per  hour;   (/)  880  ft. 

217.  With  the  same  brake-power,  adhesion,  and  road-resistance,  find  the 
weight  of  the  heaviest  train  which  the  locomotive  in  the  preceding  question, 
exerting  the  uniform  pull  of  4  tons,  can  haul  between  the  two  stations  in  6 
minutes.  Ans.  360  tons. 

218.  If  the  locomotive  has  60-in.  drivers  and  24"X20"  diameter  cylinders 
find  the  weight  required  upon  the  drivers  when  the  steam-pressure  is  50  lbs 
per  square  inch.  Ans.  20  tons. 

219.  Prove  that  the  loss  of  time  in  going  from  A  to  C,  two  points  on  a 
railway  at  the  same  level  8  miles  apart,  due  to  an  incHne  of  1  in  100  from  A 
up  to  B,  and  an  incline  of  1  in  300  from  B  down  to  C,  instead  of  going  on  a. 
level  line  from  A  to  C  at  a  uniform  velocity  of  45  miles  an  hour,  is  2  minutes 
20  seconds,  equivalent  in  time  to  a  detour  on  the  level  of  1  mile  60  chains. 

It  is  supposed  that,  with  full  steam  on,  the  velocity  drops  from  45  to  15 
miles  an  hour  at  the  summit  B,  and  that  in  descending  the  incline  full  steam 
is  kept  on  till  the  velocity  is  again  45,  after  which  the  velocity  is  kept  uniform 
by  partly  shutting  off  steam ;  and  prove  that  this  happens  at  a  point  Q,  distant 
from  B  about  1  mile  892  yards. 

Prove  that  the  train  would  be  "stalled  on  the  grade"  if  the  incline  from 
A  to  B  was  a  quarter  of  a  mile  longer. 

220.  Prove  that  if  the  weight  of  the  train  is  200  tons,  and  the  resistance 
of  the  road  is  14  lbs.  a  ton,  the  pull  of  the  engine  from  A  to  Q  is  2j5  tons, 
and  from  Q  to  B  is  tV  ton;  and  determine  whether  there  is  any  extra  expendi- 
ture of  wojk  due  to  the  inclines  on  this  and  the  return  journey. 

Determine  the  requisite  weight  on  the  driving-wheels,  taking  an  adhesion 
of  one  sixth. 

221.  The  distance  between  two  stations  is  105  miles,  and  there  are  27 
intermediate  stations.  The  average  resistance  of  a  parliamentary  train  stop- 
ping at  all  stations  is  taken  as  8  lbs.  a  ton,  while  the  resistance  to  an  express 
train  which  runs  through  without  stopping  is  taken  at  10  lbs.  a  ton,  the  brake- 
power  in  each  case  being  taken  at  80  lbs.  a  ton  additional. 

Supposing  the  speed  to  be  kept  constant  by  reducing  steam  when  it  has 
reached  30  miles  an  hour,  find  which  train  is  most  expensive  in  fuel,  and  by 
how  much  per  cent. 

Work  out  the  same  problem  with  their  resistances  and  full-speed  doubled^ 

222.  Determine  the  loss  of  time  and  the  extra  expenditure  of  work — if 
any — due  to  cross'ng  a  pass  by  a  railway  having  an  incline  of  1  in  to  up,  and 
1  in  w  down,  instead  of  going  in  a  level  tunnel  of  length  I  ft.  through  the  pass; 
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supposing  that  V  f/s  is  the  maximum  speed  allowed  on  the  line,  and  that 
the  velocity  of  the  train  drops  from  F  to  w  f/s  at  the  summit  of  the  pass; 
determine  the  pull  of  the  engine  P  in  tons  for  a  train  of  W  tons  weight,  taking 
the  resistance  of  the  road  at  r  lb.  per  ton. 

Determine  the  length  of  detour  of  equal  time. 

223.  The  crank  of  a  horizontal  engine  is  3  ft.  .6  ins.  and  the  connect- 
ing-rod 9  ft.  long.  At  half-stroke  the  pressure  in  the  connecting-rod  is  500 
lbs.    What  is  the  corresponding  twisting  moment  on  the  crank-shaft? 

Ans.  1716i   ft.-lbs. 

224.  A  piston  and  rod  and  cross-head  weigh  330  lbs.  At  a  certain  instant 
when  the  resultant  total  forces  due  to  steam-pressure  is  3  tons,  the  piston  has 
an  acceleration  of  370  ft.  per  second  in  the  same  direction.  What  is  the  actual 
force  acting  at  the  cross-head? 

225.  If  the  connecting-rod  is  5  ft.  long  and  the  crank  is  1  ft.  in  an  engine 
making  200  revolutions  per  minute,  what  are  the  accelerations  of  the  piston 
when  it  is  farthest  from  and  nearest  to  the  crank?  The  piston  and  rod  and 
cross-head  weigh  330  lbs.;  the  area  of  piston  =  120  sq.  ins.;  at  the  beginning  of 
either  the  in-  or  the  out-stroke  the  pressure  is  80  lbs.  per  square  inch  on  one  side 
in  excess  of  what  it  is  on  the  other.  Find  the  total  forces  on  the  cross-head  in  , 
these  two  cases. 

226.  A  revolving  weight  TT  is  at  a  distance  r  from  the  axis  of  rotation 

and  is  to  be  balanced  by  two  weights  each  u  from  the  a5ds,  the  one  being  a 

on  the  right  and  the  other  6  on  the  left  of  the  weight  to  be  balanced.     Find, 

the  weights.  w  r     6       -n^r     a 

Ans.  W ;-;  W r. 

Tia  +  b        na  +  b 

227.  There  is  a  balance-weight  of  180  lbs.  at  a  distance  of  3.4  ft.  from  the 
centre,  and  another  weight  of  150  lbs.  at  a  distance  of  2.56  ft.  from  the  centre, 
in  a  direction  at  right  angles  to  the  first,  both  on  the  same  driviug-wheel  of 
a  locomotive.  Find  the  amount  and  position  of  any  single  weight  which 
would  have  the  same  balancing  effect  as  these  two. 

228.  Each  piston  of  a  locomotive  weighs  300  lbs.  What  balance-weights 
will  completely  balance  one  piston  so  that  there  may  be  no  couple  and  no 
horizontal  force?  Stroke  =24  in.;  distance  C.  to  C.  of  cylinders  =42  ins.; 
radial  distance  of  balance  weights  =39  ins. ;  distance  between  centres  of  gravity 
of  balance-weights  =57  ins.  Ans.  12.15  lbs.;    80.15  lbs. 

229.  The  piston  and  rod  and  cross-head  weigh  330  lbs.;  the  connecting- 
rod  300  lbs.;  the  12-in.  crank  is  equivalent  to  270  lbs.  at  crank-pin;  the  C.  of 
G.  of  the  connecting-rod  is  0.38  of  its  length  from  the  crank-pin.  If  the  centre 
lines  of  the  cylinders  are  27  ins.  apart,  and  the  middles  of  the  wheels  are  59 
ins.  apart,  neglecting  valve-motions,  etc.,  calculate  the  balance-weights  and 
their  positions.  Place  their  centres  of  mass  3  ft.  from  the  centres  of  the  wheels. 
Is  the  locomotive  in  perfect  balance?    What  is  the  natiire  of  the  balance? 

230.  Find  the  acceleration-pressure  at  each  end  of  the  stroke  of  a  vertical 
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inverted  high-speed  steam-engine  when  running  at  500  revolutions  per  minute 
stroke  9  ins.,  weight  of  reciprocating  parts  110  lbs.,  diameter  of  cyUndec 
8  ins.,  length  of  connecting-rod  1.5  ft. 

Ans.  54.8  lbs.  /  sq.  m.  at  bottom ;  85.5  lbs.  /  sq.  m.  at  top. 

231.  In  a  horizontal  marine  engine  with  two  cranks  at  right  angles  distant 
8  ft.  from  one  another,  weight  of  reciprocating  parts  attached  to  each  crank 
is  10  tons,  revolutions  75  per  minute,  stroke  4  ft.,  find  the  alternating  force 
and  couple  due  to  inertia.  Ans.  54.2  tons;    218.26  ft.-tons. 

232.  An  inside-cylinder  locomotive  is  running  at  50  miles  an  hour;  the 
driving-wheels  are  6  ft.  in  diameter;  the  distance  between  the  centre  lines 
of  the  cylinders  is  30  in.,  the  stroke  24  in.,  the  weight  of  one  piston  and  rod 
300  lbs.,  and  the  horizontal  distance  between  the  balance-weights  4|  ft.;  the 
diameter  of  the  weight-circle  is  4^  ft.  Find  the  alternating  force  and  couple, 
and  also  the  magnitude  and  position  of  suitable  balance-weights. 

Ans.  7871  lbs.;  9839  ft.-lbs. ;  106.5  lbs.;  27|°. 

233.  The  pressure  equivalent  to  the  weight  of  the  reciprocating  parts  of 
an  engine  is  3  lbs.  per  square  inch;  the  stroke  is  36  in.;  the  number  of  revolu- 
tions per  minute  is  45;  the  back-pressure  is  2  lbs.  per  square  inch;  the  absolute, 
initial  steam-pressure  is  60  lbs.  per  square  inch;  the  rate  of  expansion  is  3. 
Find  the  pressure  necessary  to  start  the  piston,  and  also  the  effective  pressure 
at  each  ^  of  the  stroke. 

234.  An  engine  with  a  24-in.  cyUnder  and  a  conneetirig-rod  =six  cranks  = 
6  ft.,  makes  60  revolutions  per  minute.  Show  that  the  pressure  required  to 
start  and  stop  the  engine  at  the  dead-points  =ij  of  the  weight  of  reciprocating 
parts. 

235.  Find  the  ratio  of  thrust  at  cross-head  to  tangential  effort  on  crank- 
pin  when  the  crank  is  45°  from  the  line  of  stroke,  the  connecting-rod  being 
=four  cranks.  Ans.  6  to  5. 

236.  Draw  the  hnear  diagram  of  crank-effort  in  the  case  of  single  crank, 
the  connecting-rod  being  =four  cranks.  Assume  the  resistance  uniform  and 
a  constant  pressure  of  9000  lbs.  on  the  piston,  the  stroke  being  4  ft.  and  the 
number  of  revolutions  per  minute  55.  Also  find  the  fluctuation  of  energy  in 
foot-pounds  for  one  revolution. 

237.  An  engine  with  a  connecting-rod  =  six  cranks  =6  ft.  receives  steam 
at  70  lbs.  pressure  per  square  inch,  and  cuts  off  at  one-quarter  stroke.  Find 
the  crank-effort  when  the  piston  has  travelled  one  third  of  its  forward  stroke. 
Diameter  of  piston  =2  ft.  Also  find  the  position  of  the  piston  where  its  velocity 
ip  a  maximum. 

238.  Data:  Stroke  =3  ft.;  number  of  revolutions  per  minute  =  60 ;  cut-off 
at  one-half  stroke;  initial  pressure  =56  lbs.  per  square  inch  absolute;  diameter 
of  piston  =  10  in.;  weight  of  reciprocating  parts  =550  lbs.;  back-pressure  = 
IJ  lbs.  per  square  inch  absolute.  Find  the  effective  pressure  at  each  fourth 
of  the  stroke,  taking  account  of  the  inertia  of  the  piston.  Also  find  the  pres- 
sure equivalent  to  inertia  at  commencement  of  stroke. 
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239.  A  pair  of  250-H.P.  engines,  with  cranks  at  90°,  and  working  against 
a  uniform  resistance  and  under  a  uniform  steam-pressure,  are  running  at  60 
revolutions  per  minute.  Assuming  an  indefinitely  long  connecting-rod,  find 
the  maximum  and  minimum  moments  of  crank-effort,  the  fluctuation  of 
energy,  and  the  coefficient  of  energy. 

240.  An  inside-cylinder  locomotive  rims  25  miles  per  hour;  its  drivers 
are  60  in.  in  diameter;  the  stroke  is  24  ins.;  the  distance  between  the  centre 
hnes  of  the  cylinders  =30  in.;  weight  of  reciprocating  parts  =500  lbs.;  hori- 
zontal distance  between  balance-weights  =59  in.;    diameter  of  weight-circle 

=42  in.      Find  the  alternating  force,  alternating  couple,  and  the  magnitude 
and  position  of  suitable  balance-weights. 

Ans.  226.8  lbs.;  4113.8  ft.-lbs.;    ^=26°.' 

241.  Draw  a  diagram  of  crank-effort  for  a  single  crank,  the  connecting- 
rod  being  equal  to  four  cranks,  the  stroke  4  ft.,  and  the  number  of  revolutions 
per  minute  55.  Assume  a  uniform  resistance  and  a  constant  pressure  of  9000 
lbs.  on  the  piston. 


CHAPTER  IV. 
STRESS;   STRAIN;   ELASTICITY;   OSCILLATION;  THIN   CYLINDER. 

I.  Stress  and  Strain;  Resilience. — The  science  relating  to  the 
strength  of  materials  is  partly  theoretical,  partly  practical.  Its 
primary  object  is  to  investigate  the  forces  developed  within  a  body, 
and  to  determine  the  most  economical  dimensions  and  form,  con- 
sistent with  stability,  of  that  body.  Certain  hypotheses  have  to 
be  made,  but  they  are  of  such  a  nature  as  always  to  be  in  accord 
with  the  results  of  direct  observation. 

The  materials  in  ordinary  use  for  structural  purposes  may  be 
termed,  generally,  solid  bodies,  i.e.,  bodies  which  offer  an  appreciable 
resistance  to  a  change  of  form. 

A  body  acted  upon  by  external  forces  is  said  to  be  strained  or 
deformed,  and  the  straining  or  deformation  induces  stress  amongst 
the  particles  of  the  body. 

The  state  of  strain  is  simple  when  the  stress  acts  in  one  direc- 
tion only,  and  the  strain  itself  is  measured  by  the  ratio  of  the  defor- 
mation to  the  original  length. 

The  state  of  strain  is  compound  when  two  (or  more)  stresses  act 
simultaneously  in  different  directions. 

A  strained  body  tends  to  assume  its  natural  state  when  the  strain- 
ing forces  are  removed;  this  tendency  is  called  its  elasticity.  A 
thorough  knowledge  of  the  laws  of  elasticity,  i.e.,  of  the  laws  which 
connect  the  external  forces  with  the  internal  stresses,  is  absolutely 
necessary  for  the  proper  comprehension  of  the  strength  of  mate- 
rials. This  property  of  elasticity  is  not  possessed  to  the  same  degree 
by  all  bodies.  It  may  be  almost  perfect  or  almost  zero,  but  in 
the  majority  of  cases  it  has  a  mean  value.  Hence  it  naturally  fol- 
lows that  solid  bodies  may  be  classified  between  two  extreme,  though 
ideal,  states,  viz.,  a  perfectly  elastic  state  and  a  perfectly  soft  state. 

215 
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Perfectly  elastic  bodies  which  have  been  strained  resume  their 
original  forms  exactly  when  the  straining  forces  are  removed.  Per- 
fectly soft  bodies  are  wholly  devoid  of  elasticity  and  offer  no  resist- 
ance to  a  change  of  form. 

Bodies  capable  of  midergoing  an  indefinitely  large  deforma- 
tion under  stress  are  said  to  be  plastic. 

Every  body  may  be  subjected  to  five  distinct  kinds  of  stresses, 
viz.: 

(a)  A  longitudinal  pull,  or  tension. 

(6)  A  longitudinal  thrust,  or  compression. 

(c)  A  shear,  or  tangential  stress,  which  may  be  defined  as  a 
stress  tending  to  make  one  surface  slide  over  another  with  which 
it  is  in  contact. 

{d)  A  transverse  stress. 

(e)  A  twist  or  torsion. 

Under  any  one  of  these  stresses  a  body  may  suffer  either  an 
elastic  deformation  of  a  temporary  character  or  a  plastic  deforma- 
tion of  a  permanent  character. 

Let  a  wire  or  a  bar,  of  length  L  and  uniform  sectional  area  A, 
be  fixed  at  the  upper  end  and  hang  vertically.  A  load  P  uniformly 
distributed  over  the  lower  end  will  stretch  the  bar  by  an  amount  I 
which  can  be  readily  measured  by  an  extensometer  or  by  the  aid 
of  a  telescope  and  a  vertical  scale.  If  this  bar  is  now  replaced  by 
one  of  the  same  length  but  of  twice  the  sectional  area,  it  is  found 
that  it  requires  twice  the  load  to  stretch  it  by  the  same  amount. 
Also,  the  load  upon  a  column  or  strut  producing  a  certain  shorten- 
ing of  the  length  is  twice  as  great  as  that  required  to  produce  the 
same  amount  of  shortening  in  a  strut  of  the  same  length  but  one 
half  the  sectional  area. 

The  ratio  j,  i.e.-,  the  change  of  length    (or  deformation)  per  unit 

of  length,  is  called  the  strain. 

Again,  the  load  acts  at  every  cross-section  in  a  similar  manner, 
and  it  is  well  to  remember  that,  according  to  St.  Venant,  the  actual 
distribution  of  load  on  a  small  area  is  not  of  much  importance. 
Whatever  the  distribution  may  be,  the  strain  at  a  .point  not  very 
near  is  the  same.  To  eliminate  any  difference  which  might  exist 
at  a  point  where  the  bar  has  a  greater  or  less  sectional  area,  it  is 
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advisable  to  use  the  load  per  unit  of  area,  viz.,  -j,  instead  of  the 
total  load  P. 

The  load  per  unit  of  area  is  called  the  stress. 

Experiment  then  shows  that,  within  certain  limits,  the  stress  is 
practically  proportional  to  the  strain. 

This  relation  between  stress  and  strain  was  enunciated  by  Hooke 
and  is  known  as  Hooke's  Law. 

It  may  be  expressed  by  the  equation 

f  =  Ee, 
P 

where  /=-t  =the  load  per  imit  of  area,  or  stress,  and 

e  =  j=  the  strain  per  unit  of  length. 

The  multiplier  E  is  a  number  whose  value  depends  upon  the 
character  of  the  material.  It  is  called  Young's  coefficient  or  modvr 
lus  of  elasticity,  and  tables  at  the  end  of  the  chapter  give  the  value 
of  E  for  different  materials.  It  must  not  be  forgotten  that  the 
more  homogeneous  a  material  is  the  more  accurate  is  the  relation 
f  =  Ee. 

The  longitudinal  strain  is  accompanied  by  an  alteration  in  the 

e  i 

transverse  dimensions,  the  lateral  unit  strain  being  T  — ,  where  -   is 

°       a  a 

a  coefficient  which  usually  varies  from  i  to  i  for  solid  bodies  and 

is  approximately  i  for  the  metals  of  construction.     In  the  case  of 

India-rubber,  if  the  deformation  is  small,  -  is  about  i. 

Generally  the  deformation  may  be  calculated  per  unit  of  original 
length  without  sensible  error,  but  for  India-rubber  it  is  more  accurate 

to  make  the  calculation  per  imit  of  stretched  length  (  =  - —  j . 

The  ratio  of  the  lateral  to  the  longitudinal  strain  is  called  Poisson's 
ratio. 

Ex.  1.  A  cable  1000  ft.  long  stretches  6  ins.  under  a  given  load;  what 
is  the  strain? 

The  strain  =j^2=-°°0^- 
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Ex.  2.  A  short  cast-4ron  strut  24  ins.  long  and  of  8  sq.  ins.  sectional  area 
bears  a  load  of  32  tons.  If  E^  8000  tons/sq.  in.,  how  much  is  the  strut  short- 
ened?   What  is  the  stress?    What  the  strain? 

The  stress  =¥  =4  tons/sq.  in. 

4 = 8000  X  the  strain, 

and  therefore  the  strain  =FirW  = -0005. 

The  diminution  of  length  =24 Xthe  strain  =.012  in. 

Ex.  3.  A  mild-steel  bar  100  ft.  long  and  of  2  sq.  ins.  sectional  area  carries 
a  load  which  developes  in  the  material  a  stress  of  16,000  Ibs./sq.  in.  If  E  = 
30,000,000  Ibs./sq.  in.,  by  how  much  is  the  bar  lengthened?  What  is  the  strain? 
What  is  the  total  load? 

The  total  load  =  16000  X 2  =32000  lbs. 
16000  =30000000  X  the  strain. 

mu      r  iV,      *     •  16000  1 

Therefore  the  strain  =  ^^^^^^  =  j^, 

and  thestretcli=100X-|=^=4ft-=-64in. 

1  o75     75 

Again,  the  change  of  lengt"h  I  is  produced  by  a  load  which  gradually 
increases  from  0  to  P,  and  therefore 

P       fA  fL     P 
the  work  done  in  changing  the  length  =  "o"  ^ ""  'o'  'f^2F  '^^' 

and  this  is  the  energy  stored  up  in  the  strained  bar.  It  is  called  the 
resilience  of  the  bar  if  the  load  is  only  a  little  less  than  that  which 
produces  a  permanent  change  of  length,  i.e.,  a  permanent  deformation 
or  set.  Such  a  load  is  the  proof  load,  and  the  stress  /  becomes  the 
jyroof  stress.  Also,  since  AL  is  the  volume,  the  resilience  per  imit  of 
volume  is  f^/2E. 

Thus  the  resilience  is  the  greatest  amount  of  energy  which  can 
be  stored  by  a  material  without  becoming  permanently  deformed. 
If  the  stress  is  variable,  the  resilience  is  necessarily  less,  while  a  blow 
or  a  shock  may  develope  in  the  material  a  larger  amount  of  strain 
energy  than  it  can  bear,  so  that  a  local  deformation  (or  set)  and  a 
plastic  yielding  may  occur. 

Exs.  4  and  5.  Find  the  work  done  in  ■producing  the  changes  of  length  in 

Exs.  2  and  3. 

32 
In  Ex.  2,  the  work  in  in.-tons  =  y  X  .012  =  .192. 


A. 
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In  Ex.  3,  the  work  in  in.-lbs.  =  ??522  x  .64  =  10240, 

Ex.  6.  A  har  of  weight  Wt,  length  L,  and  uniform  sectional  area 
A  is  fixed  at  its  upper  end,  hangs  vertically,  and  carries  a  weight  Wi 
at  its  lower  end.  Determine  the  stretch  of  the  bar  and  the  work  of 
stretching. 

Consider  a  slice  of  thickness  dx  at  the  distance  x  from  the 

fixed  end. 

W 
The  weight  on  the  slice=-=r-'(Z/— a;)  +W2,  and  if  dl  is  the  ex- 

tension  of  dx  under  this  weight,  "^ 

w,  Fig.  299. 

A  dx' 

Therefore,  Z=^^"{  5(L-.) +Tr4  ci.=^(5+F,). 

The  work  done  in  stretching  dx  by  the  amount  dl,  under  a  weight  which 
gradually  increases  from  0  to  -=-{L—x)  +TF2, 

and  therefore  the  work  done  in  stretching  the  whole  bar 

Ex.  7.  A  vertical  steel  har  of  200  ft.  length  is  fixed  at  its  upper  end,  hangs 
vertically,  and  carries  a  load  of  100  tons  at  the  lower  end.     The 
P^^     stress  in  the  material  is  not  to  exceed  7  tons/sq.  in.  and  is  to  be 
the  same  at  every  point  of  the  bar.     Determine  the  form  of  the  bar. 
Consider  a  slice  of  thickness  dx  and  sectional  area  A  at  a 
distance  x  from  the  fixed  end. 

At  x+dx  the  area  is  A-dA,  the  amount  dA  being  the 
additional  area  required  at  x  to  support  the  weight  of  the  slice 

dx.    Therefore 
jMi  —fdA  =wAdx, 

w  being  the  specific  weight,  and  /  the  stress  developed  in  the 
material. 
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This  equation  may  be  written 


to  J      dA 


Integrating, 


W/j-      X     ,     'A 


Ai  being  the  sectional  area  at  the  lower  end  and  L  being  the  length  of  the  bar. 
Therefore  the  form  of  the  bar  is  given  by 


7 
Ai 


(.L-x) 


If  A2  is  the  area  at  the  upper  end,  i.e.,  when  x  =0, 


A.     fi- 
Ai 

Such  a  bar  is  called  a  bar  of  uniform  strength. 

In  the  present  case  Ai=—-  =14f  sq.  ins. 


and 


Fig.  301. 


or 


Integrating, 


490  X  200  7 

7  7  7  ^ 

Ex.  8.  A  pier  of  height  L,  with  its  axis  vertical  and 
carrying  a  weight  on  the  top,  is  to  have  the  same  stress 
f  per  unit  of  area  at  every  point,  i.e.,  is  to  he  of  uni- 
form strength.  Determine  the  form  of  the  pier,  w 
being  its  specific  weight. 

If  A  is  the  area  of  the  pier  at  x  from  the  base, 
then  —dA  is  the  diminution  of  area  at  x+dx,  cor- 
responding to  the  weight  of  the  slice  dx  by  which 
the  load  upon  A  is  reduced.    Therefore 


wAdx^  —fdA, 


w      dA 

w      ,     A 
-jX=log^^, 


Ai  being  the  area  of  the  base  of  the  pier. 
Thus  the  form  of  the  pier  is  given  by 
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The  volume  of  the  pier  =    /    Adx=Ai  I    e     *  dx 

Also,  if  A  is  the  area  of  the  top  of  the  pier, 

A,      -^L 

and  the  surcharge  =fA2  •=fAie    '    . 

If  L  =  oo ,  i.e.,  if  the  pier  is  infinitely  high, 

e     '     =0. 

Therefore   At  and  the  surcharge  are  each  nil,  and  the  volume  of  the 

pier  =At.J-. 
w 

Ex.  9.  A  steel  bar  of  2  sq.  ins,  sectional  area  has  its  ends  fixed  between  two 
immovable  blocks  when  the  temperature  is  at  40°  F.  What  pressure  will  be  exerted 
upon  the  blocks  if  the  temperature  of  the  bar  is  raised  to  100°  F.,  the  coefflcient 
(a)  of  linear  dilatation  per  degree  being  .00108^180?    i' =30,000,000  Ib./sq.  in. 

If  the  length  of  the  bar  is  L,  and  if  it  were  allowed  to  lengthen  freely 
under  an  increasing  temperature,  then,  when  the  temperature  is  i°  F., 

the  additional  length  =Lat. 

Hence  the  stress  developed  when  the  extension  is  prevented 

and,  in  the  present  case,  the  pressure  on  the  blocks 

=2X30000000X^^^X60 
180 

=21600  lbs. 

2.  Theory  of  Vibrations. — Let  a  particle  of  weight  W  be  acted 
upon  by  a  force  which  is  proportional  and  acts  directly  opposite  to 
its  displacement  from  a  fixed  point  0,  Fig.  302.    Then 


o 


p.  being  some  constant. 


Fig.  302. 


g  dt^~    '^' 
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Multiplying  each  side  by  2-3:  and  integrating, 


(f<y=/'('^'-^')=7^' 


W/dx 
9 


dx 
where  "3: = 0,  when  x  =  a  and  the  velocity  of  the  particle  at  any  distance 

X  from  0  is  given  by 

^  =  ^(a2-x2). 


The  equation  may  be  written 

dx 


'-^=^fr-dU 


Integrating  again, 

,a;         flu 

c  being  a  constant  of  integration. 

But  x  =  a,  when  i=0,  and  therefore  c=^. 

.a;         fl/i     TT 

Hence  sm~^ — sl^t+n, 

a      ^W     2 

or  x  =  acos,s^^t, 

and   therefore  the  time  of  a  complete  oscillation  is 

27rJ— . 

A    ^''wf  Ex.  10.  A  spiral  spring,  Fig.  303,  whose   coefficient  of  stiff- 

—       "^  ness  is  e  is  loaded  with  a  weight  W  and  then  depressed  a  distance 

Fig.  303.        x  below  its  position  of  equilibrium. 

Disregarding  the  weight  of  the  spring, 

W  d^x 

- — p;=the  "restoring  '  force  of  the  spring 

g  dt' 
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and  therefore  the  spring  will  oscillate,  the  time  of  complete  oscillation  being 

2.    p. 

Sjge 

Ex.  11.  ^  straight  spring  AB  is  loaded  in  the 
middle  viith  a  meight  W.  It  is  then  deflected  still 
further  hy  an  amount  x. 

Let  the  "restoring"  force  F  due  to  this  addi- 
tional deflection  be  such  that 

FP 


Fig.  304. 


I  being  the  length  of  the  beam.     (See  Chap.  VII.) 
Then 


g  df  nV^' 


Thus,  the  weight  will  oscillate  about  its  position  of  equilibrium,  and  the 

IT 

time  of  a  complete  oscillation  =27r.    - 


\WnP 
gEI- 

Ex.  12.  A  revolving  shaft  is  supported  at  the  point  B  of  a  cast-iron  standard 
ABD 


Fig.  305. 

Let  W  be  the  weight  carried  at  B.    Each  rod  supports  in  the  direction 

W  I 
of  its  length  a  force  (either  a  tension  or  a  compression)  =-^-r- 

Let  B  be  displaced  to  n  and  draw  nk  perpendicular  to  AB.    Then  AB  is 
shortened  by  the  length  Bk.    Also, 

Bk  _AC  _a 
Bn     AB     r 


Therefore 

and  the  restoring  force  is' Ex  ■- 


Bk=x=—Bn 

J_Wl_d}x 
~g  2  h  dt' 
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E  being  Yoiing's  modulus  of  elasticity  for  the  material  of  the  bars.      Hence 
the  period  of  a  complete  vibration  of  the  rod 


=2^   \M. 

\2ghE 


Wl 
2ghE' 


General  Equation  of  Motion. — The  preceding  examples  seem  to 
indicate  that  if  vibrations  are  once  started  they  will  never  die  out. 
They  are  destroyed,  however,  sooner  or  later  by  other  forces,  some 
of  the  nature  of  friction  which  are  constant,  and  others  of  the  nature 

(dx\ 
-jt). 


Fig.  306. 


The  complete  equation  of  motion  may  be  written  in  the  form 


d^x 


dx 


dt-  +2p^+e^+^=0. 


Put 


x= Vve 

1 


-vt 


Then  the  equation  becomes 

d^y 


+  (g-p2)y  =  o, 


from  which  y  =  D  cos  Vq- pH, 

D  being  a  coefficient  whose  value  is  to  be  found. 


Hence 


x=- — hDe~P'cos  Vq-p% 


and  the  extent  of  the  vibrations  diminishes  as  t  increases,  i.e.,  they 
die  out. 
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Forced  Oscillation. — The  term  free  oscillation  is  applied  to  a 
condition  of  vibration  in  which  the  forces  acting  upon 
the  body  depend,  only  on  the  displacements  of  the  sev- 
eral particles  from  the  position  of  equilibrium.  If 
other  forces  which  are  due  to  external  causes  and  are 
functions  of  the  time  also  act,  the  oscillation  is  called 
a  forced  oscillation.  For  example,  let  the  spiral 
spring  be  loaded  with  a  weight  W  and  then  depressed 
through  a  distance  x  below  its  neutral  position,  the  re- 
storing force  being  ex.  Let  a  force  q  sin  nt,  which  is  a 
fimction  of  the  time,  also  act  upon  the  weight.     Then  its  equation  of 

.  -    ,  cP^         g 

motion  becomes  ^^^  =  —  ^jj^ex  +  a  sm  nt. 

dt^         W 

Ige       q    . 
Integratmg,  x=A  coa  \^^t  — g  sm  ni. 

A  being  a  constant  whose  value  is  to  be  determined. 

Thus  the  oscillation  is  compounded  of  a  free  and  a  forced  oscilla- 

IW  2-!Z 

tion,  the  periods  being  2■K^^ —  and  — ,  respectively. 

3.  On  the  Oscillatory  Motion  of  a  Weight  at  the  End  of  a  Ver- 
tical Elastic  Rod. — ^An  elastic  rod  of  natural  length  L{OA) 
f^^^^^,      a_n(j  sectional  area  A  is  suspended  from  0,  and  carries  a 
weight  P  at  its  lower  end,  which  elongates  the  rod  until 
its  length  is  05=  L  +  Z. 

Assume  that  the  mass  of  the  rod  as  compared  with  P 
is  sufficiently  small  to  be  disregarded,  then 

'p=ea\-. 

If  the  weight  is  made  to  descend  to  a  point  C,  and 
^         is  then  left  free  to  return  to  its  state  of  equilibrium,  it 
Im         must  necessarily  describe  a  series  of  vertical  oscillations 
'C         about  B  as  centre. 
I^G  308  Take  B  as  the  origin,  and  at  any  time  t  let  the  weight 

be  at  ikf  distant  x  from  B;  also  let  BC='C. 
Two  cases  may  be  considered. 

First,  suppose  the  end  of  the  rod  to  be  gradually  forced  down  to 
C  and  then  suddenly  released. 
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According  to  the  principle  of  the  conservation  of  energy, 

P  1  /dx\ 2 

=  the  work  done  between  C  and  M 


9  2[dt)  ~* 


EA/c^    x^\ 
~  L  \2     2/' 

Pl/dxy    PI 

and  hence 

V,  the  velocity  of  the  weight  at  M ,  =  \jj{c^ —x^)*. 

Now  V  is  zero  when  x=  ±c,  so  that  the  weight  will  rise  above 
5  to  a  point  Ci  where  BCi=c=BC. 
Again,  from  the  last  equation, 

dU  '"  ^^ 


4' 


(c2-a;2)i' 
and  integrating  between  the  limits  0  and  x, 

«s]|=sin-i^,        ^ 
and  the  oscillations  are  therefore  isochronous. 

TT       IT 

Whenx=c,  *^2*^o' 

and  the  time  of  a  complete  oscillation  is 


'^i 


Next,  suppose  the  oscillatory  motion  to  be  caused  by  a  weight  P 
falling  without  friction  from  a  point  D,  and  being  suddenly  checked 
and  held  by  a  catch  at  the  lower  end -of  the  rod. 

Take  the  same  origin  and  data  as  before,  and  let  AD=h. 

The  elastic  resistance  of  the  rod  at  the  time  t  is 

EA—^f—, 
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and  the  equation  of  motion  of  the  weight  is 


Integrating, 


°'  dfi=-r- 


/dx\^        g 

\dt/  """T^^+^i'  ^^  being  a  constant  of  integration. 

But  -j7  IS  zero  when  x^c,  and  therefore  ci^j-c^. 

Hence  ©^=f  ('^^-^^^  ='^- 

This  is  precisely  the  same  equation  as  was  obtained  in  the  first 
case,  and  between  the  limits  0  and  x 


4- 


Kjj-w-i-, 


SO  that  the  motion  is  isochronous,  and  the  time  of  a  complete  oscil- 
lation is 

11 
'9' 


'^Nl^ 


When  x=  —I, 


/dx\2    ^  , 
[dt)  =2^^^' 


and  hence  -j  (c^  —  l^)=  2gh, 

or  c^^P+2lh. 

If  h  =  0,  i.e.,  if  the  weight  is  merely  placed  upon  the  rod  at 
the  end  A,  c=  ±1,  and  the  amplitude  of  the  oscillation  is  tvnce  this 
statical  elongation  due  to  P. 

The  rod  may  be  safely  stretched  until  its  length  is  L-\-l,  while 
a  further  elongation  c  might  prove  most  injtirious  to  its  elasticity, 
which  shows  the  detrimental  effect  of  vibratory  motion.     If  a  small 
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downward  force  Q  is  applied  to  P  when  it  has  reached  the  end  of 
its  vibration,  it  will  produce  a  corresponding  descent,  and  the 
"weight  P  will  then  ascend  an  equal  distance  above- its  neutral  posi- 
tion. At  the  end  of  the  interval  corresponding  to  P's  natural  period 
of  vibration,  apply  the  force  again,  and  P  will  descend  still  further. 
This  process  may  be  continued  indefinitely,  until  at  last  rupture 
takes  place,  however  small  P  and  Q  may  be.  If  Q  is  applied  at 
irregular  intervals,  the  amplitude  of  the  oscillations  will  still  be 
increased,  but  the  increase  will  be  followed  by  a  decrease,  and  so 
on  continually.  In  practice  the  problem  becomes  much  more  com- 
plex on  accoimt  of  local  conditions,  but  experience  shows  that  a 
-fluctuation  of  stress  is  always  more  injurious  to  a  structure  than 
the  stress  due  to  the  maximum  load,  and  that  the  injury  is  aggra- 
vated as  the  periods  of  fluctuation  and  of  vibration  of  the  structure 
become  more  nearly  synchronous. 

An  example  of  a  fluctuating  load  is  a  procession  marching  in 
time  across  a  suspension  bridge,  which  may  strain  it  far  more 
severely  than  a  much  greater  dead  load,  and  may  set  up  a  syn- 
chronous vibration  which  may  prove  absolutely  dangerous.  In 
fact,  a  bridge  has  been  known  to  fail  from  this  cause. 

The  coefficient  of  elasticity  of  the  rod  may  be  approximately 
found  by  means  of  the  formula 


-'J|. 


T  being  the  time  of  a  complete  oscillation.     For  suppose  that  the 
rod  emits  a  musical  note  of  n  vibrations  per  second,  then 


\g  2n 

is  the  time  of  travel  from  C  to  Ci; 

,       g  ,,  T.    PL^aiH^ 

therefore  ^  =  4;^'     and  hence    -^^-X^o"' 

Suppose  that  the  weight  is  perfectly  free  to  slide  along  the  rod. 
When  it  returns  to  ^,  it  will  leave  the  end  of  the  rod  and  rise  with 
&  certain  initial  velocity.    This  velocity  is  evidently  ''^2gh,  and 


THEORY  OF  VIBRATIONS.  229^ 

the  weight  accordingly  ascends  to  D,  then  falls  again,  repeats  the 
former  operation,  and  so  on.  The  equations  of  motion  are  in  this 
case  only  true  for  values  of  z  between  z=  +c  and  x 1. 

4.  On  the  Oscillatory  Motion  of  a  Weight  at  the  End  of  a  Ver- 
tical Elastic  Rod  of  Appreciable  Mass. — Suppose  the  mass  of  the 
rod  to  be  taken  into  account,  and  assume: 

(a)  That  all  the  particles  of  the  rod  move  in  directions  parallel 
to  the  axis  of  the  rod. 

(6)  That  all  the  particles  which  at  any  instant  .are  in  a  plane 
perpendicular  to  the  axis  remain  in  that  plane  at  all  times. 

As  before,  the  rod  OA  of  natural  length  L  and  sectional  area  A 
is  fixed  at  0  and  carries  a  weight.  Pi  at  A. 

Take  0  as  the  origin,  and  let  OX  be  the  axis  of  the  rod. 

Let  ?,  $+d^,  and  x,  x+dx,  be  respectively  the  actual  and  natural 
distances  from  0  of  the  two  consecutive  sections  MM, 
M'M'.  0 

Let  po  be  the  natural  density  of  the  rod,  and./o  the 
density  of  the  section  MM,  distant  f  from  0. 

The  forces  which  act  upon  the  rod  are:  MI-HM, 

(o)  The  upward  and  constant  force  Pq  at  0.  v^-*W 

(6)  The  weight  Pi  &i  A. 

ic)  The  weight  of  the  rod. 

{d)  A  force  X  per  unit  of  mass  through  the  slice 
bounded  by  the  planes  MM,  M'M',  distant  f  and  f +d$, 
respectively,  from  0. 

Suppose  the  rod,  after  equilibrium  has  been  estab- 
lished, to  be  cut  at  the  plane  M'M'.    In  order  to  main-    pig.  309. 
tain  the  equilibrium  of  the  portion  OM'M'  it  will  be 
necessary  to  apply  to  the  surface  of  this  plane  a  certain  force  P, 
and  the  equation  of  equilibrium  becomes 

-Po+f  pAd$X +P  +P09AX  =  0. 

But  if  the  thickness  df  of  the  slice  MM'  is  indefinitely  diminished^, 
P  is  evidently  the  elastic  reaction,  and  its  value  is 

^.d$-dx     „Jd^ 
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Hence 


-Po + /%^Xd$ +Ea(^-  l)  +pogAx = 0. 


Differentiating  with  respect  to  x, 


But  pd?=podx, 


therefore  poAX + EA-r-^  +pogA  =  0, 

Po  dx^     " 

Also,  poAXdx  is  the  resistance  to  acceleration  arising  from  the 
inertia  of  the  slice,  and  is  therefore  equal  to 

-poAdx-^, 
so  that 

^  ~  "  dt^- 
Hence 

To  solve  this  equaiion. — In  the  state  of  equilibrium, 

is  the  tension  in  the  section  of  which  the  distance  from  0  is  x,  and 
coimterbalances  the  weight  Pi  and  the  weight  poA{l—x)g  of  the 
portion  AMN  of  the  rod. 


therefore  EA(-^-lj=Pi+poAgil-x), 

d$    1      Pi  ,pog,,      . 
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r 

Integrating,  f =,+^+^^^(,,_|).  ..;;..    (2) 

There  is  no  constant  of  integration,  as  x  and  f  vanish  together. 
This  value  of  ^  is  a  partidular  solution  of  (1),  and  is  independent 
ofi. 

Put  f  =  .+^.+^|(i._f)+,, 

z  being  a  new  function  of  x  and  t.    Then 

Hence,  from  eq.  (1), 

(Pz    E(Pz        d^z        ^  ,    E 

-js  =  —  T-5  =  ■vi^T^,    where    uj^  =— . 

The  integral  of  this  equation  is  of  the  form 

z^F{x^-vit)+l{x-vit), 

•yi(=\J— )  being    the   velocity   of  propagation  of    the  vibrations. 
The  full  solution  of  (1)  is  therefore  of  the  form 


f-+s-f 


Ux-|-j  +F{x+vit)  +f(_x-vit). 


5.  Specific  Weight;  Coefficient  of  Elasticity;  Limit  of  Elasticity; 
Breaking  Stress. — Before  the  strength  of  a  body  can  be  fully  known 
certain  physical  constants  whose  values  depend  upon  the  material 
must  be  determined. 

(a)  Specific  Weight. — The  specific  weight  is  the  weight  of  a 
unit  of  volume.  The  specific  weights  of  most  of  the  materials  of 
construction  have  been  carefully  foimd  and  tabulated.  If  the 
specific  weight  of  any  new  material  is  required,  a  convenient  approxi- 
mate method  is  to  prepare  from  it  a  number  of  regular  solids  of 
determinate  volume  and  weigh  them  in  an  ordinary  pair  of  scales. 
The  ratio  of  the  total  weight  of  these  solids  to  their  total  volume 
is  the  specific  weight.    It  must  be  remembered  that  the  weight 
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may  vary  considerably  with  time,  etc. ;  thus  a  sample  of  greenheart 
weighed  69.75  lbs.  per  cubic  foot  when  first  cut  out  of  the  log,  and 
only  57  lbs.  per  cubic  foot  at  the  end  of  six  months.  When  the 
strength  of  a  timber  is  being  determined,  it  is  important  to  note 
the  amount  of  water  present  in  the  test-piece,  since  this  appears 
to  have  a  great  influence  upon  the  results. 

The  straining  of  a  structure  is  generally  largely  due  to  its  own 
weight. 

The  total  load  upon  a  structure  includes  all  the  external  forces 
applied  to  it,  and  in  practice  is  designated  deaa  {permanent)  or  live 
{moving),  according  as  the  forces  are  gradually  applied  and  steady, 
or  suddenly  applied  and  accompanied  with  vibrations.  For  example, 
the  weight  of  a  bridge  is  a  dead  load,  while  a  train  passing  over  it- 
is  a  live  load;  the  weight  of  a  roof,  together  with  the  weight  of  any 
snow  which  may  have  accumulated  upon  it,  is  a  dead  load;  wind 
causes  at  times  excessive  vibrations  in  the  members  of  a  structure, 
and  although  often  treated  as  a  dead  load,  should  in  reality  be  con- 
sidered a  live  load. 

The  dead  loads  pf  many  structures  (as  masonry  walls,  etc.)  are 
so  great  that  extra  or  accidental  loads  may  be  safely  disregarded. 
In  cold  climates,  great  masses  of  snow  and  the  penetrating  effect 
of  the  frost  necessitate  very  deep  foundations,  which  proportion- 
ately increase  the  dead  weight. 

(&)  Coefficient  of  Elasticity. — Generally  speaking,  a  knowledge 
of  the  external  forces  acting  upon  a  structure  discloses  the  manner 
of  their  distribution  amongst  its  various  members,  but  the  defor- 
mation of  these  members  can  only  be  estimated  by  means  of  the 
coefficient  of  elasticity,  which  expresses  the  relation  between  a 
stress  and  the  corresponding  strain. 

In  practice  it  is  usually  sufficient  to  assume  that  a  material  is 
elastic,  homogeneous,  and  isotropic,  and  its  deformation  xmder 
stress  may  be  found  if  the  coefficients  of  elasticity,  of  form,  and 
of  volume  are  known. 

In  a  homogeneous  solid  there  may  be  twenty-one  distinct  coeffi- 
cients of  elasticity,  which  are  usually  classified  under  the  following 
heads: 

(1)  Direct,  expressing  the  relation  between  longitudinal  strains 
and  normal  stresses  in  the  same  direction. 
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Compresaions 


V 


•/ 


Fig.  310. 


(2)  Transverse,  expressing  the  relation  between  tangential  stresses 
and  strains  in  the  same  direction. 

(3)  Lateral,  expressing  the  relation  between  longitudinal  strains 
and  normal  stresses  at  right  angles  to  the  strains,  i.e.,  a  lateral 
resistance  to  deformation. 

(4)  Oblique,  expressing  other  relations  of  stress  and  strain. 
If  a  body  is  isotropic,  i.e.,  equally  elastic  in  all  directions,  the 

twenty-one  .coefficients  reduce  to  two, 
viz.,  the  coefficients  of  direct  elasticity 
and  of  lateral  elasticity.  Such  bodies, 
however,  are  almost  wholly  ideal.  In 
a  perfectly  elastic  body  E  would  be 
the  same  both  for  tension  and  com- 
pression. In  the  ordinary  materials 
of  construction  it  is  slightly  less  for 
compression  than  for  tension;  but  if 
the  stresses  do  not  exceed  a  certain 
limit,  the  difference  is  so  slight  that  it 
may  be  disregarded. 

The  equation  f  =  Ee  may  be  illustrated  graphically  by  the  straight 
line  POP,  the  ordinate  at  any  point  being  the  stress  required  to 
produce  the  strain  represented  by  the  corresponding  abscissa. 

The  work  done  per  imit  of  volume  in  producing  the  extension 
(or  compression)  ON 

=  area  of  triangle  PON  =  \oN -PN  =''4—Lp- 

Z  1      Za 

Also,  tan  PON  =  -=E. 

'  e 

Coefficients   of  elasticity  must  be   determined  experimentally. 

The  coefficients  of  direct  elasticity  for  the  different  metals  and 
timbers  are  sometimes  obtained  by  subjecting  bars  of  the  material 
to  forces  of  extension  or  compression,  or  by  observing  the  deflections 
of  beams  loaded  transversely.  The  coefficients  for  blocks  of  stone 
and  masonry  might  also  be  found  by  transverse  loading;  they  are 
of  little,  if  any,  practical  use,  as,  on  account  of  the  inherent  stiff- 
ness of  masonry  structures,  their  deformations,  or  settlings,  are  due 
rather  to  defective  workmanship  than  to  the  natural  play  of  elastic 
forces. 
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The  torsional  coefficient  of  elasticity,  i.e.,  the  coefficient  of  elastic 
resistance  to  torsion,  has  been  shown  by  experiment  to  vary  from 
two  fifths  to  three  eighths  of  the  coefficient  of  direct  elasticity. 

When,  e.g.,  it  is  required  to  find  the  E  for  a  material  a  test-piece 
is  prepared  and  is  held  in  the  grips  (or  holders)  of  a  testing-machine. 
An  intermediate  portion  of  a  definite  length  L  (usually  8  or  10  ins.) 
and  far  enough  from  the  ends  of  the  grips  to  be  unaffected  by  their 


1 
1 

1 

11. 

p 
1 
1 
1 

—T 

-i. 


Fig.  311.     Fig.  312.    Fig.  313.    Fig.  314. 

action  is  then  marked  off.  Before  the  loading  of  the  specimen 
commences  the  telescope  is  set  at  zero..  Under  a  load  P  the  tele- 
scope gives  a  reading  R,  indicating  that  the  length  L  has  been  in- 
creased by  R. 

Therefore  P=EA-^, 


A  being  the  sectional  area  of  the  specimen. 

If  the  load  is  now  increased  by  an  amount  AP,  there  will  be  a 
corresponding  increase  of  AR  in  the  extension. 


Therefore 


P  +  JP=EA 


R  +  JR 


Hence 


AR   A' 


from  which  the  value  of  E  can  be  calculated. 

Ex.  13.  A  mild-steel  specimen  of  1  in.  diameter  is  placed  in  the  testing- 
machine  and  a  distance  of  10  ins.  (L)  between  the  7nea,suring-points  is  marked 
off;  determine  the  average  E  from  the  following  tabulated  observations: 
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Load  in  Tons 

Increment 

Extension 

Increment  of 

of  2240  Lbs., 

of  Load, 

in  Inches, 

Extension, 

P. 

AP. 

a. 

JB. 

0 

0 

0 

0 

4 

4 

.0042 

.0042 

8 

4 

.0081 

.0039 

12 

4 

.0121 

.0040 

Thus,  for  an  increment  in  the  load  of  4  tons,  the  corresponding  average 
increment  in  the  extension 


.0042  +  .0039  +  .0040    .0121 


and  therefore 

4  10 

^"H  2217^  =12,629  tons. 

3      7  4  ^1^' 

The  ends  of  the  test-piece  are  enlarged  and  are  connected  with 
the  main  body  of  the  specimen  by  giving  the  shoulder  a  suitable 
curve  (Fig.  311).  Abrupt  changes  of  section  (Figs.  312  and  313) 
must  be  avoided,  as  at  such  points  great  stresses,  of  which  the  dis- 
tribution is  unknown,  are  induced.  The  fracture  of  a  hard  speci- 
men almost  invariably  takes  place  at  an  abrupt  change  of  section, 
while  with  a  ductile  material  there  will  be  a  flow  (p.  254)  toward 
the  narrower  portion,  which  will  prevent  its  full  contraction  before 
fracture  takes  place.  The  apparent  strength  of  the  material  is 
therefore  increased.  When  test-pieces  are  sheared  out  of  boiler- 
plate, about  a  quarter  of  an  inch  of  the  metal  should  be  removed 
on  each  side  between  the  measuring-points  (Fig.  314),  in  order  to 
eliminate  the  upsetting  effect  of  the  shearing  action.  All  speci- 
mens should  be  long  enough  to  allow  the  portion  between  the  meas- 
uring-points to  contract  freely,  as  otherwise  they  seem  to  be  under 
constraint  and  fracture  takes  place  before  the  contraction  is  com- 
plete. Thus  the  apparent  strength  is  greater  than  the  actual  strength, 
which  is  the  breaking  load  per  square  inch  of  the  original  sectional 
area. 

In  ordinary  practice,  however,  the  engineer  does  not  care  to 
know  this  actual  ultimate  stress,  but  demands  the  stress  which  the 
material  would  bear  if  the  sectional  area  of  the  test-piece  remained 
tmchanged  up  to  the  point  of  fracture.  In  other  words,  he  requires 
the  breaking  load  per  square  inch  of  the  original  sectional  area,  and 
he  can  then  decide  what  fraction  of  this,  load  may  be  safely  applied 
to  any  structural  member. 
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Again,  the  distance  between  the  "measuring-points"  of  a  test- 
piece  is  subdivided  into  a  number   (8  or  10)  of  1-inch  lengths,  and 


Actual  Extensions 

i 

.20 
A 

.21 
.21 

.25 
.25^ 

.27 
•374 

.37 
.37 

.71 
.71 

315. 

Equivalent  Extensions 

Fig 

.37 


.27 


=2.7 


after  fracture  has  taken  place  the  extension  of  each  division  is  care- 
fully determined.     If  the  fracture  is  near  the  centre,  the  percentage 

of  elongation  is  -j —     If  the  fracture,  however,  is  at  a  distance 

from  the  centre,  as  in  Fig.  315,  the  equivalent  elongation  is  obtained 
in  the  following  manner: 

The  elongation  of  each  division  is  shown  in  the  figure.  On  the 
right  of  the  division  containing  the  fracture  and  in  which  the  local 
elongation  is  necessarily  the  greatest,  imaginary  divisions,  shown  by 
dotted  lines,  are  added,  and  these  divisions  have  the  same  extensions 
as  the  corresponding  divisions  b  and  c  on  the  left  of  0.  The  total 
equivalent  elongation  is  then  AB  —  8",  the  length  AB  including  8  divi- 
sions.   In  the  specimen  in  question  AB  =  10". 7. 

Therefore  the  equivalent  elongation  =  2".7   and   the   equivalent 

percentage  =  -3-  X  2.7  =  33f ,  very  nearly. 

Also,  if  a  is  the  fractured  area,  the  percentage  of  reduction  in  area 


=:oo(i-f). 


These  two  percentages  are  measurements  of  the  ductility  of  the 
material. 

In  the  above  specimen  the  initial  diameter  =  l."059,  and  the 
final  diameter =0". 681. 


Therefore  T=   Tl^     =-4135, 


H 


681  y_ 

059/  ~- 


and  the  reduction  of  area  =  100(1 -.4135)  =58.65  per  cent. 

(c)  Limit  of  Elasticity. — ^When  the  forces  which  strain  a  body 
fall  below  a  certain  limit,  the  body,  on  the  removal  of  the  forces, 
will  resume  its  original  form  and  dimensions  without  sensible  change 
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(disregarding  any  effects  due  to  the  development  of  heat)  and  may 
be  treated  as  perfectly  elastic.  But  if  the  forces  exceed  this  limit, 
the  body  will  receive  a  permanent  deformation,  or,  as  it  is  termed, 
a  set. 

Such  a  limit  is, called  a  limit  of  elasticity,  and  is  the  greatest  stress 
that  can  be  applied  to  a  body  without  producing  in  it  an  appreciable 
and  permanent  deformation. 

This  is  an  unsatisfactory  definition,  as  a  body  passes  from  the 
elastic  to  the  non-elastic  state  by  such  imperceptible  degrees  that 
it  is  impossible  to  fix  any  exact  line  of  demarcation  between  the 
two  states. 

Bauschinger's  experiments  also  indicate  that  the  appHcation  to 
a  body  of  any  stress,  however  small,  produces  a  plastic  or  perma- 
nent deformation.  This,  perhaps,  is  sometimes  due  to  a  want  of 
uniformity  in  the  material,  or  to  the  bar  being  not  quite  straight 
initially.  In  any  case,  the  deformations  under  loads  which  are 
less  than  a  load  known  as  the  elastic  limit  are  so  slight  as  to  be  of 
no  practical  account  and  may  be  safely  disregarded,  and  for  such 
loads  Hooke's  Law  may  be  regarded  as  substantially  correct. 

So,  too,  the  hysteresis  effect,  i.e.,  the  lagging  of  the  relation  of 
stress  to  strain,  is  so  slight  within  the  elastic  limit  as  to  be  safely 
disregarded.  Beyond  the  elastic  limit  the  creeping  becomes  very 
marked  for  the  first  few  minutes  and  may  continue  much  longer, 
but  at  a  diminished  rate.  At  last  a  point  is  reached  at  which  the 
material  draws  out  and  breaks  without  any  further  increase  of  load. 

Fairbairn  defines  the  limit  of  elasticity  more  correctly  as  the 
stress  below  which  the  deformation  is  approximately  proportional 
to  the  load  which  produces  it,  and  beyond  which  the  deformation 
increases  much  more  rapidly  than  the  load.  In  fact,  both  the  elastic 
and  ultimate  strengths  of  a  material  depend  upon  the  nature  of 
the  stresses  to  which  they  are  subjected  and  upon  the  jreguency  of 
their  application.  For  example,  in  experimenting  upon  bars  of 
iron  having  an  ultimate  tenacity  of  46,794  lbs.  per  square  inch  and 
a  ductility  of  20  per  cent,  Wohler  found  that  with  repeated  stresses 
of  equal  intensity,  but  alternately  tensile  and  compressive,  a  bar 
failed  after  56,430  repetitions  when  the  intensity  was  33,000  lbs. 
per  square  inch;  a  second  bar  failed  only  after  19,187,000  repetitions 
when  the  intensity  was  18,700  lbs.  per  square  in;    whUe   a  third 
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bar  remained  intact  after  more  than  132,000,000  repetitions  when 
the  intensity  was  16,690  lbs.  per  square  inch.  These  experiments 
therefore  indicated  that  the  limit  of  elasticity  for  the  iron  in  question, 
under  repeated  stresses  of  equal  intensity,  but  alternately  tensile 
and  compressve,  lay  between  16,000  and  17,000  lbs.  per  square  inch, 
which  is  much  less  than  the  limit  under  a  steadily  applied  stress. 
Similar  results  have  been  shown  to  follow  when  the  stresses  fluctuate 
from  a  maximum  stress  to  a  minimum  stress  of  the  same  kind. 

Generally  speaking,  then,  the  limit  of  elasticity  of  a  material 
subjected  to  repeated  stresses  is  a  certain  maximum  stress  below 
which  the  condition  of  the  body  remains  unimpaired. 

Bauschinger  defines  the  elastic  limit  as  the  point  at  which  the 
stress  ceases  to  be  sensibly  proportional  to  the  strain,  the  latter 
being  measured  by  a  mirror  apparatus  reading  to  about  .00001  inch. 
If  the  yield  point  is  exceeded  it  will  rise  so  long  as  the  bar  remains 
loaded.  If  the  load  exceeds  the  elastic  limit  this  limit  will  rise 
until  it  approaches  the  yield  point,  when  it  rapidly  falls.  If  the 
load  is  then  increased  beyond  the  yield  point  the  limit  will  rise  again 
until  it  reaches  a  much  higher  point  than  its  former  value. 

The  main  object,  then,  of  the  theory  of  the  strength  of  materials 
is  to  determine  whether  the  stresses  developed  in  any  particular 
member  of  a  structure  exceed  the  limit  of  elasticity.  As  soon  as 
they  do  so,  that  member  is  permanently  deformed,  its  strength  is 
impaired,  it  becomes  predisposed  to  rupture,  and  the  safety  of  the 
whole  structure  is  threatened^  Still,  it  must  be  borne  in  mind 
that  it  is  not  absolutely  true  that  a  material  is  always  weakened 
by  being  subjected  to  forces  superior  to  this  limit.  In  the  manu- 
facture of  iron  bars,  for  instance,  each  of  the  processes  through 
which  the  metal  passes  changes  its  elasticity  and  increases  its  strength. 
Such  a  material  is  to  be  treated  as  being  in  a  new  state  and  as  possess- 
ing new  properties. 

Again,  when  a  bar  has  been  overstrained  so  that  its  molecu- 
lar condition  is  changed,  the  application  of  a  small  load  produces 
an  immediate  extension  followed  by  a  creeping  which  only  slowly 
disappears  when  the  bar  is  relieved  of  load.  If  the  bar  is  allowed 
to  rest  it  gradually  recovers  its  elastic  properties  and  the  recovery 
becomes  more  and  more  complete  as  the  time  of  rest  increases. 
Muir's  experiments  indicate  that  the  bar  may  regain  its  elasticity 
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by  bemg  immersed  for  a  few  minutes  in  boiling  water.  It  is  also 
found  that  this  process  gives  the  metal  a  higher  elastic  limit.  The 
overstraining  developes  a  resistance  to  plastic  deformation  or  pro- 
duces a  hardening  effect  which  may  be  eliminated  by  heatmg  the 
metal  to  redness  and  then  allowing  it  to  cool  slowly,  i.e.,  by  annealing. 

The  strength  of  a  material  is  governed  by  its  tenacity  and  rigidity, 
and  the  essential  requirement  of  practice  is  a  tough  material  with 
a  high  elastic  limit. 

This  is  especially  necessary  for  bridges  and  all  structures  liable 
to  constantly  repeated  loads,  for  it  is  found  that  these  repetitions 
lower  the  elastic  limit  and  diminish  the  strength. 

In  the  majority  of  cases  experience  has  fixed  a  practical  limit 
for  the  stresses  much  below  the  limit  of  elasticity.  This  insures 
greater  .safety  and  provides  against  unforeseen  and  accidental  loads 
which  may  exceed  the  practical  limit,  but  which  do  no  harm  imless 
they  pass  beyond  the  elastic  limit. 

Certain  operations  have  the  effect  of  raising  the  limit  of  elasticity; 
a  wrought-iron  bar  steadily  strained  almost  to  the  point  of  its  tdti- 
mate  strength  and  then  released  from  strain  and  allowed  to  rest, 
experiences  an  elevation  both  of  tenacity  and  of  the  elastic  limit. 

If  the  bar  is  stretched  imtil  it  breaks,  the  tensile  strength  of 
the  broken  pieces  is  greater  than  that  of  the  bar.  A  similar  result 
follows  in  the  various  processes  employed  in  the  manufacture  of 
iron  and  steel  bars  and  wires :  the  wire  has  a  greater  ultimate  strength 
than  the  bar  from  which  it  was  drawn. 

Again,  iron  and  steel  bars  subjected  to  long-continued  compres- 
sion or  extension  have  their  resistance  increased  mainly  because 
time  is  allowed  for  the  molecules  of  the  metal  to  assume  such  posi- 
tions as  will  enable  them  to  offer  the  maximum  resistance;  the 
increase  is  not  attended  by  any  appreciable  change  of  density. 

Under  an  increasing  stress  a  brittle  material  will  be  fractured 
without  any  great  deformation,  while  a  tough  material  will  become 
plastic  and  undergo  a  large  deformation. 

(d)  Breaking  Stress. — When  the  load  upon  a  material  increases 
indefinitely  the  material  may  merely  suffer  an  increasing  deforma- 
tion, but  generally  a  hmit  is  reached  at  which  fracture  suddenly 
takes  place. 

Cast  iron  is  perhaps  the  most  doubtful  of  all  materials,  and  the 


240 


THEORY -OF  STRUCTURES. 


greatest  care  should  be  observed  in  its  employment.  It  possesses 
little  tenacity  or  elasticity,  is  very  hard  and  brittle,  and  may  fail 
suddenly  under  a  shock  or  an  extreme  variation  of  temperature. 
Unequal  cooling  may  predispose  the  metal  to  rupture,  and  its  strength 
may  be  still  further  diminished  by  the  presence  of  air-holes. 

Cast  iron  and  similar  materials  receive  a  sensible  set  even  under 
a  small  load,  and  the  set  increases  with  the  load.  Thus  at  no  point 
will  the  stress-strain  curve  be  absolutely  straight,  and  the  point 
of  fracture  will  be  reached  without  any  great  change  in  the  slope  of 
the  curve  and  without  the  development  of  much  plasticity. 

Wrought  iron  and  steel  are  far  more  imiform  in  their  behaviour, 
and  obey  with  tolerable  regularity  certain  theoretical  laws.  They 
are  tenacious,  ductile,  have  great  compressive  strength,  and  are 
most  reliable  for  structural  purposes.  Their  strength  and  ^asticity 
may  be  considerably  reduced  by-  high  temperatiu-es  or  severe  cold. 
When  a  bar  of  such  material  is  tested,  the  stress-strain  curve 
{f=±Ee),  as  has  already  been  pointed  out,  is  almost  absolutely 

straight  within  the  elastic  limit,  e.g., 
from  0  to  A  in  tension  and  from  0 
to  5  in  compression  (Fig.  316).  As 
the  load  increases  beyond  the  elastic 
limit,  the  increasing  deformation  be- 
comes plastic  and  permanent,  and  the 
stress-strain  diagram  takes  an  appre- 
ciable curvature  between  the  limits 
A  and  D  and  the  points  B  and  E 
corresponding  to  the  maximum  loads.  • 
In  tension,  as  soon  as  the  point  D 
is  reached,  the  bar  rapidly  elongates 
and  is  no  longer  able  to  sustain  the 
maximum  load,  its  sectional  area  rapidly 
diminishes,  and  fracture  ultimately 
takes  place  under  a  load  much  less 
than  the  maximum  load.  The  point 
of  fracture  is  represented  in  the  figure 
by  the  point  F,  the  ordinate  of  F  being  the  actiwl  ultimate  intensity 

final  load  on  the  bar 
of  s  ress  -  ^^^  ^j  j^g^iy^fg^  section 


Fig.  316. 


BREAKING  STRESS. 


241 


The  exact  form  of  the  stress-strain  curve  between  D  and  F  is 
TUiknown,as  no  definite  relation  has  been  found  to  exist  between 
the  stress  and  strain  during  the  elongation  from  D  to  F. 

It  is  also  important  to  note  that,  as  the  deformation  gradually 
increases  under  the  increasing  load,  the  molecules  of  the  material 
require  greater  or  less  time  to  adjust  themselves  to  the  new  condition. 

During  the  tensile  test  of  a  ductile  material  there  is,  at  some 
point  beyond  the  elastic  limit,  an  abrupt  break  GH  in  the  continuity 
of  the  stress-strain  curve,  the  curve  again 
becoming  continuous  from  H  to  Z>,  Fig.  317. 
This  phenomenon  is  always  very  marked  in 
mild  steel  and  other  ductile  materials,  and  the 
deformation  after  passing  GH  is  almost  wholly 
plastic  or  permanent. 

The  point  G  is  called  the  yield-point  and 
seems  to  be  always  higher  than  A,  the  true 
elastic  limit. 

In  compression  there  is  no  local  stretch 
as  in  tension,  and  there  is  consequently  no 
considerable  change  in  the  curvature  of  the 
compression  stress-strain  curve  up  to  the  point  of  fracture. 

Timber  is  usually  tested  by  being  subjected  to  the  action  of 
tensile,  compressive,  or  transverse  loads.  Other  characteristics 
however,  must  be  known  before  a  full  conception  of  the  strength 
of  the  wood  can  be  obtained.  Thus  the  specific  weight  must  be 
found;  the  amount  of  water  present,  the  loss  in  drying,  and  the 
corresponding  shinkage  should  be  determined;  the  structural  differ- 
ences of  the  several  specimens,  the  rate  of  growth,  etc.,  should  be 
observed. 

The  chief  object  of  experiments  upon  masonry  and  brickwork 
is  to  discover  their  resistance  to  compression,  i.e.,  their  crushing 
strength.  In  fact,  their  stiffness  is  so  great  that  they  may  be  com- 
pressed up  to  the  point  of  fracture  without  sensible  change  of  form, 
and  it  is  therefore  very  difficult,  if  not  impossible,  to  observe  the 
limit  of  elasticity. 

The  cement  or  mortar  uniting  the  stones  and  bricks  is  most  irregu- 
lar in  quality.  In  every  important  work  it  should  be  an  invariable 
rule  to  prepare  specimens  for  testing.    The  crushing  strength  of 
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cement  and  of  mortar  is  much  greater  than  the  tensile  strength,  the 
latter  being  often  exceedingly  small.  Hence  it  is  advisable  to  avoid 
tensile  stresses  within  a  mass  of  masonry,  as  they  tend  to  open  the 
joints  and  separate  the  stones  from  one  another.  Attempts  are 
frequently  made  to  strengthen  masonry  and  brickwork  walls  by 
inserting  in  the  joints  tarred  and  sanded  strips  of  hoop-iron.  Their 
utility  is  doubtful,  for,  imless  well  protected  from  the  atmosphere, 
they  oxidize,  to  the  detriment  of  the  surrounding  material,  and 
besides  this  they  prevent  an  equable  distribution  of  pressure.  They 
are,  however,  far  preferable  to  bond-timbers. 

The  working  stress  is  the  greatest  stress  which  a  material  is  to 
bear  in  ordinary  practice,  and  the  ratio 

ultimate  strength 
working  stress 

is  called  the  factor  of  safety. 

The  value  of  this  factor  is  governed  by  many  important  consider- 
ations, as,  for  example,  the  nature  of  the  material,  the  character  of 
.  the  stresses,  the  effect  of  bad  workmanship,  etc.  The  material  slowly 
deteriorates  with  time,  and  its  life  is  also  influenced  in  an  important 
degree  by  variations  of  temperature.  A  marked  change  in  the 
magnetic  properties  of  iron  and  steel  when  exposed  for  a  considerable 
length  of  time  to  a  temperature  as  low  as  100°  to  150°  F.  shows  that 
these  metals  undergo  a  gradual  molecular  change,  but  they  may  be 
restored  to  their  original  condition  by  re-annealing.  Again,  the 
behavior  of  a  material  largely  depends  upon  the  existence  of  initial 
internal  stresses  which  may  be  due  to  set  caused  either  by  temperature 
variations  or  by  the  action  of  previously  applied  forces.  This  is 
well  illustrated  in  a  cylindrical  casting  in  which  an  outer  shell  cools 
first  and  contracts,  and  is  then  compressed  tangentially  by  the  cooling 
and  contraction  of  an  adjoining  inner  shell,  while  the  metal,  of  this 
inner  shell  is  pulled  out  radially.  It  has  been  pointed  out  by  J. 
Thomson  that  the  defect  of  elasticity  imder  small  loads  observed  by 
Hodgkinson  in  cast  iron  is  probably  due  to  the  existence  of  internal 
stresses.  There  must  necessarily  be  an  equilibrium  between  these 
initial  stresses  at  any  section  of  the  material,  as  there  is  no  external 
load,  and  if  the  material  is  wholly  free  from  such  stresses  it  is  said 
to  be  in  a  state  of  ease  (Pearson).    Annealing  will  give  a  condition  of 
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almost  complete  ease  to  a  plastic  metal,  but  even  then  test-pieces, 
when  first  loaded,  show  elastic  defects  which  may  arise  in  part  from 
initial  internal  stress  and  which  are  reduced  or  may  disappear  under 
repeated  applications  of  the  loads. 

A  factor  of  safety  is  rarely  less  than  3,  and  the  following  factors 
are  in  accordance  with  the  best  practice: 

For  timber 3  for  dead  loads 

6    "  live 

"  metals 3    "  dead 

"        "      6    "  live 

"    masonry 6    "  dead 

10    "  live 

Experiments  also  indicate  that,  under  a  steady  (or  static)  load, 
timber  may  be  strained  almost  to  the  point  of  fracture  without  appar- 
ent injury  to  the  material. 

The  factor  of  safety  is  largely  influenced  by  the  variability  of  the 
stresses  to  which  a  material  may  be  subjected.  The  extension  of  a 
bar  under  a  gradually  applied  load  is  much  less  than  when  the  load 
is  placed  on  the  bar  and  svddenly  released,  while  it  is  still  greater  if 
the  body  is  in  motion  and  commences  its  action  on  the  bar  by  a 
shock  or  a  blow.  This  is  followed  by  a  vibration  (Art.  2)  of  the  weight 
about  a  neutral  position  and  the  vibration  continues,  but  with  a 
diminishing  amplitude,  until  it  finally  disappears  under  the  action 
of  the  molecular  frictional  resistance  of  the  material.  The  effect, 
then,  of  a  suddenly  applied  load  or  a  shock,  even  if  it  strains  the 
material  only  slightly  beyond  the  limit  of  elasticity,  is  detrimental, 
while  the  same  load  may  be  gradually  applied  without  doing  any 
harm.  The  kinetic  energy  due  to  a  shock  or  blow  is  expended  in 
doing  the  work  of  straining,  and  if  the  resulting  strain  is  so  great  that 
the  limit  of  elasticity  is  exceeded,  a  local  hardening  is  produced  which 
renders  the  material  less  able  to  take  up  the  work  as  an  elastic  strain, 
and  its  capacity  for  doing  so  may  be  rapidly  exhausted  by  repetitions 
of  such  shocks. 

6.  Wohler's  Experiments, — ^Fatigue. — It  is  known  that  variable 
forces,  constantly  repeated  loads,  and  continued  vibrations  diminish 
the  strength  of  a  material,  whether  they  produce  stresses  approximat- 
ing to  the  elastic  limit,  or  exceedingly  small  stresses  occurring  with 
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great  rapidity.  Indeed  many  structures  are  designed  so  that  the 
several  members  are  always  subjected  to  the  same  kind  of  stress, 
thus  avoiding  the  detrimental  effect  of  alternating  tensile  and  com- 
pressive stresses.  Although  the  fact  of  a  variable  ultimate  strength 
liad  long  been  tacitly  acknowledged  and  often  allowed  for,  Wohler 
■was  the  first  to  give  formal  expression  to  it,  and,  as  a  result  of  obser- 
vation and  experiment  extending  over  a  period  of  twelve  years, 
enunciated  the  following  law: 

"  That  if  a  stress  t,  due  to  a  static  load,  cause  the  fracture  of  a 
bar,  the  bar  may  also  be  fractured  by  a  series  of  often-repeated 
stresses,  each  of  which  is  less  than  t;  and  that,  as  the  differences 
of  stress  increase,  the  cohesion  of  the  materials  is  affected  in  such  a 
manner  that  the  minimum  stress  required  to  produce  fracture  is 
diminished." 

This  law  is  manifestly  incomplete.  In  Wohler's  experiments 
the  applications  of  the  load  followed  each  other  with  great  rapidity, 
yet  a  certain  length  of  time  was  required  for  the  resulting  stresses 
to  attain  their  full  intensity;  the  influence  due  to  the  rapidity  of 
application,  to  the  rate  of  increase  of  the  stress,  and  to  the  duration 
of  individual  strains  still  remains  a  subject  for  investigation. 

The  experiments,  however,  show  that  the  rate  of  increase  of 
repetitions  of  stress  required  to  produce  fracture  is  much  more 
rapid  than  the  rate  of  decrease  of  the  stresses  themselves,  and 
depends  both  upon  the  maximum  stress  and  upon  the  difference  or 
-fluctuation  of  stress. 

The  effect  of  repeated  stresses  of  equal  intensity,  but  alternately 
tensile  and  compressive,  has  been  already  pointed  out  in  Art.  4. 

Bars  of  the  same  material  repeatedly  bent  in  one  direction  bore 
31,132  lbs.  per  square  inch  when  the  load  was  wholly  removed  between 
each  bending,  and  45,734  lbs.  per  square  inch  when  the  stress  fluctu- 
ated between  45,733  lbs.  and  24,941  lbs. 

The  table  on  page  245  gives  the  results  of  similar  experiments 
on  steel. 

The  axle  steel  was  found  to  bear  22,830  lbs.  per  square  inch 
when  subjected  to  repeated  shears  of  equal  intensity  but  opposite 
in  kind,  and  29,440  lbs.  per  square  inch  when  the  shears  were  of 
the  same  kind.  It  would  therefore  appear  that  the  shearing  strengths 
of  the  metal  in  the  two  cases  are   about  ^  of  the  strengths  of  the 
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same  metal  under  alternate  bending  and  under  bending  in  one  direc- 
tion respectively. 


Character  of  Fluctuation. 

Maximum  Resistance  to  Repeated 
Stresses  in  Lbs.  per  Square  Inch. 

Axle  Steel. 

Spring  Steel 
(unhardened). 

Alternating  stresses  of  equal  intensity 

29,000, -29,0C0 

49,890,         0 
83,110,     36,380 

Complete  relief  from  stress  between  each  bend- 
ing         

52,000,          0 

Partial  relief  from  stress  between  each  bending . 

93,500,   62,240' 

From  torsion  experiments  with  various  qualities  of  steel  the 
important  result  was  deduced  that  the  maximum  resistance  of 
the  steel  to  alternate  twisting  was  i  of  the  maximum  resistance 
of  the  same  steel  to  alternate  bending. 

For  shearing  stresses  in  opposite  directions  Wohler  found,  in  the 
case  of  Krupp  cast  steel  (untempered),  that  m =39,500  Ibs./sq.  in. 
and  s  =  23,000  Ibs./sq.  m.,  or  about  |-  of  the  corresponding  values  for 
stresses  which  are  alternately  tensile  and  compressive,  and  it  may 
be  generally  assumed  that  the  value  of  the  working  stress  for  shear- 
ing stresses  is  i  of  its  value  for  stresses  which  are  alternately  tensile 
and  compressive,  and  for  which  the  ratio  of  the  maximum  tensile 
to  the  maximum  compressive  stress  is  the  same. 

Wohler  proposed  2  as  a  factor  of  safety,  and  considered  that 
the  maximum  permissible  working  stresses  should  be  in  the  ratios 
of  1:2:3,  according  as  members  are  subjected  to  alternate  tensions 
and  compressions  (alternate  bending),  to  tensions  alternating  with 
entire  relief,  or  to  a  steady  load. 

Fatigue. — It  is  a  fact  of  practical  and  scientific  importance  that 
iron  and  steel,  and  probably  all  materials,  are  weakened  by  repeated 
variations  of  stress,  the  weakening  effect  being  called  fatigue.  A. 
certain  variation  may  be  permissible  provided  that  the  stresses  ai-e 
well  within  the  elastic  limits,  but  it  must  not  be  forgotten  that  whea 
these  limits,  are  exceeded  even  the  toughest  bar  may  be  frac turfed 
by  a  very  few  bendings.  It  is  strange  that  the  material  in  old  rails,, 
tires,  etc.,  which  have  been  long  in  use  and  have  been  almost 
exhausted  by  fatigue  should  have  become  a  seemingly  totally  differ- 
ent material,  but  yet,  under  the  ordinary  tests  for  plasticity  and 
strength,  should  give  results  which  do  not  differ  in  any  marked 
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degree  from  those  obtained  for  the  new  material.  A  period  of  rest 
tends  to  restore  the  elasticity  and  possibly  the  strength  of  a  fatigued 
piece,  and  the  effect  of  fatigue  may  be  entirely  eliminated  by  heat- 
ing the  piece  to  redness  and  then  allowing  it  to  cool  slowly,  i.e., 
by  annealing. 

The  phenomena  of  fatigue  have  been  fully  explained  by  Prof.  J. 
Thomson's  deductions,  verified  by  Bauschinger's  experiments.  There 
are  in  reality  two  limits  of  elasticity.  Bauschinger  first  loaded  a 
number  of  wrought-iron  bars  until  a  point  was  reached  at  which 
the  tensile  stress  was  no  longer  sensibly  proportional  to  the  strain. 
He  then  reversed  the  process  and  loaded  the  bars  in  compression  until 
the  compressive  stress  was  no  longer  sensibly  proportional  to  the 
strain.  He  foimd  that  these  operations  had  the  effect  of  lowering 
the  elastic  limit  in  tension  and  raising  that  in  compression  until 
finally  the  two  limits  were  equidistant  from  the  line  of  no  load.  These 
he  called  the  natural  elastic  limits  of  the  wrought  iron,  the  correspond- 
ing stress  being  8^  tons  per  square  inch,  which  is  practically  the 
same  as  that  obtained  by  Wohler  in  bars  of  the  same  material  tested 
alternately  in  tension  and  compression.  Bauschinger's  experiments 
also  showed  that  although  either  one  of  the  limits  might  be  changed, 
even  to  the  ordinary  breaking  stress,  the  range  of  elasticity  remains 
about  the  same.  This  accords  with  Thomson's  theoretical  deduc- 
tions in  which  he  defines  the  limits  as  a  superior  and  an  inferior 
limit,  for  the  reason  that  they  are  not  necessarily  equal  and  equi- 
distant from  the  line  of  no  load,  and,  if  the  overstraining  is  suffi- 
cient, may  both  lie  on  the  same  side  of  this  line.  The  tensile 
elastic  limit  of  bars  fresh  from  the  rolls  is  raised  by  processes  of 
manufacture  and  treatment  to  a  higher  point  than  Bauschinger's 
natural  limit,  and  is  at  once  lowered  when  subjected  to  stresses 
which  are  alternately  tensile  and  compressive.  At  the  same  time 
the  limit  in  compression  is  raised  and  this  change  continues  until 
both  limits  are  the  same.  It  is  not  the  straining  beyond  one  elastic 
limit  which  is  injurious  to  a  material,  but  the  repeated  straining 
beyond  the  two  elastic  limits. 

On  the  basis  of  Wohler's  experiments,  empirical  formulae  have 
been  deduced  which,  it  is  claimed,  are  more  in  accordance  with 
the  results  of  experiment,  give  smaller  errors,  and  insure  greater 
safety  than  the  incorrect  assumption  of  a  constant  ultimate  strength. 
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The  formulse  necessarily  depend  upon  certain  experimental 
results,  but  in  applying  them  to  any  particular  case,  it  must  be 
remembered  that  only  such  results  should  be  employed  as  have 
been  obtained  for  a  material  of  the  same  kind  and  under  the  same 
conditions  as  the  material  under  consideration.  The  effects  due 
to  faulty  material,  rust,  etc.,  are  altogether  indeterminate,  so  that 
no  formula  can  be  perfectly  universal  in  its  application.  Hence 
the  necessity  for  factors  of  safety,  with  values  depending  upon  the 
character  of  the  stresses  as  well  as  upon  the  nature  of  the  structure 
still  exists. 

In  the  formulse  the  following  assumptions  are  used: 

t  is  the  ultimate  strength  of  the  material  under  a  static  or  under 
a  very  gradually  applied  load. 

u  is  the  strength  when  the  material  is  subjected  to  a  number 
of  repeated  stresses,  the  stress  in  each  repetition  remaining  unchanged 
in  kind;  that  is,  being  wholly  tensile  or  wholly  compressive  or  wholly 
shearing. 

s  is  the  ultimate  strength  of  the  material  when  subjected  to 
repeated  stresses  which  are  of  equal  intensity  and  are  alternately 
tensile  and  compressive. 

/  is  the  working  stress  per  tmit  of  sectional  area. 

A  is  the  effective  sectional  area. 

fA  is  the  numerically  absolute  maximum  load  which  the  material 
has  to  carry. 

Launhardt's  Formula. — Let  ai  be  the  ultimate  strength  of  a  bar 
of  a  sectional  area  A  when  the  bar  is  subjected  to  stresses  which 
vary  between  ai  and  a  m'inimum  stress  02  of  the  same  kind. 

Let  ai  —  a2,  the  -fluctuation  of  stress,  =d. 

As  the  result  of  experiment, 

aiocd=Fd, 

F  being  a  numerical  coefficient  whose  value  must  be  determined 
by  experiment. 

If  a2=0,  i.e.,  if  the  fluctuation  is  between  the  maximum  load 
and  complete  rest,  then 

ai=d=M    and    F  =  l. 
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If  d=Q,  i.e.,  if  there  is  no  fluctuation  of  stress  so  that  the  bar 
is  under  a  static  load,  then 

ai=a2  =  t    and    F=oo, 

Launhardt's  assumption  that 

t—u 


F=- 


t—ai 


satisfies  these  extreme  conditions  and  also  gives  intermediate  values 
of  tti  which  approximately  agree  with  the  results  of  the  most  reliable 
experiments.     Hence 

ai  ~tfa=— \0'\—a,2) 

t  —  0,\ 

or                                      i-ax^{t-u)\\—£\, 
and  therefore       a\^u\\^ I  =u\\^ <p\, 

0,2 

where  rf>=— . 

ai 

Taking  3  as  a  factor  of  safety, 

7     ,     ,1      aO'I    ^w/,     t—u,\ 
the  working  load=jA=A-;;=—^\l^ <p\  .     .    .     (L) 

Weyravch's  Formula. — The  bar  is  now  subjected  to  stresses  which 
vary  from  a  numerically  maximum  stress  ai  to  a  minimimi  stress 
az  of  an  opposite  kind.    Thus 

the  actual  fluctuation  of  stress  =ai+a2=d, 

and  again  as  the  result  of  experiment 

ai=Fd. 

If  a2=0,  i.e.,  if  the  fluctuation  is  between  the  maximum  load  and 
complete  rest, 

ai=d=u    and    F  =  l. 
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If  ai=a2=s,  i.e.,  if  the  fluctuation  is  between  maximum  stresses 
of  equal  intensity  but  of  opposite  kinds, 

ai=a2=-^=s    and    ■»' =0 • 

Weyrauch's  assumption  that 

_        u—s 


2u—s  —  ai 


satisfies  these  extreme  conditions  and  gives  intermediate  values  of  at 
which  approximately  agree  with  the  most  reliable  results  of  the 
few  experiments  yet  recorded.  It  is  also  in  accordance  with  Wohler's 
deductions  that  ai  increases  as  d  diminishes  and  vice  versa. 

Hence  ai=Fd  =  ^^_^_^^ia^+a2) 

or  2u—s—ai  =  (u—s)(l-\ — j 

=  (m-s)(1  +  <^), 


where 

^    ai 

Therefore 

ai-u(l+   ^    c^j, 

and  taking  3 

as  a  factor  of  safety. 

the  working  load=fA=A-~ 

-tO-^ 

(W) 


(L)  and  (W)  may  be  written  in  the  form 

the  working  load 


the  working  stress  = 


-!(-^"4 
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and  in  ordinary  practice  it  may  be  assumed  that 

u  is  30,000  lbs.  for  wrought  iron  and  48,000  lbs.  for  steel. 
Also,  if  the  varying  stresses  are  of  the  same  kind, 

/— M      1  9 

is  K  for  wrought  iron  and  ^r  for  mild  steel, 

w       2  ^  11  ' 

while  if  they  are  opposite  in  kind, 

j—u        1  5 

is  — o  for  wrought  iron  and  —  trr  for  mild  steel. 

u  2  °  11 

Ex.  14.  Find  the  proper  sectional  area  of  a  bar  of  axle  iron  which  has 
to  carry  loads  var5dng  from  a  maximum  pull  of  110,000  lbs.  to  a  minimum 
pull  of  44,000  lbs. 


Therefore 


The  working  stress  =  10000 (1  +\  ttj^)  =12000  lbs. 


the  required  sectional  area  =  -— — —  =9J  sq.  in. 

x^UUU 


Ex.  15.  Find  the  working  stress  of  a  mild-steel  girder  which  has  to  carry 
a  dead  load  of  D  lbs.  and  a  maximum  live  load  of  L  lbs.,  and  apply  your  result 
to  the  case  of  a  lattice  girder  when  the  live  is  3  times  the  dead  load. 

The  working  stress  =  1 6000  (l  +:^  -7) 

=16000(l+ll) 

=20364  lbs. 

Ex.  16.  A  mild-steel  bar  has  to  carry  loads  which  vary  between  a  max- 
imum tension  of  56,000  lbs.  and  a  maximum  compression  of  42,000  lbs.  Rnd 
its  sectional  area  (disregarding  buckling). 

The  working  stress  in  Ibs./sq.  in. 


2Q 

=  16000  x4i. 

44 


Therefore 


1  56000         -o,        ■    v 

the  sectional  area=  ^g„„„^^a,  =5.31  sq.  mches. 

iOUUU  A?j 
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Unwin's  Formula.— Himm  has  proposed  to  include  all  cases  of 
fluctuating  stress  in  the  formula 

d       , 

n  being  a  coefficient  to  be  determined  by  experiment,  while  the  other 
symbols  are  the  same  as  before. 

Then  d  =  ai±a2. 

li  d  =  0,  the  load  is  steady  and  ai  =  t. 

If  d  =  ai,  02=0,  and  the  load  alternates  with  entire  relief. 

In  this  case  ai  =  -^+^/t^—nait  , 

and  therefore  ai=2t{Vl+'nP—n). 

If  d  =  ai,  ai=—a2,  and  the  stresses  are  alternately  tensUe  and 
compressive,  but  of  equal  intensity. 

Therefore  ai  =  -^  +  Vt(t— 2oin) 

and  ai=7r-. 

2n 

In  these  extreme  cases  if  n  is  put  equal  to  1.42  for  wrought  iron 
and  to  1.66  for  steel,  results  are  obtained  almost  identical  with  those 
given  by  Latinhardt  and  Weyrauch.  The  formula  may  therefore  be 
assumed  to  be  approximately  correct  for  intermediate  cases. 

A  mean  value  of  n  for  iron  and  steel  seems  to  be  about  f ,  so  that 
the  formula  may  be  written 


ai=^  +  Jt(t-|d). 


Ex.  17.  A  diagonal  of  a  bowstriiig  truss  has  a  sectional  area  of  3  sq.  ins. 
and  carries  loads  which  vary  between  a  maximum  tension  of  14  tons  and  a  maxi- 
mum compression  of  6  tons.     Find  the  statical  strength  (t)  of  the  material, 

14         ,      ,    14  +  6    20 
a,=-    and    ^-^-=3- 
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Therefore  3  ^2"T^ 


4('-|f) 


and  < =10.175  tons. 

6.  Remarks  upon  the  Values  of  t,  u,  s,  and  f. — As  yet  the  value 
of  M  in  compression  has  not  been  satisfactorily  determined,  and  for 
the  present  its  value  may  be  assumed  to  be  the  same  both  in  tension 
and  compression. 

If,  as  Wohler  states,  "repeated  stresses"  are  detrimental  to 
the  strength  of  a  material,  then  the  values  of  u  and  s  diminish  as 
the  repetitions  increase  in  number,  and  are  minima  in  structures 
designed  for  a  practically  unlimited  life. 

Only  a  very  few  of  Wohler's  experiments  give  the  values  of  t, 
u,  s,  and  a,  so  that  Laimhardt's  and  Weyrauch's  assumptions  for 
the  value  of  /  must  be  regarded  as  tentative  only  and  require  to  be 
verified  by  further  experiments.  The  close  agreement  of  Wohler's 
results  from  tests  upon  untempered  cast  steel  (Krupp),  with  those 
given  by  Launhard'ts  formula  may  be  seen  from  the  following: 

For  <  =  1100  centners  *  per  square  zoU  Wohler  found  that  m=500 
centners  per  square  zoU.    Thus  (2)  becomes 


„.  =  5»(l  +  |^), 


and  therefore  ay^  —  500ai  —  600a2 = 0. 

Hence  for  a2=0,       250,     400,     600,     1100, 

Launhardt's  formula  gives 

ai==500,     710,     800,     900,     1100, 
w        Wohler's  experiments  gave 

oi=500,     700,    800,    900,     1100. 

Again,  with  Phcenix  iron,  for  i  =  500  centners    per  sq.  zoU,  u 
was  found  to  be  300  centners  per  square  zoll,  and  therefore 


Ol 


M'4'^) 


*  A  centner  =  110.23  pounds.    A  square  zoll  =  1.0603  square  inches. 
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or  ai2  -  300oi  -  250a2 = 0. 

If  02=240,  oi  =436.8,  which  abnost  exactly  agrees  with  the 
result  given  by  the  tension  experiments. 

In  general,  the  admissible  stress  per  square  unit  of  sectional 
area  may  be  expressed  in  the  form 

f=v{l±m^), 

V  and  TO  being  certain  coefficients  which  depend  upon  the  nature 
of  the  material  and  also  upon  the  manner  of  the  loading.  Con- 
sider three  cases,  the  material  in  each  case  being  wrought  iron: 

(o)  Let  the  stresses  vary  between  a  maximum  tension  and  an 
equal  maximum  compression;   then 

^  =  1, 

and  therefore  /=700(1  -i)  =350*  per  cent^. 

(b)  Let  the  material  be  subjected  to  stresses  which  are  either 
tensile  or  compressive,  and  let  it  always  return  to  the  original 
imstrained  condition;  then 

ai=0,     or    02=0,     and    ^=0; 
therefore  / = 700(1  ± 0)  =  700*  per  cent2. 

(c)  Let  the  material  be  continually  subjected  to  the  same  dead 
load;  then 

ai=02, 

and  therefore  /= 700(1+^)  =  1050*  per  cent2  =  14,934  lbs.  per  square 
inch,  which  is  about  one  third  of  the  ultimate  breaking  strength. 

Thus  in  these  three  cases  the  admissible  stresses  are  in  the  ratios 
of  1:2:3,  ratios  which  have  been  already  adopted  in  machine  con- 
struction as  the  result  of  experience. 

¥/6hler,  from  his  experiments  upon  untempered  cast  steel  (Krupp), 
concluded  that  for  alterations  between  an  unloaded  condition  and 
either  a  tension  or  a  compression,  /  =  1100*  per  cent^,  and  for  alter- 
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nations  between  equal  compressive  and  tensile  stresses,  /  =  580*-  per 
cent^. 

It  has  not  been  unusual  to  take 

-.  _ai+a2 

for  stresses  alternately  tensile  and  compressive,  it  being  assumed 
that  if  the  stresses  are  tensile  only,  their  admissible  values  may 
vary  from  0*  to  700*^  per  cent^. 

„.         ,     a2  700A  ,      ,      ai      700  ... 

Smce^=-,     a,  =  j^     and     /  =  X=TT^-       •      (A) 

Again,  taking  m=2100  k./cm.^,  • =^,  and  3  as  a  factor   of 

u 

safety,  Weyrauch's  formula  becomes 

/=^i =700(1 -i</.) (B) 

Comparing  the  results  of  (A)  and  (B) 

for.^=0,        i        h        h  1, 

(A)  gives/ =  700,     560,    467,     400,  350, 

and  (B)  gives/ =  700,     612,     525,    437,  350. 

7.  Flow  of  Solids. — When  a  ductile  body  is  strained  beyond 
the  elastic  limit,  it  approaches  a  purely  plastic  condition  in  which 
a  sufficiently  great  force  will  deform  the  body  indefinitely.  Under 
such  a  force  the  elasticity  disappears  and  the  material  is  said  to 
be  in  a  fluid  state,  behaving  precisely  ]ike  a  fluid.  For  example, 
it  flows  through  orifices  and  shows  a  contracted  section.  The  stress 
developed  •  in  the  material  is  called  the  fluid  pressure  or  coefficient 
of  fluidity. 

The  general  principle  of  the  flow  of  solids,  deduced  by  Tresca, 
may  be  enunciated  as  follows 
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A  pressure  upon  a  solid  body  creates  a  tendency  to  the  relative 
motion  of  the  particles  in  the  direction  of  least  resistance. 

This  gives  an  explanation  of  the  various  effects  produced  in 
materials  by  the  operations  of  wire-drawing,  punching,  shearing, 
rolling,  etc.,  and  in  the  manufacture  of  lead  pipes.  Probably  it 
also  explains  the  anomalous  behavior  of  solids  under  certain  extreme 
conditions. 

Rails  which  have  been  in  use  for  some  time  are  found  to  have 
acquired  an  elongated  lip  at  the  edge.  This  is  doubtless  due  to 
the  flow  of  the  metal  under  the  great  pressures  to  which  the  rails 
are  continually  subjected.  Other  examples  of  the  flow  of  solids 
are  to  be  observed  in  the  contraction  of  stretched  bars  and  in  the 
swelling  of  blocks  under  compression.  The  period  of  fluidity  is 
greater  for  the  more  ductile  materials,  and  may  disappear  altogether 
for  certain  vitreous  and  brittle  substances. 

In  pimching  a  piece  of  wrought  iron  or  steel,  the  metal  is  at 
first  compressed  and  flows  inwards,  while  the  shearing  only  com- 
mences when  the  opposite  surface  begins  to  open.  A  case  brought 
under  the  notice  of  the  author  may  be  mentioned  in  illustration  of 
this.  The  thickness  of  a  cold-pimched  nut  was  1.75  ins.,  the  nut- 
hole  was  .3125  inch  in  diameter,  and  the  length  of  the  piece  punched 
out  was  only  .75  inch.  Thus  the  flow  must  have  taken  place  through 
a  depth  of  1  in.,  and  the  shearing  through  a  depth  of  .75  inch.  Hence 
the  surface  really  shorn  was  ;rX.3125x.75  =  .736  square  inch  in 
area,  and  a  measure  of  the  shearing  action  is  the  product  of  this 
surface  area  and  the  fluid  pressure.  The  nature  of  the  flow  may  be 
observed  by  splitting  a  cold-punched  nut  in  half  and  treating  the 
fractured  surfaces  with  acid  after  having  planed  them  and  given 
them  a  bright  polish.  The  metal  bordering  the  core  will  be  found 
curved  downwards,  the  curvature  increasing  from  the  bottom  to 
the  top,  and  well-defined  curves  will  mark  the  separating  planes 
of  the  plates  which  were  originally  used  in  piling  and  rolling  the 
iron. 

In  experimenting  upon  lead,  Tresca  placed  a  number  of  plates, 
one  above  the  other,  in  a  strong  cylinder  (Fig.  319)  with  a 
hole  in  the  bottom.  Upon  applying  pressure  the  lead  was  always 
foimd  to  flow  when  the  coefficient  of  fluidity  was  about  2844  lbs. 
per  square  inch,  the  difference  of  stress  being  double  this  amount. 
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The  separating  planes  assumed  curved  forms  analogous  to  the  corre- 
sponding surfaces  of  flow  when  water  is  substituted  in  the  cylinder 
for  the  lead. 

The  flow  of  ductile  metals,  e.g.,  copper,  lead,  wrought  iron,  and 
soft  steel,  coDomences  as  soon  as  the  elastic  limit  is  exceeded,  and 
in  order  that  the  flow  may  be  continuous  the  distorting  stress  must 
constantly  increase.  On  the  other  hand,  in  the  case  of  truly  plastic 
bodies,  flow  commences  and  continues  under  the  same  constant 
stress.  It  evidently  depends  upon  the  hardness  of  the  material, 
and  has  been  called  the  coefficient  of  hardness.  The  longer  the  stress 
acts  the  greater  is  the  deformation,  which  gradually  Increases  indefi- 
nitely or  at  a  diminishing  rate. 

Experiment  shows  that  there  is  very  little  alteration  in  the 
density  of  a  ductile  body  during  its  plastic  deformation,  and  Tresca's 
analytical  investigations  are  based  on  the  assumption  that  the  body 
is  deformed  without  sensible  change  of  volume. 

Consider  a  prismatic  bar  undergoing  plastic  deformation. 

Let  L  be  the  length  and  A  the  section  of  the  bar  at  commence- 
ment of  deformation. 

Let  L±a;  be  the  length  and  a  the  section  of  the  bar  at  a  sub- 
sequent period. 

Let  p  be  the  intensity  of  the  fluid  pressure. 

Since  the  volume  remains  unchanged, 

LA  =  {L±x)a,       (1) 

the  positive  or  negative  sign  being  taken  according  as  the  bar  is 
in  tension  or  compression. 

Let  Pi  be  initial  force  on  bar. 

Let  P  be  force  on  bar  when  its  length  is  L±a;.    Then 

Pi^pA, 
P=pa, 


and  hence  ■  pTA^LI^ ^    .    .    (2) 

Hence  P(L  ±  a;)  =PiL= a  constant, (3) 
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t 

c 

Fig.  318. 


and  the  force  diminishes  as  the  bar  stretches  and  increases  as  the 
bar  contracts  under  pressure.  If  equa- 
tion (3)  be  referred  to  rectangular 
axes,  the  ordinates  representing  differ- 
ent values  of  P  and  the  abscissae  the 
corresponding  values  of  z,  the  stress- 
strain  diagrams,  tt  in  tension  and  cc  x-- 
In  compression,  are  hyperbolic  curves, 
having  as  asymptotes  the  axis  of  x, 
XOX,  and  a  line  parallel  to  the  axis 
of  2/  at  a  distance  from  it  equal  to  the 
length  L  of  the  bar. 

Second. — Consider  a  metallic  mass 
(e.g.  lead)  resting  upon  the  end  CD 
of  a  cylinder  of  radius  R  and  filling  up  a  space  of  depth  D. 
A  hole  of  radius  r  is  made  at  the  centre  of 
the  face  CD,  through  which  the  mass  flows 
under  the  pressure  of  fluidity  exerted  by  a 
piston.  When  the  mass  has  been  compressed 
to  the  thickness  DO=x,  let  y  be  the  corre- 
sponding length  KE  of  the  "jet." 

First,  assume  that  the  specific  weight  of 
the  mass  remains  constant. 

If  dx  be  the  diminution  in  the  thickness  DO 
corresponding  to  an  increase  dy  in  the  length 
of  the  jet,  then 

7tR^dx+7tr^dy=0.      ...     (4) 


K      L 
Fig.  319. 


Integrating,  and  remembering  that  2/=0  when  x=D, 

R^{D-x)-r^y  =  0 (5) 

Second,  assume  that  the  cylindrical  portion  EFGH  is  gradually 
transformed  into  NMPLKQN,  of  which  the  part  PMNQ  is  cylin- 
drical, while  the  diameter  of  the  part  PLKQ  gradually  increases  from 
the  face  of  the  cylinder  to  KL(=EF)  at  the  end  of  the  jet.  Then 
7:(R^—r^)dx=amoxiat  of  metal  which  flows  into  the  central  cylinder 

=2nrdrx, .     (6) 

dr  being  the  depth  to  which  the  metal  penetrates. 
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Third,  assume  that  the  diminution  of  the  diameter  of  the  cyUn- 
drical  portion  PMNQ  is  directly  proportional  to  the  said  diameter. 
Then,  if  2  be  the  radius  of  the  cylinder  PQNM, 


dr    dz 

r      z' 


Byeqs.  (6)  and  (7),  and  therefore 

^  X  z 

Integrating, 

(i22-r2)  log,  a;=2r2  log*  z+c, 

c  being  constant  of  integration. 
When  x=D,  z=r, 

X  z 

and  therefore  {B? — r^)  loge  -^  =  2r2  log«  -, 

z      lx\   ^' 
or 


2r2 


(7) 


Hi)  ■■'■ '« 

By  eqs.  (5)  and  (8), 


which  is  the  equation  to  the  profile  PL  or  QK. 
If  S2=3r2,  eq.  (8)  represents  a  straight  line. 
IfE2  =  2r2,  "     "         "  "parabola. 

8.  Thin  Hollow  Cylinders;  Boilers;  Pipes. 

Let  r  be  the  radius  of  the  cylinder. 

Let  t  be  the  thickness  of  the  metal. 

^^'\\         Let  p  be  the  fluid  pressure  upon  each  unit 


of  surface. 

Let  /  be  the  tensile  or  compressive  unit  stress, 
according  as  p  is  an  internal  or  an  external  pres- 
FiG.  320.  sure. 

Assume  (1)  that  the  metal  is  homogeneous  and  free  from  initial 
strain; 
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(2)  that  t  is  small  as  compared  with  r; 

(3)  that  the  pressures  are  uniformly  distributed  over  the 

internal  and  external  surfaces; 

(4)  that  the  ends  are  kept  perfectly  flat  and  rigid; 

(5)  that  the  stress  in  the  metal  is  uniformly  distributed 

over  the  thickness. 

The  last  assumption  is  equivalent  to  supposing  that  it  is  the  mean. 
circumferential  stress  which  is  governed  by  the  strength  of  the  metal, 
while  in  reality  it  is  the  internal  or  maximum  circumferential  stress 
which  is  so  governed. 

The  figure  represents  a  cross-section  of  the  cyhnder  of  thickness 
unity. 

A  section  made  by  any  diametral  plane,  as  AB,  must  develop© 
a  total  resistance  of  2tf,  and  this  must  be  equal  and  opposite  to  the 
resultant  of  the  fluid  pressure  upon  each  half,  i.e.,  to  2pr.    Hence 


2tf  =  2pr,     or     tf=pr. 


(1) 


This  formula  may  be  employed  to  determine  the  bursting,  proofs 
or  working  pressure  in  a  cylindrical  or  approximately  cylindrical 
boiler,  provided  that  /,  instead  of  being  the  tensile  or  compressive 
unit  stress,  is  some  suitable  coefficient  which  has  been  determined 
by  experiment.     If  rj  is  the  efficiency  of  a  riveted  joint,  the  formula 

j^tf  =  pr 

may  be  employed  to  determine  the  working  pressure  in  a  cylindrical 
or  approximately  cylindrical  boiler. 

In  ordinary  practice'  the  values  of  tj  and  /  are  given  by  the  follow- 
ing table : 


Material. 

Joint. 

V 

/  in  Pounds  per 
Square  Inohv 

Single-riveted 

Double-riveted 

Treble-riveted 

Single-riveted 

X)ouble-riveted 

Treble-riveted 

.55 

.7 
.8  to  .85 

.55 

.7 
. 8  to  .  85 

8,000  to  9,000 

8,000  "  9,000 

8,000  ' '  9,000 

12,000  to  13,000 

12,000  "  13,000 

12,000  "  13,000 

iF          11 

i  I           It 

steel 

1 1 

it 

For  cast-iron  cylinders  the  working  value  of  /  may  be  taken  at 
about  2000  lbs.  per  square  inch. 
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The  total  pressure  upon  each  of  the  flat  ends  of  the  cylinder 


The  longitudinal  tension  in  a  thin  hollow  cylinder 

2nrt     2t' ^  ^ 

and  is  one  half  of  the  circumferential  stress  /. 

Let  the  cylinder  be  subjected  to  an  external  pressure  p',  as  well 
as  to  an  internal  pressure  p.    Then 

ft=pr-p'r', (3) 

r'  being  the  radius  of  the  outside  surface  of  the  cylinder.    /  is  a 

tension  or  a  pressure  according  as  pr^pV. 

Generally  the  difference  between  r  and  r'  is  very  small,  and 
eq.  (3)  may  be  written 

ft=r{p-p') 

g.  Spherical  Shells.  —  Let  the  data  be  the  same  as  before. 
The  section  made  by  any  diametral  plane  must  develop  a  total 
resistance  of  27trtf.    Then 

2nrtf  =  nr^p, 
■or  2tf=pr (1) 

Hence  a  spherical  shell  is  twice  as  strong  as. a  cylindrical  shell 
■of  the  same  diameter  and  thickness  of  metal,  so  that  the  strongest 
parts  of  egg-ended  boilers  are  the  ends. 

Let  the  shell  be  subjected  to  an  external  pressure  p',  as  well  as 
to  an  internal  pressure  p.    Then 

r'  -\-r 
2k — - — tf  =  nrp^  —  nr'^p' 

and  }{r'+r)t=r^p-r'^p' (2) 

^  is  a  tension  or  a  pressure  according  as  r^p ^r'^p' . 
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Generally  r'—r  is  very  small,  and  the  relation  (2)  may  be  written-. 

/<=^(P-P') (3> 

For  a  thick  hollow  sphere  Rankine  obtained 

P  =  2f  p^^j:^  approximately (4) 

10.  Practical  Remarks.  —  A  common  rule  requires  that  the 
working  pressure  in  fresh-water  boilers  should  not.  exceed  one  sixth 
of  the  bursting  pressure,  and  in  the  case  of  marine  boilers  that  it 
shoiild  not  exceed  one  seventh. 

An  English  Board  of  Trade  rule  is  that  the  tensile  working  stress' 
in  the  boiler-plate  is  not  to  exceed  6000  lbs.  per  square  inch  of  gross 
section,  and  French  law  fixes  this  limit  at  4250  lbs.  per  square  inch. 

The  thickness  to  be  given  to  the  wrought-iron  plates  of  a  cylin- 
drical boiler  is.  according  to  French  law, 

«  =  .0036nr  +  .lin.; 

according  to  Prussian  law, 

t  =  (e-oosn  _  2)j.  ^  1  in.  =  .003nr  +  .1  in.,  approximately, 

r  being  the  radius  in  inches,  and  n  the  excess  of  the  internal  above  the 
external  pressure  in  atmospheres. 

The  thickness  given  to  cast-iron  cylindrical  boiler-tubes  is,  accord- 
ing to  French  law,  five  times  the  thickness  of  equivalent  wrought- 
iron  tubes;   according  to  Prussian  law 

i  =  (e<'i"  — 1)/-+^  in.  =  .01nr+^  in.,  approximately. 

Steam-boilers  before  being  used  should  be  subjected  to  a  hydro- 
static test  varying  from  1^  to  3  times  the  pressure  at  which  they 
are  to  be  worked. 

Fairbairn  conducted  an  extensive  series  of  experiments  upon 
the  collapsing  strength  of  riveted  plate-iron  flues,  by  enclosing 
the  flues  in  larger  cylinders  and  subjecting  them  to  hydraulic  pres- 
sure. From  these  experiments  he  deduced  the  following  formula 
for  a  vyrought-iron  cylindrical  flue  or  tube: 
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Collapsing  pressure  i  =p  =403150^', 

m  pounds  per  square  inch  of  surface  )  Ir 

t  being  the  thickness,  r  the  radius  in  inches,  and  I  the  length  in  feet. 

This  formula  cannot  be  relied  upon  in  extreme  cases  and  when 
the  thickness  of  the  tube  is  less  than  f  in. 

In  practice  P  may  he  generally  used  instead  of  t^-^^.  The  experi- 
ments also  showed  that  the  strength  of  an  elliptical  tube  is  almost 
the  same  as  that  of  a  circular  tube  of  which  the  radius  is  the  radius 
of  curvature  at  the  ends  of  the  minor  axis.  Hence,  if  a  and  h  are 
the  major  and  minor -axes  of  the  ellipse,  the  above  formula  becomes 

p= 403150-^^-. 
^  a^   Ir 

By  riveting  angle  or  T  irons  around  a  tube  its  length  is  vir- 
tually diminished  and,  its  strength  is  therefore  increased,  as  it  varies 
inversely  as  the  length. 

The  thickness  of  tubes  subjected  to  external  pressure  is,  accord- 
ing to  French  law,  twice  the  thickness  of  tubes  subjected  to  interior 
pressure  but  under  otherwise  similar  conditions;  according  to 
Prussian  law  the  thickness  of  heating-pipes  is 

t = .0067cZ'?/n + .05  in.,  if  of  sheet  iron, 

and  i  =  .01d'5/n  +  .07  in.,  if  of  brass. 

According  to  Reuleaux,  the  thickness  (0  of-  a  round  flat  plate 
of  radius  r,  subjected  to  a  normal  pressure,  uniformly  distributed 
and  of  intensity  jp,  is  given  by  the  formula 


-^J,    or    -  =  x|3j, 


according  as  the  plate  is  merely  supported  around  the  rim  or  is 
rigidly  fixed  around  the  rim,  as,  e.g.,  the  end  plates  of  a  cylindrical 
boiler;  /,  as  before,  is  the  coefficient  of  strength.  The  correspond- 
ing deflections  of  the  plate  are 


5frYpt         ■     l/rVpt 
6 W   E    ^^^    6V7/   E- 
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A  practical  rule  for  the  thickness  t  ins.  of  a  loam-moulded  cast- 
iron  water-main  under  a  head  of  h  ft.  of  water,  and  of  diameter 
d  ins.,  is 

*4  +  ;  "^ 


8     13000' 

Formerly  guns  and  cylinders  were  cast  round  chills  for  the  pur- 
pose of  equalizing  the  sti-ess  over  a  cross-section.  The  inside  hot 
metal  was  at  once  cooled  and  was  subjected  to  compression  by  the 
contraction  of  the  more  slowly  cooling  outside  metal.  With  the 
same  object  m  view  it  is  now  a  common  practice  either  to  shrink 
ring  upon  ring  or  to  wind  wire  aroimd  an  internal  tube. 


TABLES. 

The  Strengths,  Elasticities,  and  Weights  op  Various  Alloys,  etc. 


Material 

Weight 

in  Pounds 

per 

Cu.  Ft. 

Tensile 
Strength 
in  Thou- 
sands of 

Pounds 
per  Sq.  In. 

Com- 
pressive 
Strength 
in  Thou- 
sands of 
Pounds 
per  Sq.  In 

Modulus 
of  Elas- 
ticity in 
Millions 
of  Pounds 
per 
Sq.  In. 

ce). 

Modulus 
of  Rigid- 
ity in 
Millions 
of  Pounds 
per 

AliiTniniuTn 

162 
165 
to 
170 

2S  to  33 

13,5 

9  to  13 

13  to  23 

90 

20 

20  to  27 
33  to  54 

30 
45  to  56 
18  to  27 
29  to  36 
45  to  49 
40  to  47 
58  to  68 

67 

38  to  41 

27  to  38 

1.9 

3 

3,1 
50 
36  to  40 

55 

100  to  150 

50  to  60 

42 

6.7 

2.3  to5,6 

2.3to6.7 

30 

9  to  11 

4.5 

9  to  10 

14.5 

•    9  to 
J   13.5 

9  to  13.5 
14,2 

11  to  14 

12  to  7 

17 

12 

10  to  11.2 

.72 

1 
24- 
13,5 
14 

11 
6 

3.4  to  4.8 

rolled 

bronze  (90%  Cu,  10%  Al) 

5.6 

1    490 
}■     to 
J    530 

490  to  530 
533 

"       ordinary   yellow,    cast    (66%    Cu, 
34%  Zn) 

10.5 

I  4.5  to 
/     5.5 

5.5 

4,2  to  5 
4.7to6.5 

' '        rolled  or  wrought 

550 

5.8 

' '        with  .2  to  .4%  P 

' '        wire,  annealed 

555 

German-silver  wire 

1200 
540 
710 
700 

4  7 

G>in-metal  (90%  Cu,  10%  Sn) 

"7.i'" 

4  3 

Lead 

5.6to6.7 

1340 

Phosphor-bronze 

5'.  25 

'*             cast,  r 

"             wire  (hard) 

•'                ' '    (annealed) 

Silver,  drawn 

'655   "■ 

Soft  solder 

Tin 

465 
436 
450 

Zinc,  cast 

■'     rolled 

Hemp  rope ' 
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The  Strengths,  Elasticities,  and  Weights  of  Ikon  and  Steel. 


Material. 


Weight 

in  Pounds 

per 

Cu.  Ft. 


Tensile 
Strength 
in  Thou- 
sands of 

Pounds 
per  Sq.  In. 


Com- 
pressive 
Strength 
in  Thou- 
sands of 
Pounds 
per  Sq.  In, 


Shearing 
Strength 
in  Thou- 
sands of 
Pounds 
per  Sq.  In 


Modulus 
of  Elas- 
ticity in 
Millions 
of  Pounds 
per 
Sq.  In. 


Modulus 
of  Rigid- 
ity in 
Millions 
of  Pounds 
per 
Sq. In. 
(.G). 


Cast  iron. 

Cast  iron,  average 

Bars,  Lowmoor  and  Yorkshire. 
' '      average 

*  *      plates,    and    shapes    for 

structures 

Plates,  finest  Lowmoor,  York- 
shire, or  Staffordshire  (with 
fibre) 

Plates,  finest  Lowmoor,  York- 
shire, or  Staffordshire  (across 
fibre) 

Plates,  average  (with  fibre)  . . , 
"  "       (across  fibre).  . 

Soft  iron 

Wire,  charcoal  (hard  drawn)  .  , 
"  "        (annexed) 

Bars,  special 

Cast  steel,  untempered 

'*       "      drawn 

"       "      tempered 

Castings 

' '         annealed 

Chrome  steel 

Manganese  steel,  cast 

Mild  (very)  steel 

*  steel  bars  and  plates  (.2% 


430  to  470 
450 
480 
480 

480 


480 


^t 


steel    bars,    plates,    and 
shapes  for  structures,  . . 

Nickel  steel,  unhardened) 

"      (5%  C)  annealed  . 
"      (12%  C)      "       .. 

Soft  steel,  unhardened 

"       "      hardened 

Steel,  high  carbon  (hardened 

by  submersion) 

Steel  rails  (.4%  C) 

Tungsten  steel. 

Wire,  ordinary 

'  *     '  *   tempered 

' '   pianoforte 


480 
480 
480 


490 
490 
480 
490 


490 
490 


490 
490 


11  to  33 

18 
53  to  65 

56 

49 
58  to  65 


53 

52 

45 

45 
78  to  90 

67 

100  to  130 

90  to  150 

120 


56  to  145 
90 


36  to  45 
50 


13  to  29 
20 


45 
40 


18  to  27 
36  to  45 


33  to  100 

56  to  78 

180 

85 

54  to  80 

63  to  72 

52  to  68 
75 

90 

200 
60  to  100 

120 


47  to  56 


78  to  100 

160 

155 
224  to  330 
270  to  336 


266  to  400 


10  to  24 
16 


28  to  30 
28  tc  30 


25 

27 


I 


29  to  42 
30 


36 


28  to  31 
32 


30 
30 


28 
26 


3.8  to7.fi 
6.3 


10.5 
10  to  12 


9.6 
10.8  to  11.3 


12 
14 


13  to  13.5 


Strength  or  Wire  Ropes. 

Breaking  strength  in  pounds  (for  working  strength  factor  of  safety  = 


5). 


Swedish  Iron, 

Cast  Steel, 

Crucible-steel, 

Plough-steel, 

Diameter, 
Inches. 

Hemp  Centre ; 

Hemp  Centre; 

Hemp  Centre; 

Hemp  Centre; 
6  Strands, 

Crucible-steel 

6  Strands, 

6  Strands, 

6  Strands, 

7  wires  to 

19  Wires  to 

19  Wires  to 

19  Wires  to 

19  Wires  to 

Strand. 

Strand. 

Strand. 

Strand. 

Strand. 

i 

5,000 

10,000 

11,560 

13,100 

11.160 

i 

8.800 

17.600 

20.200 

22,800 

19.400 

i 

19,400 

39.8Qg 
68.000 

44.000 

.50.000 

42,000 

1 

34.000 

78.000 

88.000 

74.000 

li 

50.000 

100.000 

116.000 

134  000 

112.000 

U 

72,000 

144,000 

168.000 

192.000 

158.000 

li 

96,000 

192.000 

224  000 

256  000 

2 

124,000 

248.000 

288,000 

330  000 

2i 

156.000 

312  000 

364,000 

416.000 

2i 

190.000 

380  000 

444.000 

508  OOO 

2J 

228,000 

456.000 

532000 

610  000 

TABLES. 


265 


Table  giving  Strength  and  Ductility  Tests  of  Hahd-drawn  Copper  Wire 
FOR  Telegraphic  Purposes. 


Diameter,  Mils. 

Weiglit  per  Mile. 

Breaking  Weight. 

Twists. 

B.&S. 
Gauge 

Average 

Mini- 

Maxi- 

Average 

Mini- 

Maxi- 

Average 

Mini- 

Average 

Mini- 

Required 

mum. 

mum. 

Required 

mum, 

mum. 

Required 

mum. 

Required 

mum. 

12 

80 

79.3 

81.2 

102.6 

100.8 

105.7 

334 

327 

40 

36 

10 

101.9 

100.9 

102.9 

165.9 

162.7 

169.2 

635 

516 

34 

29 

9i 

104. 

103. 

105. 

172.8 

169.5 

176.2 

555 

636 

33 

28 

9 

114.4 

113.4 

115.4 

209.1 

205.3 

212.8 

670 

640 

30 

25 

8 

128.5 

127.5 

129.5 

263.9 

259.8 

268. 

840 

811 

27 

22 

n 

137. 

136. 

133 

300. 

295.6 

304.3 

950 

917 

25 

21 

7 

144.3 

143.3 

145.3 

332.8 

328.2 

337.4 

1013 

1013 

24 

20 

The  ductility  test  is. made  by  properly  gripping  the  sample  wire  at  the  ends  by  two  vises 
whose  jaws  are  6  inches  apart-  and  causing  one  vise  to  revolve  uniformly  at  right  angles  to  the 
wire  at  a  uniform  speed  of  about  one  revolution  per  second.  The  tests  are  reckoned  by  the 
number  of  complete  revolutions  made  by  the  revolving  vise  at  the  moment  the  wire  breaks. 
The  wire  should  be  capable  of  being  wound  in  six  close  turns  around  wire  of  its  own  diameter 
and  unwound,  without  breaking. 

Iron  Telegraph-wire. 

The  wire  should  be  soft  and  pliable  and  capable  of  elongating  15  per  cent  without  breaking: 
after  being  galvanized. 

The  breaking  strength  should  not  be  less  than  2-}-  times  the  weight  of  the  wire  in  pounds 
per  mile. 

The  ductility  test  should  be  made  as  follows:  The  wire  is  gripped  by  two  vises,  whose  jaws 
are  6  inches  apart,  and  one  vise  is  caused  to  revolve  uniformly  at  right  angles  to  the  wire  at  a 
uniform  speed  of  one  revolution  per  second.  The  number  of  twists  in  6  inches  should  not  be 
less  than  15. 

Strength  of  Manila  Rope. 


Circumference, 
Inches. 

Breaking 
Strength, 
Pounds. 

.Circumference, 
Inches. 

Breaking 
Strength, 
Pounds. 

Circumference, 
Inches. 

Breaking 
Strength, 
Pounds. 

i 

1 

I' 
1* 

560 
784 
1,560 
2,700 
4,300 
6,100 
8,500 
11,500 

7i 

14,800 
18,400 
21,900 
25,500 
29,100 
32,700 
36,300 

8 
9 
10 
11 
12 
13 
14 

39,900 
47,000 
54,200 
61,400 
68,500 
75,700 
82,900 

The  Breaking  Weights  and  CoErpiciENTs  of  Bending  Strength  in  Tons  (op 
2240  LBS.)  OP  Various  Rectangular  Beams,  the  Weights  having  been 
Uniformly  Distributed. 


Material. 


Clear 

Span 

between 

Supports 

in  Inches. 


Breadth 

in 
Inches. 


Depth 

in 
Inches. 


Mean 
Breaking 
Weight  of 
each  Joist 
or  Beam. 


Coefficient 
of  Bending 
Strength. 


Yellow  pine  (Quebec),  11  joists. 

■' '         "  "  2  beams 

Fir  (Baltic),    2  beams 

"         "         11  joists 

' '  (Swedish),  2  joists 

Pine  (Baltic),  2  beams 

Baltic  redwood  deal  (Wyberg),  2  joists. . 

Spruce  deals  (St.  John),  3  pairs  with 

bridging-pieces 


142 
142 
126 
126 
142 
142 
126 
142 

142 


3 

3i 
14 
14 
"3t 

3 
13i 

3 


9 
11 
15 
14 
11 

9 
13i 

9 

9 


5.66 

7.89 

60.97 

46.6 

8.29 

5.7 

58.43 

5.75 

6.81 


2.48 

1.98 

1.83 

1.6 

2.08 

2.49 

2.24 

2.52 

2.98 
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The  Strengths,  Elasticities,  and  Weights  of  Timbers. 

This  table  contains  the  results  of  the  most  recent  and  most  reliable  experiments,  but.  gen- 
eridly  speaking,  only  small  specimens  of  the  material  have  been  tested.  It  is  foimd  that  the 
strength,  elasticity,  and  weight  of  a  timber  are  affected  by  the  soil,  age,  seasoning,  per  cent  of 
moisture,  position  in  the  log,  etc.,  and  hence  it  is  not  surprising  that  specimens  even  when  'cut 
out  o!  the  same  log  show  results  which  often  differ  very  wideiy  from  the  mean.  Additional 
experiments  on  large  timbers  are  needed,  and  in  each  case  should  be  accompanied  by  a  com- 
plete history  of  the  specimen  from  the  time  of  felling 


Description 
Timber. 

TensUe 

Strength 

in  Tons 

per  Sq.  In. 

.    Com- 
pressive 
Strength 
in  Tons 
perSq.  In, 
along 
Fibres. 

Shearing 
Strength 

in  Tons 

per  Sq.  In. 

along 

Fibres. 

Young's 
Modulus 

E 
(in  tons). 

Coeffi- 
cient of 

of 
Rigidity, 

Coefficient 

of  Bending 

Strength 

in  Tons 

per  Sq.  In. 

Weight 

in  Pounds 

per 

Cu.  ft. 

Acacia 

7.1 
3.1 

II 

Alder 

4.Sto6.3 

8.8 

2.45 

5.35  to  7.58 

4.9to9.8 

6.69 

9 

2.7 

2.23  to  4.6 

50 

Apple 

50 

Ash,  Canadian  . 

2.5 
4 
3.67 
1.47  to  2.27 
4.6 
3.U78 
2.56 

.2  to  .312 

620 
723 
607 
734 
803 
509 
217 
509 

1100 

47 

Ash,  English. . . 

Beech 

!25to  !364 

43  to  53 

Birch 

45  to  49 

Box 

64 

Blue  Kum 

Cedar     

5.86 

36  to  47 

Chestnut 

.308 

35  to  41 

Ebony 

8.48 

2.9 

4.6 

4.46  to  6.5 

2.6 
4.54 
6.21 
3.2 

Elm,  Canadian. 

4.3 
5.89 
2.7to4.1 
4.68 
8.48 
9.1 
7.12 
4.31 
1.31 

3.6  to6.7 
3.92  to  4.55 

5.26 
4.5  to  6.7 

1.7  to7.3 
1,3  to3.6 
4.7  to  7.7 

4.1 

47 

Elm,  English . . . 

759 

58  to  72 

Hawthorn 

Hazel 

47i 

8.15 
4.13 

Ironwood.  ..... 

42  to  63 

1.42  to  2.45 
'       4.46 

1.33 

3.3 

2.23 
4.4 

32  to  38 

Lignum  vitse.  . . 

446 

7.18 

560  to  1339 

712  to  879 

41  to  83 

Locust 

Mahogany  .Span 

,533 
3.3 

53 

35 

Maple 

49 

.... 

830' 
577 

"i'.ni" 

57  to  68 

*  Oak,  Am 

4.46 

8.8 

5.4 

3.5 

4.5 

4.6 

i.89  to2.6 
2.84 
4.4 

.324  to  .446 
.335  to  .431 

61 

• '     white 

4.55 

61 

• '     Eng 

664 
1025 

49' to  58 

36 

34 

3.5 

41  to  58 

»"      red 

670 
962 
779 
900 
..    484 

2.93 

3.71 

3,255 

4.51 

2.146 

3.03 

34 

"      red 

1.7  to  6.67 

2.4  to  3 

34 

' '      yellow  . . . 

2^  to  6.87 

2.4to3.6 

.227 

32 

1.3to5.1 
5.4 
2.94 

2.24 

.119  to  .164 

30 

Plane 

604 
340 
594 
438  to  737 
700 
464 
1000 

40 

1.8 

23  to  26 

2. is 
1.63  to  2.86 

2.99  to  5.97 
3 

5.8 
4.7to6.7 

3.5 
4.6  to  6.25 

.113  to  .167 

29  to  32 

Sycamore 

Teak 

3.i6 
5.35 
2.7 
1.5 

36  to  43 

41  to  52 

38  to  57 

Willow 

629 

24  to  35 

*  The  results  for  these  timbers  are  'deduced  from  experiments  carried  out  by  Bauschinger 
Lanza,  and  others  on  comparatively  large  specimens. 
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The  Breaking  Weights  and  Coefficients  op  Bending  Strength  in  Tons  (op 
2240  LBS.)  OP  Various  Rectangular  Beams  Loaded  at  the  Centre. 


Material. 


Clear  Span 
between 
Supports 
in  Inches. 


Breadth 
in  Inches. 


Depth 
in  Inches. 


Breaking 
Weight 
in  Tons. 


Coefficient 

of  Bending 

Strength. 


Remarks, 


Yellow  pine. 


Fitoh-pine 


Baltic  pine. . . 
American  elm. 


Greenheart. 


Hed  pine. 


129 
129 
45 
45 
45 
45 
45 
45 
129 
129 
45 
45 
45 
45 
45 
45 
45 
45 
45 
45 
45 
45 
45 
45 
45 
45 
45 
45 
45 
139 
147 
147 


14 
14 

5 

5 

6 

5 

2i 

2J 
14 
14 

5 

6 

5 

5 

2J 

2* 

5 

5 

2i 

2} 

5 

5 

2i 

2+ 

5 

2i 

3 

2* 

2i 

9 

6 
6 


15 
15 

7 

7 

5 

5 

3i 

3i 
15 
15 

7 

7 

7 

7 

3i 

3* 

7 

7 

3i 

3J 

7 

7 

ai 

3* 

5 

7 

3 

3i 

3i 

8 
12 
12 


38.15 
34 

5.9 

5.7 

3.1 

3.05 
.925 

1.075 
59.25 
60.25 

7.8 

9.75 
10.65 
11 

1.6 

1.35 

7 

8.5 

1.125 

1.2 
14.9 
15.6 

2.65 

2.6 
14 
11.45 

3.85 

4.00 

3.55 
24.5 

7.5 

8.45 


2.34 

2.09 

1.62 

1.57 

1.67 

1.64 

2.04 

2.37 

3.64 

3.7 

2.14 

2.68 

2.92 

3.03 

3.52 

2.97 

1.91 

2.34 

2.48 

2.64 

4.1 

4.29 

5.84 

5.73 

7.56 

6.31 

9.625 

8.81 

7.82 

8.87 

1.91 

2.15 


Old  timber 
Old  timber 


Old  timber 


N.B. — The  results  contained  in  the  last  two  tables  are  mainly  deduced  from  experiments 
carried  out  under  the  supervision  of  W.  Le  Mesurier,  M.  Inst.  C.  E.,  Dock  Yard,  Liverpool. 

Average  of  the  Results  obtained  by  the  Author  with  Beams  op  Large 
Scantling  in  the  Testing  "Laboratory,  McGill  University.* 


Canadian  Timbers. 

Coefficient 
of  Bending 
Strength  in 
Pounds  per 
Sq.  In. 

Coefficient 
of  Elasticity 
in  Pounds. 

Weight  per 
Cubic  Foot 
in  Pounds. 

Douglas  fii^— specially  selected,  free  from  knots,  and 

9,000 
6,000 
5,400 

2,000,000 
1,430,000 
1,430,000 

40 

34 

34 

*  For  details  of  these  tests  the  reader  is  referred  to  the  Transactions  of  the  Canadian  Society 
of  Civil  Engineers,  Vol.  IX,  1895,  and  Vol.  XII,  1898. 

Further  Results  obtained  by  the  Author  with  Beams  op  Large 

Scantling. 


Timber. 

Coefficients  of  Strength  for 

Shear. 

Sp.  Wt. 

Bending. 

Tension. 

Compression. 

4,800 
5,400 
5,000 
5,000 

10,000 

11,500 

8,000 

9,000 

3,500 
3,900 
3,200 
3,200 

340 
380 
380 
360 

26 

33 

33 

30 
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COBPFICIBNTS    (o)    OP   LINEAR   EXPANSION   PER   UnIT   OF   LENGTH   FROM   32°   F,    TO 

212°  F. 


Materials. 

a. 

Materials. 

a. 

Materials. 

a. 

Brass 

.001868 

.00182 

.001075 

.001718 

.00352 

.00861 

.001466 

Gun-metal 

.00181 

.00144 

.0002848 

.000746 

.000884 

.001909 

.001079 

Steel,  hardened 

Tin 

.001247 

.002173 

Lead 

Wrought  iron  (bar). . . 

Wrought     iron 

(smith's) 

.001235 

Oak 

.001182 

Fir 

Platinum 

.002941 

"Glass 

Silver       .           .... 

Zinc,  cast 

.003108 

Gold 

Steel,  unhardened.  . 

Zinc,  hammered 

The  Weights  and  Crushing  Weights  of  Rocks,  etc. 


Material. 


Weight  per  Cubic 
Foot  m  Lbs. 


Crushing  Weight 
in  Lbs.  per  Sq.  In. 


Asphalt 

Basalt,  Scotch 

' '        Greenstone 

Welsh 

B^ton 

Brick,  common 

stock  (Eng.) 

' '       Sydney,  N.  S 

' '       yellow-faced  (Eng.) 

* '       Staffordshire  blue 

' '       fire 

'  *       pressed  (best) 

Brickwork 

Cement,  Portland 

' '         Bximaq 

Clay 

Concrete,  ordinary 

' '         in  cement 

Earth 

Firestone 

Freestone. . . . ". 

Glass,  flint 

**       crown 

"       common  green 

* '       plate 

Granite,  Aberdeen  gray 

'  ' '         red 

' '        Cornish 

' '        Sorrel 

*  •        Irish    

V.  S.  (Quincy) 

' '        Argyll 

Gneiss 

Limestone 

Lime,  quick 

Mortar 

(average).  . . ._ 

Masonry,  common  brick  1 

••        in  cement  [ 

' '       rubble  J 

Marble,  statuary. 

miscellaneous 

Oolite,  Portland  stone 

' '      Bath  stone 

Sand,  quaxtz 

' '      river 

* '      pit 

' '      fine 

Sandstone,  red  (Eng.) 

' '  Derby  gnt 

' '  paving  (Eng.) 

"  Scotch J.. . 

v.a 

Scoria  paving-blocks  (on  edge). 
"  "      (on  flat). . 


Shingles 

Slate,  Anglesea. 

'  *      Cornish. . 

■•  Welsh... 
Trap 


156 
184 
181 
172 


100  to  135 


ISO 

112 
86  to  94 

100 

119 

119 

137 
77  to  125 

112 

'192' 
157 
158 
172 
163 
165 
166 
167 


96  to  175 

154  to  162 

53 

86  to  119 

106 

116  to  144 

170 
168  to  170 

151 

123 

177 

117 

100 
95 

133 

150 
156  to  157 
153  to  155 


88 
179 
157 
180 
170 


8,300 

17,200 

16,800 

800  to  1,400 
650  to  800 

2,250 

2,200 

1,440 

7,200 

1,700 
10,200 

1,700  to  6,000 


460  to  775 


19,600 
3,000  to  3,500 
27,500 
31,000 
31,000 

10,800 

14,000 
12,800 
10,450 
,  15,000 
10,900 
19,600 
7,500  to  9,000 

120  to  240 

500  to  800 

760 
A  of  cut  stone 

3.200 
8,000  to  9,700 

4,100 


5,700 

3,100 

6,700  to  6,000 

5,300  to  7,8Cn 

5,300 

10,000 

11,250 

10,000 

to 
24,000 
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CRnsHiNG  Strength  of  Granites,  Limestones,  and  Sandstones. 


Locality. 

Material. 

Authority. 

Crushing 

Strength 
in  Pounds 
per  Sq.  In. 

Granite 

Laurentian 
Sandstone 

Haswell 
Gillmore 

MerriU 
Bovey 

Haswell 
Gillmore 

Merrill 
Bovey 

10,769 

Cornish 

6  339     • 

BubUn 

10,450 

JNewry 

12  850 

5,340 

Bay  of  Fundy.  .                                     

12,020 

City  Point 

15,093 

Dix  Island 

15  000 

19,000 

Pox  Island 

15,062 

11,700 

Sarbor  Quarry 

16,837 

14,937 

9,750 

19,755 

17,750 

19,750 

Vinalnaven 

16,950 

Westerlv 

17,750 

20,650 

10,375 

5,970 

15,390 

12,500 

19,104 

16,750 

23,500 

16,746 

19,033 

Stanstead                                       .  .           

13,500 

13,526 

23,522 

26,860 

St    Philio    O   ^reddish")        .                   

23,500 

24,520 

30,950 
26,000 

7,850 

5,340 

Yorkshire 

5,710 

13,500 

Belleville 

11,700 

10,250 

Cleveland 

7,910 
12,000 

9,412 

6,250 

4,350 

11,675 

9,850 

7,450 

8,750 

17,725 

6,950 

6,650 

10,500 

8,850 

5,000 

-       1,149 

12,000 

12,752 

16,610 

3,750 

8,812 

13,046 

6,323 

New  Gunnison 

9,903 

6,220 

DAwlins          .  .  .  .  i 

10,833 

5,500 

7,344 

9,130 
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Crushing  Strength  of   Limestones,  Marbles,   etc. 


Locality. 

Material. 

Authority. 

Crushing 

Strength 
in  Pounds 
per  Sq.  In. 

Limestone 

Marble 

Whinstone 

Freestone 

Slate 

Haswell 
Gillmore 

MerriU 
Bovey 

Haswell 
Gilhnore 

Merrill 
Haswell 
Merrill 

3,130 

Bardstown 

16,250 

Joliet 

16,900 

8,050 

Marblehead 

12,600 

13,425 

WilliamsviUe 

12,375 

Bedford                           

10,125 

12,597 

' '        (bed  horizontal).  , , 

12,330 
10,382 

8,670 

Ouincv  111       

9,878 

13,594 

12,156 

13,400 

8,300 

3,319 

12,870 

Average  Coefficients  or  Shearing  Strength  for  Various  Woods  (Bovey). 


White  oak 690 

Douglas  fir 380 

Birch 8S0 


Yellow  pine 400 

Maple 700 

Elm 590 


White  ash 560 

Hemlock 400 

Cottonwood 260 


The  shearing  strengths  are  for  planes  parallel  to  the  axis  of  the  soanthng.  The  tensile 
strength  is  liable  to  considerable  variation.  The  direct  tensile  strength  is  much  greater  than 
the  direct  compressive  strength,  and  the  failure  of  a  beam  loaded  transversely,  bj;  crippling  on 
the  compression  side,  is  likely  to  take  place  under  a  load  much  less  than  the  material  could  bear 
in  tension. 

Kiln-drying  largely  increases  the  direct  compressive  strength,  but  greatly  diminishes  the 
shearing  strength,  while  the  direct  tensile  strength  does  not  appear  to  be  much  affected, 
although  in  the  majority  of  cases  it  is  diminished,  and  sometimes  considerably. 


Average  Results  obtained  in  Cement-testing  Laboratory, 
McGiLL  University. 


Neat  Portland  cement,  after  1  to  4  weeks,  has  a  crushing  strength  of  from  3000  to  6000  lbs 
per  square  inch  and  a  tensile  strength  of  from  400  to  600  lbs.  per  square  inch. 

Neat  Natural  cement,  after  1  to  4  weeks,  has  a  crushing  strength  of  from  600  to  1200  lbs.  per 
square  inch  and  a  tensile  strength  of  from  100  to  200  lbs.  per  square  inch. 


Material. 

Crushing  Load, 
Lbs.  per  Sq.  In. 

Material. 

Crushing  Load, 
Lbs.  perSq.  In. 

Common    brick    piers    (cement 

800  to  1000 
1100  to  1200 

Brick  piers  (lime  mortar). 
Concrete  (1  2  5)  (145  to  150 

lbs.  per  cu.  ft.) 

Concrete  (1  2  4,  3  to  6  months 

old) 

250  to  400 

Pressed     brick    piers    (cement 

400  to  800 

2350 

After  28  days'  immersion  the  average  compressive  strengths  of  concrete  4-in.  cubes,  made 
of  good  Portland  cement  and  ,  ■    ^.         ».      ri^iiioi^,,...  .       j 

(a)  sharp  angular  sandstone  gravel  in  the  ratio  of  1  to  1,  1  to  2,  1  to  3,  1  to  4,  were  found 

to  be  1600,  1400,  900,  and  600  lbs.  per  square  inch  respectively: 

(b)  smooth  water-worn  Laurentian  gravel  in  the  ratio  of  1  to  1,  1  to  2,  1  to  3,  1  to  4,  were 

found  to  be  1350,  950,  800,  and  500  lbs.  per  square  inch,  respectively 
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Table  op  Average  Values  op  E,  G,  K,  in  Millions  op  Lbs./Sq.  In.  and  op  a. 


E. 


K. 


Brass 

Cast  iron 

Cast  steel,  tempered 

Cast  steel,  untempered 

Copper 

Delta  metal,  rolled 

Glass 

Gun-metal 

Iron,  boiler-plate 

Lead 

Soft  iron 

Soft  steel,  \mhardened 

Soft  steel,  hardened 

Steel  plates  Ci  to  1  per  cent  C).  . 

Steel,  boiler-plate 

Tin. 


Wood 

Wrought-iron  bars.  .  . 
Wrought-iron  plates. 

Water 

India-rubber 

Zinc 

Slate 

Granite 

Granites : 

*  Stanstead 

*  Peterhead 

*  Lily  Lake 

*  Westerly 

*  Quincy 

*  Bowens.  ...... 

Marble 

Marbles 

*  Carrara 

*  Tennessee 

*  Esserite 


11 
■3. 14 


5  to  6,05 
7.9  to  8.07 

8.1 
7.2  to  7.6 
6.75  to  7.9 
6.65  to  6.95 


8.4 

9  to9.5' 

9.67  to  10 


5  to  5. 5- 

5  to  7.6 

14 

12 

5.6  to6.7 

5.25 
3.3  to3.9 
3.7 
14 
.27 
10.8  to  11.3 
11 
II 
13 

13.5 
22 
.  1  to  .  17 
10.5 
9.5 
3.14 


5.1  to5.4 
3.2 
1.8 

2.22  to  2.46 

3.2  to3.3 
3.4 

2.98  to  3.16 

2.8  to  3.26 

2.64  to  2.92 

1.7 

2.8 

3.6  to3.8 

3.72  to4.1 


15.3 


17.1  to  24.4 
14.4 


5.8 

21.1 

5.3 


21.6  to  26.7 


21.1 
3.2 


3.68  to  4.1 
4.56  to  4.96 
6.2 
4  to  4.75 
3.66  to  4.5 
4.55  to  4.9 


5.21 
5.8  to  6.32 
6.5  to  7 


3.1  to3.3 
3  to4.7 


2.9  to  3 
3.9 


3.6  to4.6 

3.6 
2 


4 
4.2 
5.1 
4.3 
5.0 
3.9 


3.64 

4 

3.9 


*  These  results  have  been  obtained  by  Dr.  Adams,  F.R.S.C.,  of  McGill  University,  in  liia 
experiments  on  the  flow  of  rocks. 


EXAMPLES. 

1 .  How  many  square  inches  are  there  in  the  cross-section  of  an  iron  rail 
weighing  30  lbs.  per  lineal  yard?  How  many  in  a  yellow-pine  beam  of  the 
same  lineal  weight?  Ans.  3  sq.  in.;  45  sq.  in. 

2.  A  vertical  wrought-iron  bar  60  ft.  long  and  1  in.  in  diameter  is  fixed 
at  the  upper  end  and  carries  a  weight  of  2000  lbs.  at  the  lower  end.  Find  the 
factors  of  safety  for  both  ends,  the  ultimate  strength  of  the  iron  being  50,000 
lbs.  per  square  inch.  Ans.  19A;   IS.tsj. 

3.  A  vertical  rod  fixed  at  both  ends  is  weighted  with  a  load  w  at  an  inter- 
mediate point.  How  is  the  load  distribut&d  in  the  tension  of  the  upper  and 
compression  of  the  lower  portion  of  the  rod?      Ans.  Inversely  as  the  lengths. 

4.  Find  the  length  of  a  steel  bar  of  sp.  gr.  7.8  which,  when  suspended 
vertically,  would  break  by  its  own  weight,  the  ultimate  strength  of  the  metal 
being  60,000  lbs.  per  square  inch.  Ans.  17,723  ft. 

5.  The  iron  composing  the  links  of  a  chain  is  ^  in.  in  diameter;  the  chain 
is  broken  under  a  pull  of  10,000  lbs.  What  is  the  corresponding  tenacity 
per  square  inch?  Ans.  57,272A  lbs. 

6.  A  vertical  iron  suspension-rod  90  ft.  long  carries  a  load  of  20,000  lbs. 
at  its  lower  end;  the  rod  is  made  up  of  three  equal  lengths  square  in  section. 
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Find  the  sectional  area  of  each  length,  the  ultimate  tenacity  of  the  iron  beings 
50,000  lbs.  per  square  inch,  and  5  a  factor  of  safety. 

,        200        .        2000        .        2000000 
Ans.  —  sq.  in.;   -jg- sq.  in.;    —g^~  sq.m. 

7.  If  the  rod  in  the  previous  question  is  of  a  conical  form,  what  should 
be  the  area  of  the  upper  end?  Also  find  the  intensities  of  the  tension  at  30 
and  60  ft.  from  the  lower  end. 

Ans.  2.0609  sq.  in.;  9999.35  lbs.,  9999.4  lbs.  per  square  inch. 

8.  The  dead  load  of  a  bridge  is  5  tons  and  the  live  load  10  tons  per  panel, 
the  corresponding  factors  of  safety  being  3  and  6.  If  the  two  loads  are  taken 
together,  making  9  tons  per  panel,  what  factor  of  safety  would  you  use? 

Ans.  5. 
Q.  The  end  of  a  beam  10  in.  broad  rests  on  a  wall  of  masonry.     If  it  be 
loaded  with  10  tons,  what  length  of  bearing  surface  is  necessary,  the  safe 
crushing  stress  for  stone  being  150  lbs.  per  square  inch?  Ans.  13^  in. 

10.  Find  diameter  of  bearing  surface  at  the  base  of  a  column  loaded  with 
20  tons,  the  same  stress  being  allowed  as  in  the  preceding  question. 

Ans.  \/380.12. 

11.  What  should  be  the  diameter  of  the  stays  of  a  boiler  in  which  the 
pressure  is  30  lbs.  per  square  inch,  allowing  one  stay  to  each  IJ  sq.  ft.  of  sur- 
face and  a  stress  of  3500  lbs.  per  square  inch  of  section  of  iron?    Ans.  IJ  in. 

12.  A  short  cast-iron  post  is  to  sustain  a  thrust  of  64,000  lbs.,  the  ultimate 
crushing  strength  of  the  iron  being  80,000  lbs.  per  square  inch  and  10  a  factor 
of  safety.  Find  the  dimensions  of  the  post,  which  is  rectangular  in  section 
with  the  sides  in  the  ratio  of  2  to  1.  Ans.  4  in. ;  2  in. 

13.  How  many  J-in.  rivets  must  be  used  to  join  two  wrought-iron  plates, 
each  36  in.  wide  and  i  in.  thick,  so  that  the  rivets  may  be  as  strong  as  the 
riveted  plates,  the  tensile  and  shearing  strength  of  wrought-iron  being  in  the 
ratio  of  10  to  9?  Ans.  19  rivets  (18.3) 

14.  A  horizontal  cast-iron  bar  1  ft.  long  exactly  fits  between  two  vertical 
plates  of  iron.  How  much  should  its  temperature  be  raised  so  that  it  might 
remain  supported  between  the  plates  by  the  friction,  the  cqefficient  of  friction 
being  il  Ans.  -^^  F, 

15.  A  brick  wall  2  ft.  thick,  12  ft.  high,  and  weighing  112  lbs.  per  cubic 
foot  is  supported  upon  solid  pitch-pine  columns  9  in.  in  diameter,  10  ft. 
in  length,  and  spaced  12  ft.  centre  to  centre.  Find  the  compression  unit 
stress  in  the  columns  (1)  at  the  head;  (2)  at  the  base.  The  timber  weighs 
50  lbs.  per  cubic  foot. 

If  the  crushing  stress  of  pitch-pine  is  5300  lbs.  per  square  inch  and  the 
factor  of  safety  10,  find  the  height  to  which  the  wall  may  be  built. 

Ans.  507.03  lbs.;  510.5  lbs.;  12.46  ft. 

16.  Determine  the  diameter  of  the  wrought-iron  columns  which  might 
be  substituted  for  the  timber  columns  in  the  preceding  example,  allowing 
a  working  stress  in  the  metal  of  7500  lbs.  per  square  inch.  Ans.  2.36  in. 

17.  A  short  piece  of  steel  at  a  temperature  of  62°  F.  just  fits  in  between 
two  parallel  plates.  If  the  steel  be  heated  up  to  a  temperature  of  162°  F , 
find  the  stress  induced  in  the  steel,  the  walls  being  assumed  unyielding.    You 
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may  assume  that  the  coefficient  of  expansion  of  steel  per  degree  F.  is  tsoooo 
and  that  E  =  12,500  tons  per  square  inch. 

If  the  coefficient  of  friction  between  the  bar  and  plate  is  J,  what  vertical 
load  will  the  bar  just  carry?       Ans.  2\  tons  for  each  square  inch  of  section. 

i8.  There  is  a  thrust  of  105,000  lbs.  along  a  strut  (prevented  from  bending) 
made  up  of  four  4"+4"Xi-"  angle-irons  and  40  ft.  long.  Find  the  load 
per  square  inch,  and  the  amount  by  which  the  strut  is  shortened,  E  being 
28,000,000  lbs.  per  square  inch.  Ans.  7000  lbs. ;   .12  in. 

iQ.  A  force  of  10  lbs.  stretches  a  spiral  spring  2  in.  Find  the  work  done 
in  stretching  it  successively  1  in.,  2  in.,  3  in.,  up  to  6  in. 

Ans.  i,  -¥■,  -V-,  -V-,  H^,  -1°  in.-lbs. 

20.  A  roof  tie-rod  142  ft.  in  length  and  4  sq.  in.  in  sectional  area  is  subjected 
to  a  stress  of  80,000  lbs.  If  E  =30,000,000  lbs.,  find  the  elongation  of  the  rod 
and  the  corresponding  work.  Ans.  1.136  in.;    3786J  ft.-lbs. 

21.  An  iron  wire  \  in.  in  diameter  and  250  ft.  in  length  is  subjected  to  a 
tension  of  600  lbs.,  the  consequent  strain  being  .^hs  Find  E,  and  show  by  a 
diagram  the  amount  of  work  done  in  stretching  the  wire  within  the  limits 
of   elasticity.  Ans.  14,661,818A  lbs. 

22.  A  timber  piUar  30  ft.  in  length  has  to  support  a  beam  at  a  point  30  ft. 
from  the  ground.  If  the  greatest  safe  strain  of  the  timber  is  ^,  what  thick- 
ness of  wedge  should  be  driven  between  the  head  of  the  pillar  and  the  beam? 

Ans.  tV  ft. 

23.  During  the  test  of  a  given  piece  of  J-in.  hard  round  steel  bar  in  com- 
pression, a  length  of  20  ins.  was  shortened  by  .007  in.  under  a  load  of  2  long 
tons.     Find  the  corresponding  E.  Ans.  28,961,616  Ibs./sq.  in. 

24.  An  iron  bar  of  uniform  section  and  10  ft.  in  length  stretches  .12  in. 
under  a  unit  stress  of  25,000  lbs.  Find  E,  the  bar  being  1  sq.  in.  in  section. 
If  25,000  Ibs./sq.  in.  is  the  proof  stress,  find  the  modulus  of  resilience.  De- 
termine the  work  stored  up  in  the  bar  in  foot-pounds,  and  compare  it  with 
the  work  which  would  be  stored  up  if  for  half  its  length  the  rod  has  its  section 
increased  to  4  sq.  ins. 

Ans.  25,000,000  lbs.;  25inin.-lb.  units;  125 ft.-lbs.;  78J  ft.-lbs. 
23.  A  ship  a,t  the  end  of  a  600-ft.  cable  and  one  at  the  end  of  a  500-ft. 
cable  stretch  the  cables  3  in.  and  2^  in.  respectively.    What  are  the  corre- 
sponding strains?  Ans.  F^mr. 

26.  A  rectangular  timber  tie  is  12  in.  deep  and  40  ft.  long.  liE=  1,200,- 
000  lbs.,  find  the- proper  thickness  of  the  tie  so  that  its  elongation  under  a  pull 
of  270,000  lbs.  may  not  exceed  1.2  in.  Ans.  7^  in. 

27.  A  wrought-iron  bar  60  ft.  long  is  stretched  5  in.  by  a  pull  of  50,000 
lbs.    Find  its  diameter,  E  being  25,000,000  lbs.  Ans.  .6  in. 

28.  A  wrought-iron  rod  984  ft.  long  alternately  exerts  a  thrust  and  a  pull 
of  52,910  lbs. ;  its  cross-section  is  9.3  sq.  in.  Find  the  loss  of  stroke,  E  being 
29,000,000  lbs.  Ans.  4.632  in. 

29.  A  wrought-iron  bar  2  sq.  in.  in  sectional  area  has  its  ends  fixed  between 
two  immovable  blocks  when  the  temperature  is  at  32°  F.  If  S= 29,000,000 
lbs.,  what  pressure  will  be  exerted  upon  the  blocks  when  the  temperature  is 
100°  F.?  a  =.00125.  Ans.  27388|  lbs. 
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30.  A  wrought-iron  rod  25  ft.  in  length  and  1  sq.  in.  in  sectional  area  is 
subjected  to  a  steady  stress  of  6000  lbs.  What  amount  of  live  load  will 
instantaneously  elongate  the  rod  by  ^  in.,  E  being  30,000,000  lbs.? 

Ans.  6250  lbs. 

31.  The  following  examples  ato  v  give  the  observations  made  in  the  actual 
tests  of  specimens  of  different  materials.  In  each  case,  where  possible,  draw 
the  stress-strain  diagram  and  calculate  the  stress  at  the  elastic  hmit,  at  the  yield- 
point,  and  at  fractm-e.  Also,  determine  Young's  modulus,  the  reduction  of 
area,  and  the  equivalent  elongation. 

(a)  Tensile  test.     Distance  between  gauge-points  =10  ins. 
Section  =1  in. X. 735  iii. 

Load  in  Lbs.    Ext.  in  Ins.  Load  in  Lbs.    Ext.  in  Ins.  Load  in  Lbs.    Ext.  in  Ins- 

100  0  800  .00438  1600         .00871 

400  .00219  1200  .00652  11360  B.W. 

Ans.  B.W./sq.  in.  =15,640  lbs.;    £;=2,504,000  Ibs./sq.  in. 

(6)  Tensile  test.     Distance  between  gauge-points  =10  ins. 
Section  =  .98  in.  X  .74  in. 


Load  in  Lbs.    Ext.  in  Ins. 


Load  in  Lbs.    Ext.  in  Ins. 


Load  in  Lbs.    Ext.  in  Ins* 


100 
200 
300 
400 
500 
600 
700 


0 
.00092 
.00178 
.00263 
.00354 
.00440 
.00531 


800 

.00622 

900 

.00713 

1000 

.00799 

1100 

.00892 

1200 

.0098 

1300 

,01069 

1400 

.01145 

1500 

.01237 

1600 

.01318 

1700 

.01404 

1800 

.01485 

1900 

.01567 

2000 

.01648 

5730 

B.W. 

Ans.   B.W./sq.  in.  =7900  lbs.;  S  =1,595,000  Ibs./sq.  in. 


(c)  Tensile  test.     Distance  between  gauge-points  =  10  ins. 
Sectional  area  =.7425  sq.  in. 

Load  in  Lbs.    Ext.  in  Ins.  Load  in  Lbs.    Ext.  in  Ins.  Load  in  Lbs.    Ext.  in  Ins. 

100     0           800    .00647  1200    .01032 

400    .00281        1000    .0084  6200    B.W. 
600    .00459 

Ans.   B.W./sq.  in.  =8350  lbs.;  E =1,435,000  Ibs./sq.  in. 


(d)     Tensile  test.    Distance  between  gauge-points  =18  ins. 
Section  =1.97  in.  X  .5  in. 

Load  in  Lbs.    Ext.  in  Ins. 


1000 
2000 
3000 
4000 


0 
.015 
.025 
.037 


id  in  Lbs. 

Ext.  in  Ins. 

Load  in  Lbs. 

Ext.  in  Ii 

5000 

.050 

9000 

.09 

6000 

.060 

10,000 

.105 

7000 

.07 

19,830 

B.W, 

8000 

.08 

Ans.  B.W./sq.  in.  =20,132  lbs.;  £=1,625,000  Ibs./sq.  in. 
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;)  Tensile  test. 

ad  in  Lbs. 

Ext.  in  Id 

100 

0 

200 

.00076 

400 

.00219 

600 

.00358 

800 

.00492 

1000 

.00609 

Distance  between  gauge-points  =  10  ins. 
Section  =  .98  in.  X.73  in. 


Load  in  Lbs.    Ext.  in  Ins. 


Load  in  Lbs.  Ext.  in  Ins.. 

2200  .01446 

2400  .01572, 

2600  .01718 

6800  B.W. 


Ans.   B.W./sq.  in.  =9500  lbs.;  .0=2,070,000  Ibs./sq.  in. 


1100 

.00762 

1200 

.00907 

1400 

.00907 

1600. 

.01051 

1800 

.01194 

2000 

.01332 

(/) 


1  Tensile  test.     Distance  between 

gauge-points  = 

=8  ins. 

Section 

=  .98  in.  X.73  in. 

id  in  Ijbs.    Ext.  in  Ins. 

Load  in  Lbs. 

Ext.  in  Ins. 

Load  in  Lbs. 

Ext.  in  In 

100             0 

1000 

.00672 

2000 

.01441 

200         .00077 

1200 

.00831 

2200 

.01591 

400         .00217 

1400 

.00990 

2400 

.01748 

600         .00360 

1600 

.0115 

7600 

B.W. 

800         .00513 

1800 

.01307 

Ans.   B.W./sq.  in.  =10,600  lbs.;  £  =  1,840,000  Ibs^sq.  in. 


(g)  Tensile  test.     Distance  between  gauge-points  =16  ins. 
Initial  diameter  =  .29  in. 
Final  "         =.213  in. 

Equivalent  extension  =  .14  in. 


Load  in  Lbs. 

Ext.  in  Ins. 

Load  in  Lbs 

.    Ext.  in  Ins. 

Load  in  Lbs. 

Ext.  in  Ins. 

200 

.002 

1600 

.030 

3000 

.060 

400 

.009 

1809 

.033 

3200 

.066 

600 

.011 

2000 

.036 

3400 

.075 

800 

.015 

2200 

.040 

3600 

.086 

1000 

.018 

2400 

.044 

37,950 

Broke 

1200 

.022 

2600 

.049 

1400 

.026 

2800 

.053 

(h)  Tensile  test. 

Distance  between  gauge-points  ^ 

=36  ins. 

Initial  diameter  = 

.136  in. 

Final 

ti        _^ 

.085  in. 

Load  in  Lbvi. 

Ext.  in  Ins. 

Load  in  Lbs. 

Ext.  in  Ins. 

Load  in  Lbs. 

Ext.  in  Ins. 

150 

.01 

600 

.05 

1000 

.150 

300 

.02 

700 

.06 

1110 

B.W. 

400 

.03 

800 

.075 

500 

.04 

900 

.095 

Ans.  Load  at  fracture  =76,035  Ibs./sq.  in.;  .B  =24,752,000  Ibs./sq.  in. 
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(i)  Tensil 

e  test.     Distance  between  gauge-points  = 

=30  ins. 

Sectional  area  =9.95 

in.X.26  in. 

Wt./Un. 

ft.  =1.143  lbs. 

Load  in  Lbs. 

Ext.  in  Ins. 

Load  in  Lbs.    : 

Bxt.  in  InSk 

Losid  in  Lba. 

Ext.  in  Ins. 

0 

0 

3500 

2.28 

6500 

3.55 

500 

.67 

4000 

2.52 

7000 

3.71 

1000 

.91 

4500 

2.73 

7500 

3.86 

1500 

1.23 

5000 

2.94 

8000 

4.02 

2000 

1.52 

5500 

3.14 

8500 

4.22 

2500 

1.78 

6000 

3.32 

8600 

B.W. 

3000 

2.04 

Ans.  Load  at  fracture  =3320  lbs. /sq.  in.;  £?  =235,000  lbs. /sq.  in. 


(i)  Tensile  test.     Distance  between  gauge-points  =8  ins. 
Initial  diameter  =.995  in. 
Final  "       =.961  in. 

Equivalent  elongation  =  .405  in. 

Load  in  Lbs.    Ext.  in  Ins. 


2000 

0 

4000 

.00075 

6000 

.00145 

10,000 

.00282 

14,000 

.00412 

18,000 

.00542 

ioad  in  Lbs. 

Ext.  in  Ins, 

Load  in  Lba. 

Ext.  in  Ins. 

20,000 

.00615 

38,000 

.01287 

24,000 

.00735 

42,000 

.01445 

28,000 

.00925 

46,000 

.01622 

30,000 

.00987 

48,000 

.01712 

32,000 

.01057 

50,000 

Yield  Pt. 

36,000 

.01217 

92,650 

B.W. 

Ans.  Load  in  Ibs./sq.  in.  at  E.L.  =61,780;  at  Y.P.  =50,000;  at  fracture 
=  119,240;  red.  of  area  =6.7  per  cent;  equiv.  elong.  =5.06  per 
cent;  £=27,850,000  Ibs./sq.  in. 


{h)  Tensile  test.     Distance  between  gauge-points  =8  ins. 
Section  =2.01  in. X.25  in.  initial. 

"     =1.60  in.  X. 14  in.  final. 
Equivalent  elongation  =2  22  ins. 

Ext.  in  Ins. 

.00544 
.00655 


Load  in  Lbs. 

500 
2000 
4000 
6000 
8000 


Ext.  in  Ins 

0 
.00086 
.00197 
.00310 
.00431 


Load  in  Lbs. 

10,000 
12,000 
14,000 
16,000 
18,000 


.00766 
.00877 
.00988 


Load  in  Lbs. 

20,000 
21,000 
22,000 
23,000 
29,340 


Ext  in  Ins. 

.01098 
.01154 
.01209 
.01300 
B.W. 


Ans.  Load  at  E.L.  =39,800  Ibs./sq.  in.;  at  Y.P,  =45,800  lbs,/sq.  in.;  at 
fracture  =58,390  Ibs./sq.  in.;  red.  of  area=25.22%;  equiv. 
elong.  =27.75%;  £=28.320  000  Ibs./sq.  in. 


EXAMPLES. 

(Z)  Tensile  test.     Distance  between  gauge-points  =  8  ins. 
Section  =2  ins.  XI  in.  initial. 

"      =,1.37  in.  X.62  in.  final. 
Equivalent  elongation  =2.78  ins. 
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Load  in  Lbs. 

Ext.  in  Ins. 

Load  in  Lbs. 

Ext.  in  Ins. 

Load  in  Lbs. 

Ext.  in  Ins. 

30,000 

0 

52,000 

.00613 

66,000 

.00822 

40,000 

.00463 

56,000 

.00662 

68,000 

.00860 

44,000 

.00513 

60,000 

.00717 

70,000 

.00910 

48,000 

.00561 

64,000 

.00786 

.  119,900 

B.W. 

Ans.  Load  in  Ibs./sq.  in.  at  E.L.  =31,000;  at  Y.P.  =35,000;  at  fracture 
=59,950;  red.  of  area  =57.5%;  equiv.  elong.  =34.76%;  E  = 
31,500,000  Ibs./sq.  in. 


(m)  Tensile  test.     Distance  between  gauge-points  =6  ins. 
Initial  sectional  area  =.4359  sq.  in. 
Final         "         "     =.1452    " 
'  Equiv.  elong.  in  8  ins.  =2.05  ins. 

Load  in  Lbs.    Ext.  in  Ins. 


1000 

0 

7000 

.00281 

8000 

.00326 

9000 

.00371 

10,000 

.00416 

Dad  in  Lbs. 

Ext.  in  Ins. 

Load  in  Lbs. 

Ext.  in  Ins. 

11,000 

.00461 

16,000  ■ 

.00691 

12,000 

.00506 

17,000 

13,000 

.00551 

23,900 

B.W. 

14,000 

.00599 

15,000 

.00644 

Ans.  Load  in  Ibs./sq.  in.  at  E.L.  =29,820;  at  Y.P.  =39,000;  at  fracture 
=54,830;  red.  of  area  =66.7%;  equiv.  elong.  in  8  ins.  =  25.63% 
£•=30,590,000  Ibs./sq.  in. 


(n)  Tensile  test.     Distance, between  gauge-points  =8  ins. 
Initial  diameter  =.757  ins. 
Final  "        =.617  ins. 

Equivalent  elongation  =  1.84  ins. 


Load  in  Lbs. 

Ext.  in  Ins. 

Load  in  Lbs. 

Ext.  in  Ins 

Load  in  Lbs. 

Ext.  in  Ino, 

-500 

0 

9000 

.00667 

14,000 

.01086 

1000 

.00039 

10,000 

.00747 

15,000 

.01175 

3000 

.00203 

11,000 

.00829 

16,000 

.01280 

5000 

.00358 

12,000 

.00912 

24,060 

B.W. 

7000 

.00511 

13,000 

.00997 

Ans.  Load  in  Ibs./sq.  in.  at  E.L.  = 
=53,467;  red.  of  area  = 
22,880,000  Ibs./sq.  in. 


24,445;   at  Y.P.  =35,556;  at  fracture 
=33.5%;     equiv.    elong.  =23%;     P  = 
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(o)  Tensile  test.    Distance  between  gauge-points =8  ins. 
Initial  diameter  =  .875  in. 
Final  "       =.472  in. 

Equivalent  elongation  =2.33  ins. 


Load  in  Lbs. 

Ext.  in  Ins. 

Load  in  Lbs. 

Ext.  in  Ins. 

Load  in  Lbs. 

Ext.  in  Ina. 

1000 

0 

11,000 

.00439 

17,000 

.00757 

2000 

.00049 

12,000 

.00488 

18,000 

.00822 

4000 

.00141 

13,000 

.00536 

19,000 

.00929 

6000 

.00222 

14,000 

.00589 

31,500 

B.W. 

8000 

.00309 

15,000 

.00644 

10,000 

.00392 

16,000 

.00699 

Ans.  Load  in  lbs./  sq.  in.  at  E.  L.  =16,620;  at  Y.P.  =31,590;  at  fracture 
=52,360;  red.  of  area  =70.9%;  equiv.  elong.  =29.1%;  E  = 
31,790,000  Ibs./sq.  in. 


(p)  Tensile  test.     Distance  between  gauge-points  =  8  ins.  ' 


Diameter  =  .409  in. 


Load  in  Lbs. 

fe  (  100 
&]  200 
6  (300 


Ext.  in  Ins. 

.001 

.00138 

.00178 


Load  in  Lbs. 

400 
500 


Ext.  in  Ins. 

.00218 
.00258 


Load  in  Lbs. 

600 
700 


Ext.  in  Ins. 

.00299 
.00340 


.4ns.  £=15,220,000  Ibs./sq.  in. 


(q)  Tensile  test.     Distance  between  gauge-points  =8  ins. 


Diameter  =  .369  in. 


Load  in  Lbs. 

100 

200 

M  I  300 


Ext.  in  Ins. 

.001 

.00143 

.00182 


Load  in  Lbs. 

400 
500 


Ext.  in  Ins. 

.00219 
.00258 


Load  in  Lbs. 

600 
700 


Ext.  in  Ins. 

.00299 
.00341 


Ans.  £  =  18,617,000  Ibs./sq.  in. 


(r)  Tensile  test. 


id  in  Lbs. 

Ext.  in  Ina. 

0 

0 

100 

.00030 

1000 

.00107 

2000 

.00193 

3000 

.00284 

4000 

.00371 

5000 

.00459 

Load  in  Lbs.    Ext.  in  Ina. 


Distance  between  gauge-points  =10  ins. 
Initial  diameter:  external  =1.28  in.,  internal  = 
Final  "  "        =1.205  in.,      "      = 

Equivalent  elongation  =  .89  in.  for  8  ins. 
Pipe  under  internal  pressure  of  1000'  Ibs./sq. 

Load  in  Lbs. 

9000 
9500 
10,000 
10,500 
11,000 
18,560  ' 


5500 
6000 
6500 
7000 
7500 
8000 
8500 


.00501 
.00544 
.00587 
.00629 
.00670 
.00712 
.00755 


Ans.  Load  in  Ibs./sq.  in.  at  E.L.  =29,000;  at  Y.P.  =33,200; 
=52,300;  red.  of  area  =23%;  equiv.  elong.  =11 
29,600,000  Ibs./sq.  in. 


=  1.065  in. 
=  1.03  in. 

in. 

Ext.  in  Ins. 

.00801 
.00845 
.00897 
.00950 
.01170 
B.W. 

at  fracture 
l%i     E  = 
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(is)  Compression  test. 


Load  in  Lbs.  Comp.inlns. 

1000  .00362 
2000  .00402 
4000    .00485 


Distance  between  gauge-points  =1.25  in.; 
1  division  =  .1/250,000  in. 
Section  =  1  in.  X  .5  in. 


Load  in  Lbs.   Comp.inlns. 

6000    .00570 
8000    .00665 


Load  in  Lbs.  Comp.inlns. 

10,000        .00743 
53,100  B.W. 


Ans.  Load  in  lbs. /sq.  in.  at  fracture=106,2001bs.;  B  =  14,764,0001bs./sq.in. 


(t)    Compression  test. 


Load  in  Lbs.  Comp.inlns. 

1000  .00288 
2000  .00307 
4000    .00351 


Distance  between  gauge-points  =1.25  ins. 
1  division  =1/250,000  in. 
Section  =  1  in.  Xi  in. 


Load  in  Lbs.  Comp.inlna. 

6,000         .00398 

8,000         .00439 

10,000         .00485 


Load  in  Lbs.  Comp.  in  Ins. 

12,000  .00528 

14,000  .00569 

43,400  B.W. 


Ans.  Load  in  Ibs./sq.  in.  at  fracture  =86,400;  S  =28,646,000  Ibs./sq.  in. 

(w)  Compression  test.     Distance  between  gauge-points  =1.25  ins. 
1  division  =  1/250,000  in. 
.      Section  =  1  in.  X  i  in. 


Load  in  Lbs.    Comp.  in  Ins. 

12,000  .00655 
14,000  .00698 
68,000  B.W. 

Ans.  Load  in  Ibs./sq.  in.  at  fracture  =136,000;  £=29,761,000  Ibs./sq.  in. 


Load  in  Lbs.  Comp.  in  Ins. 

1000  .00425 

2000  .00447 

4000  .00490 


Load  in  Lbs.  Comp.inlns. 

6,000         .00532 

8,000         .00573 

10,000        .00613 


(v)  Compression  test. 


Distance  between  gauge-points  =  72  ins. 
Section  =3.03  in.  X3.02  ins. 


Load  in  Lbs. 

Comp.inlns. 

Load  in  Lbs. 

Comp.  in  Ins, 

Load  in  Lbs. 

Comp.  in  Ins. 

1000 

0 

7,000 

.021 

30,000 

.081 

2000 

.004 

8,000 

.024 

35,000 

.115 

3000 

.008 

9,000 

.028 

40,000 

.132 

4000 

.011 

10,000 

.031 

45,000 

.148 

5000 

.015 

15,000 

.049 

52,000 

B.W. 

6000 

.018 

20,000 

.065 

Ans.  B.W.  =5683  Ibs./sq.  in.;   £-=2,336,000  Ibs./sq.  in. 

32    A  Steel  rod  100  ft.  in  length  has  to  bear  a  weight  of  4000  lbs.     If  E^ 

35  000  000  lbs.,  and  if  the  safe  strain  is  .0005,  determine  the  sectional  area 

of  the  rod  (1)  when  the  weight  of  the  rod  is  neglected;  (2)  when  the  weight  of 

t  rod  is  taien  into  account.     Also  in  the  former  case    dete™^^^^^  the  work 

J        •    „+ro+phina  the  rod  iV  m..  r*  m.,  rn  m.,  .  .  .  nr  in.,  successively, 
doneinstretcjungm  ^^    _ t  _   ^^^^^  ^^    .^  _   ^^^^  ^^^^^  ^^^^  _  _  _  ^^oo  in.-lbs. 

A  V  e  of  rails  is  10  miles  in  length  when  the  temperature  is  at  32°  F. 
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Determine  the  length  when  the  temperature  is  at  105i  F.,  and  the  work  stored 
up  in  the  rails  per  square  inch  of  section,  E  being  20,000,000  lbs.  a=.C016 
per   180°  F.  Ans.  10.00653  miles;  338405.76  ft.-lbs. 

34.  A  wrought-iron  bar  25  ft.  in  length  and  1  sq.  in.  in  sectional  area  stretches 
•0001745  ft.  for  each  increase  of  1°  F.  in  the  temperature.  If  £=29,000,000 
lbs.,  determine  the  work  done  by  an  increase  of  20°  F. 

How  may  this  property  of  extension  under  heat  be  utilized  in  straightening 
walls  that  have  fallen  out  of  plumb?  Ans.  7.064  ft.-lbs. 

35.  Three  bars,  each  10  ft.  long,  one  of  brass,  one  of  copper,  and  one  of 
mild  steel,  have  sectional  areas  of  |,  f,  and  IJ  sq.  ins.  respectively.  Compare 
the  forces  required  to  stretch  the  bars  by  the  same  amount,  and  also  compare 
the  amounts  of  work  done,  E  in  tons  per  square  inch  being  4800  for  brass, 
8000  for  copper,  and  12,000  for  steel.  Ans.  1:2:6. 

36.  A  load  P,  gradually  applied,  induces  an  intensity  of  stress  /  in  a  bar 
of  length  I.  If  the  limit  of  elasticity  is  not  exceeded,  show  that  the  same  load 
faUing  a  height  h  before  extending  the  bar  induces  the  stress 


E  being  Young's  modulus. 


'(->J-t)' 


37.  A  i-in.  copper  bar  and  a  J-in.  mild-steel  bar  of  the  same  length  are  to 
be  stretched  the  same  amount.  .  Compare  the  forces  to  do  this  and  also  the 
amounts  of  work  expended  in  each  case,  E  per  square  inch  being  8500  tons 
for  the  copper  and  15,000  tons  for  the  steel.  Ans.  34:135. 

38.  A  steel  bar  of  3  sq.  ins.  sectional'  area  stores  up  SO  ft.-lbs.  of  energy 
when  subjected  to  a  direct  pull  of  2^  tons/sq.  in.  Find  the  length  of  the  bar 
E  being  15,000  tons/sq.  in.  Ans.  40  ft. 

39.  Two  vertical  bars,  the  one  of  brass,  the  other  of  steel,  are  fixed  at 
their  upper  ends  and  carry  at  their  lower  ends  a  rigid  cross-bar  which  sup- 

,  ports  a  weight  at  its  middle  point.  When  the  cross-bar  is  horizontal  the  stress 
induced  in  each  of  the  vertical  bars  is  1500  Ibs./sq.  in.  Find  the  ratio  of  the 
initial  lengths  of  the  bars,  the  E  being  4500  tons/sq.  in.  for  brass  and  13,500 
tons/sq.  in.  for  steel.  Ans.  5  to  6. 

40.  Find  the  greatest  length  of  an  iron  suspension  rod  which  will  carry  its 
own  weight,  the  stress  being  limited  to  4  tons  per  square  inch.  What  will 
be  the  extension  under  this  load,  E  being  12,500  tons?      Ans.  2688  ft. ;  .860  ft. 

41.  An  iron  bar  20  ft.  long  and  2  ins.  in  diameter  is  stretched  ^V  of  an  inch 
by  a  load  of  7  tons  applied  along  the  axis.  Find  the  intensity  of  stress  on  a 
cross-section,  and  the  coefficient  of  elasticity  of  the  material. 

Ans.  Stress  =2.23  tons;  B  =  10,700  tons/sq.  in. 

42.  The  length  of  a  cast-iron  pillar  is  diminished  from  20  ft.  to  19.97  ft. 
under  a  given  load.  Find  the  strain  and  the  compressive  unit  stress,  E  being 
17,000,000  lbs.  Ans.  .0015;    25,500  lbs.  per  square  inch. 

43.  A  rectangular  timber  strut  24  sq.  in.  in  sectional  area  and  6  ft.  in  length 
is  subjected  to  a  compression  of  14,400  lbs.  Determine  the  diminution  of 
the  length,  E  being  1,200,000  lbs.  Ans.  .003  ft. 
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44.  Find  the  height  from  which  a  weight  of  200  lbs.  may  be  dropped  so 
that  the  maximum  admissible  stress  produced  in  a  bar  of  1  sq.  in.  section  and 
5  ft.  long  may  not  exceed  20,000  lbs.  per  square  inch.,  the  coefficient  of  elas- 
ticity being  27,000,000  lbs.  Ans.  -^\  ft.,  or,  more  accurately,  -^\  ft. 

45.  A  bar  of  steel  4"xl"  is  rigidly  attached  at  each  end  to  a  bar  of  brass 
4"X|";  the  combined  bar  is  then  subjected  to  a  load  of  20  tons.  Find 
the  load  taken  by  each  bar.  E  for  steel  =13,000  tons  per  square  inch;  for 
brass =4000  tons  per  square  inch. 

Ans.  17.93  tons  on  steel;  2.07  tons  on  brass. 

46.  An  hydraulic  hoist-rod  50  ft.  in  length  and  1  in.  in  diameter  is  attached 
to  a  plunger  4  in.  in  diameter,  upon  which  the  pressure  is  800  lbs.  per  square 
inch.     Determine  the  altered  length  of  the  rod,  E  being  30,000,000  lbs. 

Ans.  .0213  ft. 

47.  Work  equivalent  to  50  ft.-lbs.  is  done  upon  a  bar  of  constant  sectional 
area,  and  produces  in  it  a  uniform  tensile  stress  of  10,000  lbs.  per  square  inch. 
Find  the  cubic  content  of  the  bar,  E  being  30,000,000.         Ans.  360  cu.  in. 

48.  A  bar  2  sq.  ins.  in  area  and  11  ft.  long  is  suspended  vertically  and 
has  a  collar  at  the  bottom  end.  It  is  provided  with  a  sliding  weight  of  0.5 
ton.  Find  the  height  from  which  the  weight  must  be  dropped  in  order  to 
just  give  a  permanent  set  to  the  bar,  the  elastic  limit  of  the  material  being 
14  tons  per  square  inch.     Young's  modulus  =12,000  tons  per  square  inch. 

Ans.  .3465  ft. 

49.  What  would  be  the  resilience  of  a  steel  tie-bar  1  in.  in  dia,meter  and 
48  ins.  in  length  if  it  became  permanently  stretched  under  a  load  exceeding 
10  tons,  E  being  16,000  tons  per  square  inch?  Ans.  191  in.-ton. 

50.  The  dead  load  upon  a  short  hollow  cast-iron  pillar  with  a  sectional 
area  of  20  sq.  ins.  is  50  tons  (of  2000  lbs.).  If  the  strain  in  the  metal  is  not  to 
exceed  .0015,  find  the  greatest  live  load  to  which  the  pillar  might  be  subjected, 
E  being  17,000,000  lbs.  Ans.  205,000  lbs. 

51.  A  steel  suspension  rod  30  ft.  in  length  and  i  sq.  in.  in  sectional  area 
carries  3500  lbs.  of  the  roadway  and  3000  lbs.  of  the  live  load.  Determine 
the  gross  load  and  also  the  extension  of  the  rod,  E  being  35,000,000  lbs. 

^ns.  jU^  ft. 

52.  A  steel  rod  10  ft.  in  length  and  i  sq.  in.  in  sectional  area  is  strained 
to  the  proof  by  a  tension  of  25,000  lbs.  Find  the  resilience  of  the  rod,  E  being 
35,000,000  lbs.  Ans.  178^  ft.-lbs. 

53.  The  resilience  of  an  iron  bar  1  sq.  in.  m  section  and  20  ft.  long  is  300 
ft.-lbs.  What  would  be  the  resilience  if  for  19  ft.  of  its  length  it  was  composed 
of  iron  2  sq.  in.  in  section,  the  remaining  foot  being  the  same  size  as  before? 

Ans.  157.5  ft.-lbs. 

54.  Determine  the  shortest  length  of  a  metal  bar  a  sq.  in.  in  sectional  area 

that  will  safely  resist  the  shock  of  a  weight  of  W  lbs.  falling  a  distance  of  h  ft. 

Apply  the  result  to  the  case  of  a  steel  bar  1  sq.  in.  in  sectional  area,  the  weight 

being  60  lbs.,  the  distance  16  ft.,  the  proof-strain  yfy,  and  jB  =35,000,000  lbs. 

2EWh 
Ans.      „_„Ty,,  /  being  the  safe  unit  stress;    -'•j-It-  ft- 

53.  A  pitch-pine  pile  14  in.  square  is  20  ft.  above  ground,  and  is  being 
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driven  by  a  falling  weight  of  112  lbs.     If  E  =  1,500,000  lbs.,  find  the  fall  so 
that  the  inch-stress  at  the  head  of  the  pile  may  be  less  than  800  lbs. 

Supposing  that  the  pile  sinks  2  in.  into  the  ground,  by  how  much  would 
it  be  safe  to  increase  the  fall?  Ans.  7.456  ft.;  116.5  ft. 

56.  An  8"X8"  pile  18  ft.  above  grou;id  is  driven  by  a  falling  weight  of 
100  lbs.  Determine  (a)  the  strain;  (b)  the  amount  of  the  compression;  (c) 
the  distance  through  whiqh  the  weight  falls  so  that  the  stress  per  square 
inch  in  the  pile  may  not  exceed  800  lbs.  per  square  inch.  Take  S =1,600,000 
lbs. 

If  the  pile  sinks  4  in.  into  the  ground,  by  how  much  would  it  be  safe  to 
increase  the  fall? 

57.  A  rod  1  sq.  in.  in  section  and  5  ft.  long  carries  a  weight  of  200  lbs. 
which  drops  through  2  in.  before  commencing  to  stretch  the  rod.  Assuming 
all  the  energy  of  the  blow  to  be  stored  up  in  the  rod  and  that  the  limits  of 
elasticity  are  not  exceeded,  estimate  the  intensity  of  stress  induced  in  the 
rod.    £=30X10°  lbs.  per  square  inch. 

58.  A  chain  I  ft.  in  length  and  a  sq.  in.  in  sectional  area  has  one  end  securely 
anchored,  and  suddenly  checks  a  weight  of  W  lbs.  attached  to  the  outer  end, 
and  moving  with  a  velocity  of  V  ft.  per  second  away  from  the  anchorage. 

'nI°.  ■ 

59.  Apply  this  result  to  the  case  of  a  wagon  weighing  .4  tons  and  worked 
from  a  stationary  engine  by  a  rope  3  sq.  in.  in  sectional  area.  The  wagon 
is  running  down  an  incline  at  the  rate  of  4  miles  an  hour  and,  after  600  ft. 
of  rope'  have  been  paid  out,  is  suddenly  checked  by  the  stoppage  or  reversal 
of  the  engine.     £  =  15,000,000  lbs.  Arte.  26,884  lbs. 

60.  A  chain  I  ft.  in  length  and  a  sq.  in.  in  sectional  area  has  one  end  at- 
tached to  a  weight  of  W  lbs.  at  rest,  and  at  the  other  end  is  a  weight  of  nW 
lbs.  moving  with  a  velocity  of  V  ft.  per  second  and  away  from  the  first.  Find 
the  greatest  pull  on  the  chain. 


Find  the  greatest  pull  upon  the  chain.  laEW 

Ans.  Pull  =  y-» 


Ans.  PuU  =  7» 


aEWn 


\lg(n  +  iy  _ 

61.  A  dead  weight  of  10  tons  is  to  act  as  a  drag  upon  a  ship  to  which  it 
is  attached  by  a  wire  rope  150  ft.  in  length  and  having  an  effective  sectional 
area  of  8  sq.  in.  If  the  velocity  of  the  floating  ship  is  20  ft.  per  second,  and 
if  its  inertia  is  equivalent  to  a  mass  of  390  tons,  find  the  gre^-test  pull  on  the 
chain.     £  =  15,000,000  lbs.  A71S.  208  tons. 

62.  A  coal-wagon  weighing  3200  lbs.,  when  running  down  an  incfine  at 
a  rate  of  6  miles  an  hour,  is  suddenly  checked  by  the  stoppage  of  the  engine 
after  500  ft.  of  cable  have  been  paid  out.  Find  the  maximum  pull  on  the 
cable,  its  sectional  area  being  3  sq.  in.  and  its  £=15,000,000  lbs.  per  square 
inch.  ^ws.  26,400  lbs. 

63.  A  square  steel  bar  10  ft.  long  has  one  end  fixed;  a  sudden  pull  of  40,000 
lbs.  is  exerted  at  the  other  end.  Find  the  sectional  area  of  the  bar  consistent 
with  the  condition  that  the  strain  is  not  to  exceed  ^.  £=30,000,000  lbs. 
Find  the  resilience  of  the  bar.  Ans.  2  sq.  in. ;   533J  ft.-lbs. 
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64.  How  much  work  is  done  in  subjecting  a  cube  of  125  cu.  in.  of  iron  to 
a  tensile  stress  of  8000  lbs.  per  square  inch?    S  =30,000,000  lbs. 

Ans.  U\  ft.-lbs. 

65.  A  signal-wire  2000  ft.  in  length  and  i  in.  in  diameter  is  subjected  to 
a  steady  stress  of  300  lbs.  The  lever  is  suddenly  pulled  back,  and  the  cor- 
responding end  of  the  wire  moves  through  a  distance  of  4  in.  Determine 
the  instantaneous  increase  of  stress.     £=25,000,000  lbs.       Ans.  51^f|  lbs. 

66.  If  the  total  back-weight  is  350  lbs.,  what  is  the  range  of  the  signal  end 
of  the  wire?  Ans.  ^iUs  ft- 

67.  A  steel  rod  of  length  L  and  sectional  area  A  has  its  upper  end  fixed 
and  hangs  vertically.  The  rod  is  tested  by  means  of  a  ring  weighing  60  lbs. 
which  slides  along  the  rod  and  is  checked  by  a  collar  screwed  to  the  lower 
end.  A  scale  is  marked  upon  the  rod  with  the  zero  at  the  fixed  end.  If  the 
strain  in  the  steel  is  not  to  exceed  Tin,  what  is  the  reading  from  which  the 
weight  is  to  be  dropped?    £=35,000,000  lbs. 

Ans.  Distance  from  point  of  suspension  =(f§^—||A)L. 

68.  A  bar  1  sq.  in.  sectional  area  and  32  in.  long  is  subjected  to  a  tensile 
pull  of  10  tons.  Calculate  the  work  stored  up  in  the  bar.  £=30,000,000  lbs. 
per  sq.  inch.  Ans.  V   ft.-lbs. 

69.  A  load  of  1000  lbs.  falls  1  in.  before  commencing  to  stretch  a  suspending 
rod  by  which  it  is  carried.  If  the  sectional  area  of  the  rod  is  2  sq.  in.,  length 
100  in.,  and  £=30,000,000  lbs.,  find  the  stress  produced. 

If  the  rod  carries  a  load  of  5000  lbs.,  and  an  additional  load  of  2000  lbs 
is  suddenly  applied,  what  is  the  stress  produced? 

Ans.  17,827i  lbs.;    4500  Ibs./sq.  in. 

70.  Steam  at  a  pressure  of  50  lbs.  per  square  inch  is  suddenly  admitted 
upon  a  piston  32  in.  in  diameter.  The  steel  piston-rod  is  48  in.  in  length  and 
2  in.  in  diameter,  £  being  35,000,000  lbs.     Find  the  work  done  upon  the  rod. 

What  should  be  the  pressure  of  admission  to  strain  the  rod  to  a  proof  of 
.001?  Ans.  117.69  ft.-lbs.;    68||   lbs.   per  square  inch. 

71.  A  boulder-grappler  is  raised  and  lowered  by  a  wire  rope  1  in.  in  diameter, 
hanging  in  double  sheaves.  On  one  occasion  a  length  of  150  ft.  of  rope  was 
in  operation,  the  distance  from  the  winch  to  the  upper  block  being  30  ft.  The 
grappler  laid  hold  of  a  boulder  weighing  20,000  lbs.  What  was  the  extension 
of  the  rope,  £  being  15,000,000  lbs.? 

The  boulder  suddenly  slipped  and  fell  a  distance  of  6  in.  before  it  was 
again  held.     Find  the  maximum  stress  upon  the  rope. 

What  weight  of  boulder  may  be  lifted  if  the  proof-stress  in  the  rope  is  not 
to  exceed  25,000  lbs.  per  square  inch  of  gross  sectional  area? 

Ans.  -rrW  ft.;  50,452^  Ibs./sq.  in.;   78,571f  lbs. 

72.  A  steel  bar  stretches  xit  of  its  original  length  under  a  stress  of  20,000 
lbs.  per  square  inch.  Find  the  change  of  volume  and  the  work  done  per  cubic 
inch.  Ans.  ^TjVirj  I  ft.-lb.  per  cubic  inch. 

73.  The  steady  thrust  or  puU  upon  a  prismatic  bar  is  suddenly  reversed. 
Show  that  its  effect  is  trebled. 

74.  A  shock  of  N  ft.-lbs.  is  safely  borne  by  a  bar  I  ft.  in  length  and  a  sq.  in. 


Ans. 
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in  sectional  area.     Determine  the  increased  shock  which  the  bar  will  bear 
when  the  sectional  area  of  the  last  mth  of  its  length  is  increased  to  ra. 

\      m    rm/ 

7S-  The  pull  on  one  of  the  tension-bars  of  a  lattice  girder  fluctuates  from 
12.8  tons  to  4  tons.  If  24  tons  is  the  statical  breaking  strength  of  the  metal, 
15  tons  the  primitive  strength,  determine  the  sectional  area  of  the  bar,  3  being 
a  factor  of  safety.        Ans.  2.15  sq.  in.  (Laimhardt) ;    1.87  sq.  in.  (Unwin). 

76.  The  stress  in  a  diagonal  of  a  steel  bowstring  girder  fluctuates  from  a 
tension  of  15.15  tons  to  a  compression  of  7.65  tons.  If  the  primitive  strength 
of  the  metal  is  24  tons  and  the  vibration  strength  12  tons,  find  the  proper 
sectional  area  of  the  diagonal,  3  being  a  factor  of  safety. 

Ans.  2.53  sq.  in.  (Weyrauch);  1.7  sq.  in.  (Unwin);  40  tons  per  square  inch 
being  statical  strength. 

77.  A  member  of  a  truss  is  subjected  to  tensile  stresses  varying  from  a 
maximum  of  150,000  lbs.  to  a  minimum  of  50,000  lbs.  Find  the  proper  sec- 
tional area  of  the  member,  1st,  if  of  steel,  2d,  if  of  wrought  iron,  the  factor 
of  safety  being  3.'  Ans.  7.523  sq.  in.;   17.5  sq.  in. 

78.  The  diagonal  of  a  truss  is  subjected  to  stresses  varying  from  a  maximum 
of  120,000  lbs.  in  tension  to  a  minimum  of  80,000  lbs.  in  compression.  Find 
the  proper  sectional  area  of  the  diagonal,  1st,  if  of  steel,  2d,  if  of  wrought 
iron,  3  being  the  factor  of  safety.  Ans.  8  sq.  in.;  12.41  sq.  in. 

79.  A  steel  diagoiaal  is  subjected  to  stresses  which  vary  from  a  maximum 
compression  of  10,000  lbs.  to  a  maximum  tension  of  10,000  lbs.  Find  its 
sectional  area,  taking  3  as  the  factor  of  safety  and  m=2s  =60,000  lbs. 

Ans.  1  sq.  in. 

80.  A  wrought-iron  screw-shaft  is  driven  by  a  pair  of  cranks  set  at  right 
angles.  Neglecting  the  obliquity  of  the  connecting-rods,  and  assuming  that 
the  pull  on  the  crank-pin  is  constant,  compare  the  coefficients  of  strength  (a' 
and  t)  to  be  used  in  calculating  the  diameter  of  the  shaft.  How  is  the  result 
affected  by  the  stopping  of  the  engine?  Ans.  a' =.904;   a' =^t. 

81.  Show  that  the  change  of  a  unit  of  volume  of  a  solid  body  under  a  longi- 
tudinal stress  is  xll  — ),  which  becomes  —  if  m=  4,  as  in  metals,  and  nil 
when  TO  =2,  as  in  India-rubber. 

82.  Taking  l=EX  as  the  ordinary  analytical  expression  of  Hooke's  Law, 
find  the  value  of  the  modulus  of  elasticity  when  calculated  (1)  from  the  actiuil 
stress  and  the  elongation  per  unit  of  initial  length;  (2)  from  the  actual  stress 
and  the  elongation  per  unit  of  stretched  length. 

Ans.  (1)  E+j;    (2)  E +f{l  +  xy=E+j{\+2X),  if  X  is  small. 

83.  During  the  plastic  deformation  of  a  prismatic  bar,  show  that  the  change 
in  sectional  area  is  proportional  to  the  deformation  calculated  on  the  altered 
length  of  the  bar. 

84.  A  prismatic  bar  of  volume  7  changes  in  length  from  L  to  L±x  under 
the  "fluid  pressure"  p.     Find  the  corresponding  work. 

Ans.  pV  \oge{L±x). 
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85.  A  pyramid  weighing  125  lbs.  per  cu.  ft.  has  a  height  of  60  ft.  and  rests 
upon  a  square  base  of  25  sq.  feet.  Find  the  amount  and  work  of  compression, 
J?  being  the  coeflBicient  of  elasticity. 

86.  In  an  indicator  the  area  of  a  piston  is  J  sq.  in.,  the  inertia  of  the  mov- 
jng  parts  attached  to  the  piston  is  equivalent  to  a  weight  of  .33  lbs.  moving 

with  the  same  velocity,  and  the  pencU  moves  4  times  as  fast  as  the  piston,  1 
inch  on  the  diagram  corresponding  to  a  pressure  of  80  lbs.  on  the  piston.  Find 
the  time  of  a  complete  oscillation.  Ans.  .01453  sec. 

87.  A  right  cone  of  weight  W  and  height  h  rests  upon  its  base  of  radius  r. 
Find  the  amount  and  work  of  the  compression. 

An  '^h  ,      1  W% 

.      ^"^•^°°^p-=i;rB7-^°^'^=5.-^- 

88.  An  elastic  trapezoidal  lamina  ABCD,  of  natural  length  I  and  thick- 
ness unity,  has  its  upper  edge  AB  (2a)  fixed  and  hangs  vertically.  If  a  weight 
W  is  suspended  from  the  lower  edge  CD  (26),  show  that,  neglecting  the  weight 

1  W     I  a 

of  the  lamina,  the  consequent  elongation  =k- ^r j-logcT-.    If  an  additional 

z  J^  a  —  0        0 

weight  is  placed  upon  W  and  then  suddenly  removed,  show  that  the  oscillation 

set  up  is  isochronous  and  that  the  time  of  a  complete  oscillation 

=7:  \  6    [    .     Examine  the  case  when  a  =6. 

[2gE{a-b)\ 

1  wi  rwi 

Ans.  Ext.  =„  — =:  time  of  oscillation  =j:-»  — =r. 
2  aE'  \2aEg 

89.  If  the  specific  weight  of  the  lamina  in  the  preceding  question  is  w, 

find  how  much  it  will  stretch  under  its  own  weight,  and  also  the  work  of 

extension.     Determine  the  result  when  a =6. 

.         1     w6^         6     wPa  +  h    wP 

^'''-  2E  (^^'  ^°^'a'^lE^^b-  2E- 


wH'       [a*-b*    ^„  ,    .,s  ,.4,       0  1     w'al' 


^-^=4-l^{^-^^(«'-^^)+^^l«^^f}'- 


4E(a-by  I     4  '  '  '"    "^'  b  S  '    3E  ' 

90.  A  hollow  tower,  of  height  h,  is  in  the  form  of  a  solid  of  revolution  about 
a  vertical  axis.  The  hoUow  portion  is  a  right  cylinder  of  radius  R,  and  the 
radius  of  the  base  of  the  tower  is  a.  If  the  specific  weight  of  the  tower  is  w, 
find  the  curve  of  the  generating  line  so  that  the  stress  at  every  point  of  the 
tower  may  be  /.     Also  find  the  load  on  the  top  of  the  tower. 

_wx 

Ans.  y' — R^  =  (a'R^)e  ';  Kf{b^—R^),b  being  the  radius  of  the  top  of 
the  tower. 

91.  Ail  elastic  lamina  in  the  form  of  an  isosceles  triangle  ABC  has  its  base 
AB  ( =2a)  fixed  and  hangs  vertically.  If  its  weight  is  W,  find  its  elongation. 
Take  coefficient  of  elasticity  =5,  thickness  of  lamina  =Mra%,  and  L=the  dis- 
tance of  C  from  AB.  WL 

Ans.  -—p,. 
4aE 
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92.  A  weight  of  1  ton  depresses  its  supports  .01  ft.  Neglecting  the  weight 
of  the  supports,  find  the  time  of  a  complete  oscillation.         Ans.  .1111  second. 

93.  A  weight  of  10  lbs.  at  the  end  of  a  spiral  spring  stretches  it  3  ins.  The 
spring  is  then  stretched  an  additional  3  in.  and  suddenly  released.  Find 
the  time  of  a  complete  oscillation.  Ans.  .555  second. 

94.  The  weight  of  the  piston  of  an  indicator  and  its  attached  parts  is 
equivalent  to  1  lb.  on  the  piston.  The  pencil  moves  six  times  as  fast  as  the 
piston.  The  area  of  the  piston  is  .5  sq.  in.  Find  the  period  of  oscillation  with 
a  100-lb.  spring.  Ans.  .00586  second. 

95.  A  body  symmetrical  with  respect  to  a  vertical  plane  is  slightly  dis- 
placed vertically  from  its  position  of  stable  equilibrimn.  Find  the  period  of 
an  oscillation. 

IT 

Ans.  2n.  — ,  V  being  the  volume  of  the  water  displaced  and  A  the  sec- 
tional area  of  the  body  at  the  water-line. 

96.  If  the  body  in  the  preceding  example  receives  a  slight  angular  dis- 
placement, what  will  be  the  period  of  an  oscillation? 

Ans.  2;r»  1= — ,  /  being  the  moment  of  inertia,  W  the  weight,  and  2  the 

distance  between  the  metacentre  and  the  C.  of  G. 

97.  A  uniform  circular  plate  weighing  4  lbs.  and  1  ft.  in  diameter  is  hung 
in  a  horizontal  plane  by  three  parallel  cords  from  the  ceiling,  and  when  set 
into  small  torsional  oscillation  is  found  to  have  a  period  of  3  seconds.  A 
body  weighing  6  lbs.  is  laid  on  it,  and  the  period  is  then  found  to  be  5  seconds. 
Find  the  moment  of  inertia  of  the  body. 

98.  A  revolving  weight  of  w  lbs.  is  carried  on  elastic  bearings  which  yield 
at  the  rate  of  1  ft.  to  6  lbs.  Find  the  extent  of  the  forced  vibration  when  the 
number  of  revolutions  is  n  per  second;  find  also  the  value  of  n  so  that  free 
vibration  might  be  set  up. 

w  r  liv     \ 

Ans.  —T{2j:n)';    period    (neglecting    wt.     of    bearing)  =2;:^—=—,  and 

g  0  ygb    2 

therefore  n^tJ^. 

99.  A  U  tube  a  ft.  in  length  contains  water.  If  the  water  is  slightly  dis- 
placed from  its  mean  position  of  equilibrium,  show  then  the  periodic  time  is 

Ivo",  if  <7=32ft. 

100.  A  weight  of  5  lbs.  is  supported  by  a  spring.  The  stiffness  of  the 
spring  is  such  that  putting  on  or  taking  off  a  weight  of  1  lb.  produces  a 
downward  or  upward  motion  of  0.04  ft.  What  is  the  time  of  a  complete 
oscilliation,  neglecting  the  mass  of  the  spring? 

1 01.  A  weight  W  is  suspended  by  a  spring,  which  it  stretches.    The  weight 
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is  further  depressed  1  ft.,  when  it  is  suddenly  released  and  allowed  to  oscillate. 
Find  its  velocity  ^t  a  distance  x  from  the  position  of  equilibrium. 


Ans. 


^jm-x')^. 


102.  If  a  spring  deflects  .001  ft.  under  a  load  of  1  lb.,  what  will  be  the  period 
of  oscillation  of  a  weight  of  14  lbs.  upon  the  spring? 

103.  A  mass  of  fifty  pounds  is  attached  to  the  free  end  of  a  spring, 
made  of  wire  tV  o^  ^.n  inch  diameter  and  having  ten  free  coils.  The  mean 
diameter  of  the  helix  is  3  in.  Find  the  period  of  vibration  if  the  spring  is 
extended  axially  and  is  then  let  go. 

104.  A  vertical  elastic  rod  of  natural  length  L  and  of  which  the  mass  may 
be  neglected  is  fixed  at  its  upper  end  and  carries  a  weight  Wi  at  the  lower 
end.  A  weight  Wi  falls  from  a  height  h  upon  Wi.  Find  the  velocity  and 
extension  of  the  rod  at  any  time  t. 


Wi  +  W,\  L     /      \dt 


X  being  measured  from  mean  position  of  (Wi  +  W2). 
log.  Determine  the  functions  F  and  /  in  Art.  4  when  Px  is  zero,  and  also 
when  the  rod  is  perfectly  free;   i.e.,  when  P„=0  and  Pi=0. 

106.  The  centre  of  mass  of  a  body  (supposed  to  be  small)  weighing  25  lbs. 
is  20  in.  from  the  fulcrum  of  a  massless  horizontal  lever.  It  is  supported,  also, 
by  a  vertical  massless  spring  acting  on  the  lever  at  a  distance  of  5  in.  from 
the  fulcrum.  The  stiffness  of  the  spring  is  such  that  a  pull  of  1  lb.  elongates 
it  0.001  ft.     What  is  the  natural  time  of  vibration  of  the  system? 

If  the  point  of  support  of  the  spring  gets  a  vertical  simple  harmonic  motion 
of  amplitude  0.1  ft.  with  a  frequency  of  three  complete  oscillations  per  second, 
what  is  the  nature  of  the  motion  of  the  weight,  supposing  that  the  natural 
vibrations  are  stilled? 

107.  A  metal  rod  J  sq.  in.  in  area  and  5  ft.  long  hangs  vertically  with  its 
upper  end  fixed  and  carries  a  weight  of  18  lbs.  at  the  lower  end.  On  striking 
thq  rod  it  emitted  a  musical  note  of  264  vibrations  per  second  (middle  C  of 
piano-forte).  Find  the  coefficient  of  elasticity,  the  weight  of  the  rod  being 
neglected.  Ans.  30,979,160  lbs. 

108.  What  should  be  the  thickness  of  the  plates  of  a  cylindrical  boiler 
6  ft.  in  diameter  and  worked  to  a  pressure  of  50  lbs.  per  square  inch,  in  order 
that  the  working  tensile  stress  may  not  exceed  1.67  tons  per  square  inch  of 
gross  section?  Ans,  .42  in. 

109.  A  cylindrical  boiler  with  hemispherical  ends  is  4  ft.  in  diameter  and 
22  ft.  in  length.  Determine  the  thickness  of  the  plates  for  a  steam-pressure 
of  4  atmospheres,  the  working  strength  of  the  material  being  4000  Ibs./sq.  in. 

no.  Find  the  thickness  of  plates  required  for  a  boiler  which  is  to  work 
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at  a  pressure  of  160  Ibs./sq.  in.,  the  diameter  of  the  shell  being  8  ft.,  the 
efficiency  of  the   riveted  joint  89%,  and  the  working  stress  in  the  metal, 

5  tons/sq.  in.  Ans.  .77  in. 

111.  A  7-ft.  boiler  of  ^-in.  plates  was  burst  at  a  longitudinal  double- 
riveted  joint  by  a  pressure  of  310  lbs.  per  square  inch.  Find  the  coefficient 
of  ultimate  strength.  Ans.  29,760  lbs. 

112.  A  50-in.  cylindrical  boiler  of  A-in.  plates  is  made  of  wrought  iron 
whose  safe  coefficient  of  strength  is  4000  lbs.  per  square  inch.  Find  the  work- 
ing pressure.  If  £'=30,000,000  lbs.,  also  find  the  thickness  and  deflection 
of  the  end  plates.  Ans.  50  Ibs./sq.  in. 

113-  Determine  the  thickness  of  the  plates  used  in  the  construction  of  a 
boiler  10  ft.  in  diameter  working  under  a  pressure  of  120  lbs.  per  square  inch, 
taking  the  efficiency  of  the  joints  to  be  70  per  cent,  and  the  safe  stress  at  10,000 
lbs.  per  square  inch.  Ans.  1.03  in. 

114.  Find  the  thickness  of  plates  required  for  a  boiler-shell  to  work  at 
a  pressure  of  200  lbs.  per  square  inch,  the  diameter  of  the  shell  being  5  ft. 

6  in. ;  the  allowable  stress  on  the  plate  may  be  taken  as  -12,000  lbs.  per  square 
inch.  ,  Ans.  .55  in. 

115.  The  plates  of  a  cylindrical  boiler  5  ft.  in  diameter  are  ^  in.  thick. 
Find  to  what  pressure  the  boiler  may  be  worked  so  that  the  tensile  stress  in 
the  plates  may  not  exceed  IJ  tons  per  square  inch  of  gross  section. 

Ans.  50  Ibs./sq.  in. 

116.  Cylindrical  boiler  of  mild  steel  5  ft.  6  in.  in  diameter  at  elastic  limit; 
pressure  300  lbs.  per  square  inch.  What  is  the  thickness?  Joints  supposed 
to  be  of  60  per  cent  of  strength  of  unhurt  plate.  Replace  this  boiler  with 
tubes  5  in.  diafaieter  of  same  length.  How  many  tubes  are  needed  to  make 
up  the  same  volume?  What  will  be  their  thickness  (no  seams)?  Their 
weight?  Ans.  .47  in.;  174;  .021  in.;  193  lbs.  per  ft.  length. 

117.  The  pressure  in  a  boiler  of  1.2  m.  diameter  is  7  atmospheres.  What 
must  be  the  thickness  of  the  metal  if  the  safe  working  stress  is  3A;/cm.^  ? 

Ans.  12.4  mm. 

118.  What  must  be  the  thickness  of  the  metal  in  a  cast-iron  cylinder,  of 
400  mm.  diameter,  which  has  to  bear  an  internal  pressure  of  7  atmospheres, 
the  safe  working  strength  of  the  metal  being  1.5  k/cm.f  Ans.  8.26  mm. 

J 19.  A  copper  pipe  is  4  in.  diameter  and  |  in.  thick.  What  is  the  working 
pressure?    Take  /=2000  lbs.  per  square  inch.  Ans.  375  Ibs./sq.  in. 

120.  What  is  the  collapsing  pressure  of  a  flue  10  ft.  long,  36  in.  in  diameter, 
and  composed  of  J-in.  plates?  Also  of  a,  flue  30  ft.  long,  48  in.  in  diameter, 
and  A-in.  thick?  Ans.  490.84  lbs.;-  91.59  lbs. 

121.  Determine  the  thickness  of  a  2-in.  locomotive  fire-tube  to  support 
an  external  pressure  of  5  atmospheres. 

122.  A  copper  steam-pipe  is  4  in.  in  diameter  and  J  in.  thick.  Find  the 
working  pressure,  the  safe  coefficient  of  strength  for  copper  being  1000  lbs. 
per  square  inch.  Ans.  125  lbs.  per  square  inch. 

123.  Find  the  proper  head  of  water  for  a  pipe  of  3  ft.  diameter  and  1  in. 
thickness.    Also  find  the  corresponding  pressure  in  pounds  per  square  inch. 
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Determine  what  value  of  the  working  stress  will  cause  the  ordinary  rule  for 
,  thin  cyUnders  to  give  the  same  answer. 

Ans.  316  ft.;  136.7  lbs. /sq.  in.;  2460  lbs. /sq.  in. 

124.  A  10-in.  cast-iron  water-pipe  is  subjected  to  a  pressure  of  250  lbs. 
per  square  inch.  Find  its  thickness,  the  coefficient  of  working  strength  being 
2000  lbs.   per  square   inch.  Ans.  1^  in. 

125.  A  cast-iron  main  is  36  in.  internal  diameter  and  1  in.  thick,  the  safe 
tensile  stress  being  IJ  tons  per  square  inch.  What  is  the  greatest  head  of 
water  to  which  it  should  be  subjected? 

If  the  pipes  are  of  wrought  iron,  what  should  be  the  thickness  of  the  metal, 
the  safe  strength  per  square  inch  being  5  tons  and  the  strength  of  the  longi- 
tudinal seams  being  60  per  cent  that  of  the  solid  plate? 

126.  Given  a  wrought-iron  pipe  2  ft.  diameter,  i  in.  thick;  its  working  stress 
is  5  tons  to  the  square  inch,  but  strength  of  plate  is  diminished  30  per  cent 
because  of  riveted  joint.     What  is  the  working  pressure? 

Ans.  326  Ibs./sq.  in. 

127.  A  cylindrical  boiler,  12  ft.  diameter,  is  constructed  of  ff-in.  steel 
plate.  The  test  pressure  applied  is  245  lbs.  per  square  inch.  Find  the  stress 
produced  in  the  plate,  and  hence  deduce  the  stress  in  the  plate  between  the 
rivet-holes,  the  sectional  area  being  there  reduced  to  .77  of  the  soUd. 

Ans.  19,500  Ibs./sq.  in.;    25,300  Ibs./sq.  in. 

128.  Sixty  tubes  of  wrought  iron,  4  in.  inside  diameter,  10  ft.  long,  ^  in. 
thick.  Find  volume,  weight,  internal  area  in  square  inches,  and  working 
pressure,  if  working  stress  =10,000  lbs.  per  square  inch.  Neglect  the  ends. 
How  many  tubes  22  in.  diameter,  10  ft.  long,  will  have  the  same  volume? 
And  find  the  thickness  suitable  for  the  working  pressure.  Find  also  the  area 
and  weight. 

Ans.  52.36  cu.  ft.;  6729  lbs.  weight;  12.54  sq.  in.;  1250  Ibs./sq.  in.;  2; 
1.375  in.;  380  sq.  in.;  6525  lbs. 

129.  A  vertical  cast-iron  pipe  is  4  in.  in  internal  diameter.  The  pressure 
at  a  certain  place  is  50  lbs.  per  square  inch.  At  this  place,  and  at  a  place 
300  feet  lower  in  level,  find  the  proper  thickness  of  the  metal  if  the  working 
stress  is  taken  as  3000  lbs.  per  square  inch.  Ans.  .033  in.;   .149  in. 

130.  A  steel  spherical  shell  36  in.  in  diameter  and  f  in.  thick  is  subjected 
to  an  internal  fluid  pressure  of  300  lbs.  per  square  inch.  Find  its  Coefficient 
of  strength.  Ans.  7200  lbs. 

131.  A  thin,  hollow,  spherical  elastic  envelope,  whose  internal  radius  is 
R,  was  subjected  to  a  fluid  pressure  which  caused  it  to  expand  gradually  until 
its  radius  became  Ru    Determine  the  work  done. 


CHAPTER  V. 
STRESSES,  STRAINS,  EARTHWORK,  AND  RETAINING-WALLS. 

1.  Internal  Stresses. — ^The  application  of  external  forces  to  a 
material  body  wiU  strain  or  deform  it,  and  the  particles  of  the  body 
will  be  in  a  state  of  mutual  stress. 

In  the  following  calculations  it  is  assumed  ' 

(a)  That  the  stresses  imder  consideration  are  parallel  to  one 
and  the  same  plane,  viz.,  the  plane  of  the  paper: 

(6)  That  the  stresses  normal  to  this  plane  are  constant  in  direc- 
tion-and  magnitude: 

(c)  That  the  thickness  of  the  plane  is  unity. 

Def.  The  angle  between  the  direction  of  a  given  stress  and  the 
normal  to  the  plane  on  which  it  acts  is  called  the  obliquity  of  the 
stress. 

2.  Compound  Strain. — (a)  First  consider  an  indefinitely  smaU 
rectangular  element  OACB  (Fig.  321)  of  a  strained  body,  kept  in 

p      p  equUibrimn    by  stresses    acting    as  in 

\      \     \     \  the  figure. 

A_i :^ ^i ^C  ^  :,  ,u, 


^^■v^— ^' ^ ^ ^' — [J;;  p  is  the  intensity  of   stress  on  the 

q>-.  "  , 

;-^2  q   is  the  intensity  of  stress  on  the 


'>- 


•  Ng    faces  OB,  AC,  and  a  its  obliquity. 


— ^^ K- r— B  ^«  ^        —  —        ^ 

\        \      \  ^^^  ^^'  ^^'  ^^^  ^  ^*^  obliquity. 

p      p       p      P  OBp  cos  a,  the  total  normal  stress 

Pig.  321.  q^    q^^    jg    balanced    by    ACp  cos  a, 

the  total  normal  stress  on  AC. 

OBp  sin  a,  the  total  shear  on  OB,  is  equal  in  magnitude  but 
opposite  in  direction  to  ACp  sin  a,  the  total  shear  on  AC. 
These  two  forces,  therefore,  form  a  couple  of  moment 

OBp  sin  a  OA. 
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Similarly,  the  total  normal  stresses  pn  the  faces  OA,  BC  balance 
and  the  total  shears  form  a  couple  of  moment  OAq  sin.  ^-OB. 

In  order  that  equilibrium  may  be  maintained  the  two  couples 
must  balance. 


Therefore  OBp  sin  aOA=OAq  sin  /?  OB, 

p  sin  a  =  q  sin  /?  =  t,  suppose. 


or 


Hence  at  any  'point  of  a  strained  body  the  intensities  of  the  shears 
on  any  two  planes  at  right  angles  to  each  other 
are  equal. 

(b)  Second,  let  it  be  required  to  find  the 
resultant  stress  upon  any  plane  MN  at  a  point 
0  in  a  strained  body.  Consider  the  equilibrium 
of  an  indefinitely  small  triangular  element  OAB, 
bounded  by  a  plane  AB  parallel  to  MN  and 
two  planes  OA,  OB,  at  right  angles  to  each 
other  (Fig.  322). 

Let  p  be  the  stress  on  OB,  a  its  obliquity. 

Let  q  be  the  stress  on  OA,  /?  its  obliquity. 

Let  t  be  the  shearing  stress  on  each  of  the  planes  OA,  OB.     Then 

t  =  p  sin  a=q  sin  /?. 
Pn,  the  normal  component  of  p,=p  cos  a. 


N 
Fig.  322. 


9», 


q,=q  cos  y?. 


Produce  OA  and  take  OC =pnOB  +  tO A  =the  total  force  on  OB 
in  the  direction  of  OA. 

Produce  OB,  and  take  OD =qnOA  +tOB =the  total  force  on  OA 
in  the  direction  of  OB. 

Complete  the  rectangle  CD. 

OE  represents  in  direction  and  magnitude  the  resultant  of  the 
two  forces  OC,  OD,  and  must,  therefore,  be  equal  in  magnitude  and 
opposite  in  direction  to  the  total  force  on  AB. 

Let  Pr  be  the  stress  on  AB.    Then 


(PrABf = 0^2 = OC^ + OD^  =  (pnOB  +  tOA)^  +  {qnOA  +  tOB)^, 
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and  Pr^  =  (pn  sm -jT  +  t  cos  7-)^  +  (qn  cosf+t  sin  j-y 

=  Pn2  sin2  ^  +  q„2  cos2  r  +  t  sin2  rCPn  +  qJ+t*. 

In  the  limit  MN  and  A5  coincide,  and  Pr  is  the  resultant  stress 
upon  the  plane  MA''  at  0  and  acts  in  the  direction  OE. 

If  t=0,  then  a  and  /?  are  each=0,  and  there  is  no  shearing  stress 
upon  OA  or  upon  OB  at  0.  The  stress  upon  each  of  these  planes 
at  0  is  wholly  normal,  and  such  stresses  are  called  principal  stresses^ 
while  the  two  planes  upon  which  they  act  are  called  planes  of  prin- 
cipal stress. 

If  OA  and  OB  are  planes  of  principal  stress  and  if  pi  and  pz 
are  the  principal  stresses  along  OA  and  OB  respectively,  then  the 
resultant  stress  p,  on  any  plane  MN  is  given  by 

Pr^=Pi^  sin2  ;'+P2^  cos2  y. 

3.  Constant  Components  of  p,. — Equal  Principal  Stresses. — Let 
OA,  OB  be  the  principal  axes  at  any  point  0  in  a  strained  mass.    It 
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Fig.  324. 


is  required  to  determine  the  resultant  stress  on  any  plane  MON  when 
the  two  principal  stresses  are  like  and  equal. 

Let  each  principal  stress  =  p. 

Let  the  angle  MOA=r. 

Let  the  point  0  lie  within  an  indefinitely  small  rectangular  element 
having  its  sides  parallel  to  OA  and  OB. 

First.  Consider  the  effect  of  the  stress  p  acting  in  a  direction 
parallel  to  OA,  Fig.  323.  (This  stress  may  be  due  either  to  a  pull 
■or  a  push.) 


CONSTANT  COMPONENTS  OF  p^. 
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Let  q  be  tKe  corresponding  parallel  resultant  stress  developed  in 
the  plane  MOiV.Nc^n 


and  therefore 


qMN  =  pCC'=^pBB', 
q  =  p  sin;'. 


The  shear  stress  along  OM=q  cos  j-=p 


sin27- 


The  normal  stress  upon  OM=q  sin  7-=^  sin^  y. 

Second.  Let  the  stress  p  act  in  a  direction  parallel  to  OB,  Fig.  324, 
and  let  q'  be  the  corresponding  parallel  resultant  stress  developed  in 
MN.    Then 


Therefore 


q'MN=pNN'. 


q'=p  COST. 


The  shear  stress  along  ON=q'  sin  j-=P — p— ■ 

The  normal  stress  upon  ON==cf  cos  ?-=p  cos^  x- 

Third.    Let  the  two  like  principal  stresses  now  act  simultaneously. 


Fig.  325. 


The  resultant  effect  is  the  algebraic  sum  of  the  separate  effects,  andl 

therefore  the  resultant  stress  at  0  on  the  plane  MON  is  equivalent  tO' 

,  ,  ,      ■»  sin  2r  ,    ^      ^.      . 

(a)  two  shear  stresses  each  equal  to  - — ^= — ,  but  actmg  m  opposite 

directions  so  that  they  neutralize  each  other,  and 
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(6)  two  normal  stresses,  p  sin^  ;-  and  p  cos^  ;-,  acting  in  the  same 
direction  so  that  they  are  together  equal  to  a  normal  stress 

p  sin^  J-+P  cos^  T=P- 


Hence,  if  the  two  principal  stresses  at  a  point  in  a  strained  mass 
are  like  and  equal,  the  resultant  stress  on  any  plane  through  the  point 
is  also  a  like  and  equal  stress  and  is  normal  to  the  plane.  Fig.  326. 

Again,  let  the  two  principal  stresses  be  equal  but  unlike. 

Suppose,  for  example,  that  the  stress  parallel  to  OA  is  due  to  a  push, 
so  that  it  acts  in  the  direction  shown  by  Fig.  327.     The  resultant 


effect  on  the  plane  MON  is  now  a  shear  stress 


p  sin  2y 


acting  in  the 
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Fig.  328. 


same  direction  as  the  shear  stress  due  to  the  stress  p  in  Fig.  324,  and 
a  normal  stress  p  sin^  ■)■  acting  in  a  direction  opposite  to  that  of  the 
corresponding  stress  in  Fig.  323. 

Hence,  if  the  two  unlike  but  equal  principal  stresses  act  simultane- 
ously, they  are  equivalent  to  (Fig.  328) 


,     ,           ,          p  sin  2r    p  sin  2r 
(a)  a  resultant  shear  stress  — ^ 1 


psin2j'  in  the 


2       '       2 
plane  MN;  and 

(6)  a  resultant  normal  stress  p  cos^y—p  sin^  Y=p  cos  2^.    This 
normal  stress  wiU  be  a  push  or  a  pull  according  as  7- >  or  <45°. 

Take  OK,  Fig.  329,  in  the  plane  MN=p  sin  2r  and  OL  normal  to 
the  plane =p  cos  2jr. 


UNEQUAL  PRINCIPAL  STRESSES. 
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Complete  the  rectangle  OKHL.    Then  OH  is  the  resultant  stress 
on  the  plane  MN  at  0,  and  its  value  is  given  by 


OH=VOI^+OK^=Vpi  cos2  2r+p2  sin2  2r=p. 


Also,  if  the  angle  LOH=fi, 

-    OK    p  sin  2r    ,      „  m, 

tan^=;^-^^ ^=tan2r, 

^    OL     p  cos  2y  ' ' 

and  therefore      /?  =  2^    or     180°  +  27-. 

Hence,  if  the  two  principal  stresses  at 
a  point  in  a  strained  mass  are  equal  but 
unlike,    the    resultant  stress   upon   any 

plane  through  the  point  is  an  equal  stress  acting  in  a  direction  inclined 
at  an  angle  2y  to  the  normal. 

4.  Unequal  Principal  Stresses. — Let  the  principal  stresses  at  any 
point  be  pi  and  p2-    Then 


Pi  = 


P1+P2    P1-P2 


==m+n,  suppose, 


and 


P1+P2    P1-P2 
P2=— 2 2~^™~"- 


The  principal  stresses  may  therefore  be  considered  as  composed  of 
two  like  and  equal  stresses  ml  = — ^ —  ),  and  of  two  unlike  and  equal 


stresses  n 


(=^-T^)- 


~l' 


The  effects  of  these  like  and  unlike  stresses 


may  be  obtained  separately  and  their  results  superposed. 

The  resultant  of  the  two  like  stresses  is  a  stress  m  along  the  normal 
OE  to  the  plane  MN,  Figs.  325  and  326,  and  the  resultant  of  the 
two  unlike  stresses  is  a  stress  n  along  OF  making  an  angle  2;-  (Fig.  330) 
or  180° +2;-  (Fig.  331)  with  the  normal.  Take  OE=m  and  0F=  n. 
Complete  the  parallelogram  OEGF.  The  diagonal  OG  is.  the  resultant 
stress  on  MN  at  0  in  direction  and  magnitude. 
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Its  value  by  Fig.  330  is  given  by 
A  OG^ =m^+n^-2mn  cos  (180° -2r) 


^-1 — —  cos  2r 


2        '        2 
■l — "  =pi^  cos^  T+p^  sin^  ;-. 

Its  value  by  Fig.  331  is  given  by 
OCP  =m^+rfi— 2mn  cos  2r 


Pl^+P2^      Pl^-pi 


COS  2;- 


FiG.  331. 


2  2 

=pi2  sin^  ^+p2^  cos^  y, 

as  already  obtained  in  Art.  2. 

Thus,  in  the  triangle  OEG,  the 
angle  Oi?G  is  either  2r  or  180° -2r. 

Let  GE  be  produced  to  meet 
OA  and  05  in  K  and  L.  Then, 
evidently, 

EKSO=EL'=m, 
and  S  is  the  middle  point  of  KL. 
Therefore,  by  Fig.  330, 

GK=GE+EK^  +n+m=pi, 

GL=-GE+EL=--n+m=P2, 
and,  by  Fig.  331, 

-GK=  -GE+EK=  -n+m=p2, 
and  GL=+GE+EK=+n+m=-pi. 

Let  6  be  the  angle  between  GE  and  the  plane  MN.    Then 

GE  cos  e  =  — 2~^  cos  s  is  the  shear  stress  in  MN  at  0. 


PLANES  OF  PRINCIPAL  STRESS. 
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This  is  greatest  when  cos  £  =  1,  i.e.,  when  e=0  or  OE  is  parallel 
to  MN.  In  this  case  OE  is  at  right  angles  to  EG,  and  therefore 
27- =90°  or  ;-=45°.    Hence  the  shear  strpss  in  MN  at  0  is  a  maxi- 

Pi  —  P2  • 

mum  and  equal  to when  MN  is  inclined  to  the  axis  of  prin- 
cipal stress  at  an  angle  of  45?. 

5.  Planes  of  Principal  Stress. — Ellipse  of  Stress. — Let  MON  be 
a  plane  of  principal  stress,  i.e.,  a  plane  in  which  there  is  no 
shearing  stress  at  0.  The  resultant  OE,  Fig.  332,  must  be 
normal  to  MN  and  AB,  and  therefore 

^  ryrn^     OC     PnOB  +  tOA     p„  tan  r  +  ^ 
tan  Tr=  cot  COE=y^^  =  - 


from  which 


OD      qJ)A  +tOB    q„  +  t  tan  r' 
2t  2  tan  ;- 


1- 


;=tan  2j: 


B  D 


Fig.  332. 


Two  values  of  7-,  viz.,  j-  and  7- +  90°,  satisfy  this  ° 
equation   so   that   at   every   point  0   there  are  two 
planes,  at  right  angles  to  each  other,  upon  which  the 
stress  is  wholly  normal,  i.e.,  there  are  two  principal  planes. 
Again,  take  the  principal  planes  as  the  planes  of  reference. 

Let  pi,  P2  be  the  principal  stresses  along  OA, 
OB,  Fig.  333,  respectively.  Consider  as  before 
the  equilibrium  of  a  triangular  element  GAB,  AB 
being  parallel  to  a  plane  MON  inclined  at  an 
angle  ;-  to  OA  at  0. 

Take  OC=piOB,  OD^piQA,  and  complete 
the  rectangle  CD.  Then  OE=pAB  is  the  re- 
sultant of  OC  and  OD. 

Take  OR=p^,  and  let  x,  y  be  the  coordinates, 
Fig.  333.  with  respect  to  0,  of  the  point  R.    Then 


OC        piOB         . 
x=p,cos  4>=p,  OE^VrJjB^'P^^^^' 


.     ,        OD        P2OA 
and  y=p,  sm  4>  =  PrQ^=Pr  ^^  =P2  cos  r- 
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Therefore  — ^  +  ^  =  sin^  r + cos^  r = 1,    and    tan  r  tan  (!>  =  — . 

Hence  the  locus  of  R  is  an  ellipse,  called  the  ellipse  of  stress, 
with  its  axes  (2pi  and  2^2)  lying  in  the  planes  of  principal  stress. 
The  stress  upon  any  plane  MON  at  0  inclined  at  7-  to  the  major 
axis  is  the  semi-diameter  of  the  ellipse  drawn  in  a  direction  making 
an  angle  <fi  with  the  major  axis,  <p  being  given  by  the  last  equa- 
tion. 

If,  further,  the  two  principal  stresses  are  of  equal  magnitude 
but  of  opposite  sign,  i.e.,  if  the  one  is  a  push  and  the  other  a  pull, 

Pl-\-p2 

the  normal    component        „       becomes  ml,  so   that  there  is  no 

normal  stress,  while  the  maximimi  shear   stress   on   each   of  two 
planes  making  an  angle   of  45°  with  the  axes  of  prmcipal  stress 

.     P1-P2 

is  — 2 — =Pi  =  -P2. 

This  is  defined  to  be  a  state  of  simple  shear.  It  has  also 
already  been  proved,  Art.  2,  that  if  there  is  a  shear  stress  on  any 
given  plane  at  a  point  in  a  strained  solid,  there  must  be  an  equal 
shear  stress  on  a,  plane  through  the  pouit  at  right  angles  to  the 
first. 

In  simple  shear  an  elementary  cube  becomes  distorted  (Fig.  334) 
without  change  of  volume.  One  diagonal  is  lengthened  and  the 
other  shortened  by  the  same  amount,  while  its  angles  are  changed 
by  a  small  quantity  ^  to  90°  +  ^  and  90°  —  ^.  This  small  angle 
^  is  taken  as  a  measure  of  the  shear  strain  and  is  called  the  angle 
of  shear.  Hence,  by  Hooke's  law,  which  applies  to  shear  as  to  other 
stresses, 

q,  the  intensity  of  shear  a  <f) 

or    q=G^, 

where  G   is   a   coefficient   caUed   the    modulus   of 
rigidity.     The  value  of  G  is  generally  determined 
by  torsion  experiments  and  is  usually  found  to  be 
about   ^E,  E  being  Young's  modulus. 
Again, 

the  work  stored  up  by  the  distortion =^^  =  ^. , 
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6.  Conjugate  Stresses. — ^The  obliquity  of  a  stress  is  the  angle 
between  the  direction  of  the  stress  and  the  normal  to  the  plane 
upon  which  it  acts.  This  angle  will  be  designated  in  the  following 
calculations  by  the  symbol  0. 

At  any  p^iiit  in  a  strained  mass  two  stresses  are  said  to  be  con- 
jugate when  each  stress  acts  upon  a  plane  parallel  to  the  direction  of 
the  other. 

In  Fig.  335  the  stress  acting  upon  the  plane 
MON  at  0  is  parallel  to  the  plane  M'ON',  and 
its  obliquity  is  the  angle  M'OE',  OE'  being  the 
normal  to  MON.  If  the  stress  at  0  upon  the 
plane  M'ON'  is  parallel  to  MON,  its  obliquity, 
viz.,  the  angle  MOE  between  OM  and  the 
normal  OE  to  the  plane  M'ON',  is  evidently 
equal  to  M'OE'.  Hence  the  conjugate  stresses 
at  any  point  in  a  strained  mass  have  equal 
obliquities. 

Let  OA,  OB  be  the  planes  of  principal  stress  at  any  point  0  of  a 
strained  mass,  and  let  MON  be  any  other  plane  inclined  at  an  angle 
r  to  OA,  Fig.  336. 

Upon  the  normal  to  MN  take  0E-- 


7 


m. 


Fig.  335. 


-m- 


=2i±P?,  and  with  E  as 


centre  and  a  radius =n^ 


P1-P2 


,  describe  a  circle  intersecting  OE  at 


P  and  Q.  Draw  any  line  OS>R  inter- 
secting the  circle  at  S  and  U.  Join 
ES,  and  ER.  Then  OR  and  0&  are 
each  the  third  side  of  a  triangle  of 
which  the  other  two  sides  are  the  con- 
stant components  m  and  n,  while  the 
angle  ROE  is  common  to  the  two  tri- 
angles. Thus  OR  and  OSi  are  conju- 
gate stresses,  and  the  obliquity  Q  of 
each  is  the  angle  ROE. 

Draw  the  tangent  OT  and  join  ET. 
The  angle  EOT  is  the  maximum  value 

which  the  obliquity  d  can  have,   and  corresponds  to  the  case  in 

which  the  two  conjugate  stresses  are  equal. 


Fig.  336. 
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Let  (j)  be  the  maximum  value  of  d,  i.e.,  the  angle  TOE.     Then 

^     ,     ET     n     P1-P2 

sin  ©  =  7=rF;  = —  = . 

^     OE    m     P1+P2 

Let  r=OR,  the  greater  of  the  two  conjugate  stresses. 

Lets=0,S,     "  lesser     "     "      " 

Draw  EV  at  right  angles  to  and  bisecting  SB. 

Then 

r  +  s  =  0i?+0<S=207=2mcos^  =  (pi+p2)  cos  ^, 

and  rs ^OR  OS -=0T^= OE^ - ET^ = to^ - n^ = pipg. 

Again,  EV =m  sin  6,  and  therefore 

VR  =  VS=VER^-EV2=Vn2-mP  sin?  ^ 
=m'V— 5— sin^  5=mv'sin2  <A— sin^  ^ 


^ms/cos^-^ff—cos^  <j> 


Hence  r=OF  +  7Jf2  =m(cos  (9+Vcos2  i^-cos^  4>) 


and       s = 07  -  7/S = m(cos  0  -  Vcos^  ^  -  cos^  ^) . 

r    cos  ^+Vcos2  ^  — cos^  0 

Therefore         -= ,     „  ^      =?=,> 

s     cos  ff— Vcos^  p— cos^  9 

r  being  >  s. 

COS  di 

Putting  sin  a  = ^,  the  last  equation  may  be  written 

r     I  +  cos  a         „  a 

-  = =  cot^  -. 

s      I  —  cos  a  2 

Ex.  1.  The  principal  stresses  at  a  point  in  a  strained  mass  are  tensions  of 

255  i!6s.  and  171  lbs.  per  square  inch.    Find  the  resultant  stress  and  its  obliquity 

on  a  plane  through  the  point  inclined  at  27°  to  the  plane  of  greatest  principal 

stress. 

255  +  171    „,„ 
m 2 =213, 

255-171      .„ 
n  = s =42. 


EXAMPLES. 
Therefore  (resultant  stress) '=m'+n'  —2mn  cos  (180°  -2 r)  a 

=213^ +42' +2.213.42  •  cos  54°, 
and    resultant  stress  =240  lbs.  sq.  inch. 
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Again, 
Therefore 


sm  ( 


n        42 


sin  ( 


sin2r     240     240     sin  54°" 
sine  =.1417    and    e=8°9'. 


Ex.  2.  The  principal  stresses,  at  a  point  in  a  strained  solid  are  a  tension 
of  300  Ibs./sq.  in.  and  a  compression  of  200  Ibs./sq.  in.  Find  (a)  the  resultant 
stress  on  a  plane  inclined  at  30°  to  the  axis  of  greatest  principal  stress  and  its 


Fig.  338. 


Fig.  339. 


obliquity;  (6)  the  plane  upon  which  there  is  only  a  shearing  stress  and  the  magni- 
tude of  the  stress. 

.  ,         300-200     _ 
(a)  m= =50, 


2 
300+200 


=250. 


Then  by  Fig.  338     OG'  =m^  +n'-2mn  cos  (180° -60°), 
=2500+62,500  +  12,500 
=77,500 
and  OG=278.41bs.  sq.  inch.      . 

or  cot  5  =.8083    and    5  =51°  3'. 

(6)  Let  the  plane  make  an  angle  r  with  the  axis  of  greatest  principal  stress. 
The  resultant  stress  OG  lies  wholly  in  this  plane. 
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Therefore  by  Fig.  339      OG'  =n«  -w*  =60,000, 
and  OG  =245  lbs. 


Again, 


cos  2r  =—  =.2    and    2r  =78°  28', 
n 


r=39°14' 


Ex.  3.  At  a  point  within  a  strained  solid  there  are  two  like  conjugate  stresses 
of  70  lbs.  and  10  Ws.,  the  common  obliquity  being  cos~'  .8.  Find  the  principal 
stresses  and  the  angle  between  the  two  planes  on  which  the  conjugate  stresses  act. 

70  + 10  =r  +  s  =  (pi +p2)|. 

Therefore      pi  +  ps  =  100. 

Also,  pip2=rs=700. 

Hence    pi  —  pa = 85  very  nearly, 

so  that  pi  =92 J    and    p2=7J. 


Again,         OG  =  ^^'=50=ot, 


»72X 


and 


GR=Pl^'=30V2=n. 


Fig.  340. 


Therefore 


or 


Also, 


Hence 


702=Oi?^=50^  +  (30\/2y-2-50-30\/2- cos  (180°-2r), 
cos  2r =.1414    and     r=40°56'. 

10==OS'=50*  +  (30\/2)'-2-50-30\/2-cos(180°-2r'), 

cos  (180°-2r')=.9998    and     r'=85°55' 
r'-r=44°59'. 


7.  Shafting. — Let  a  shaft  be  subjected  to  the  action  of  a  couple  of 
moment  Mi  in  a  plane  at  right  angles  to  the  direction  of  the  shaft 
and  also  to  a  load  which  develops  stresses  in  the  direction  of  its 
length. 

A  particle  at  any  cross-section  of  the  shaft  is  acted  upon  by 

(a)  a  stress  p  normal  to  the  section, 


SHAFTING. 
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(6)  two  equal  shear  stresses  q  in  the  plane  of  the  section  and  at 
right  angles  to  each  other. 

Combining  one  of  these  shear  stresses 
with  p,  and  taking  OF=p  and  OH=q^ 
the  resultant  stress  is  OG  (=Vp^+q^), 
the  diagonal  of  the  rectangle  OFGH. 
P1+P2 


Take    OE=m  = 
Then 

EG=n  = 


2 

P1-P2 


and   join   EG. 


Fig.  341. 


The  remaining  shear  stress  is  normal  to  the  plane  OFG.  Rotate 
the  plane  containing  this  stress  and  p  until  it  is  coincident  with  the 
plane  OFG,  and  take  OG'=q.  Then,  OE  and  EG'  are  the  constant 
components  of  OG',  and  GEG'  is  evidently  a  straight  line.  There- 
fore jE(  is  the  middle  point  of  OF.    Hence 


thesmaximxmi  shear  stress  =      „      =EG- 


■J?+^. 


and 


p       \fp 
the  maximum  principal  stress = pi  =  OE + EG  =  "^  +  "y -j-  +  g^. 

Also,  as  proved  in  Chap.  IX,  if  the  shaft  is  roimd  and  of  radius  r, 

2M, 


q=- 


nir 


Ex.  4.  Suppose  that  a  force  P  acts  along  the  shaft,  its  line  of  action  coinciding 
with  the  axis  of  the  shaft. 

P 

Then    ,  P  =— ,. 


Therefore 


pi- 


1         2Kr^'^    ^  +     ^2 


and 


I    /        ,/    ,      i6MtA 


Ex.  5.  Suppose  that  p  is  caused  by  a  bending  action  due  to  a  force  acting 
at  right  angles  to  the  shaft,  as,  e.g.,  when  a  horizontal  shaft  carries  a  heavy 
pulley  between  its  bearings. 
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Let  Mb  be  the  bending  moment  at  any  point  due  to  the  force.    Then 

2Mb 


Therefore 


and 


P=- 


p,  =;^(Mb+\/MbHMt») . 


By  this  and  the  preceding  example,  if  the  values  of  the  working  principal 
and  maximum  shear  stresses  are  given,  the  corresponding  values  of  r  can  be 
at  once  calculated,  the  greater  value  being  adopted  for  the  shaft  in  ques- 
tion. 

Ex.  6.  A  steel  shaft,  in  which  the  working  stress  is  not  to  exceed  11^00  Ibs./sq. 
in.,  is  40  ft.  between  bearings  and  carries  a  30-m.  pulley  weighing  200  lbs.  The 
effective  tangential  force  on  the  pulley  is  600  Ibs./sq.  in.  Find  the  diameter  of 
the  shaft. 

11200  =pi  =  Js  I  Mb  +\/Mb^TM?  \  , 

^^^(600  +  200)40  ^^2  i„..lbs.  =96000  iUs., 
Mt  =600  X 15  =9000  in.-lbs. 

Hence  r'  =  ^^^(96000  +  ^96000'  +  9000') 

and  r  =2.22  in.,  or  dia.  =4.44  in. 


/ 


/ 


/ 


Ex.  7.  Perhaps  the  most  important  example  of  the  application  of  the 
principles  just  enunciated  is  the  case  of  a  shaft 
acted  upon  by  a  crank  (Fig.  342). 

A  force  P  applied  to  the  centre  C  of  the  crank- 
pin  is  resisted  by  an  equal  and  opposite  force 
at  the  bearing  B,  forming  a  couple  of  moment 
P-CB==M. 

This  couple  may  be  resolved  into  a  bending 
couple  of  moment  Af6=P-AB=P-BC  cos5=ilfcos5, 
and  a  twisting  couple  of  moment  Mt=P-AC  = 
P-BC  sin  d=M  sin  d;  S  being  the  angle  ABC. 


B^ 


L, 


-LA 


Fig.  342. 


Therefore 


and  the  max.  shear 


pi=— JMcos  8+M\  =5—cos^- 
xr  TTr'  2 


2M 

7:r' ' 


(24) 


(25) 
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8.  Rankine's  Earthwork  Theory. — ^A  mass  of  earth  gives  way 
by  the  sUding  or  slipping  of  the  particles  over  each  other,  and  its 
stability  depends  partly  upon  friction  and  partly  upon  the  cohesion 
of  the  particles.  This  cohesive  power  may  be  considerable  in  cer- 
tain soUs,  such  as  clay,  and  especially  when  they  are  moist,  but  it 
is  eventually  destroyed  by  the  action  of  the  air  and  by  changes  of 
temperature,  so  that  the  stability  of  the  mass  must  be  considered 
as  depending  upon  the  frictional  resistance  only.  When  a  mass 
of  loose  soil  is  piled  upon  the  ground  it  will  be  in  equilibrium  so 
long  as  the  surface  slopes  at  an  angle  which  does  exceed  a  certain 
angle,  called  the  angle  of  repose  and  usually  designated  by  the  sjmi- 
bol  0.  Tables  have  been  prepared  giving  the  value  of  ^  for  differ- 
ent soils,  and  for  other  soils  experience  may  enable  the  engineer  to 
interpolate  suitable  values  for  the  angle  of  repose. 

In  Fig.  343  two  particles  are  pressed  together  by  a  normal  stress  p. 


If  q  is  the  shear  stress  which  just  makes  the  one  particle  slide  over 
the  other,  then  -=the  coefficient  of  friction  =  u. 

!  p 

In  Fig.  344  two  masses  of  earth,  confined  as  shown,  but  with 
freedom  of  movement  along  the  plane  MN,  are  pressed  together  by 
normal  forces  P  If  the  two  equal  forces  Q,  acting  in  opposite 
directions  and  at  right  angles  to  P,  are  just  sufficient  to  make  the 
one  mass  slide  over  the  other  along  MN,  then  again 


Q 


= coefficient  of  friction  =  /i. 


In  Fig.  345  a  stress  p,  having  an  obliquity'  6,  is  developed  on 
the  faces  AB  and  CD  by  the  pressures  P.  Equilibrium  requires 
the  development  of  a  stress  q  on  the  faces  AC  and  BD,  having  the 
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same   tangential   component   as  p,   i.e.,  p  sin  d.    But   the   normal 
components  of  q  on  the  two  faces  neutralize  each  other,  and  the 


Pig.  345. 


Pig.  346. 


tangential  components  are  at  right  angles  to  MN.  Thus  the  stability 
with  respect  to  the  plane  MN  is  unaffected  by  q,  and  if  slipping 
is  just  about  to  take  place,  so  that  0  =  ^,  then 


P  sin  ^ 
P  cos  <p 


=  tan  (f>. 


If  Fig.  345  is  now  turned  round  tuitil  P  is  vertical,  and  ]i  d  =  4> 
then  MN,  Fig.  346,  is  inclined  to  the  horizontal  at  the  angle  of  repose, 
and  may  be  called  the  plane  of  sliding. 

If  0<  4>,  and  if  the  soil  is  dry  and  non-cohesive,  sliding  will  not 
take  place  however  great  p  may  be;  but  \id>(p,  sliding  will  occur 
although  p  may  be  ever  so  smaU. 

Hence  at  any  point  in  a  mass  of  earth  there  is  a  tendency  to 
slide  along  every  plane  through  the  point,  excepting  along  the  platies 
of  principal  stress.  This  tendency  increases  with  the  obliquity  of 
the  resultant  stress  but  is  unaffected  by  its  magnitude.  It  has 
been  shown  that  if  pi  and  p2  are  the  principal  stresses  at  the  point, 

sin  <h  =  — ; — ,    and  therefore    —  =  = ■. — -.. 

Pi+Pi  P2    1-sm^ 

Hence  at  every  point  the  condition  of  equilibrium  requires  that 
the  ratio  of  the  greater  to  the  lesser  principal  stress  shall  not  exceed 

I  +  sin  <j> 
I  -  sin  <f>' 


PRESSURE  ON  A   VERTICAL  PLANE. 
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9.  Pressure  on  a  Vertical  Plane. — Suppose  that  the  earth  behind 
a  wall  is  spread  out  in  layers  having  the  same 
uniform  slope  0.  This  angle  must  be  less  than 
the  angle  of  repose  0,  or  the  earth  -will  run  over 
the  wall.  The  stress  on  a  vertical  plane  CD, 
Fig.  347,  at  any  point  D  is  parallel  to  the  ground 
surface  and  is  also  conjugate  to  the  vertical 
stress  at  D  upon  the  plane  DE  which  is  par- 
allel to  the  ground  surface.  This  follows  be- 
cause the  vertical  stress  is  balanced  independ- 
ently of  the  shear  stresses  on  the  sides,  and 
therefore  for  any  layer  the  stresses  parallel  to 
the   ground   surface    must   also  balance  each  ^i°-  347. 

other  independently  and  must  be  of  equal  mean  intensity  through- 
out the  layer  in  question. 

Take  the  thickness  of  the  wall  and  of  the  earth,  perpendicular 
to  the  plane  of  the  paper,  to  be  unity.  Let  w  be  the  specific  weight 
of  the  earth,  and  take  CD=x.  Then  if  r  is  the  vertical  stress  at  D, 
and  if  s  is  the  stress  conjugate  to  and  <r, 

rZ)Z)'=  weight  upon  element  DD'  =wxDD", 


or 


DD" 

r =wx  jTjy- =wx  cos  0, 


and  also 


Therefore 


cos 


d — \/cos^  0  —  COS^  ^     S 


cos  e  +  Vcos^  e  -  cos2  (j)    r     wx  cos-  d' 

„cos  6  —  Vcos^  6  —  cos^  d> 
s=wx  cos  a 


cos  d  +  \/cos^  9 — cos^  (j>' 
and  the  total  pressure  on  CD 


{•x    ,        WX" 

^J  sdx  =  -^ 


cos  6 


cos  9—Vcos^d—cos^  4> 

cos  d  +  VfiOS^  ^  — COS^  0 


=P,  suppose. 


The  line  of  action  of  the  resultant  pressure  is  necessarily  parallel 
to  the  groimd  surface  and  intersects  CD  in  the  point  T,  where 


CT  =  iCD  =  ix. 
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If  the  ground  surface  is  horizontal,  i.e.,  if  6=0, 

1— sin  (j> 


1+sin  0 

J  ,  wx^  I  —  sin  d) 

and         total  pressure  = ; — ; — r. 

2    i+sin  ^ 

If  the  substance  retained  by  the  wall  has  no 
angle  of  repose,  i.e.,  if  it  is  a  fluid,  ^=0.  Then 
r=wx=s 


Fig.  348. 


and 


total  pressure  =  — . 


These  results  may  also  be  obtained  in  the  following  manner: 
Take  DE  so  that  DE:x::s:r  (Fig.  347) .     The  pressure  at  D  upon 
CD  is  then  wDE,  and  if  from  any  other  point  K  in  CD,  KL  is  drawn 
parallel  to  DE,  and  therefore  to  the  ground  surface,  wKL  is  the 
pressure  at  K  upon  CD. 

Hence  the  total  pressure  upon  CD 

= the -weight  of  the  triangular  prism  CDE 


w  wx  s 

=-^DC -DE  COS' d=-^  cos  ^-=etc. 
Z  Ji  r 


"The  resultant  of  all  the  pressures  upon  CD  parallel  to  ED  evidently 
passes  through  the  C.  of  G.  of  the  triangular  prism  and  must  therefore 
intersect  CD  at  a  point  two  thirds  of  the  total  depth  CD  below  C. 
10.  Foundations  in  Earth. — Case  I. — Let  the  weight  of  the  super- 
structure be  uniformly  distributed 
•over  the  base,  and  let  po  be  the 
intensity  of  the  pressure  produced 
iby  it  (Fig.  349) .  When  the  super- 
istructure  has  just  stopped  subsiding 
.and  the  earth  on  each  side  is  on  the 
point  of  heaving  up,  the  ratio  of  the 
vertical  stress  po  to  the  horizontal 
stress  ph  at  points   along  the  bot- 


^iWWMMWW/,. 


WWW///WMII 


■P. 


\P. 

Fig.  349. 
torn  of  the  superstructure  must  have  its  greatest  value. 


Therefore 


Po  ^  1+sin  ^ 
Ph  =1— sin  ^" 
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At  the  same  level  but  at  points  in  the  natural  soil,  clear  of  the 
superstructure,  the  ratio  of  the  horizontal  stress  ph  to  the  vertical 
stress  p^  has  its  greatest  possible  value.    Therefore 

Pft^l  +  sin  (f) 

Hence  ^^  (!-+-^)'. 

p„     \1— sin9/ 

If  X  is  the  depth  of  the  foiuidation,  and  w  the  weight  of  a  cubic 
foot  of  the  earth, 

Pv  =  WX, 

and  therefore  h^(\±^)\ 

wx     M— sin0/ 

Let  h+xhe  the  height  of  the  superstructure,  and  let  a  cubic  foot 
of  it  weigh  w'.    Then 

Po=w'{x+h). 

Hence  a  minimum  value  of  x  is  given  by 

w'Qi+x)     /l+sinc5\2     1 

rUJ^  =  [l^^^)  =p.  suppose; 

w'hk2 


and  therefore  x  = 


w— w'k'2* 


Case  II. — Let  the  superstructure  produce  on  the  base  a  uniformly 
varying  pressure  of  maximum  intensity  pi  and  minimum  intensity  pz 
By  Case  I, 

pi  ^  /l+siii_^\2 

wx^  Vl— sin  4>/ 

In   the   natural   ground   the   minimum   horizontal   intensity   of 

pressure  is 

1  —sin  6 
^^         l+sm0 

When  the  foimdation  trench  is  excavated,  this  pressure  tends 
to  raise  the  bottom  and  push  in  the  sides.  The  weight  of  the  super- 
structure should  therefore  be  at  least  equal  to  the  weight  of  the 
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material  excavated  in  order  to  develope  a  horizontal  pressure  of  an 
intensity  equal  to  p*.    Therefore 


_PA^1 


-sin  0 


P2    l+sin^' 


Hence 


wx~ 


and 


El 

P2 


^  /1+sin  4'\ 
""  Vl— sin  <i/ 


sin  ^/ 


Ex.  7.  SfflrtA  weighing  120  Ihs./cu.  ft.  and  having  an  angle  of  repose  {4>) 

of  30°  is  laid  in  horizontal  layers  behind  the  vertical  face  of  a  retainingrwall  12 

ft.  high.     The  ground  surface  is  level  with  the  top  of  the  wall.    Find  the  total 

pressure  on  the  vertical  face  and  the  overturning  moment  with  respect  to  any  point 

in  the  base  of  the  waU. 

1  —  sin  30° 

The  horizontal  pressure  at  the  bottom  of  the  face  =  1 20  X 1 2^— — ; — kk5 

^  I  +  sm  30° 

=480  lbs. 

"    average  pressure  on  the  face  =J(480)  =240  lbs. 

"    total  pressure  =12x240  =2880  lbs. 


overturning  moment 


=2880X^=11,620  ft.- 


-^ '"SSOlba. 

I 
-i 

Fig.  350. 


_^^i_ 

Fig.  851. 


Ex.  8.  In  the  precedirig  example  find  the  total  pressure  on  the  face  when  tht 
f/round  surface  slopes  from  the  top  of  the  wall  at  an  angle  of  25°. 
The  total  pressure  parallel  to  the  ground  surface  • 

120  ,, , „,  ^       „,ocos  25°  -r  Vcos»25°-cos'30° 

=  -;r-Xl2'XC0s25° . 

2  cos  25°+  V  cos^  25°  -cos'  30° 

fiQftfi 

=  60X144X.9063V^--=4910  lbs. 
1.114 


LINE  OF  RUPTURE. 
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Ex.  9.  A  wall  20  ft.  high  and  8  ft.  thick  weighs  125  Ibs./cu.  ft.,  and  is  built 
in  earth  weighing  100  Ihs./cu.  ft.  and  having  an  angle  of  repose  of  30°.    How 
deep  must  the  foundation  he  sunk  consistent  with  the  equilibrium  of  the  earth  f 
Po  =  vertical  intensity  of  pressure  at  base  of  wall 
=20  X 125  =  2500  Ibs./sq.  ft. 
ph,  the  horizontal  intensity  of  the  pressure 
at  the  base  of  the  wall,  is  given  by 
2500     1+ sin  30°     „  „„„,  „      ,      ,, 

-W  =  r=^^-^'    "'    P^=833ilbs./sq.ft. 

Pv,  the  vertical  intensity  at  the  same  depth 
in  the  natural  ground  clear  of  the  wall,  is 
given  by 

Ph    1+ sin  30° 
Pv    1— sin  30 
But  p„  =  100a;, 

X  being  the  depth  of  the  foundation. 


t:F3— .-       c==l — -*-p 


Fig.  351. 


Therefore 


Pft=3pt>=300a;; 


Hence 


2500 
300a; 


=3    or    x=2iit. 


II.  Line  of   Rupture. — ^Another  expression  for  the  pressure  on 
AB  may  be  obtained  as  follows: 

If  the  whole  mass  in  front  of  AB  (Fig.  353)  were  suddenly  removed 
some  of  the  earthwork  behind  AB  would  fall  away. 

C^--  Suppose   that   the   volume   ABC   would   slip 

along  the  plane  CB. 

The  stability  of  ABC  is  maintained  by  the 
reaction  P  on  AB,  the  weight  W  of  ABC,  and 
the  frictional  resistance  along  BC. 

Let  the  direction  of  P  make  an  angle  (3  with 
the  horizon. 

Let  the  angle  CBA  =t. 
Let  R  be  the  mutual  pressure  on  the  plane  BC. 
Resolving  along  and  perpendicular  to  BC, 

-P  cos  (90°-i-/?)  +  Tf  COS  i=R  tan  4> 

and  P  sin  (90° -i-p)  +  W  sin  i=R. 

Therefore      -P  sin  (/3+i)  +F  cos  i=tan  ^[P  cos  (/?+i)  H-TF  sin  i\ 
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and       P  =  W         cos  i -sin  i  tan  0         ^       cos(i  +  ^) 

sin  (/3+i)  +COS  (/3+i)  tan  ^     "^sin  {§+i  +  <j>y 

■Q  .  rrr       BABC  .     .    iwx^  COS  ^  sin  l 

-But  ]y=w ^ — smi=-7^ ,fl  ,  .■,; 

2  2   cos  (d+i)' 

, ,       J.  „    wx^  cos  5  sin  i     cos  (i  +  <h) 

therefore  P  =  -f, tt? — r^  -■ — 7^ — ^-^. 

2    cos((r+i)  sin  (;9+i  +  ^) 

The  only  variable  upon  which  P  depends  is  the  angle  i. 

Differentiating  the  right-hand  side  of  the  last  equation  with 
respect  to  i  and  putting  the  result  equal  to  zero,  a  value  of  i  is 
found  in  terms,  of  /?,  d,  and  0  which  wiU  make  P  a  maximum. 

The  line  inclined  at  this  angle  to  the  vertical  is  called  the  line 
of  rupture. 

If  the  groimd-surface  is  horizontal,  6=0. 

If  the  face  retaining  the  earth  is  vertical,  and  if  it  is  also  assumed 
that  the  friction  between  the  face  and  the  earthwork  is  nil,  P  is  horizontal 
and|3=0.    Hence 

P  =  -^-tan  i  cot  {i  +  <f>). 
This  is  a  maximum  when  2i=90°  — ^,  and  then 

P=-2-tan(45°-^)  cot  {^^5°  +  ^)  = -^\——j\  =^f:p-^' 

the  same  result  as  that  obtained  by  Rankine's  theory. 

The  following  is  an  easy  geometrical  proof  of  the  result  2i=90°— ^ : 

On    any    line    KL    (Fig.    354)  de- 
scribe a  semicircle. 

Draw    KM    inclined    at    the  angle  ^ 
0    to    KL,    and   KN   inclined    at  the 
angle  i  to  KM. 

Jom  NL,  cutting  KM  in  T. 
Fig.  354.  Let  0  be  the  middle  point  of  the 

arc  KM. 

Join  OL,  cutting  KM  in  Y. 
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Draw  NV  parallel  to  KM.    Then 


77 


NT 

"nl" 


VY 

VL' 


The  ratio  yj-  is  evidently  a  maximum  when  N  coincides  with  0, 

and  hence  tan  i  cot  (i  +  0)  is  a  maximum  when  XiV^  coincides  with  KO. 

Now  the  arc  0K=  the  arc  OM,  and  therefore  the  angle  OKM= the 
angle  OLK. 

Hence  if  OKM=i,  OLK  must  also=t. 

But  OKL+OLK =90° =i  +  4>+i=2i  +  i>. 


Therefore 


12.  Retaining  walls. — Consider  the  equilibrium  of  the  section 
ABMN  of  a  wall  of  unit  thickness,  acted 
upon  at  D  by  the  force  P,  which  tends  to 
overturn  the  portion  imder  consideration. 
This  tendency  is  resisted  by  the  weight  W 
upon  MN  and  by  the  stresses  developed 
along  the  division  surface  MN. 

Let  the  resultant  of  these  stresess  in- 
tersect the  surface  MN  in  the  point-  F. 
This  point  is  called  the  centre  of  resistance 
(or  centre  of  pressure)  and  its  distance  FO 
from  the  middle  point  0  of  MN  is  always  ^"^-  2^^- 

taken  to  be  qt,  t,  being  the  width  MN  and  q  a  coefficient  whose 
value  is  less  than  unity  and  must  be  determined  by  experience. 

In  ordinary  practice  q  varies  from  ^  to  f . 

Let  the  line  of  action  of  W  intersect  MN  in  C,  and  take  CO=rt. 
The  coefficient  r  is  less  than  imity  and  depends  upon  the  form  o£ 
the  section  ABMN. 

Let  a  and  /?  be  the  inclinations  of  MN  and  P,  respectively,  to 
the  horizontal. 

Let  p  be  the  perpendicular  from  i^  upon  the  direction  of  P. 

Three  conditions  of  equilibrium  must  be  fulfilled. 

First  condition.  The  line  of  resistance,  i.e.,  the  locus  of  F,  must 
intersect  every  bed  joint  well  within  the  outer  edges  M. 
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The  position  of  P  is  determined  by  the  condition  that  the  moment 
of  W  with  respect  to  F 

>  the  moment  of  P  with  respect  to  F, 

or  W(qtTrt)>Pp, 

the  upper  or  lower  signs  being  taken  according  as  C  is  on  the  left 
or  right  of  0. 

W{qtTrt)  is  called  the  moment  of  stability 

and  Pp  is  called  the  overturning  moment. 

If  x',  y'  a^e  the  horizontal  and  vertical  cooMLnates  of  D  with 
respect  to  F, 

p=y'  cos  /3— x'  sin  /?. 

The  line  of  resistance  of  a  dam,  Fig.  356,  may  be  easily  deter- 
mined graphically  in  the  following  manner: 

Let  ABFG  be  the  cross-section,  the  thickness  perpendicular  to 
the  plane  of  the  paper  being  unity.  Divide  the  figure  into  con- 
venient portions  ABCL,  etc.,  and  find  the  centres  of  gravity  Gt, 
G2,  G3,  Gi  of  these  portions.  Calculate  the  weights  Wi,  W2,  W3,  W^ 
of  the  several  portions  and  lay  off  a\,  12,  23,  34,  Fig.  357,  on  a 
vertical  line  to  represent  these  weights.  Take  any  pole  0  and 
draw  the  polygon  hcdf,  Fig.  358.  Then  Ri,  the  resultant  of  Wi,  W2, 
passes  through  g;  R2,  the  resultant  of  Wi,  W2,  W3,  through  h;  and 
R3,  the  total  resultant,  through  k.  The  intersections  of  Wi,  Ri,  R^,  R3 
with  the  planes  LC,  RD,  HE,  and  GF  determine  the  line  of  resist- 
ance V'Q'R'S'T'  when  there  is  no  water  pressing  on  the  dam. 

Let  the  water  now  rise  to  the  top  of  the  dam.  The  water-pres- 
sures on  the  several  portions  are  represented  in  magnitude  by  the 
areas  AML,  M'LKN,  etc.,  and  in  direction  by  the  lines  Pi,  P2, 
P3,  P4  drawn  normally  to  the  faces  AL,  LK,  etc.,  and  through  the 
centres  of  gravity  of  the  above  figures.  Lay  off  al,  Im,  mn,  np  parallel 
to  Pi,  P2,  Pa,  Pi,  respectively,  and  proportional  to  the  areas  ALM, 
M'LKN,  etc.  Draw  the  polygon  qrst,  Fig.  359.  Then  P/  drawn 
through  u  parallel  to  MQ  gives  the  line  of  action  of  the  resultant 
of  Pi  and  Pij.'  Similarly  P2'  and  P3'  give  the  lines  of  action  of 
the  resultants  of  Pi,  P2,  P3,  and  of  Pi,  P2,  P3,  P4,  respectively. 
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Now  Zl  is  the  resultant  of  Pi  and  Wi.    Through  the  intersection  of 
Pi  and  Wi  draw  a  line  parallel  to  11  cutting  LC  in  Q.    Similarly 


through  the  intersection  of  Ri  and  Ri'  draw  a  line  parallel  to  m2 
cutting  KD  in  R.    Then  Q  and  R  are  the  points  at  which  the  result- 
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ants  of  the  forces  acting  above  their  respective  planes  cut  those 
planes.  The  points  S  and  T  are  obtained  in  the  same  manner  and 
QRST  is  the  line  of  resistance  required. 

Second  condition.  The  angle  between  the  directions  of  the  resultant 
pressure  on  MN  and  a  normal  to  MN  must  he  less  than  the  angle  of 
friction,  Fig.  355. 

Let  4>  be  the  angle  of  friction  and  R  the  mutual  normal  pressure. 


Then        R  tan  ^  >  P  cos  a+^-W  sin  a 

>{P  cos  13- {P  sin  ^  +  W)  tan  a}cos  a, 


and  R=P  sin  a+j3  +  W  cos  a 

==  (P  cos  /?  tan  a  +P  sin  /?+PF)  cos  a. 


Therefore 


P  cos  /?-(P  sm  ^  +  W)  tang 
tan  ^>  p  ^^g  ^  tan  a+P  sin  §+W' 


tan  ^ +tan  a        P  cos  /? 
or  -z 7 TT > 


1— tan  (f)  tan  a    Psin^S  +  TF" 

,       ,        ,  s        J*  cos  /? 
Hence  tan  (a  +  <^)  >_p-^^qrjr • 

If  MN  is  horizontal, 

a=0, 

and  then  tan  </>  >p-^jyfp- 

If  the  ground  surface  is  also  horizontal, 

p 
and  then  tan  6  >:fj:. 

W 

Four  fifths  of  <j)  is  usually  taken  as  the  limiting  value  of  the 
angle  of  friction. 

Third  condition.  The  maximum  intensity  of  pressure  on  the  sur- 
face MN  must  not  exceed  the  safe  working  strength  of  the  material. 
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The  load  upon  any  surface  (or  bed)  MN  cannot  be  said  to  be 
ever  uniformly  distributed,  but  this  third  condition  is  practically 
ensured  by  the  assumption  that  the  intensity  of  the  pressure  nor- 
mal to  the  surface  diminishes  uniformly  from  the  outer  or  most 
compressed  edge  inwards. 

Let  R  be  the  total  pressure  normal  to  MN. 

Let  /  be  the  maximum  normal  intensity  of  pressure  at  M. 

Draw  MG  at  right  angles  to  MN,  Fig.  360,  and  take  MG^f. 

There  are  three  cases  to  be  considered. 

Case  a. — Let  the  normal  intensity 
vary  from  MG=f  at  M  to  nil  at  N. 
Join  GN. 

The  intensity  of  the  pressure  at  any 
point  in  MN  is  the  intercept  between 
MN  and  GN  of  a  line  drawn  through 
the  point  parallel  to  MG. 


F'F  F 


Fig.  360. 


Hence  R  =  area  of  triangular  prism  MGN  = 


ft 


Also,  the  resultant  of  all  the  stresses  parallel  to  MG  passes  through 
the  C.  of  G.  of  MGN  and  intersects  MN  in  the  point  F,  where 
MF=it. 

t      t      t 


Therefore 


qt=OF- 


3     6 


a,nd 


1=6- 

Thus  F  is  one  of  the  limiting  points  of  the  middle  third  of  the 
surface  MN. 

Case  b. — Let  the  normal  intensity  vary  from  MG=f  at  M  to 
nil  at  a  point  K  lying  inside  the  edge  N.    Join  GK. 

The  normal  intensity  at  any  point  m  MK  is  the  intercept  between 
MK  and  GK  of  the  line  drawn  through  the  point  parallel  to  MG. 

The  resultant  of  all  the  stresses  on  MK  passes  through  the 
C.  of  G.  of  the  triangular  prism  GMK  and  intersects  MN  in  the 
point  F',  where  MF' =\MK. 

In  this  case  OF' =qt>OF>-^, 


and  therefore 


q>^ 
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Also,  B=area  t»f  triangular  prism  GMK 

=^fMK=^fBMF'  =^f{OM-OF') 


-l'(i-4 


Hence  q=- r-. 

^2      3  ft 

Over  the  distance  KN  the  stress  is  either  nil  or  negative,  i.e.,  a 
tension. 

Case  c. — Let  the  normal  intensity  vary  from  MG=f  at  M  to 
a  minimum  NS=fQ  at  N.    Join  GS. 

The  normal  intensity  at  any  point  of  MN  is  now  the  inter- 
cept between  MN  and  GS  of  a  line  drawn  through  the  point  parallel 
to  MG. 

The  resultant  of  all  the  stresses  on  MN  passes  through  the  C.  of  G. 
of  the  trapezoidal  prism  GMNS  and  intersects  MN  in  a  point  F'^ 
between  F  and  0,  so  that  in  this  case 

qt=OF"<OF<^, 
and  therefore  1^6* 


Draw  ST  parallel  to  MN.    Then 

area  (?MiV>SxOi^"=  rectangle  TMNSxO 


+triangle(?ra(|-^), 


f+h,    f-fot^ 


or  -^-qi  = 


2    ^         2     6 


and  1+10= 


6q  +  f 


B„.  .ii='-±^<-.'" 


6g  +  l' 
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Hence 


<H- 


Ex.  10.  A  masonry  wall,  Fig.  361,  of  rectangular 
section,  x  ft.  high,  4  ft.  wide,  and  weighing  125 
Ibs./cu.  ft.  is  huilt  upon  a  horizontal  bed  and  retains 
water  on  one  side,  level  with  the  top  of  the  wall.  Find 
X  (a)  when  q=i;  (b)  if  the  safe  working  strength  of 
the  material  is  10,000  Ibs./sq.  ft.  How  much  (c)  of 
the  wall  can  be  removed  in  case  (a)  without  changing 
the  moment  of  stability  ? 

,x' 


ACD    B 


M  F        O        N 

Fig.  361. 


The  horizontal  water-pressure  on  wall  =  62 J-^  lbs.,  acting  k"  ft.  above  the 


bed. 


125 


Therefore  the  overturning  moment  =62^  ■  "S"  •  o"  =  T^^'  ft.-lbs. 

The  weight  of  the  wall  =4a;- 125  =500a;  lbs.,  and  the  distance  of  its  line 
of  action  from  the  centre  of  resistance  F  =  4g. 

Therefore  the  moment  of  stability  =500xX4Lq='2000qx   ft.-lbs.     Hence  for 
equilibrium 

125 
^a;'l2000ga;, 

ora;'<192g'. 

(a)   If   2=^,   a;'<64,   and  therefore   x<8  ft.,  so  that  the  height  of  the 

wall  must  not  exceed  8  ft. 

(6)  Again,  if  /  =  10,000  lbs., 

1 /ft     A     1/10000X4 
first  assume  2'=«"(d~1/  "^r 


Then 


X 


6  \    500a; 

=<f(f-.)sK?-.) 


')4(?-«)- 


X 

'l20" 


and  X  lies  between  12  and  13  ft. 

Each  of  these  values  makes  q>  i,  and  therefore  the  assumption  made  for 
the  value  of  q  is  incorrect. 

1      2  72     1     2        500a;         1 
Second.  Assume  ?=2  ~3  7*^2  ~3  10000X4g  =2 

Then  a;^<192(i-^fj 

or  a;'-fa;<96. 

Therefore  a;<9.03  ft., 

so  that  the  height  of  the  wall  must  not  exceed  9.03  ft. 
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Also, 


1     9-03      ,„,^      J  .       1 
3=2 -120  =-^2^^  ^'^'^''>6' 


showing  that  the  value  assumed  for  q  is  justified. 

(c)  The  triangular  portion  MAB,  Fig.  361,  may  be  removed  if  its  C.  of  G. 
is  vertically  above  the  centre  of  resistance  F.  Let  the  vertical  FG  intersect 
AB  in  C.    Also  let  MG  meet  AB  in  D;  D  is  the  middle  point  of  AB.    Then 


Therefore 


AC=iAD=iAB. 
AB=3AC=3xi=2ft., 


so  that  B  is  the  middle  point  of  AF,  and  thus  one  fourth  of  the  wall  may  be 
removed. 

Again,  let  the  resultant  of  the  horizontal  water-pressure  (P)  and  the  weight 
upon  the  base  make  with  the  normal  to  the  base  an  angle  d  before  the  portion 
MAB  has  been  removed  and  an  angle  B'  after  its  removal. 

If  W  is  the  weight  on  the  base  in  the  first  case, 


tane=-, 


and  in  the  second  case, 


tan  5' 


'iW' 


Therefore  tan  0:tan  6':  :4:3. 
Ex.  11.  Fig.  362  represents  a  slice  of  a 
wail  of  unit  thickness,  retaining  earth  which 
has  an  angle  of  repose  <f>  and  slopes  away  from 
the  top  of  the  wall  at  an  angle  0.  Consider 
the  equilibrium  of  the  whole  mass  in  front  of  a 
vertical  plane  through  the  inner  edge  N. 

The  weight  W  on  the  base  is  then  made 
up  of  the  weight  of  the  slice  of  the  wall  and 
the  weight  of  the  triangular  prism,  also  of 
unit  thickness,  of  earth,  viz.,  NCD. 

Let  the  hne  of  action  of  W  intersect  the 
base  in  G. 
Let  F  be  the  centre  of  resistance  in  the  base  and  let  0  be  the  middle  point 
of  MN.    Then 

the  moment  of  stability  =W (OF T  OG)  cos  a, 
=  PF(g=Fr)  t  cos  a, 
a  being  the  slope  of  the  base. 

Again,  if  x  is  the  vertical  distance  between  N  and  the  ground  surface, 
i.e.,  NC,  then 


the  resultant  pressure,  P,  on  CN  = 


wx 


cos  6  -  Vcos'0  -cos'-/> 

cos   O    ; 

2  cos  3  +  V  cos'S  -  cos'i^ 


and  acts  parallel  to  the  ground  surface  at  a  distance  ^  above  N. 
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Therefore  the  overturning  moment  is  Pp,  p  being  the  perpendicular  from 
F  upon  the  direction  of  P.    Hence 

lF(g=F  r)t  cos  a>Pp. 
For  example,  it  6  =  ^,  i.e.,  if  the  ground  slopes  at  the  natural  angle  of  repose, 

P  =  -3— cos  (p. 

If  0  =0,  i.e.,  it  the  ground  surface  is  horizontal, 
„    tox'l  — sinrfi         ,  z 

since  P  is  also  horizontal.    Therefore 

TIT/        vx         ~^  toa^l  — sin  i> 

PF(o=F  r)tan  a  >i  -— - ,  ,    .    T. 

^^      "^  =-6   1  +sin  p 

If  5  =0  =  ^,  i.e.,  if  the  substance  retained  by  the  wall  has  no  angle  of  repose 
the  case  becomes  one  of  fluid  pressure,  and 

TF(g=F  r)t  cos  a >  — -. 

Ex.  12.  Gravelly  earth  loith  an  angle  of  repose  of  37°  and  weighing  96  Ibs./cu. 
ft.  is  spread  out  in  horizontal  layers  and  is  retained  by  a  wall  of  rectangular 
section  6  ft.  high  and  weighing  120  Ibs./cu.  ft.  The  earth  rises  to  the  top  of  the 
wall.     Find  the  width  t  of  the  wall,  q  being  i. 

Moment  of  stability=6M20-^=120<'  ft.-lbs. 

6'  1  —sin  37°    6 

Overturning  moment     =96 •  —  • , : — ^^^  X5-  =859  ft.-lbs. 

^  2    l+sm37      3 

Therefore  120«'>859, 

or  <2>7.16 

and  t> 2.68  ft. 

Ex.  13.  The  water-face  AC  of  a  wall,  Fig.  363,  has  a  batter  of  1  in  10;  the 
width  of  the  wall  AD  at  the  top  is  6  ft.;  the  rear  of  the  wall  DBF  has  two  slopes, 
DE,  having  a  batter  of  2  in  10,  and  EF,  a  batter  of  78  in  100;  the  masonry 
weighs  125  lbs.  per  cubic  foot,  and  the  maximum  compression  must  not  exceed 
85  lbs.  per  square  inch.    Find  the  safe  heights  of  the  two  portions  AE  and  EC. 

First.  To  find  the  height  of  the  upper  portion: 

Consider  the  equilibrium  of  the  whole  mass  of  masonry  and  water  in  front 
of  a  vertical  plane  through  the  edge  N'. 
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Taking  10a;  ft.  as  the  height,  the  other  dimensions  of  the  section  are  as 
shown  in  the  figure. 


Wt.  of  triangle 


AM'C  =  \25^^^  =1250a;»  lbs, 


BiV'D  =  125^^=  625a;' 


"     "     "  BN'Eoiwa.teT        =312ia;' 

"     "     rectangle  ABDC  =  125  •  6  •  lOx = 7500a; 
Total  R  on  base  =2187Jx'  +  7500a;. 

Horizontal    pressure    on    vertical 

(10a;)  ^ 
face  iV'B  =62^—2^  =3125a;^   acting. 

-^x  ft.  above  the  base. 

o 

Let  X  ft.  be  the  distance  between 
M'  and  the  line  of  action  of  the  ver- 
tical resultant  pressure  on  M'N'. 
1     2   R 

Assume  that       2'  =  o"  ~  3^  ~ft ' 

where 
t  =  width  M'N'  of  base  =3  (a;  +2)  ft. 

2  R 
Then  also  ^  -j    is  the   distance    be- 
tween M'  and  the  centre  of  resistance 
F  in  the  base. 

Taking  moments  about  F, 

3125X'- jx=r(x-IjJ 


Fig.  363 


=Rx-^j 


= 1250a;' •  la;  +  7500a;(3  -l-2a;) 
+  625a;»(6  +lx)  -l-312ia;»(6  +fa;) 


3   144X85 


(2187ia;'  + 7500a;)', 


which  reduces  to 


193776x' +  61253^"  =412704*  +  528768, 

and  X  lies  between  28J  and  29  ft. 

Take  a;=28ift. 
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Then  R  =39142.97  lbs. ;  t  =width  of  base  =14.55  ft. ; 

Wt.  of  masonry /lin.  ft.  of  thickness=i(6  +14.55)28^X125 

=  36605  lbs. 

-1    2         39142.97 
^°'  5~2~3    144  X 85 X  14.55  ~'^^^^*' 

1       9   7? 

and  therefore  the  assumption  Q=o'~^W  '®  justified. 

If  x'  is  the  distance  between  M'  and  the  vertical  through  the  C.  of  G.  of 
the  wall, 

x'(36605)  =1250a;^+|a;  +  7500x(2a;  +  3)  +625a;*(Ja;  +  6). 

Substituting  in  this  equation  the  value  of  x, 

x'  =7.89  ft. 

Second.  To  find  the  height  of  the  lower  portion: 

Consider  the  equiUbrium  of  the  whole  mass  in  front  of  the  vertical  through 
the  edge  N. 

Take  lOOy  as  the  height  of  the  lower  portion;  the  other  dimensions  are 
as  shown  in  the  figure. 

The  total  R'  on  the  base 

= 36605  +  3Q00y'  X 125  + 14.55  X  lOOj/  X 125  +  500y'  X 125 

+^(101/  +  2.85)  (102/  +28.5). 
Assuming,  as  before,  that 

5  ~2     3  ft' ' 
and  using  similar  symbols, 

-2?(1002/+28.5)    ^3 -R'i^'-sYU^b) 

=39002/  X 125  X  52y  + 14551/  X  125(7.275  +  78y) 

+  5002/'  X 125  hsy  + 14.55  +  -^yj 

+-|^(102/  +2.85) (1002/  +28.5)  (7%  +  U.55  +  -^l6y+2M) 

2       i2" 
+36605(7.89  +  787)  -  3- 1443^. 


R' 

=235314  lbs., 

2 
3 

R' 

ft' 

235314 
991440  ~-^^^' 
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which  reduces  to 

^  y*  -  .27047'  +  .1846y'  -  .12267/  -  .000146  =0. 

Hence  y  lies  between  .45  and  .46  and  is  approximately  .457. 
Thus  the  height  of  the  lower  portion  is  about  45.7  ft. 

Also, 

and 

1      2  R' 
and    therefore  g' =.5 -.237  =  .267  is>|,  and   the  assumption    ^=2  ~S  1? 

is  j ustified.    The  width  of  MN  =78y  +  U.55  +  lQy=  54.77  ft. 

13.  Practical  Rules. — ^When  the  surface  of  the  earthwork  is 
horizontal  and  the  face  of  the  wall  against  which  it  abuts  ver- 
tical, the  pressure  on  the  wall  according  to  Rankine's  theory  is 

wa:^l— sig  ^ 
'2"TTsm~J' 

and  the  direction  of  P  is  horizontal. 

This  result  is  also  identical  with  that  obtained  in  Art.  11,  on 
the  assumption  of  Coulomb's  wedge  of  maximum  pressure  (Pon- 
celet's  Theory). 

Experience  has  conclusively  proved  that  this  theoretical  value 
of  P  is  very  much  greater  than  its  real  value,  so  that  the  thick- 
ness of  a  wall  designed  in  accordance  with  theory  will  be  in 
excess  of  what  is  required  in  practice.  In  the  deduction  of 
the  formula,  indeed,  the  altogether  inadmissible  assumption  is 
made  that  there  is  no  friction  between  the  earthwork  and  the  face 
of  the  wall.  This  is  equivalent  to  the  supposition  that  the  face 
is  perfectly  smooth  and  that  therefore  the  pressure  acts  normally 
to  it.  Boussinesque,  Levy,  and  St.  Venant  have  demonstrated  that 
the  hypothesis  of  a  normal  pressure  only  holds  true, 

either^  first,  if    the   ground-surface    is  horizontal  and  the  wall- 

face  inclined  at  an  angle  of  45° -"2  to  the  vertical, 

or,  second,  if  the  wall-face  is  vertical  and  the  ground-surface 
inclined  at  an  angle  4>  to  the  horizon. 


PRACTICAL  RULES.  325 

When  the  surface  of  the  ground  is  horizontal  and  the  face  of 
the  wall  vertical,  and  when  ^=45°,  the  above  formula  gives  the 
correct  magnitude  of  P.  Its  direction,  however,  is  not  horizontal, 
but  makes  an  angle  with  the  vertical  equal  to  the  angle  of  friction 
between  the  earth  and  the  wall.  The  wall-face  is  generally  suffi- 
ciently rough  to  hold  fast  a  layer  of  earth,  and  in  all  probability 
Boussinesque's  assumption  that  the  friction  between  the  wall  and 
the  earth  is  equal  to  that  inherent  in  the  earth  is  a  near 
approximation  to  the  truth.  The  direction  of  P  will  thus  be  con- 
siderably modified,  leading  to  a  smaller  overturning  moment  and 
a  corresponding  diminution  in  the  necessary  thickness  of  the 
wall. 

In  practice  the  thrust  P  may  always  be  made  small  by  carrying 
up  the  backing  in  well-punned  horizontal  layers. 

In  order  to  neutralize  the  very  great  thrust  often  induced  by 
alternate  freezing  and  thawing  and  the  consequent  swelling,  a  most 
effective  expedient  is  to  give  a  batter  of  about  1  in  1  to  the  rear 
line  of  the  wall  extending  below  the  line  to  which  frost  pene- 
trates. 

The  greatest  difficulty  in  formulating  a  table  of  earth  thrusts 
arises  from  the  fact  that  there  is  an  infinite  variety  of  earth  work. 
As  an  example  of  this.  Airy  states  that  he  has  found  the  cohesive 
power  of  clay  to  vary  from  168  to  800  pounds  per  square  foot, 
the  corresponding  coefficients  of  friction  varying  from  1.15  to  .36, 
and  that  even  this  wide  range  is  less  than  might  be  found  in  . 
practice. 

A  correct  theory  for  the  design  of  retaining-walls  is  as  yet  wanting. 
According  to  Baker,  experience  has  shown  that  with  good  backing 
and  a  good  foundation  the  stability  of  a  wall  will  be  insured  by  making 
its  thickness  one  fourth  the  height,  and  giving  it  a  front  batter  of 
1  or  2  in.  per  foot,  and  that  imder  no  conditions  of  ordinary  surcharge 
or  heavy  backing  need  its  thickness  exceed  one  half  the  height. 
Baker's  usual  practice  in  groimd  of  average  character  is  to  make  the 
thickness  one  third  the  height  from  the  top  of  the  footings,  and  if 
any  material  is  taken  out  to  form  a  face  panel,  three  fourths  of  it  is 
put  back  in  the  form  of  a  pilaster. 

General  Fanshawe's  rule  for  brick  walls  of  rectangular  section 
retaining  ordinary  material  is  to  make  the  thickness 
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24%  of  the  height  for  a  batter  of  1  in    5 

25%  " 
26%  " 
27%      " 


28% 
30% 
32% 


"  1  in  6 
"  1  in  8 
"  1  in  10; 
"  lin  12; 
"  1  in  24; 
for  a  vertical  wall. 


As  a  general  rule,  a  batter  of  1  in  24  to  1  in  12  is  usually  adopted 
in  practice,  and  should  not  exceed  one  sixth  of  the  height  of  the  wall. 
The  stability  of  a  wall  with  a  straight  or  a  curved  batter  m  compression 
is  always  greater  than  that  of  a  wall  with  a  vertical  face.  This  is 
especially  the  case  if  the  joints  are  at  right  angles  to  the  face,  when 
the  tendency  to  slide  forward  is  largely  diminished. 

Again,  if  the  wall  turns  round  the  toe  ever  so  little,  the  wall  with 
a  vertical  face  overhangs  and  gives  an  idea  of  instability,  while  it 
also  offends  the  eye.  When  the  face  has  a  batter  a  slight  rotation  is 
not  noticed. 

By  the  use  of  counterforts  it  can  be  shown  that  there  is  a  small 
saving  of  masonry  in  a  vertical  wall  of  rectangular  section.  Brunei 
curved  the  face  of  a  retaining-wall  and  made  its  thickness  one  fifth  or 
one  sixth  of  the  height.  He  also  used  coimterforts  30  ins.  wide  at 
intervals  of  10  ft. 

Experience  indicates  that  counterforts  should  be  stepped.  The 
width  of  the  top  of  a  wall  should  be  as  small  as  possible  consistent 
Tvith  sound  construction. 

The  thickness  at  the  footing  adopted  by  Vauban  for  walls  with 
a  front  batter  of  1  in  5  or  1  in  6  and  plumb  at  the  rear  is  approxi- 
jnately  given  by  the  empirical  formula 

thickness  =  .19i? +4  ft., 

H  being  the  height  of  the  wall  above  the  footing.  Counterforts 
were  introduced  at  intervals  of  15  ft.  for  walls  above  35  ft.  in  height 
and  at  intervals  of  12  ft.  for  walls  of  less  height.    The  counterfort 

projects  from  the  wall  a  distance  of  ^+3  ft.  approximately,  and  the 
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rr 

approximate  width  of  the  counterfort  is  r^  +3  ft.,  diminishing  to 

^+2  ft. 

The  great  importance  of  the  foundation  will  be  better  appreciated 
by  bearing  in  mind  that  the  great  majority  of  failures  have  been  due 
to  defective  foundations.  If  water  can  percolate  to  the  foundation, 
a  softening  action  begins  and  a  consequent  settlement  takes  place,' 
which  is  most  rapid  in  the  region  subjected  to  the  greatest  pressure, 
viz.,  the  toe.  In  order  to  counteract  this  tendency  to  settle,  the  toe 
may  be  supported  by  raking  piles,  the  rake  being  given  to  diminish 
the  bending  action  of  the  thrust  on  the  piles.  It  is  also  advisable  to 
distribute  the  weight  as  uniformly  as  possible  over  the  base,  a  con- 
dition which  is  not  compatible  with  large  front  batters  and  deep 
offsets,  as  they  tend  to  concentrate  weight  on  isolated  points.  In 
the  case  of  dock  walls,  too,  a  large  front  batter  will  keep  a  ship  farther 
away  from  the  coping  and  will  necessitate  thicker  fenders,  as  well  as 
cranes  with  wider  throws.  As  an  objection  to  offsets  Bernays  urges 
that,  in  settling,  the  backing  is  liable  to  hang  upon  them,  forming 
large  holes  underneath.  He  therefore  favors  the  substitution  of  a 
batter  for  the  offsets.  On  the  other  hand,  if  water  stands  on  both 
sides  of  the  walls,  the  hydrostatic  pressure  on  the  offsets  will  greatly 
increase  its  stability. 

Dock  walls  are  liable  to  far  greater  variations  of  thrust  than 
ordinary  retaining-walls.  The  water  in  a  dock  with  an  impermeable 
bottom  may  stand  at  a  much  higher  level  than  the  water  at  the  back 
of  the  wall,  and  its  pressure  may  thus  even  more  than  neutralize  the 
thrust  due  to  the  backing.  With  a  porous  bottom  the  stability  of  a 
wall  may  be  greatly  diminished  by  an  upward  pressure  on  the  base. 
The  experience  of  dock-wall  failures  has  led  to  the  conclusion  that 
a  large  moment  of  stability  is  not  of  so  much  importance  as  "weight 
with  a  good  grip  on  the  ground."  Many  authorities,  both  practical 
and  theoretical,  have  urged  the  great  advantages  in  economy  and 
strength  attending  the  employment  of  counterforts.  The  use  of 
Portland  cement,  or  cement  concrete,  will  guard  against  the  breaking 
away  of  the  counterforts  from  the  main  body  of  the  wall,  as  has  often 
happened  in  the  case  of  the  older  walls.  But  a  uniform  distribution 
of  pressure  as  well  as  of  weight  is  important,  and  it  therefore  seems 
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more  desirable  to  introduce  the  extra  weight  of  the  counterforts  into 
the  maia  wall.  Besides,  the  building  of  the  counterforts  entails  of 
itself  an  increased  expense. 

14.  Reservoir  Walls. — Let  /  be  the  maximum  safe  pressure  per 
square  foot  of  horizontal  base,  at  inner  face  of  a  full  reservoir,  at 
outer  face  when  empty. 

Let  w  be  the  weight  of  a  cubic  foot  of  the  masonry. 
Assume  that  the  waU  is  to  be  of  uniform  strength,  i.e.,  that  the 
section  of  the  wall  is  of  such  form  that  in  passing 
from  any  horizontal  section  to  the  consecutive  one 
below,  the  ratio  of  the  increment  of  the  weight 
to  the  increment  of  the  surface  is  constant  and 
equal  to  /. 

Let  AB,  Fig.   364,   be  the  top  of  the  wall. 
Take   any  point   0  as   origin,   and  the  vertical 
through  0  as  the  axis  of  x. 
5jN  g  K — p\       ^^  OA  =  ti,OB  =  t2,  and  let 
Fig.  364.  T  =  ti+t2=AB. 

For  the  profile  AP  consider  a  layer  of  thickness  dx  at  a  depth  x. 
Then 

T''- « 

.      f  dy 
or  dx=—-^; 

w  y 

therefore  x  =-—  log«  y+c, 

c  being  a  constant  of  integration. 
When  x=0, 2/  =  ii; 

therefore  0 =—  loge  ti  +c, 

f        V 
and  hence  x=-logeT) (2) 

w     °  ti 

which  is  the  equation  to  AP  and  is  the  logarithmic  curve. 
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It  may  be  similarly  shown  that  the  equation  to  BQ  is 

^=i^«g'r! (3) 

Equations  (2)  and  (3)  may  also  be  written  in  the  forms 

y  =  ke/'' (4) 

and  y^tzef" (5) 

Corresponding  points   on   the  profiles,   e.g.,  P  and  Q,  have  a 

common  subtanqent  of  the  constant  value  -  for 

w 

NT^PNts^nNPT{=y^)=l.    .....     (6) 

AveaPNOA=fjydx  =  h[ler-Ly-t(^Y^-h).  .  .  (7) 
where  Pi\^  =  ri. 

kxe&QN0B  =  £''ydx=^{Y2-t2), (8) 

where  QiV  =  Fa. 

Therefore  the  area  QPAB  =  ^-{Yi  +  Y2-h+h)  =-{T'-T),  .     (9) 

where  PQ  =  ri  + 72  =  r'. 

Thus  the  area  of  the  portion  under  consideration  is  equal  to  the 
product  of  the  subtangent  and  the  difference  of  thickness  at  top 
and  bottom. 

Lines  of  Resistance  with  Reservoir  Empty. — Let  gi  be  the  point  in 
which  the  vertical  through  the  C.  of  G.  of  the  portion  OAPN  intersects 
PN.    Then 

Ngi  X  area  OAPN  =  /    ydx'^,     and  therefore 
^9^(Y^-t,)LJ^lfJ\dy=l{^iY,^-t.^); 
or  %i  =  —^ — • 


330 


THEORY  OF  STRUCTURES. 


So  if  g2  be  the  point  in  which  the  vertical  through  the  C.  of  G.  of 
the  portion  OBQN  intersects  QN, 


Ng2  = 


Y2+t2 


Let  G  be  the  point  in  which  the  vertical  through  the  C.  of  G. 
of  the  whole  mass  ABQP  intersects  PQ.    Then 


or 


NG X area  ABQP =NgiX area  AONP - Ng2 X area  BONQ, 


Therefore 


NG- 


(Yl^-h^)-(Y2^-t2^) 

HYi-h  +  Y2-t2-)   ■ 


The  horizontal  distance  between  G  and  a  vertical   through  the 
middle  point  of  AB 

ATP     ^,       M      iYi-hy-iY2-t2y     {Yr-h)-{Y2-t2) 

=  one    half    of  the   horizontal  distance  between    the  verticals 
through  the  middle  points  of  AB  and  QP. 
The  locus  of  G  can  therefore  be  easily  plotted. 
Lines  of  Resistance  with  Reservoir  Full. — Let  R  be    the  centre 
of  resistance  in  PQ  (Fig.  365). 

Draw  the  vertical  QS,  and  consider  the 
equilibrium  of  the  mass  QSAPQ. 

Let     w'=  weight     of     a     cubic     foot   of 
water. 


or 


/Q         N  G    R 
Fig.  365. 

w'x^ 


„    ^=  moment   of    water-pressure   against 

QS  about  R 
= moment  of   weight    of   QBS   about 
i2+ moment   of  weight   of  QPAB 
about  R, 


f, 


=moment  of  QBS  about  R  +^{T'  -  T)wGR. 
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The  first  term  on  the  right-hand  side  of  this  equation  is  gener- 
ally very  small  and  may  be  disregarded,  the  error  being  on  the 
safe  side. 

In  such  case 


6   /  T'-T 

Also  the  mean  intensity  of  the  vertical  pressure 
WXaxQ&APQB 


-Po- 


PQ 


''A'-y)' 


and  the  maximum  intensity  of  the  vertical  pressure 


-pv 


2R 


r,-if- 


l-2q 


or 


=^(l+65)=/(l+6g)(l-^). 


General  Case. — Let  the   profile   be   of   any  form,   and   consider 
any  portion  ABQP,  Fig.  366. 

Take  the  vertical  through  Q  as 
the  axis  of  x,  and  the  horizontal  line 
coincident  with  top  of  wall  as  the 
axis  of  y. 

The  horizontal  distance  (y)  between 
the  axis  of  x  and  the  vertical  through 
the  C.  of  G.  of  the  portion  imder  con- 
sideration is  given  by  the  equation 


y  /    tdx=   I    tydx, 


Qtl- 


-Y ^ 

Fig.  366. 


t  being    the   width,   dx   the   thickness, 

and  y  the  horizontal  distance  from  OQ  of  the  C.  of  G.  of  any  layer 

MN  at  a  depth  x  from  the  top. 
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When  the  reservoir  is  empty,  the  deviation  of  the  centre  of  resist- 
ance from  the  centre  of  base 

=qT=^Y-y<l. 

When  the  rejgervoir  is  full,  let  q'T  be  the  deviation  of  the  centre 
of  resistance  from  the  centre  of  the  base,  and  disregard  the  moment 
of  the  weight  of  the  water  between  OQ  and  the  profile  BQ.    Then 

moment  of  water-pr.±  moment  of  wt.  of  OBQ 
5^^  weight  of  ABQP  "^^ 

1      v/x^         ^-^ 

=  ±g      ..,     ±yTY. 

w  I    tdx 
Jo 

Hence 

1     w'x^ 


(s±2')r=-g 


•£ 


w  I    tdx 


15.  Relations   between   the   Elastic  Constants. —  In  an  isotropic 

foody,  i.e.,  in  a  body  whose  properties  are  the  same  in  all  directions 

if  three  simple  stresses,  p,  of  the  same  magnitude  and  sign  are 

applied  in  three  different  directions,  there  is  no  distortion  of  form 

and  the  volume  only  is  changed.     If  dV  is  the  change  in  the  volume 

dV 
V,  the  strain  is  measured  by  the  ratio  ^,  and  if  Zis  a  coefficient 

such  that  TT  ="f^;  then  K  or  the  ratio  of  the  stress  to  the  strain  is 

called  the  bulk  modulus  or  the  modulus  of  cubic  compressibility. 

The  linear  dimensions  of  the  body  change  equally.    Let  a  be 
one  of  these  dimensions.    Then  Vcca^, 

dV    3a^-da    „(?o 
and  -^7"  =  — 5 — ^=3—, 

V         o<*  a 

if  the  cubic  strain  is  small. 

Hence  the  linear  strain = — =o"7r  =  oT- 

a      6  V      6  k 
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Relation  between  G  and  E. — A  shear  stress  q  along  the  face  AC, 
Fig.  367,  of  the  square  ABDC  distorts  the   square 
into  the  rhombus  BA'C'D. 

Draw  CE  perpendicular  to  BC.    Then  the  strain 
along  the  diagonal  BC 


C    0' 


C'B-CB    CE 

~CB  " 


CB 

=i  (shearing  strain), 


1C£_ 
2  CD 


or 


e=- 


<f> 


Fig.  367. 


Again,  it  has  already  been  shown  that  a  pair  of  equilibrating 
stresses  q,  Fig.  368,  develope  an  equal  tensile  stress  q  along  one  diago- 
nal and  an  equal  compressive  stress  q  along  the  other.    Hence 
the  total  longitudinal  strain 


<f>     1    q 


E^aE     2     2  G' 


q^q^g^q  q 


a  being  Poisson's  ratio,  Chapter  IV. 


Therefore 


(?= 


2\<7+l/ 


Relation  between  G,  E,  and  K. — Let  a  pull  of  in- 
FiG.  368.       tensity  p  act   upon  the  upper  and  lower  faces  BD 
and  FH  of  an  elementary  cube.  Fig.  369,  and  let  this  stress  be 

P 
divided  into  three  portions  each  equal  to  -^.    Without  changing  the 

condition  of  stress  it  may  be  assumed  that  a  pull  and  a  push,  each 

of  intensity  ^,  act  upon  the  remaining  faces. 

Combining  the  pull  -~  on  the  faces  BD  and  FH,  with  the  push  -z 

on  the  faces  BE  and  'CH,  the  result  is  a  simple  shear  along  a 

plane  making  an  angle  of  45°  with  the  axis  of  the  pull. 

P 
Combining  again  a  second  pull  ^  on  the  faces  BD  and  FH  with 
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the  push  on  the  faces  AH  and  BG,  the  result  is  also  a  simple  shear 
„  in  a  plane  at  right  angles  to  the  first  plane 

and  making  an  angle  of  45°  with  the  axis  of 

the  pull.    There  is  now  left  a  pull  ^  on  each 

o 

£  face  of  the  cube,  producing  a  cubic  dilata- 
tion.   Then 


T^H 


the  lineal  strain  due  to  the  bulk  strain 


■I     5 


f 
Fig.  369.  ~Z\k  )~Q  K 

the  lineal  strain  due  to  the  first  shearing  strain 
the  lineal  strain  due  to  the  second  shearing  strain 

_l/|p\_l£ 

~2\G;"6(?- 

1  p    1  p     1  p 
Thus  the  total  longitudmal  stram  =  9X"'"6G6G 


"z\?,k^g)    E' 


and  therefore 


K- 


GE 


and    E-- 


9KG 


9G-3E     """    "     3K+G 

Again,  the  lateral  strain  =  6-^-9^  =  3  (  2G  ~  3K/ '  ^^^  t^^eref  ore 
Poisson's  ratio  is  given  by 

3\3K^g) 


&K+2G        2G 

> /J_ 1_\     3K-2G  ~E-2G' 

Z\2G    3K) 


from  which 


G- 


aE 
^2(^  +  1)' 
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and  therefore 


K- 


aE 


"3((T-2)' 


The  preceding  results  may  also  be  obtained  in  the  following 
manner : 

Let  a  solid  body  be  strained  uniformly,  i.e.,  in  such  a  manner  that 
lines  of  particles  which  are  parallel  in  the  free  state  remain  parallel 
in  the  strained  state,  their  lengths  being  altered  in  a  given  ratio 
which  is  practically  very  small.  Lines  of  particles  which  are  oblique 
to  each  other  in  the  free  state  are  generally  inclined  at  different 
angles  in  the  strained  state,  and  their  lengths  are  altered  in '  different 
ratios. 

Let  the  straining  of  the  body  convert  a  rectangular  portion 
ABCD  (Fig.  370)  into  the  rectangle  AB'C'D',  where  AB'  =  {l+a)AB 
and  AD' =  {1+^) AD. 

Now  a  and  /?  are  very  small,  so  that  their  joint  effect  may 
be  considered  to  be  equal  to  the  sum  of  their  separate  effects. 
Hence : 

First.     Let  a  simple  longitudinal  strain  in  a  direction  parallel  to 
AB  convert    the    rectangle  ABCD  into  the 
rectangle  AB'ED,  where  BB'=aAB.  D 

A  line  OF  will  move  into  the  position  D 

OF',  when  FF'=a-DF,  and 

^„    OF' -OF  0 

the  strain  along  OF  = 


FF' cos  d    a  ■  DF  cos  e 


OF 


=a  cos^^, 


OF      ~        OF        ""■  ^"°  "'  Fia.  370. 

&  being  the  angle  OFD. 

Also,  the  "distortion  or  deviation  from  rectangularity  " 


-Sin^eFOF'  =  —^p—  = 


FF' sin  d    a  ■  DF  sin  d 


OF 


-a.  cos  ^sin  d. 


Second.  Let  a  simple  longitudinal  strain  in  a  direction  parallel 
to  AD  convert  the  rectangle  ABCD  into  the  rectangle  ABKD' , 
Where  Z)Z)'=/?- AD. 

The  line  OF  will  move  into  the  position  O'F",  where  00'=^-A0 
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mdF'^F=DD'=p-AD;  therefore 

0'F"-OF 
the  strain  along  0F= j^ . 

Draw  O'M  parallel  to  OF.    Then 

O'F" -OF =0'F" -0'M=F"M  sin  d  =  {F"F-FM)  sin  9 
=  {DD'-OO')  sin  e=p(AD -AO)  sm  6 
=P-OD  sin  6;  therefore 

.     ,       ^T7    ^-OD  sin  5     „  .  „  „ 
me  sirotn  along  Or  =  — -j^ =^  sin^  0. 

The  dist(yHion= the  angle  F"0'M 

F"M  cos  0    3-OD  cos  e     „  .    „ 
= Qp = Qp =^sm^cos^. 

Hence  when  the  strains  are  simultaneous,  the  line  OF  will  take 
the  position  O'F'"  between  O'F"  and  OF',  and 

the  total  strain  along  OF = a  cos^  6+^  sm^  0 ; 
the  total  distortion={a—p)  sin  6  cos  ^. 

Again,  draw  a  line  OG  perpendicular  to  OF. 

The  angle  OGA=90°— /?,  and  hence,  from  the  above, 

the  total  strain  along  00= a  sin^  6+^  cos^  5, 
and  the  corresponding  distortion  =  (a  — /?)  sin  5  cos  6. 

Denote  the  strain  along  OF  by  ei,  that  along  OG  by  62,  and  each 
of  the  equal  distortions  by  k-    Then 

61+62=0;+/?. 

Again,  if  OF,  OG,  Fig.  371,  are  the  sides  of  a  rectangle  enclosed 
in  the  rectangle  ABCD,  the  straining  will  convert  the  rectangle  into 
an  oblique  figure  with  its  opposite  sides  parallel.  The  lengths  of 
adjacent  sides  are  altered  by  the  amounts  ei  and  62,  and  the  angle 
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6  by  <f>.  The  above  results  may  also  be  considered  to  hold  true  if 
the  straining,  instead  of  being  uniform,  varies  continuously  from 
point  to  point. 

Consider  a  unit  cube  ABCD  subject  to  stresses  of  intensity  pi 
and    p2    upon  the  parallel  faces  AD, 
BC  and  AB,  DC.      By  Art.  1,  Chap. 
IV, 

"     E      aE' 

^    aE^  E' 
and  the  strain  perpendicular  to  the  face 


-■i-p. 


If  the  stresses  are  of  equal  intensity  but  of  opposite  kind,  i.e., 
if  the  one  is  a  tension  and  the  other  a  compression, 
pi  =  —p2=p,  suppose;  then 


a- 


— /?=-Ei(H — ),  and  the  third  strain  is  nil. 


Thus  the  volume  of  the  strained  solid 

=  (1  +  a)  (1 — a)  (1)  =  1 — a^  =  1,  approximately, 

so  that  the  volume  is  not  sensibly  changed. 

Also,  if  OGHF  is  an  enclosed  square',  0  being  the  middle- point 
of  AD,  6=4:5°,  and 


61=62  =  - 


=0=strain  along  OF  or  OG, 


and  the  distortion  =  change  in  angle  0 


=  ^=2V^-2a=^(l4). 


2 


2pi 

'E^ 


This  result  may  be  at  once  deduced  from  the  figure.    For 
FOG    OD     1+/?     1- 


tan 


FD     1+a     1+a 


=tan 


{^). 
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or 

l+«     l+tan|    1+1' 


since  <j>  is  very  small.    Hence 


As  already  shown  in  Art.  2,  shearing  cannot  take  place  along 
one  plane  only,  and  at  any  point  of  a  strained  soUd  the  shears  along 
planes  at  right  angles  are  of  equal  intensity.  The  effect  of  such 
stresses  is  merely  to  produce  a  distortion  of  figure,  and  generally 
without  sensible  change  of  volume. 

Thus  shears  of  intensity  q  along  the  parallel  faces  of  the  unit 
square  ABCD  will  merely  distort  the  square  into  a  rhombus  ABC'D' 
q  ^  (Fig.  372).    Denoting  the  change  of  anglfe  by 

yC'  '<f>,  and  assuming  that  the  "stress  is   propor- 
i'      tional  to  the  strain," 

q=G<l>, 

where  G  is  a  coefficient  called  the  modulus  of 

*  rigidity,  and  depends  upon  a  change  of  form. 

It  is  stated  in  the  same  imits  as  are  employed 

to  specify  the  stress. 

Consider  a  section  along  the  diagonal  BD. 

The  stresses  on  the  faces  AB,  AD,  and  on  CB,  CD,  resolved 

parallel  and  perpendicular  to  BD,  are  evidently-  equivalent-  to  nil 

and  a  normal  force  qV2  respectively.      Thus   there  is  no  sliding 

tendency  along  BD,  but  the  two  portions  ABD  and  CBD  exert 

qV2      qy/2 
upon  each  other  a  pull,  or  tension,  of  mtensity  ^-  -  =—^  =Q- 

Similarly  it  may  be  shown  that  there  is  no  tendency  to  sUde 
along  AC,  but  that  the  two  portions  ABC  and  ADC  exert  upon 
each  other  a  pressure  of  intensity  q.  The  straining  due  to  the  shear- 
ing stresses  is,  therefore,  identical  with  that  produced  by  a  thrust 
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and  tension  of  equal  intensity  upon  planes  at  45°.    Hence,  as  proved 
above, 


,=s,=«|(,,i), 


and  therefore 


G- 


Ea 


'2{<j+l)     0- 


Now  a  rarely  exceeds  4,  and  hence  G  is  generally<  -^E. 

Again, 

oE     _2<T  +  1 
3(a-2)      3<7-2^- 
Therefore 

6g+2G 
'^    3i^-2G- 

i6.  General  Equations  of  Stress.^Let  x,  y,  z  be  the  co-ordinates 
with  respect  to  three  rectangular  axes  of  any  point  0  in  a  strained 
body. 

Consider  the  equilibrium  of  an  ele- 
ment of  the  body  in  the  form  of  an 
indefinitely  small  parallelopiped  with 
its  edges  OA{=dx),  OB{=dy),  OC{=dz) 
parallel  to  the  axes  of  x,  y,  z.  It  is 
assumed  that  the  faces  of  the  element 
are  sufficiently  small  to  allow  of  the 
distribution  of  stress  over  them  being 
regarded  as  uniform.  The  resultant 
force  on  each  face  will  therefore  be  a 
single  force  acting  at  its  middle  point. 
Let  Xi,  Yi,  Zi  be  the  components  parallel  to  the  axes,  x,  y..  z  of  the 

resultant  force  per  unit  area  on  the  face  BC. 
"   X2,  Y2,  Z2  be  the  corresponding  components  for  the  face  AC. 
"   X3,  Y3,  Z3  be  the  corresponding  components  for  the  face  AB. 
These  components  are  functions  of  x,  y,  z,  and  therefore  become 

-(^.+'».  -{^•--^4  -(^■+f*) 


Pig.  373. 
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for  the  adjacent  face  AD; 

-{^'^^^y\  -{y-^'-^y).  -(^»-t*) 

for  the  adjacent  face  BD; 

-{^'^^^).  -(^"+^).-  -{^'^^) 

for  the  adjacent  face  DC. 

Hence  the  total  stress  parallel  to  the  axis  of  x 

= Xidydz -  {Xi  +  -j~dxj dydz + X2dzdx -  ( Z2 + -j^y) dzdx 

+Xzdxdy  —  [Xs + -j^dzjdxdy 
(dXi    dX2  ,  dX3\  ,   ,  _, 

=-v^+i^+~dir'^y'^'- 

Similarly,  the  total  stress  parallel  to  the  axis  of  y 
(dY.dY.dYz\      ,   , 

and  the  total  stress  parallel  to  the  axis  of  z 

fdZi    dZ2  ,  dZs\  ,   ,   , 

Let  p  be  the  density  of  the  mass  at  0,  and  let  Px,  Py,  Pz  be  the 
•components  parallel  to  the  axes  of  x,  y,  z  of  the  external  force,  per 
unit  mass,  at  0. 

pdxdydzPx  is  the  component  parallel  to  the  axis  of  x  of  the 

external  force  on  the  element; 
pdxdydzPy  is  the  component  parallel  to  the  axis  of  y  of  the 

external  force  on  the  element; 
pdxdydzPz  is  the  component  parallel  to  the  axis  of  z  of  the 
external  force  on  the  element. 
The  element  is  in  equilibrium. 
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Therefore 


dx^  dy^  dz  ~P^''' 

dx'^  dy  ^  dz  ~^^'" 

^+^+^=  p 
dx       dy       dz  '' 


(1> 


These  are  the  general  equations  of  stress. 

Again,  take  moments  about  axes  through  the  centre  of  the  ele- 
ment parallel  to  the  axes  of  co-ordinates,  and  neglect  terms  involving 
{dxYdydz,  dx{dy)^dz,  dxdyidz)^.     Then 

73=^2,    Zi=X3,    and    Xz^Yi.        ...     (2) 

Adopting  Lame's  notation,  i.e.,  taking 
A^'i,  A'^2,  Ns  as  the  normal  intensities  of  stress  at  0  on  planes  perv 
pendicular  to  the  axes  of  x,  y,  z; 
Ti  as  the  tangential  intensity  of  stress  at  0  on  a  plane 
perpendicular  to  the  axis  of  x  if  due  to  a,  stress 
parallel  to  the  axis  of  y,  or  on  a  plane  perpen- 
dicular to  the  axis  of  y  if  due  to  a  stress  parallel 
to   the   axis    of  x;  and    T2,    T3  similarly,  equa- 
tions (1)  become 
dm     dTs  .  dT2 


dx       dy       dz  "' 

dTB_^dN2_^dTi^  p  . 
dx       dy       dz     ^   ^' 

dTj^dTi^dNs^  p 
dx       dy       dz     ^   '' 


(3) 


Next   consider   the   equilibritim   of  a  tetrahedral  element  hav- 
ing three  of   its  faces  parallel  to   the  co- 
ordinate planes.    Let  I,  m,  n  be  the  direc- 
tion-cosines of  the  normal  to  the  fourth 
face. 

Also,  let  X,  Y,  Z  be  the  components 
parallel  to  the  axes  of  x,  y,  z  of  the  in- 
tensity of  stress  R  on  the  fourth  face. 

X  =  lNi+  mTs + nT2 + yPJdx. 

But   the   last   term   disappears   in  the  Fig.  374. 

limit  when  the  tetrahedron  is  indefinitely  small,  and  hence 
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X=lNi+mT3+nT2; 
Y=lT3+mN2+nTi; 
Z=lT2+mTi+nN3. 


(4) 


These  three  equations  define  R  in  direction  and  magnitude  when 
the  stresses  on  the  three  rectangular  planes  are  known. 

Let  it  be  required  to  determine  the  planes  upon  which  the  stress 
is  wholly  normal.    We  have 

X==IR,     Y=mR,    Z^nR (5) 

Substituting  these  values  of  X,  Y,  Z  in  eqs.  (4)  and  eliminating 
I,  m,  n,  we  obtain 

B^-R\Ni  +N2+N3)  +R{NiN2+N2N3+N3Ni)  -  Ti^  -  Tz^  -  T^ 
-{NiN2N3-NiTi'-N2T2^-N3T3^+2TiT2T3)=0,.     .    .    (6) 

a  cubic  equation  giving  three  real  values  for  R,  and  therefore  three 
sets  of  values  for  I,  m,  and  n,  showing  that  there  are  three  planes 
at  0  on  each  of  which  the  intensity  of  stress  is  wholly  normal.  These 
planes  are  at  right  angles  to  each  other  and  are  called  principal 
planes,  the  corresponding  stresses  being  principal  stresses.  They 
are  the  principal  planes  of  the  quadric 

Nix^+N2y^+N3Z^+2Tiyz+2T2ZX+2T3xy^c.    .    .     (7) 

For  the  equation  to  the  tangent  plane  at  the  extremity  of  a  radius  r 
whose  direction-cosines  are  I,  m,  n  is 

Xrx  +  Yry+Zrz=c, (8) 

and  the  equation  of  the  parallel  diametral  plane  is 

Xx  +  Yy+Zz=0 (9) 

The  direction-cosines  of  the  perpendicular  to  this  plane  are 

X  Y_        Z__ 

R-^'     R-"^'    R~^> 

so  that  the  resultant  stress  R  must  act  in  the  direction  of  this  per- 
pendicular. 
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Hence  the  intensities  of  stress  on  the  planes  perpendicular  to 
the  axes  of  the  quadric  (7)  are  wholly  normal. 

Refer  the  quadric  to  its  principal  planes  as  planes  of  reference. 
All  the  7"s  vanish  and  its  equation  becomes 

Nix^+N2f+N3Z^=c (10) 

Also,  the  general  equations  (3)  become 


dx 

-d^^p^y' 

dNs 


(11) 


Again, 

Consider  X,  Y,  Z  as  the  co-ordinates  of  the  extremity  of  the 
straight  line  representing  R  in  direction  and  magnitude.  Equation 
(12)  is  then  the  equation  to  an  ellipsoid  whose  semi-axes  are  iVi,  A''2, 
N3.  As  a  plane  at  0  turns  arovmd  0  as  a  fixed  centre,  the  extremity 
of  a  line  representing  the  intensity  of  stress  R  on  the  plane  will  trace 
out  an  ellipsoid.    This  ellipsoid  is  called  the  ellipsoid  of  stress. 

Note  1.  The  coefficients  in  the  cubic  equation  (6)  are  invariants. 
Thus,  N1+N2+N3  is  constant,  ot  the  sum  of  three  normal  intensities 
of  stress  on  three  planes  placed  at  right  angles  at  any  point  of  a 
strained  body  is  the  same  for  all  "positions  of  the  three  planes. 

Note  2.    The  perpendicular  p  from  0  on  the  tangent  plane, 

equation  (8), 

c  c 

=  ^5-=p,     and  therefore    R= — (13) 

Rr    ^  pr         •  ^    ^ 

Note  3.  Let  the  stress  be  the  same  for  all  positions  of  the  plane 
at  0.  Then  Ni=N2=N3,  and  the  ellipsoid  (12)  becomes  a  sphere. 
The  stress  is  therefore  everywhere  normal,  and  the  body  must  be  a 
perfect  fluid.  Conversely,  if  the  stress  is  everywhere  normal,  the 
body  must  be  a  perfect  fluid,  the  ellipsoid  becomes  a  sphere,  and 
therefore  A^^i  =N2  =N3. 
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17.  Relation  between  Stress  and  Strain. — In  Art.  15  it  was  shown 
that  when  the  size  and  figure  of  a  body  are  altered  in  two  dimensions, 
there  is  an  ellipse  of  strain  analogous  to  the  ellipse  of  stress.  If  the 
alteration  takes  place  in  three  dimensions,  it  may  be  similarly  shown 
that  every  state  of  strain  may  be  represented  by  an  ellipsoid  of  strain 
analogous  to  the  ellipsoid  of  stress.  The  axes  of  the  ellipsoid  are 
the  principal  axes  of  strain,  and  every  strain  may  be  resolved  into 
three  simple  strains  parallel  to  these  axes. 

It  is  assimied  that  the  strains  remain  very  small,  that  the  stresses 
developed  are  proportional  to  the  corre- 
sponding strains,  and  that  their  effects 
may  be  superposed. 

Consider  an  element  of  the  unstrained 
body  in  the  form  of  a  rectangular  par- 
allelopiped  having  its  edges  PQ(=h), 
PR{=k),  PS{  =  1)  parallel  to  the  axes  of 
co-ordinates. 

When  the  body  is  strained,  the  element 
becomes  distorted,  the  new  edges  being 
P'Q',  P'R',  P'S'. 

Let  X,  y,  z  be  the  co-ordinates  of  P. 

Let  x+u,  y+v,  z+w  he  the  co-ordinates  of  P'. 

By  Taylor's  Theorem  the  co-ordinates  with  respect  to  P'  of 


Fig.  375. 


.dw 
^'dx' 


Therefore 


_,        -/.     du\      ,dv     ,( 

^^'^\^+di)'   ^Tx'    ^- 

„,        ,du     ,L     dv\      jdw 


P'S' 


•      •      fi 


.    (14) 
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Hence  strain  parallel  to  axis  of  x  =  - ^^       =-^=-Eex; 


It  tC  <(  tl        It        tl 


it  It  CI  tt        It        it 


PQ  dx 

P'R'-PR     dv 


z=- 


PR  dy 

P'S'-PS     dw 


i:.=^^y'> 


PS       "dz 


-T-=Ee,. 


(15) 


Again,  cos  Q'P'R' 


/      du\du     /      dv\dv    dwdw 
\      dx' dy     \      dy' dx    dy  dx 


V\-,     (duV     fdvY     /dwY]  \ /duY     /      dv\       /dw\2]-|4- 


In  the  limit  this  reduces  to 


Similarly, 


_,„,„.    du     dv 
cos  Q'P'R  =x-+x-- 
dy     dx 

^,„,„,    du     dw 
cosQ'P'S'=^+^; 

cosR'P'S'==f^+^. 
dy     dz 


(16) 


Volume  of  unstrained  element =MZ; 

Volume  of  distorted  element    =hkl(l+-T-)  (l  +  j~)  (l+T~) 

multiplied  by  the  cosines  of  small 
angles 


,,,/      du    dv    dw\     .    ,,     ,.    ., 
=hkl\l+-j-+-j-+-r-)     m  the  limit. 


Therefore 


Difference  of  volume         du    dv    dw 
Vol.  of  unstrained  element     dx    dy    dz 


(17) 


=  the  volume  or  cubic  strain. 

i8.  Isotropic    Bodies,   i.e.)   bodies  possessing   the  same   elastic 
properties  in  all  directions. 
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A  normal  stress  of  intensity  Ni  parallel  to  the  axis  of  x  produces 

a  simple  longitudinal  strain  -et,  and  two  simple  lateral  strains, 

Ni 
each= — s,  parallel  to  the  axes  of  y  and  z,  E  being  the  ordinary 

modulus  of  elasticity  and  a  Poisson's  ratio  (Art.  1,  Chap.  IV). 

Normal  stresses  N2,  N3  parallel  to  the  axes  of  y  and  z  may  be 
similarly  treated. 

Let  the  three  normal  stresses  act  simidtaneously  and  superpose 
the  results.    Then 

total  strain  parallel  to  axis  of  x=-p-- p —  =  j-  =Eex; 


II     II      II   II 


II     ((      I  I   I  I 


N2     N3+N1    dv      „ 


y      E  aE 

N3     N1+N2    dw 


E 


aE 


dz 


-Ee,. 


(18) 


The  form  in  which  these  equations  are  given  is  due  to  Grashof. 
Solving  for  Ni,  N2,  N3, 


a(a-l)E^  aE^ 

^'~(a  +  l)(<T-2)^"+((T  +  l)(<T-2)*'^*^^'-'' 


a{a-\)E^ 

N2  =  7ZTTT7T-^ey  +  - 


aE^ 


((7  +  1)  ((7 -2)"^    '    (<7  +  l)(<7-2) 


(e^+ex), 


N3 


a{a-l)E^ 


61 +  : 


aE^ 


'3     (^  +  i)(^_2)--  '  (^  +  i)(^_2) 
which  may  be  written  in  the  form 


(fixi^yJt 


(19) 


iVi 

=AEex  +  ^E{et 

,  +  ^z),   ' 

N2 

=AEey  +  m{e, 

+e.), 

N3 

=AEe,  +  XE{e, 

+0,  1 

a(a-l)E 
^-{a  +  lXa-2)' 

X     .       "^ 

wnere 


(a+l)(<7-2)- 
and  X  is  the  coefficient  of  dilatation. 


(20) 
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Again,  the  straining  changes  the  angle  RPS  by  an  amount 
T-  +^,  producing  two  tangential  stresses,  each  equal  to  G  (-5—  +;j-)  , 
parallel  to  the  axes  of  y  and  z.    Therefore 


^'=«(|-£)' 


(21) 


G  is  called  the  coefficient  of  rigidity  or  transverse  elasticity.  It 
is  designated  n  in  Thomson  and  Tait's  notation,  and  fi  in  Lamp's 
notation. 

Relation  between  A,  X,  and  G. — Equations  (20)  and  (21)  pre- 
serve the  same  forms  whatever  rectangular  axes  may  be  chosen. 

Keep  the  axis  of  z  fixed  and  turn  the  axes  of  a;  and  y  through 
an  angle  a. 

Let  iVi'  be  the  normal  stress  parallel  to  the  new  axis  of  x.    Then 

Ni'  =Ni  cos2  a  +N2  sin2  a  +2T3  sin  a  cos  a.  .     .     (22) 
Let  x',  y'  and  u',  v'  be  the  new  co-ordmates  and  displacements. 

Therefore        N,'=A^+x(-^  +  ^)  =iA-X)-^+Xe.  .    .     (23) 

^      du    dv     dw        „    du'    dv'     dw'    .         .        .     , 
^'''' dS+^+dJ'    =^=^'+d^'+^'  isanmvariant. 

The  values  of  Ni  given  by  eqs.  (22)  and  (23)  must  be  identical. 
Now 

x=x'  cos  a  —  y'  sin  a,  y=x'  sin  a  +y'  cos  a, 
u'=u  cos  a+v  sm  a,    v' = —u  sina+v  cos  a- ^ 

„  du'    du  dv    . 

Hence         T-,=:n  cos  a  +-r-,  sm  a 
dx'    dx'  dx' 


(24) 


dv     .  „         /du     dv  \    . 
-cos^  a  +-^  sm2  a  +  ( t-  +3— )  sm  a  cos  a 
dy  \dy     dx  I 


du  dv  Tz    . 

-■  -5— cos^  a  +3—  sm^  a  +7=9-  sm  a  cos  a ; 

dx  dy  G 
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and  by  eq.  (23), 

\T  I     /A     •>\  /du      „        dv  .  „        Ta  .  \ 

JSi  =(A-/)^^^cos2a+^sm2a+-^sinacosa:) +^(?.      (25) 

Also,  by  eqs.  (20)  and  (22), 

M  r     rA     )\{du  dv   .  2T3    .  \      , 

iVi  =(A-A)(^^cos2a+—  sina+j-^^sina  cos  aj  +Xd.     (26). 

Eqs.  (25)  "and  (26)  must  be  identical. 

Therefore  G=^  =  _^  =  ^=^ (27) 

Adding  together  eqs.  (20), 

Ni+N2+N3  =  iA+2X)E{e:c+ey+e^) 

—     _n\fix'TSy-rez). 

It  may  be  easily  shown  that  the  normal  stresses  can  each  be 
separated  into  a  fluid  pressm-e  p  and  a  distorting  stress. 
Hence,  putting 

E 

the  cubic  elasticity=^-^-^=3(^^=Z.  .    .    (28) 
dx    dy    dz 

19,  Applications. — 1.  Traction. — One  end  of  a  cylindrical  bar  of 
isotropic  material  is  fixed  and  the  bar  is  stretched  in  the  direction 
of  its  length.  The  axis  of  the  bar  is  the  only  line  not  moved  laterally 
by  contraction. 

Take  this  line  as  the  ax's  of  x. 

The  displacements  u,  v,  w  of  any  point  x,  y,  2  may  be  expressed 
in  the  form 

u=ax,    v=—^y,    w=—^z (29) 

By  eqs.  (20)  and  (29), 

Ni=aA-2pX, (30) 

iV2=-/3A+-l(^+a)=iV3 (31) 
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By  eqs.  (21)  and  (29),  all  the  tangential  stresses  vanish. 

Hence,  since  A^i,  A''2,  N3  are  constant,  and  since  the  equations 
of  internal  equiUbrium  contain  only  differential  coefficients  of  the 
stresses,  the  hypothesis,  eq.  (29),  satisfies  these  equations. 

First.  Let  N2=0=N3;  i.e.,  let  no  external  force  act  upon  the 
curved  surface.     Then 

-/?A+;(^  +  a)=0, 

or  -=T^i=- (32) 

Thus,  the  coefiicient  of  contraction  is  less  than  the  coefficient  of 
expansion. 

Again,  by  eqs.  (30)  and  (32), 

El^A-2l=A-''-^=E (33) 

a  a  a 

Second.  If  the  bar,  instead  of  being  free  to  move  laterally,  has 
its  surface  acted  upon  by  a  uniform  pressure  P,  then 

N2=N3=P. 

By  eqs.  (31)  and  (32), 

?            ^^-^1                 -  f35^ 

a~X{Ni  +  2P)-ANi '^'^^^ 

For  example,  let  P  be  sufficient  to  prevent  lateral  contraction. 
Then  /3=0  and,  by  eqs.  (31)  and  (35), 

AP 

aA  =  Ni  =  ^={a-l)P. 

2.  Torsion. — (a)  Let  a  circular  cylinder  (hollow  or  solid)  of 
length  I  tindergo  torsion  around  its  axis  (the  axis  of  x),  and  let  t 
be  the  angle  through  which  one  end  is  twisted  relatively  to  the  other. 
A  point  in  a  transverse  section  distant  x  from  the  latter  will  be 

twisted  through  an  angle  x-j. 
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The  displacemeate  u,  v,  w  of  the  point  x,y,z'm  this  section  may 
be  expressed  in  the  form 

u=0,    v=—zxj,    w=+yx-. 
By  eqs.  (20)  and  (21), 


and 


ri=0,     T2=+Gy\,    T3=-Gz-^. 


The  algebraic  sum  of  the  moments  of  T2,  T3  with  respect  to  the 
axis  ' 

r  being  the  distance  of  the  point  {x,  y,  z)  from  the  axis. 

Hence  the  moment  M=Pp  (Chap.  IX),  of  the  couple  producing 
torsion 


-G^frHS=G^J=Gej, 


dS  being  an  element  of  the  area  at  {x,  y,  z),  J  the  polar  moment 
of  inertia,  and  6  the  torsion  per  unit  of  length  of  the  cylinder,  or  the 
rate  of  twist. 

The  torsional  rigidity  of  a  solid  cylinder 

B  being  the  radius  of  the  cyhnder. 

(6)  Torsion  of  a  bar  of  elliptic  section. 

The  displacements  u,  v,  w  may  now  be  expressed  in  the  form 

u=F{y,  z),    v=—dxz,    w=dxy. 

du    „    dv    dw 
Therefore  ^=0=^=^, 

Ni=0=N2=N3, 
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^-«'     =^^=^(1+^^)'    ^3=G(|-^.).     .     .  (36) 
Hence,  by  the 'general  eqs.  (3), 

dhi    d?u    „  .  „, 

^^+dP=0 (37) 

Also,  the  surface  stresses  are  zero,  and  therefore 


Hence,  by  eqs.  (35), 


^dz—^^dy=0(zdz+ydy) (39) 


This  equation  must  hold  true  at  the  surface. 
Let  the  equation  to  the  elliptic  section  be 

v^     z^ 

|-+^2  =  1 (40) 

Then  rf-  =  -^, =    =    .     (41) 

and,  by  eq.  (38), 

„  du    ,„  du        „    ,-,„      „,  ,,„, 

c2y-+b^z^  =  -dyz(b^-c^) (42) 

u=dyz  satisfies  this  last  equation  and  also  eq.  (36),  if 

^=-%^-^^ (43) 

Again,  the  algebraic  sum  of  the  moments  T2,  T3  with  respect 
to  the  axis  of  x 

=G{id+d)y^-(d-d)z^] 

=^2(^'y'+b'z')-    ■  ■    ■     (44) 
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The  total  moment  (M)  of  the  couple  producing  torsion 

and  the  torsional  rigidity 

M        7r&3c3 
-T=^¥+? (45) 

(c)  Torsion  of  a  bar  of  rectangular  section. 
As  in  case  (6),  u  must  satisfy  the  equation 

d?  +  J?=0 (46) 

Also,  the  equations  of  condition  corresponding  to  eq.  (38)  are 

du    „      ^       ^ 

-^-dz=0    when    y=±h, (47) 

arid 

Q/ii 

■-^+dy=0    when    z=  ±c;     .....     (48) 

2b  and  2c  (6<  c)  being  the  sides  of  the  rectangle.    The  total  moment 
of  torsion,  viz.,  f{Tiy-Tzz)dS,  is  then  found  to  be 


M  =  l&>HGe 


l_m    y^°°tan/^(2n  +  l)g 


(49) 


3     ttScZ^o        (2?i  +  l)5 
If  6=c,  i.e.,  if  the  section  is  a  square,  eq.  (48)  becomes 

M  =  MU<o2JGd, (50) 

J  (=1?)*)  being  the  polar  moment  of  inertia  with  respect  to  the 


axes.     (Chap.  IX.) 

ill, 

M  =  \mcGe(^-.2^-y   ......    (51) 


If  -  is  very  small,  eq.  (48)  becomes 
c 
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The  torsional  rigidity  of  a  rectangular  section  is  sometimes  expressed 
by  the  formula 

M     5    b^cs  ^ 

e  ~18b^+c^^ ^^^^ 

For  the  further  treatment  of  this  subject  the  student  is  referred 
to  St.  Venant's  edition  of  Clebsch,  and  to  Thomson  and  Tait's  Natural 
Philosophy. 

3.  Work  done  in  the  small  strain  of  a  body  (Clapeyron's  Theorem). — 
Multiply  eqs.  (3)  by  u  dx  dy  dz,  v  dx  dy  dz,  w  dx  dy  dz,  and  find  the 
triple  integral  of  their  sum  throughout  the  whole  of  the  solid. 

The  terms  involving  the  components  P^,  Py,  P^  may  be  dis- 
regarded, as  the  deformations  due  to  their  action  are  generally 
inappreciable. 

Also, 


/// 


f...... 


-ff{RJuJ-N."uJ')dy  dz-/f/N,°gdx  dy  dz; 


NJ ,  Nx"  being  the  values  of  Ny  at  the  two  points  in  which  the 
line  parallel  to  the  axis  of  x  cuts  the  surface  of  the  body,  and  uj 
Ux"  the  corresponding  values  of  u. 

Let  d8,  dS'  be  the  elementary  areas  of  the  surface  at  these  points 
and  I',  I"  the  cosines  of  the  angles  between  the  normals  to  these 
elements  and  the  axis  of  x. 

The  double  integral  on  the  right-hand  side  of  the  last  equation 
then  becomes 

//{NJVuJdS  -NJ'V'uJ'dS')  =  I(NiludS). 

Treating  the  other  terms  similarly, 

0  =  I{iNil  +  T3m  +  T2n)u  +  (T3l+N2m  +  Tin)v 

+  iT2l  +  Tim+N3n)w]dS 

-///dxdydz[N,^^+N2^y+N3^ 

dv    dw\  (dw    du\  Idu    dv\ 


-^<i-%)-<l-t)-<l- 


dy!  \dx    dzl  \dy    dx/ 
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Hence  the  work  done=^I{Xu+Yv+Zw)dS 
-i//fdx dy  dz  {g^^^+2G)^^'  +N2+Nsr 

-^{NiNz+N^Ns+NsNi-Tx^-Tz^-Ts") 
=^///dx  dy  dz g ~ 

G  I' 

E  being  the  ordinary  modulus  of  elasticity. 

20.  Transmission    of    Energy. — Consider   a  small  parallelopiped 
of  the  material,  moving  in  any  direction  OR  with  a  velocity  v,  the 
components  of  v  parallel  to  the  axes  OX,  OY, 
OZ  being  v^,  Vy,  and  v^,  respectively. 

Let  fxx,  fyy,  fzz, ...  be  the  mean  intensities 

of   stress  over   the  faces  which  are  at  right 

,  angles  to  the  axis  defined  by  the  first  suffix, 

and  in  the  direction  of  the  axis   defined  by 

the  second  suffix. 

Let  Tx,  Ty,  Tj  be  the  energies  transmitted 
across  the  three  faces  perpendicular  to  OX,  OY, 


oy: 


dx 


^y 


-H 


Fig.  376. 
and  OZ,  respectively.    Then 


T^=dydz{fxxVx+fxyVy+ixzVz)  +energy  of  resilience + energy  of  motion 
=dy  dz{fxxVx+fxyVy  +fxzVz)  +dx  dy  dz  \  [^^  +-^  "^"W /  "^"23  J " 

Disregarding  the  energies  of  resilience  and  motion, 

Tx=dy  dz{fxxVx+fxyVy+fxzVi). 
So  also  Ty=dZ  dx(fyxVx  +fvy1>y  +fyzVz) 

and  T,  =dx  dy(f,xVx+fzyVy+fzzVz). 

Ex.  15.  Find  the  least  diameter  of  a  shaft  which  will  transmit  1000  H.P. 
at  a  surface  velocity  of  10  f/s.  and  a  maximum  working  stress  of  10,000  lbs. 
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Let  fr,  vr  f/s.  be  the  stress  and  velocity  at  any  radius  r,  and  let  B  be  the 
inclination  of  the  radius  to  the  axis  Oy.    Then 

fxx  =0,      jxy /r  sin  d,      jxz  =fr  COS  d; 

Vx  =0,        Vy=—Vr  sin  B,        Vz  =Vr  COS  8. 

Therefore     Tx  =dy  dz  (frVr  sin^  6  +frVr  cos^  B)  =dy  dz  frVr. 

If  R  is  the  radius  of  the  shaft,  /  the  surface  stress,  and  V 
the  surface  velocity, 


Fig.  377. 


T  ^  T 

fr=^i     and     Vr=-nV. 


Tx=dydzt^r\ 


Therefore 
and  the  total  work  transmitted  across  the  section 


=  I{Tx)J-^^2{r'dydz)J-^''-^. 

Hence,  100^0  llij.  =550X1000, 

or      72^=3  5 
and    22  =  1.87  ins. 

21.  Thick  Cylinders. — If  the  thickness  -of  the  cylinder-shell  is 
large  as  compared  with  the  radius,  it  cannot  be  assumed  that  the 
stress  is  uniformly  distributed  over  this  thickness.  As  in  the  case  of 
thin  cylinders,  however,  it  will  be  assumed — 

(a)  that  the  metal  is  homogeneous  and  free  from  initial  strain; 

(&)  that  the  pressures  are  uniformly  distributed  over  the  internal 
and  external  surfaces. 

It  will  also  be  assumed — 

(c)  that  the  cylinder-ends  are  free; 

id)  that  the  annulus  forming  the  section  of  the  cylinder  is  com- 
posed of  an  infinite  number  of  concentric  rings. 

Under  these  conditions  the  straining  of  the  cylinder  cannot  affect 
its  cylindrical  form.  Hence  right  sections  of  the  cylinder  in  the 
unstrained  state  remain  planes  after  the  straining,  so  that  the 
longitudinal  strain,  i.e.,  the  strain  in  the  direction  of  the  cylinder's 
length,  is  the  same  at  every  point. 
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Consider  an  elementary  ring  bounded  by  the  radii  r  and  r+dr. 

At  any  point  of  this  ring, 

Let  q  be  the  normal  (i.e.,  radial)  stress; 

"  /be  the  hoop  stress,  i.e.,  the  stress  tangential  to  the  ring; 

"   s  be  the  stress  at  right  angles  to  the  plane  of  the  ring; 

"   a,  p,  y  he  the  corresponding  strains ; 

"   E,  aE  be  coefficients  of  direct  and  lateral  elasticity; 

'"  ?o,  /o  and  qi,  /i  be  the  values  of  q  and  /  at  the  outer  and  inner 
surfaces  of  the  cylinder  respectively. 
-   i'hen,  since  q,  f,  and  s  are  principal  stresses. 


E     aE' 


E      aE 


P  =  -w-^:W>    and    r=-S'-^rsr 


E     aE' 


(1) 


But  ;-  is  constant.  Also,  since  the  ends  are  free,  the  total  longitu- 
dinal pressure  on  a  transverse  section  is  nil,  and  hence  it  may  be 
inferred  that  s  is  zero  at  every  point.     Adopting  this  value  of  s, 

/ + g = a  constant = c. 

The  radial  stress  q  diminishes  from  the  inner  to  the  outer  surface 
and  may  be  represented  by  the  ordinates  of  some  curve  q^qqi,  in  which 
'■o?0)  '■Q')  and  rigi  define  the  radial  stresses  at  the  outer  surface  of 
radius  Tq,  at  the  radius  r,  and  at  the  inner  surface  of  radius  ri-  Then 
2  X  area  rog'o5'i'"i  =  the  total  resistance  to  sepa- 
ration between  the  two 
halves  of  the  cylinder 

=2(317-1 -gor-o), 

or  area  r^^^in  =  q^ri  -  qoVo. 

Fig.  378.  So,        area  rqqin  =  qin  -qr=-  fjjdr, 

the  sign  being  negative  as  /  and  q  are  opposite  kinds  of  stresses,  i.e., 
one  is  a  tension  and  the  other  a  pressure. 


Therefore 
Take 


f+q  J-q 


+'-^=5+C 


(2) 
(3) 
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and  qJ-±^-l^=B-C (4) 

The  two  principal  stresses  /  and  q  may  now  be  regarded  as  con- 
sisting of  a  pair  of  equal  stresses  of  the  same  kind  and  of  intensity 

B  ( =   ^-^l ,  and  a  pair  of  equal  stresses  of  opposite  kind  and  of  intensity 

First.   Assimie  that  only  the  stresses  ±C  are  acting  and  that 
therefore 

B  =  qJ-^,    or    f=-q. 
Then  ;=_5  =  ^(^,)=^+^, 

do 
or  2g+r^=0, 

and  therefore  qr^  =  a  constant  =  A . 

Thus  C=^-^=-q=-f, (5) 

Second.  Assume  that  only  the  stresses  B  are  acting  and  that  there- 
fore 

C  =  0=^-^,     or    f  =  q. 

d  ,    s  dq 

Then  /=2=^(3^)=2+V 

dq    „ 

Therefore  g  =  a  constant  =/ =5 (6> 

Third.  Assuming  now  that  the  two  pairs  of  stresses  act  together 
and  superposing  the  results  just  obtained, 

f-B-i (7) 
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But  q=qo  when  r=ro,  and  q=qi  when  r=ri 

Therefore 
from  which  it  follows  that 


A  A 

qo=B-\ — 2    and    qi=B-\ — 5, 


^^(gi-goW    ^^^    ^^MizML 


r^-r^ 


r^-r-^ 


Hence 


_go7-o^-giri^     gi-go    ri^r-o^ 


r^      r^—r^ 


and 


qoro^-qiri^    qi-qa    r^r^ 


r^-r-f 


r^-r^' 


When 
Therefore 


?'=n,    /=/i;    and  when    r-=ro,    /=/o. 


r^—r^ 


and 


/i  =  - 


Eqs.  (11)  are  employed  in  the  design  of  gun-barrels. 
Again,  take  50=0.    Then 


and 


Therefore 


/o=  ^gi 


/o       2ri2   ^^^ 


(8) 


(9) 
(10) 


(11) 


(12) 


Eqs.  (12)  are  used  in  the  design  of  the  cylinders  for  hydraulic 

presses,  accumulators,  etc.    Also,  since  5i=-/i  —^ ^,   q\    must 

always  be  less  than  /i  whatever  the  thickness  of  the  cylinder  may  be, 
and  if  /i  is  the  safe  working  stress  of  the  material,  q^  is  the  maximum 
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intensity  of  pressure  to  which  the  cyUnder  can  be  subjected.    This 
result  is,  of  course,  based  on  the  assumption  that  ^0=0. 
By  eq.  (10),  since  /=/i  when  r=ri,  ther 

Therefore 

^=      ,  _ =  j-^,  approximately,  if  go  is  small. 


Hence 


Therefore 


\  ^2  /     8  /2/  r^2  /^8/2/ 

g     1  g^ 
=  1 + T  +  2  72 )  approximately. 


ri  thickness  of  cylinder    g  ^^     1  5 


=i(l+,4).  .    .    :    .    (13) 


The  result  given  by  eq.  (13)  may  be  used  as  a  second  approxima- 
tion for  the  thickness,  a  first  approximation  being  that  given  by  eq.(l) 
in  Chap.  IV,  Art.  8. 

Ex.  16.  The  barrel  of  a  gun  is  made  up  of  three  rings  A,  B,  C,  the  bore  0/ 
the  gun  and  the  diameters  of  the  rings  being  in  the  ratio  of  2:4:5:6.  The  ring 
B  is  shrunk  upon  A,  and  the  ring  C  upon  B,  the  resulting  pressures  at  the  surfaces 
of  contact  being  4  tons/sq.  in.  If  the  firing  of  the  gun  produces  an  internal  pres- 
sure of  20  tons/sq.  in.,  find  the  stresses  induced  in  the  gun. 

Let  n,  ri,  ri,  n  be  the  radii  of  the  four  surfaces; 

qi,  q2,  qz,  q*   "     "    radial  stresses  at        ' ' 

A)    fh   fh   f*    "     "   hoop  stresses   "        "        before  firing; 

F,,Fz,F,,Fr'    "      "         "        "        "       after      " 

Before  firing.    Forring  A,  51=0,  g2=4t./sq.  in.    Therefore 

:  =  —  t/sq.  m.    and    /z  =  4  — ;  =—  t/sq.  m. 


ri' 


-n'      3        ^  '  r^'-n'     3 
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For  ring  B,  32=4  t/sq.  in.  =93.    Therefore 

^' 1^^^' 4  t/sq.  in.      and    /a j^-j— ; 4  t/sq.  in. 


For  ring  C,  33=  4  t./sq.  ia.,  34=0.     Therefore 


/3=-4 


A'  — ra' 


244_      .  ,     ,  Sra' 

—t/sq.  in.      and    A=--i— l 
11  ri'  — n 


200  ^  .      ,. 
=  -— t/sq.  in. 


A/ier  ■pring.     Let  P  be  the  pressure  per  square  inch  at  the  surface  between 
A  and  B. 

Let  Q  be  the  pressure  per  square  inch  at  the  surface  between  B  and  C. 
For  ring  A,  qi  =20,  q2=P.     Therefore 

2fn'-20(r3'+n')     8        100  5        40 


lOX 


Fig.  379. — Initial  Stresses  in  Metal  before  Firing. 

Fcyr  ring  B,  qi  =P,  53  =Q.    Therefore 

„     2Qn'-P(n'+r,')     50  _    41 
u^-u^  9         9 


and 


„     Q(r-3'+r.')-2Pr.'    41        32  „ 


Assuming  that  the  Fi  for  ring  A  is  equal  to  the  ¥2  for  ring  B,  then 

5p_40_50      £1 
3         3      9^     9    ' 


or  28P-25Q=60. 

For  ring  (7,  53=6  and  g4=0.    Therefore 

u'  —  r-i'         11 


F.  =  -2Q 


n'-r3'        11 
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Assuming  that  the  Fz  for  ring  B  is  equal  to  the  F^  for  ring  C,  then 

lOOOQ  =352  P, 
Q=.352P. 


Fig.  380.— Stresses  Induced  by  Firing.  Fig.  381.— Combined  Stresses. 

But28P-25Q=60. 

Therefore  P=3it/sq.  in.     and    Q  =  l.l  t/sq.  in. 

Hence  the  stresses  after  firing  are 

Pi  =  -25  t/sq.  in.,      Pj  =  -8^  t/sq.  in., 

Pa  =  -6.1  t/sq.  in.,    Pi 5  t/sq.  in., 

and  the  total  resultant  stresses  are 

/i  +Pi  = '/  -25  =  - 14^  t/sq.  in., 
/2 +P.  =-y--8i  =-U  t/sq.  in., 
/3+P3=  -^V--6.1  =  -28iVir  t/sq.  in., 
/4+P*=  -Yi»--5=  — W- t/sq.  in. 

Figs.  379,  380,  and  381  represent  respectively  the  stresses  in  the 
material  of  the  gun  developed  before  firing,  by  firing,  and  these  stresses 
combined. 
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EXAMPLES. 

1.  The  principal  stresses  on  two  planes  aa'  and  66',  at  a  point  0,  are  thrusts 
of  94  and  26  lbs.  per  square  inch.  Find  the  kind,  intensity,  and  obliquity 
of  the  stresses  on  a  third  plane  inclined  at  65°  to  aa'  and  66'. 

Ans.  46.2  lbs.  (thrust);    34°  19'. 

2.  At  a  poirft  within  a  strained  solid  the  stress  on  one  plane  is  a  tension 
of  120  lbs.  per  square  inch  with  an  obliquity  of  30°,  and  on  a  second  plane 
a  compression  of  60  lbs.  with  an  obliquity  of  60°. 

Find  (1)  the  principal  stresses;  (2)  the  planes  of  principal  stress;  (3)  the 
plane  on  which  the  stress  is  wholly  tangential. 

Ans.  (1)  A  tension  of  127.75  lbs.  and  a  thrust  of  47.11  Ibs./sq.  in. ; 
(2)  r  =21°  40';  (3)   r =31°  16' and  stress  =77.576  Ibs./sq.  in. 

3.  At  a  point  within  a  solid  there  is  on  some  one  plane  a  thrust  of  200  lbs, 
per  square  inch  of  obliquity  15°,  and  on  another  a  thrust  of  80  lbs.  per 
square  inch  of  obliquity  30°.  Find  the  principal  stresses  at  that  point, 
the  position  of  the  axis  of  greatest  principal  stress  relative  to  the  first  plane, 
and  the  inclination  of  the  two  planes  to  each  other. 

Ans.  213.028  and  58.152  Ibs./sq.  in. 

4.  At  a  point  within  a  strained  solid  the  stresses  on  two  planes  at  right 
angles  to  each  other  are  a  thrust  of  30\/2  lbs.  and  a  tension  of  60  lbs.  per  square 
inch,  the  obliquities  being  45°  and  30°  respectively.  Determine  (a)  the  "principal 
stresses;  (6)  the  ellipse  of  stress;  (c)  the  intensity  of  stress  upon  a  plane  inclined 
at  60°  to  the  major  axis. 

Ans.  (a)  A  tension  of  61.76  lbs.  and  a  thrust  of  39.80  lbs.; 
(c)  A  thrust  of  57.06  lbs. 

5.  At  a  point  in  a  plane  the  stress  on  one  plane  is  a  thrust  of  150  lbs.  per 
square  inch  with  an  obliquity  of  15°,  and  on  another  plane  the  stress  is  a  thrust 
of  90  lbs.  with  an  obliquity  of  30°.  Find  the  principal  stresses,  the  position 
of  the  axis  of  greater  principal  stress  relatively  to  the  first  plane,  and  the 
inclinations  of  the  two  planes  to  each  other. 

6.  At  a  point  within  a  strained  solid  there  are  two  conjugate  stresses,  viz., 
a  tension  of  200  lbs.  and  a  thrust  of  150  lbs.  per  square  inch,  the  common 
obliquity  being  30°.  Find  (a)  the  principal  stresses;  (6)  the  maximum  shear 
and  the  direction  and  magnitude  of  the  corresponding  resultant  stress;  (c) 
the  resultant  stress  upon  a  plane  inclined  at  30°  to  the  axis  of  greatest  principal 
stress. 

Ans.  (a)  A  tension  of  204.65  lbs.  and  a  thrust  of  146.95  lbs.  per  square  inch; 
(6)  175.8  lbs.  per  square  inch.;   177.95  lbs.  in  a  direction  making  an 

angle  of  9°  20'  with  the  axis  of  greatest  principal  stress; 
(c)  163.3  lbs.  per  square  inch. 

7.  From  external  conditions  the  stresses  on  two  planes  at  a  point  in  a 
solid  are  thrusts  of  54  and  30  lbs.  per  square  inch  and  are  inclined  at  10°  and 
26°  respectively  to  the  normal  of  these  planes.  Find  the  principal  stresses 
at  the  point,  the  position  of  the  axis  of  greatest  principal  stress  relatively 
to  the  first  plane,  and  the  inclination  of  the  two  planes  to  each  other. 

Ans.  55.93  and  20.97  Ibs./sq.  in.;   16°  17J';   65°  33'. 
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8.  At  a  point  within  a  strained  solid  the  stress  on  one  plane  is  a  tension  of 
50  lbs.  per  square  inch  with  an  obUquity  of  30°,  and  upon  a  second  plane  is 
a  compression  of  150  lbs.  per  square  inch  with  an  obUquity  of  45°.  Find 
(a)  the  principal  stresses;   (&)  the  angle  between  the  two  planes;   (c)  the  plane 

.upon  which  the  resultant  stress  is  a  shear,  and  the  amount  of  the  shear. 

Ans.  (a)  pi=179.98  lbs.  (comp.),   pa  = -46.12  lbs.  (tens.); 
(6)  61°  31'; 
(c)  91.11  lbs.;    r=26°51'. 

9.  The  principal  stresses  at  a  point  in  a  strained  sohd  are  a  tension  of  300 
lbs.  and  a  thrust  oM60  lbs.  Find  the  resultant  stresses  on  a  plane  making  an 
angle  of  30°  with  the  plane  of  principal  stresses.  Also  find  the  plane  upon 
which  the  stress  is  wholly  a  shear,  and  determine  the  intensity  of  this  shear. 

Ans.  272  Ibs./sq.  in.;   36°  9';   219  Ibs./sq.  in. 

10.  The  total  stress  at  a  point  0  upon  a  plane  AB  is  60  lbs.  per  square 
inch,  and  its  obliquity  is  30°;  the  normal  component  upon  a  plane  CD  at  the 
point  0  is  40  lbs.  per  square  inch;  CD  is  perpendicular  to  AS.  Find  (a)  the 
total  stress  upon  CD,  and  also  its  obliquity;  (b)  the  principal  stresses  at  0; 
(c)  the  equal  conjugate  stresses  at  0. 

Ans.  (a)  tan-'(l);   50  lbs.; 

(6)  76.57  lbs.  and  15.39  lbs.; 

(c)  34.32  lbs.;    obliquity  =41°  42'. 

11.  At  a  point  in  a  strained  body  tbe  stresses  are  a  tension  of  255  lbs.  and 
171  lbs.  per  square  inch.  Find  the  stress  on  a  plane  inclined  at  27°  to  the 
plane  of  principal  stress,  and  its  obliquity.  Ans.  240  Ibs./sq.  in.;  8°  8'. 

12.  The  principal  stresses  at  a  point  in  a  strained  mass  are  a  tension  of 
300  lbs.  and  a  thrust  of  160  lbs.  per  square  inch.  Find  (a)  the  obliquity  and 
intensity  of  stress  on  the  plane  at  30°  to  the  plane  of  greatest  stress;  (6)  the 
intensity  of  the  tangential  stress  on  the  plane  upon  which  that  stress  is  greatest; 
(c)  the  angle  to  the  plane  of  greatest  stress  of  the  plane  upon  which  the  stress 
is  entirely  a  shear.     Also  find  the  intensity  of  the  shear. 

Ans.  (a)  47°  7',  272  lbs.;  (6)  230  lbs.;  (c)  53°  52',  219  lbs. 

13.  If  the  principles  of  the  ellipse  of  stress  are  applicable  within  a  mass 
of  earth,  and  if  at  any  point  of  the  mass  the  stress  upon  a  plane  is  double 
its  conjugate  stress,  the  angle  between  the  two  stresses ,  being  20°  28',  show 
that  the  angle  of  repose  of  the  earth  is  27°  58'. 

14.  At  a  point  in  a  strained  solid  the  intensity  of  shear  on  two  planes  at 
.right  angles  is  24  lbs.;  the  obliquity  of  the  resultant    stress    on   one    plane 

is  sin~'-8,  and  of  the  resultant  stress  on  the  other  plane  issin~'-6.  Find 
(a)  the  magnitudes  of  the  two  forces.  Also  find  (&)  the  stress  upon  a  plane 
bisecting  the  two  planes  in  question;    (c)  the  principal  stresses  at  the  point. 

Ans.  (a)  40  lbs.,  30  lbs.;  (6)  49.5  lbs. 

15.  At  a  point  within  a  solid  there  is  a  pair  of  conjugate  stresses  of  30  and 
40  lbs.  per  square  inch.  Their  common  obliquity  is  ip°.  Find  the  principal 
stresses  and  the  angle  which  the  normal  to  the  plane  of  conjugate  stresses 
makes  with  the  plane  of  principal  stresses. 

Ans.  43i  and  27i  Ibs./sq.  in.;  30°  20'. 
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1 6.  At  a  point  within  a  strained  solid  the  stress  on  one  plane  is  a  tension 
of  100  lbs.  per  square  inch  with  an  obliquity  of  30°,  and  on  a  second  plane 
a  compression  of  50  lbs.  with  an  obliquity  of  60°.  Find  (a)  the  angle  between 
the  planes;  (6)  the  plane  upon  which  the  stress  is  wholly  a  shear;  (c)  the 
planes  of  principal  stress;  also  (d)  find  the  conjugate  stresses  which  have  a 
common  obhquity  of  45°. 

An§.  (a)  50°  5';   (b)  64.6  lbs.;  r=31°16'; 

(c)  p.  =106.46  (tens.),  pj= -39.26  (compr.); 

(d)  92.63  lbs.  (tens.),  45.11  lbs.  (compr.). 

17.  At  a  point  within  a  strained  mass  the  principal  stresses  at  a  given 
point  are  in  the  ratio  of  3  to  1.  Find  the  ratio  of  the  conjugate  stresses  at 
the  same  point  having  the  common  obliquity  30°.  Also  find  the  inclination 
of  the  axis  of  greatest  principal  stress  to  the  horizontal. 

Am.  Equal;  60°. 

18.  A  bar  of  iron  is  at  the  same  time  under  a  direct  tensile  stress  of  5000 
lbs.  per  square  inch  and  a  shearing  stress  of  3500  lbs.  per  square  inch. 
What  would  be  the  resultant  equivalent  tensile  stress  "on  the  material? 

Ans.  6801  lbs. 

19.  Taking  the  safe  tensile  stress  of  wrought  iron  to  be  5  tons  per  square 
inch,  determine  whether  it  would  be  safe  to  subject  a  piece  of  wrought  iron 
to  a  tensile  stress  of  3.92  tons  per  square  inch  together  with  a  shear  stress 
of  3.36  tons  per  square  inch.        Ans.  Unsafe,  since  max.  stress  =5.85  tons. 

20.  At  a  point  in  a  solid  there  is  a  tensile  stress  of  6  tons/sq.  in.  and  a 
shear  stress  of  4  tons/sq.  in.     Find  the  principal  stresses. 

Ans.  8  and  —2  tons/sq.  in. 

21.  The  principal  stress  at  a  point  in  a  plane  section  of  a  strained  solid 
is  /  tons.  If  the  shear  and  normal  (tensile  or  compressive)  stresses  at  the 
same  point  are  equal,  find  their  values.  Ans.  .618/. 

22.  The  shearing  stress  at  a,  point  in  a  section  of  a  strained  mass  is  4  tons. 
Find  the  normal  stress  (tensile  or  compressive)  at  the  same  point  if  the  max. 
principal  stress  is  not  to  exceed  6  tons.  Ans.  3J  tons. 

23.  At  a  point  in  a  plane  section  of  a  strained  mass  there  is  a  shear  stress 
g  and  a  normal  stress  p  equal  to  one  half  of  the  max.  principal  stress  at  the 
same  point.    Show  that  q  =p^2. 

24.  A  round  shaft  is  in  torsion,  and  the  shear  stress  produced  across  the 
section  near  the  circumference  is  8000  lbs.  per  square  inch.  At  the  same  sec- 
tion the  shaft  is  subjected  to  bending,  and  a  compressive  stress  of  6000  lbs. 
per  square  inch  is  produced.  What  is  the  greatest  compressive  stress  in 
the  material  there?  Ans.  11,544  lbs. 

25.  Taking  6500  tons/sq.  in.  as  the  modulus  of  rigidity  (G)  for  steel,  find 
the  deflection  due  to  shearing  of  a  2"  X  2"  steel  bar,  fixed  at  one  end  and  loaded 
at  the  other  with  a  weight  of  2  tons,  the  length  of  the  bar  being  10  ins. 

Ans.  1. 

26.  The  crank-shaft  of  an  engine  is  5  in.  in  diameter;  the  distance  from 
the  centre  of  the  bearing  to  the  point  opposite  the  centre  of  the  crank-pin, 
AB  in  Fig.  341,  is  12  ins.;  the  half -stroke  AC  in  figure  is  16  ins.,  and  the 
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pressure  applied  to  the  crank-pin  in  the  direction  of  BC  is  5000  lbs.  Find 
the  greatest  intensity  of  thrust;  tension  and  shearing  stress;  and  the  angle  8 
made  by  the  line  of  principal  stress  with  the  axis  of  the  shaft. 

Ans.  6530  lbs.;  4080 lbs;  27°. 

27.  In  an  overhanging  crank  the  crank  radius  is  16  ins.  and  the  distance  be- 
tween the  centre  of  the  crank-pin  and  the  centre  of  the  near  crank-shaft  bearing 
is  12  ins.  When  the  connecting-rod  is  at  right  angles  to  the  crank  the  thrust 
along  the  rod  is  5000  lbs.  Estimate  the  greatest  tensile  and  shearing  stresses 
which  may  occur  in  the  crank-shaft,  the  diameter  of  the  crank-shaft  being 
5  ins. 

28.  A  propeller-shaft  8  in.  in  diameter  is  subjected  to  a  thrust  of  100  tons 
uniformly  distributed  over  its  two  ends,  and  a  twisting  moment  of  30  foot- 
tons.     Find  the  greatest  intensity  of  thrust  and  shearing  stress. 

29.  A  model  for  illustrating  shear  consists  of  a  frame  of  four  equal  bars, 
each  16  in.  in  length,  pivoted  at  the  ends  and  connected  at  diagonally  opposite 
corners  by  springs.  With  one  side  fixed  and  the  opposite  side  subjected  to 
stress  in  the  direction  of  its  length  the  following  observations  were  obtained : 

Extension  of  1st  Diagonal 

and  Compression  of  2d 

in  Inches. 

0 

.30 

.61 

.89 

1.19 

Deduce  the  modulus  (G)  for  this  frame,  and  show  that  the  longitudinal 
strain  is  one  half  the  shear  strain. 

30.  A  wall  12  ft.  high  and  3  ft.  thick  weighs  120  lbs.  per  cubic  foot.  It 
is  built  in  earth  weighing  100  lbs.  per  cubic  foot  and  having  an  angle  of  repose 
of  30°.  Find  the  depth  of  the  foundation  consistent  with  the  equilibrium 
of  the  earth. 

3 1 .  A  wall  is  built  up  in  layers,  the  water  face  being  plumb  and  the  rear  stepped . 
If  t  be  the  thickness  of  the  nth  layer  and  y  the  depth  of  water  above  its  lower 
face,  show  that  width  of  layer  X thickness  oi  lajer  =\/4:A' +  6 Atz+mty'  — 2 A; 
A  being  the  sectional  area  of  the  wall  above  the  layer  in  question,  z  the 
horizontal  distance  between  the  water  face  and  the  line  of  action  of  the 
resultant  weight  above  the  layer,  i  the  layer's  thickness,  and  m  the  ratio  of 
the  specific  weights  of  the  water  and  masonry. 

32.  Assuming  Rankine's  theory,  find  the  pressure  on  the  vertical  face  of 
a  retaining-wall  30  ft.  high  which  retains  earth  sloping  up  from  the  top  at 
the  angle  of  repose,  viz.,  30°. 

(Weight  of  masonry =128  lbs.  per  cubic  foot;  weight  of  earth  =120  lbs. 
per  cubic  foot.)  Am.  46,764  lbs. 


Load  in  '. 

Pounds. 

Movement  of  Side. 

0 

0 

2 

.44 

4 

.88 

6 

1.31 

8 

1.77 
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33.  A  wall  8  ft.  high  supports  an  embankment  having  a  slope  of  20°,  the 
weight  of  the  material  being  120  lbs.  per  cubic  foot,  and  the 
angle  of  repose  25°.     Find  the  average  intensity  of  the  thrust 


^E=-    on  the  wall,  the  total  thrust,  the  horizontal  component  of  thrust, 
and  the  overturning  moment. 


o  B 
Fig.  382. 


34.  A  wall  retaining  water  on  the  vertical  face  AB  overhangs 
by  an  amount  DE.  If  BC=iAB,  and  if  the  deviation  of  the 
centre  of  resistance  in  BC  from  the  middle  point  0  is  <  f BC, 

show  that  the  safe    maximum  value  of  DE  is  .17325 AB,  the  specific  weight 

of  the  wall  being  twice  that  of  the  water. 

35.  A  vertical  retaining-wall  is  strengthened  -by  means  of  vertical  rect- 
angular anchor-plates  having  their  upper  and  lower  edges  18  and  22  ft.  respec- 
tively below  the  surface.  Find  the  holding  power  per  foot  of  width,  the  earth 
weighing  130  lbs.  per  cubic  foot  and  having  an  angle  of  repose  of  30°. 

Ans.  27,733i  lbs. 

36.  A  vertical  rectangular  anchor-plate  of  depth  h  ft.  has  its  horizontal 
centre  line  2  ft.  below  the  ground  surface,  which  is  horizontal.  Find  the 
maximum  holding  power  of  the  plate  per  foot  of  width. 

Ans.  r-T-^)  4'  being  the  angle  of  repose  of  the  earth  and  w  its  specific 

cos^  9 

weight. 

37.  A  ditch  is  6  ft.  deep,  is  cut  in  clay,  and  has  vertical  faces  shored  up 
with  boards.  A  horizontal  strut  is  placed  at  intervals  of  5  ft.,  2  ft.  from  the 
bottom.  Taking  sin  5  =.276,  find  the  thrust  on  the  strut  and  also  the  greatest 
thrust  which  may  be  put  on  the  strut  before  the  earth  without  will  heave  up. 

Ans.  6120  lbs.;   18,825  lbs. 

38.  The  weight  of  a  building  is  5000  tons.  The  area  of  the  concrete  bot- 
tom of  the  foundations  is  2000  square  feet.  At  what  depth  ought  it  to  be 
below  the  level  of  the  soil,  if  the  soil  is  such  that  ^  =42°,  and  if  the  soil  weighs 
100  Ibs./cub.  ft.? 

39.  A  wall  of  rectangular  section,  18  ft.  high  and  8  ft.  thick,  weighs  125  lbs. 
per  cubic  foot.  Find  the  maximum  intensity  of  pressure  at  the  base  when 
the  wall  retains  (a)  water  level  with  the  top,  (6)  earth  level  with  the  top; 
the  angle  of  repose  in  the  latter  case  being  30°  and  the  earth  weighing  100  lbs. 
per  cubic  foot.  Ans.  (a)  5189  lbs.;  (6)  3491  lbs. 

40.  A  brickwork  pier  18  ins.  square  supports  a  load  of  4  tons;  the  result- 
ant presssure  acts  at  a  distance  of  4  ins.  from  the  centre  of  the  pier.  Cal- 
culate the  maximum  and  minimum  stresses  in  the  brickwork. 

Ans.  4.15  tons/sq.  ft.  in  comp.;  .59  ton/sq.  ft.  in  tension. 

41.  The  total  vertical  pressure  on  a  horizontal  section  of  a  wall  of  masonry 
is  100  tons  per  foot  length  of  wall.  The  thickness  of  the  wall  is  4  ft.,  and  the 
centre  of  stress  is  6  ins.  from  the  centre  of  thickness  of  the  wall.  Determine 
the  intensity  of  stress  at  the  opposite  edges  of  the  horizontal  joint. 

Ans.  43.75  and  6.25  ton/sq.  ft. 
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42.  The  slope  of  a  cutting  is  1  in  IJ.  The  earth  weighs  120  lbs.  per  cubic 
foot  and  has  an  angle  of  repose  of  36°.  Find  the  average  intensity  of  pres- 
sure on  a  vertical  plane  extending  3  ft.  below  the  ground  surface.  Also  find 
the  total  pressure  on  the  vertical  plane  and  the  overturning  moment  at  the 
foot  of  the  plane.  Ans.  93.191  lbs.;  279.573  lbs.;  223.633  ft.-lbs. 

43.  A  wall  20  ft.  high  and  6  ft.  thick  retains  earth  on  one  side  level  with 
the  top,  and  on  the  other  the  earth  rises  up  the  wall  at  its  natural  slope,  viz., 
45°,  to  the  height  of  5  ft.    Will  the  wall  stand  or  fall? 

(Weight  of  masonry  per  cubic  foot  =130  lbs.;    of  earth  =120  lbs.) 
Find  the  locus  of  the  centres  of  pressure  of  successive  layers. 
Ans.  Overturning  moment  =4128  ft.-lbs.;   moment  of  stability  =93600g  + 
750(J^ -62)  =36912^  ft.-lbs.  if  g  =f .     The  wall  is  stable. 

44.  A  wall  12  ft.  high,  2  ft.  wide  at  the  top  and  3  ft.  wide  at  the  bottom, 
is  constructed  of  masonry  weighing  120  lbs.  per  cubic  foot.  The  overturn- 
ing force  on  the  rear  face  of  the  wall,  which  is  plumb,  is  a  horizontal  force  P 
acting  at  4  ft.  from  the  base.  Find  P  so  that  the  deviation  of  the  centre  of 
pressure  in  the  base  may  not  exceed  i  ft.  The  centre  of  pressure  being  fixed 
at  2  in.  from  the  middle  of  the  base,  show  that  f  of  the  section  may  be  removed 
without  altering  its  stabiKty,  and  find  the  increase  in  the  inclination  of  the 
resultant   pressure  on  the  base  to  the  vertical  consequent  on  the  removal. 

Ans.  360  lbs.;  tangents  of  angles  are  in  ratio  of  5  to  3. 

45.  A  reservoir  wall  is  4  ft.  wide  at  top,  has  a  front  batter  of  1  in  12, 
a  rear  batter  of  2  in  12,  and  is  constructed  of  masonry  weighing  125  lbs.  per 
cubic  foot;  the  maximum  compression  is  not  to  exceed  10,526tV  lbs.  per 
square  foot.     Find  the  limiting  height  of  the  wall.  ^  Ans.  16  ft. 

46.  A  masonry  pier  12  ft.  high  and  9'X9'  in  section  weighs  125  lbs.  per 
cubic  foot  and  carries"  a  platform  hinged  above  its  centre.  The  end  of  the 
platform  3  ft^  from  the  hinge  is  secured  to  the  pier  by  a  bolt  extending  to 
the  bottom  of  the  pier.  At  the  other  end  of  the  platform,  33f  ft.  from  the 
hinge,  a  weight  W  is  placed.  Find  W  so  that  the  deviation  of  the  centre  of 
resistance  at  the  base  of  the  pier  from  the  middle  point  of  the  base  may  not 
exceed  3|  ft.  Ans.  20,250  lbs. 

47.  A  wall  4  ft.  wide  at  the  top,  with  a  front  batter  of  1  in  8  and  a  rear 
batter  of  1  in  12,  is  30  ft.  high.  Will  the  wall  be  stable  or  unstable  (1)  when  it 
retains  water  level  with  the  top;  (2)  when  it  retains  earth?  (Weight  of 
masonry  per  cubic  foot  =125  lbs.;  of  earth  =112  lbs.;  angle  of  repose=30°; 
andg=f.) 

Ans.  (1)  Moment    of  weight  =128,863  ft.-lbs.;    overturning  moment 
=281,250  ft.-lbs.,  and  the  wall  is  therefore  unstable. 
(2)  Moment  of  weight  =  148,251  ft.-lbs.;    overturning  moment 
=  168,000  ft.-lbs.,  and  wall  is  therefore  unstable. 

48.  A  dock  wall,  plumb  at  the  rear  and  having  a  face  with  a  batter  of  1 
in  24,  is  20  ft.  high  and  9  ft.  wide  at  the  base.  Counterforts  are  built  at  inter- 
vals of  12  ft.,  projecting  3  ft.  from  the  rear  and  6  ft.  wide.  Determine  the 
thickness  of  an  equally  strong  wall  without  counterforts,  with  the  same  face- 
batter  and  also  plumb  in  the  rear. 

If  the  walls  are  founded  in  earth  weighing  112  lbs.  per  square  foot  and 


368  THEORY  OF  STRUCTURES. 

having  an  angle  of  repose  of  32°,  find  the  least  depth  of  foundation  in  each 
case,  the  masonry  weighing  125  lbs.  per  cubic  foot. 

Ans.  10.95ft.;  2.72ft.;  2.71ft. 

49.  Determine  the  limiting  depths  of  foundation  for  (o)  a  wall  of  rect- 
angular section  20  ft.  high;  (6)  for  a  wall  of  trapezoidal  section  having  plumb 
rear  and  front  faces  4  and  20  ft  high  respectively.  (Angle  of  repose  of  earth 
=30°;    weight  of  earth=112  lbs.  per  cubic  foot;    of  masonry  =  l40  lbs.) 

Ans.  (a)  3.22  ft.;   (6)  1.93  ft. 

50.  A  wall  with  one  face  vertical  is  built  up  as  shown  by  the  figure.  If 
w  is  the  specific  weight  of  the  wall,  n  the  number  of  sections,  and  /  the  max- 
imum stress  in  the  material,  show  that 


w  n{2a+nx) 


a-¥x 


SI.  A  wall  of  rectangular  section  20  ft.  high  and  8  ft.  wide  weighs  125 
Ibs./cu.  ft.  and  retains'  earth  level  with  the  top  of  the  wall 
and  weighing  100  Ibs./cu.  ft.  The  angle  of  repose  of  the 
earth  is  30°.  Find  the  distance  of  the  centre  of  resistance 
from  the  middle  of  the  base  and  the  maximum  stress  in  the 
material  of  the  wall.  How  will  these  results  be  modified  if 
water  is  substituted  for  the  earth? 
Ans.  22  ft.,  7500  Ibs./sq.  ft.;  lA  ft.,  5470^  Ibs./sq.  ft. 
Fig.  383 .  ^2.  A  wall  has  a  front  and  a  rear  batter  of  1  in  12,  is  24  ft. 

high,  and  weighs  125  Ibs./cu.  ft.  The  water  on  one  face  rises  to  the  top  of  the 
wall.  Determine  the  width  of  the  base  (a)  if  q=\,  (V)  if  the  stress  in  the 
material  is  nowhere  to  exceed  12,000  Ibs./sq.  ft.        Ans.  14.3  ft.;    20.4  ft. 

53.  A  wall  of  height  h  has  a  horizontal  base  and  a  top  width  of  a  ft.  The 
rear  and  front  faces  have  batters  of  nb  and  6  respectively.     Show  that 

hb(3n-l)+a 
^~  hb{n+l)+a' 

54.  Find  the  total  pressure  per  foot  of  breadth  against  a  retaining-wall 
12  ft.  deep,  when  loose  earth,  weighing  120  lbs.  per  cubic  foot,  presses  against 
it,  the  top  layer  being  horizontal  and  of  the  same  height  as  the  wall.  Also 
calculate  the  overturning  moment. 

SS-  The  front  face  of  a  wall  is  plumb,  and  the  rear  face,  which  retains  water 
level  with  the  top  of  the  wall,  has  a  batter.  The  density  of  the  wall  is  twice 
that  of  the  water.  If  the  width  of  the  base  is  N  times  the  width  of  the  top, 
find  the  deviation  of  the  centre  of  pressure  in  the  base  from  the  middle  of  the 
base,  and  if  this  deviation  is  ^  of  the  thickness  of  the  base,  show  that  the 
height  of  the  wall  is  {N'  +  1)*  times  the  width  of  the  top,  and  find  the  maximum 
intensity  of  pressure  in  the  base. 

56.  Earth  slopes  up  from  the  top  of  the  vertical  faces  of  a  wall  at  an  angle 
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of  20°  The  earth  weighs  130  lbs.  per  cubic  foot,  and  has  an  angle  of  repose 
of  30°-  Find  the  average  intensity  of  pressure  and  the  total  pressure  on  the 
wall.     Also  find  the  overturning  moment. 

57.  A  wall  with  a  plumb  rear  face  is  to  be  30  ft.  high  and  4  ft.  wide  at  the 
top;  the  earth  slopes  up  from  the  inner  edge  at  the  angle  of  20°,  30°  being 
the  angle  of  repose.  Assuming  Rankine's  theory,  determine  the  proper  width 
of  the  base,  the  masonry  weighing  144  lbs.  per  cubic  foot  and  the  earth  110 
lbs.  .  Ans.  li  q=i,t  =  10Mh. 

58.  A  wall  6  ft.  wide  at  the  bottom,  plumb  at  the  rear,  and  with  a  front 
batter  of  1  in  12,  retains  water  level  with  the  top.  Find  (a)  the  limiting  posi- 
tion of  the  centre  of  pressure  at  the  base  so  that  the  stress  may  be  nowhere 
negative. 

How  (b)  high  may  the  wall  be  built  when  subjected  to  this  condition?  (A 
cubic  foot  of  masonry  =  125  lbs.) 

Ans.  (a)  12  in.  from  middle  point  of  base;    (6)  height  =8.9  ft. 

59.  A  wall  of  rectangular  section,  weighing  125  lbs.  per  cubic  foot,  retains 
earth  on  one  side  level  with  the  top  of  the  wall.  The  earth  is  laid  in  horizontal 
layers  and  has  an  angle  of  repose  of  25°.  The  height  of  the  wall  is  6  ft.  Find 
the  average  intensity  of  pressure  on  the  wall,  the  total  pressure,  and  the  over- 
turning moment.  Also  find  the  thickness  of  the  wall  if  the  centre  of  resistance 
deviates  from  the  middle  point  of  the  base  i  of  the  thickness. 


6o.  The  section  of  a  retaining-wall  is  a  parallelogram,  the  upper  and  lower 
faces  being  horizontal  and  one  of  the  diagonals  being  vertical.  The  wall 
retains  water  level  with  the  top.  If  the  thickness  of  the  wall  is  6  feet,  find 
the  height  (1)  so  that  the  stress  may  nowhere  exceed  12,000  lbs.  per  square 
foot;  (2)  so  that  q=i.     (Weight  of  masonry  =125  lbs.  per  cubic  foot.) 

Ans.  (1)  23.02  ft.;  (2)  20.78  ft. 

6i.  A  wall  of  rectangular  section  supports  water  at  one  side  level  with 
the  top.  How  much  of  the  wall  can  be  cut  away  by  a  plane  through  the  toe 
if  the  distance  of  the  centre  of  pressure  at  the  base  from  the  toe  is  ^  of  the 
width  of  the  base? 

With  the  section  of  the  wall  thus  modified,  show  that  its  height  must  be 
double  the  width  of  the  base,  and  also  show  that  the  tangents  of  the  angles 
which  the  resultant  pressures  at  the  base  make  with  the  vertical  are  in  the 
ratio  of  4  to  3.  The  weight  of  the  masonry  per  cubic  foot  is  twice  that  of 
the  water.  Ans.  One  quarter  of  the  wall. 

62.  Show  how  to  design  the  section  of  a  brick  wall,  25  ft.  in  height  and 
weighing  110  lbs.  per  cubic  foot,  which  is  to  retain  earth  weighing  100  lbs. 
per  cubic  foot  level  with  the  top  of  the  wall.  The  angle  of  repose  of  the 
earth  behind  the  wall  =30°;  of  the  earth  below  the  wall  =25°-  Resistance 
of  brickwork  to  crushing  =40  tons/sq.  ft.  Factor  of  safety  =8.  Pressure. of 
earth  below  wall  is  not  to  exceed  IJ  tons/sq.  ft.  The  coefficient  of  friction 
for  the  brickwork  =.74,  and  factor  of  safety  against  sliding  =  1.2.  Front  batter 
=  1  in  12.    The  rear  face  is  vertical. 
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63.  The  front  and  rear  faces  of  a  wall  retaining  water  level  with  the  top 
have  a  batter  of  1  in  12.  The  height  of  the  wall  is  12  feet.  Find  the  thick- 
ness of  the  wall  (a)  if  q  is  .25;  (6)  if  the  stress  at  the  base  is  nowhere  to 
exceed  12,000  Ibs./sq.  ft.     (Weight  of  masonry  =125  lbs.  per  cubic  foot.) 

Arts,  (a)  7.078  ft.;  (b)  5.547  ft. 

64.  A  vertical  rectangular  retaining-wall  of  height  h  has  a  row  of  rect- 
angular counterforts.  The  width  of  a  counterfort  is  equal  to  the  distance 
between  two  consecutive  counterforts.  Find  the  thickness  of  a  rectangular 
wall  giving  the  same  moment  of  stability.  If  Vi  is  the  volume  of  the  counter- 
forted  wall,  Fa  .the  volume  of  the  equivalent  uniform  wall,  and  Va  the  differ- 
ence between  the  volumes  of  the  portions  of  the  wall  with  and  without  counter- 
forts, show  that  72' -71=  =  7s'. 

65.  ABCD  is  the  section  of  a  masonry  wall  retaining  water  level  with 
the  top  and  weighing  125  lbs.  per  cubic  foot.  The  water  face  BC  is  vertical 
and  40  ft.  in  height,  the  base  CD  horizontal  and  twice  the  width  of  the 
horizontal  upper  face  AB,  and  the  rear  of  the  wall  slopes  uniformly  from 
A  to  B.  Find  the  width  of  the  base  so  that  the  stress  in  no  part  can  exceed 
10,000  lbs.  per  square  foot. 

What  must  the  value  of  q  so  that  the  triangular  portion  of  masonry 
ABD  may  be  removed  without  altering  the  stability  of  the  wall? 

66.  The  upper  half  of  the  section  of  a  masonry  wall  is  a  rectangle  4  ft. 
wide,  and  the  lower  half  a  rectangle  6  ft.  wide,  one  face  being  plumb.  Find 
the  height  of  the  wall  so  that  the  stress  on  the  base  may  nowhere  exceed 
10,000  lbs.  per  square  foot  when  the  wall  retains  water  (a)  on  the  plumb 
face;   (6)  on  the  stepped  face.      (Masonry  weighs  125  lbs.  per  cubic  foot.) 

Ans.  (a)  13.08  ft.;  (6)  12.2  ft. 

67.  A  masonry  dam  h  ft.  high  is  a  right-angled  triangle  ABC  in  section, 
and  retains  water  on  the  vertical  face  AB.    Show  that  the  thickness  t  of  the 

base  BC  is  given  by  t'^^-r^ —.,  qt   being   the  deviation  of   the  centre  of 

5(03  +  1; 

pressure  in  the  base  from  the  middle  point. 

4A' 
Also  show  that  the  thickness  will  be  given  by  t=„,„      ^.  if  the  rock 

upon  which  the  wall  is  built  is  seamy,  and  if  it  is  assumed  that  the  commu- 
nication between  the  water  in  the  seams  and  that  in  the  reservoir  produces 
an  upward  pressure  upon  the  base  BC,  varying  uniformly  from  that  equiva- 
lent to  the  head  at  B  to  nil  at  C.  li  q=\,  show  that,  in  order  that  the  wall 
may  sUde,  the  coefficient  of  friction  must  be  less  than  67  per  cent  in  the  first 
and  81  per  cent  in  the  second  case.  (Weight  of  a  cubic  foot  of  masonry  = 
2iX  weight  of  cubic  foot  of  water.) 

68.  A  wall  30  ft.  high  is  of  triangular  section  ABC,  the  face  AB  being 
plumb,  and  water  being  retained  on  the  side  AC  level  with  the  top  of  the 
wall;  the  masonry  weighs  125  lbs.  per  cubic  foot.  Find  the  thickness  of 
the  base  BC  (a)  when  5=f;  (6)  when  stress  in  masonry  is  not  to  exceed 
10,000  lbs.  per  square  foot;    (c)  when  g=J  and  the  wall  also  retains  earth 
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on  the  side  AB  level  with  the  top,  the  angle  of  repose  being  30°-    The  weight 
of  the  earth  per  cubic  foot  =144  lbs. 

Ans.  (a)  17.69  ft.;  (6)  19.72  ft.;  (c)  8.52  ft. 

69.  The  faces  of  a  reservoir  wall  4  ft.  wide  at  top  and  40  ft.  high  have 
the  same  batter,  and  water  rises  on  one  side  to  within  6  ft.  of  the  top.  Find 
the  width  of  base,  assuming  (a)  that  the  pressure  on  the  horizontal  base  is 
to  be  nowhere  negative;  (6)  that  the  pressure  varies  uniformly  and  at  no 
point  exceeds  5068  lbs.  per  square  foot.  (Weight  of  masonry  =  125  lbs.  per 
cubic  foot.)  Ans.  (a)  24.32  ft.;  (6)  30  ft. 

70.  A  wall  of  an  isosceles  triangular  section  with  a  base  36  ft.  wide  hag 
to  retain  water  level  with  its  top.  How  high  may  such  a  wall  be  built  con- 
sistent with  the  condition  that  the  stress  in  the  masonry  is  nowhere  to  exceed 
10,546^  lbs.  per  square  foot?     (Weight  of  masonry  per  cubic  foot  =125  lbs.) 

Ans.  54  ft. 

71.  The  faces  AB,  AC  of  a  wall  are  parabolas  of  equal  parameters  having 
their  vertices  at  B  and  C;  water  rises  on  one  side  to  the  top  of  the  wall. 
Determine  the  thickness  of  the  horizontal  base  BC,  (a)  for  a  wall  50  ft.  high; 
(6)  for  a  wall  100  ft.  high,  so  that  the  pressure  on  the  base  may  at  no  point 
exceed  10,000  lbs.  per  square  foot.  Also  (c)  compare  the  volume  of  such 
wall  with  the  volume  of  an  equally  strong  wall  of  the  same  height,  but  wth 
a  section  in  the  form  of  an  isosceles  triangle  with  its  vertex  at  A.  (Weight 
of  masonry =125  lbs.  per  cubic  foot.) 

Ans.  (a)  32.44  ft.;  (6)  90.35  ft.;  (c)  In  case  (a)  ratio  =7:\/n4; 

"     (6)     "     =\/l36:21. 

72.  The  section  of  a  wall  48J  ft.  high  and  weighing  125  Ibs./cu.  ft.  is  a 
parabola  with  the  vertex  at  the  highest  point.  The  wall  retains  water  on 
one  side  level  with  the  top,  and  the  stress  is  nowhere  to  exceed  10,000  Ibs./sq. 
ft.  Find  the  width  of  the  base,  which  is  horizontal.  Find  the  width  of  a 
wall  of  rectangular  section  and  of  the  same  height  which  might  be  substituted 
for  the  above,  and  compare  the  volumes  of  the  two  walls. 

Ans.  31i  ft.;    39.04  ft.;   .53. 

73.  How  will  the  results  in  the  preceding  example  be  modified  if  the  walls 
are  each  64  ft.  in  height?  Ans.  54.58  ft.;  92.1  ft.;   .4. 

74.  The  section  ABCD  of  a  retaining-wall  for  a  reservoir  has  a  vertical 
face  BC  and  a  parabolic  water-face  AD,  with  the  vertex  at  D.  The  width  of 
the  base  DC  =4  X width  of  the  top  AB.  If  AB=Q  ft.,  find  the  height  of  the 
wall,  and  trace  the  curves  of  resistance  (a)  when  the  reservoir  A 
is  full;  (6)  when  empty.  (Cubic  foot  of  masonry  =2  X cubic 
foot  of  water.) 

Ans.  32  ft.  if  g'=i,  and  then  max.  comp.  =8000  lbs.  per 
sq.  ft.  B 

75.  The  figure  represents  the  section  of  the  upper  portion 
of  a  masonry  dam  which  has   to    retain  water  level  with 
the  top  of  the  dam.     The  face  AC  is  plumb  for  a  depth 
of  73  ft.     The  width  of  the  section  is  constant  and  =22^      ^ 
ft.  for  a  depth  AB  =40  ft.  Fig.  334. 

Find   the   maximum   stress  in    the   masonry  at  the  horizontal  bed  BF. 


\ 
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With  the  same  maximum  stress  show  that  the  width  of  the  horizontal  bed 
CG,  FG  being  straight,  is  75.386  ft.     (Masonry  weighs  130  lbs.  per  cubic  foot.) 

Ans.  14,0491,^17  lbs.  per  sq.  ft. 

76.  When  a  cylindrical  bar  is  twisted  show  that  it  is  subjected  to  shears 
along  transverse  and  radial  longitudinal  sections,  or  to  tensions  and  com- 
pressions on  helices  at  45°  to  the  axis. 

77.  Find  the  work  done  in  gradually  and  uniformly  compressing  a  body 

of  volume  Vi-  to  the  volume  Vi,  p  being  the  final  intensity  of  pressure  and 

K  the  modulus  of  compression.    Also  show  that  the  intensity  of  stress  is 

pWi 
constant  throughout  the  body.  Ans.  -rrr- 

78.  A  bar  is  stretched  under  a  force  of  intensity  p.  If  the  bar  is  prevented 
from  contracting,  find  the  lateral  stress;  also  find  the  extension. 

p       pa'  —  a  —  2 

^'''-  -r{'  E  o{a-i)  ■ 

79.  For  mild  steel,  E  =  15,000  and  G=6000  tons/sq.  in.  Find  K  and 
Poisson's  ratio.  ,  Ans.  10,000;  4. 

80.  For  wrought  iron,  i?'  =  10,000  and  G=5750  tons/sq.  in.  Find  E  and 
Poisson's  ratio.  Ans.  14,500  tons/sq.  in. ;    V/. 

81.  For  copper,  K  =  12,000  and  £  =7800  tons/sq.  in.  Find  G  and  Poisson's 
ratio.  Ans.  2802  tons/sq.  in.;    V/. 

82.  Taking  the  value  of  the  coeflGicient  of  elasticity  {E)  and  the  coefficient 
of  rigidity  (G)  to  be  15,000  and  5750  tons  for  steel,  13,950  and  5450  tons  for 
wrought  iron,  and  9500  and  3750  tons  for  cast  iron,  find  the  coefficient  of 
elasticity  of  volume  {K) ,  and  also  the  values  of  A  and  the  coefficient  of  dilata- 
tion (A),  assuming  the  metals  to  be  isotropic. 

a  K  A  k 

Ans.  Steel 3^  12777^  ^-G  VG 

Wrought  iron 3M  10559|  Ys'-G  IJG 

Cast  iron 3|  6785f  ^G  !<? 

83.  A  copper  cube  3"x3"X3"is  subjected  to  a  hydrostatic  pressure  of 
4.48  tons/sq.  in.;    find  the  volume  of  the  strained  soUd,  K  being   12,000" 
tons/sq.  in.  Ans.  26.99  cubic  inches. 

84.  Ten  cubic  inches  of  wrought  iron  and  10  cubic  inches  of  water  are 
subjected  to  fluid  pressure  of  3  tons  per  square  inch;  find  the  new  volumes. 
If  the  iron  is  spherical,  what  are  the  old  and  new  diameters? 

85.  A  body  is  distorted  without  compression  or  expansion;  find  the  work 
done.  Ans.  ^j  \Ni'  +N2'  +N,'  +2{Ti^  +  T,'  +  T3')\dS. 

86.  Find  the  work  required  to  twist  a  hollow  cylinder  of  external  radius 
7?i,  internal  radius  Ri,  and  length  I  through  an  angle  a. 

Ans.  /(— (K^-W). 
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87.  Prove  that  torsion  is  equivalent  to  a  shear  at  each  point. 

88.  Show  that  a  simple  elongation  is  equivalent  to  a  cubical  dilation  and 
a  pair  of  shearing  or  distorting  stresses. 

89.  Find  the  resultant  shearing  stress  at  any  point  in  the  surface  of  the 
transverse  section  of  an  elliptic  cylinder.     (Art.  19,  Case  6.) 

G    b'c' 
Ans.  26—        •  ^,  p  being  the  perpendicular  from  the  centre  upon  the  tan- 
gent to  the  ellipse  at  the  given  point,  and  26,  2c  the  major  and  minor  axes. 

90.  A  cylinder  undergoes  torsion  round  its  axis.  Show  that  the  curves 
of  no  traction  are  concentric  circles. 

91.  Find  the  least  sectional  area  of  a  rope  which  will  transmit  500  H.P. 
at  100  f/s,  the  max.  working  stress  being  10,000  Ibs./sq.  in. 

Ans.  .55  ins. 

92.  Find  the  min.  diam.  of  a  shaft  which  will  transmit  500  H.P.  at  a 
surface  velocity  of   5    f/s,  the  safe  working  stress   being  10,000   Ibs./sq.  in. 

Ans.  3.75  in. 

93.  Find  the  efficiency  of  a  shaft  of  length  I,  and  also  the  greatest  length 
of  shaft  which  will  turn  itself  without  fracture,  t'  being  the  coefficient  of  bear- 
ing friction,  /  the  max.  working  stress,  d  the  diam.,  and  v  the  surface  velocity. 

Ans.l-2,ff. 
f     2fjLW 

94.  Find  the  law  of  variation  in  the  radius  of  a  shaft  so  that  the  max. 

stress  may  be  the  same  for  each  section  of  the  shaft.     Also  find  the  efficiency 

of  the  shaft.  ,      r.     2      /     ,     „  -2^^ 

Ans.  loge—=—fui—;  1— 2e        /• 
r     6      f 

95.  Show  that  the  hoop  (/)  or  radial  (q)  stresses  at  any  radius  r  in  a  thick 
hollow  cylinder  or  sphere  are  connected  by  the  relation 

96.  A  tube  of  wrought  iron,  of  2  ins.  internal  and  4  ins.  external  radius, 
is  subjected  to  an  internal  pressure  of  50,000  Ibs./sq.  in.,  the  pressure  on  the 
outside  being  nil.     Find  the  tensile  stress  in  the  material  at  any  radius  r. 

Ans.   ;; 1-16667. 

97.  Find  the  max.  and  min.  stress  in  the  walls  of  a  thick  cylinder  of  8  ins: 
internal  and  14  in.  external  diam.,  the  inside  fluid  pressure  being  2000 
Ibs./sq.  in.  Ans.  4670  and  1520  Ibs./sq.  in. 

98.  The  cast-iron  cylinder  of  an  hydraulic  press  has  an  external  diameter 
twice  the  internal,  and  is  subjected  to  an  internal  pressure  of  p  tons  per  square 
inch.  Find  the  principal  stresses  at  the  outer  and  inner  circumferences. 
Also,  if  the  pressure  is  3  tons  per  square  inch,  and  if  the  internal  diameter  is 
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10  in.,  find  the  work  done  in  stretching  the  cyUnder  circumferentially,  E  being 
SOOO  tons. 

Ans.  At  inner  circumference,  q=p,  a  thrust,  and  f=—ip,  a  tension. 
At  outer  circumference,  9=0,  and  /=  —  Jp,  a  tension. 

Work  =126  ft. -lbs.  per  square  foot  of  surface. 

99.  The  chamber  of  a  27-ton  breech-loader  has  an  external  diameter  of 
40  ins.  and  an  internal  diameter  of  14  ins.  Under  a  powder  pressure  of  18  tons 
per  square  inch,  find  the  principal  stresses  at  the  outer  and  inner  circum- 
ferences, and  also  the  work  done;  E  being  13,000  tons. 

Ans.  At  inner,  5  =  18  tons,  compression;  at  outer,  5=0. 

At  inner,  /=  —23^  tons,  tension;  at  outer,  /=  —  5jV  tons,  tension. 
Work  =  1 J  ft.-tons  per  sq.  ft.  of  surface. 

100.  What  should  be  the  thickness  of  a  9-in.  cylinder  (a)  which  has  to 
withstand  a  pressure  of  8000  lbs.  per  square  inch,  the  maximum  allowable  ten- 
sile stress  being  24,000  lbs.  per  square  inch;  (6)  which  has  to  withstand  a  pres- 
sure of  6000  lbs.  per  square  inch;  the  maximum  allowable  tensile  stress  being 
10,000  lbs.  per  square  inch?  Ans.  (a)  1.86  in.;  (6)  4^  in. 

loi.  A  tube  of  wrought  iron,  inside  radius  3  ins.,  outside  4  ins.,  outside 
pressure  0.  What  is  the  inside  pressure  required  to  produce  a  maximum 
tensile  stress  of  15,000  lbs.  per  square  inch?  Find  the  fractional  increase 
in  size  of  the  inside  radius.  Ans.  4200  Ibs./sq.  in.;  .00161  in. 

102.  A  tube  of  wrought  iron,  inside  radius  2  ins.,  outside  3  ins.,  no  pres- 
sure inside;  outside  pressure  =4200  lbs.  per  square  inch  outside.  Find  the 
circular  compressive  stress  at  any  point,  and  also  the  diminution  of  the  outer 

'^'^'''-  Ans.  7560+^-^;  .00099  in. 

103.  A  metal  cylinder  of  internal  radius  r  and  external  radius  nr  is  sub- 
jected to  an  internal  pressure  of  p  tons  per  square  inch.     Show  that  the  total 

Qn^f  71^  "I"  1 

work  done  in  stretching  the  cylinder  circumferentially  is  -~ — - — -  ft.-tons 
per  square  foot  of  surface,  E  being  the  metal's  coefficient  of  elasticity. 

104.  The  metal  of  a  cast-iron  hydraulic  press  of  508  mm.  diameter  is  222  mm. 
thick,  and  has  to  bear  an  internal  pressure  of  402  atmospheres.  Find  the 
maximum  hoop  stress.  Ans.  684A/cm. 

105.  What  must  be  the  thickness  of  the  metal  in  a  cast-iron  hydraulic 
press  of  500  mm.  diameter  which  has  to  bear  an  internal  pressure  of  280  atmos- 
pheres together  with  a  maximum  tension  of  5k /mm.  ?  Ans.  20.3  cm. 

106.  An  hydrauUc  press  has  to  raise  a  weight  of  1,162,400A;.  The  inter- 
nal pressure  is  673  atmospheres  and  the  diameter  of  the  cylinder  is  560  mm. 
The  tension  in  the  metal  is  not  to  exceed  700A;/cm^  Find  the  thickness  of 
the  metal.  Ans.  41  cm. 

107.  The  actual  thickness  of  the  metal  in  the  preceding  example  was 
25.4  cm.  What  was  the  maximum  tensile  stress  induced  in  lifting  the  given 
weight?  Ans.  948.5A;/cm. 

108.  The  thickness  of  the  metal  in  a  cast-iron  cylinder  of  108  mm.  diam- 
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eter  is  35  mm.     Find  the  greatest  hoop  stress  in  the  metal  due  to  a  maximum 
internal  pressure  of  250A;/cm.  Ans.  510A;/cm^ 

109.  In  a  thick  cylinder  the  initial  tensile  stress  on  the  outer  skin  and  the 
initial  compressive  stress  on  the  inner  skin  are  each  3  tons/sq.  in.  Find  the 
resultant  stresses  on  the  outside  and  inside  when  the  cylinder  is  subjected  to 
an  internal  fluid  pressure  of  4J  tons/sq.  in.  Ans.  4.2  and  4.5  tons/sq.  in. 

110.  A  gun  of  12  ins.  internal  and  24  ins.  external  diameter  is  subjected 
to  a^  maximum  internal  pressure  of  40,000  lbs.  per  square  inch.  Find  the 
stress  produced  at  r  =6,  9,  and  12  ins.     Ans.  66,666;  37,037;  4444  Ibs./sq.  in. 

111.  Pipes  of  a  water-pressure  supply  company  are  to  withstand  a  possible 
pressure  of  1000  lbs.  per  square  inch;  they  are  of  6  in.  internal  diameter. 
What  is  the  outside  diameter,  the  safe  tensile  stress  of  the  metal  being  3000 
lbs.  per  square  inch?  Ans.  8.485  ins. 

112.  Assuming  that  the  annulus  forming  the  section  of  a  cylindrical  boiler 

is  composed  of  a  number  of  infinitely  thin  rings,  show  that  the  pressure  at 

A 
the  circumference  of  a  ring  of  radius  r  is  ^        per  unit  of  surface,  and  that 

B         A 
the  circumferential  stress  is  -  + :r^,A  and  B  denoting  arbitrary  constants, 

and  m  being  the  coefficient  of  lateral  contraction.     Find  the  values  of  A  and 
B,  po  and  pi  being  respectively  the  internal  and  external  pressures. 

113.  Show  that  in  the  case  of  a  spherical  boiler  the  pressure  and  circum- 
ferential stress  are  respectively    ^^^  and  ^  +  ,    _.^-  ^,3-     Find  A  and  B. 

114.  An  hydrauUc  cyhnder  having  an  internal  diameter  of  6  ins.  and  a 
thickness  of  3i  ins.  is  subjected  to  an  internal  pressure  of  2  tons  per  square 
inch.     Draw  a  curve  of  hoop  stress  for  this  cylinder  to  scale. 

115.  A  cast-iron  water-main  is  30  ins.  internal  diameter  and  1  in.  thick. 
What  is  the  greatest  head  of  water  which  it  can  safely  stand?  If  the  pipes 
are  wrought  iron,  what  ought  its  thickness  to  be  if  the  working  stress  is  10,000 
lbs.  per  square  inch,  and  if  the  longitudinal  seams  are  60  per  cent  of  the  strength 
of  the  unhurt  plate? 

116.  The  3-in.  plunger  for. the. cast-steel  cylinder  of  an  intensifier  is  con- 
nected with  a  piston  which  works  in  a  48-in.  cylinder  under  a  pressure  equiv- 
alent to  a  120-ft.  head  of  water.  Find  the  proper  thickness  of  the  metal 
of  the  intensifier,  allowing  a  maximum  stress  of  20,000  lbs.  per  square  inch. 

Ans.  2.46  in. 

117.  The  barrel  of  a  gun  consists  of  two  rings  A  and  B,  the  bore  of  the  gun 
and  the  diameters  of  the  inner  and  outer  rings  being  in  the  ratio  of  1:2:4. 
The  ring  A  is  shrunk  upon  B,  producing  a  pressure  of  5  tons  per  square  inch 
at  the  surface  of  contact.  If  the  firing  of  the  gun  produces  an  internal  pres- 
sure of  20  tons/sq.  in.,  find  the  stresses  induced  in  the  gun. 

Ans.  -19J,+lf  tons;    -15,-6  tons. 


CHAPTER  VI, 
FRICTION. 

I,  Sliding  Friction. — Friction  is  the  resistance  to  motion  which 
is  always  developed  when  two  substances,  whether  solid,  liquid, 
or  gaseous,  are  pressed  together  and  are  compelled  to  move  the 
one  over  the  other.  If  P  is  the  mutual  pressure,  and  if  F  is  the 
force  which  must  act  tangentially  at  the  point  of  contact  to  pro- 
duce motion,  the  ratio  of  F  to  P  is  called  the  coefficient  of  friction 
and  may  be  denoted  by  /.  The  value  of  /  does  not  depend  upon 
the  nature  of  any  single  substance,  but  upon  the  nature  and  con- 
dition of  the  surfaces  of  contact  of  a  pair  of  substances.  It  is  not 
the  same,  e.g.,  for  iron  upon  iron  as  for  iron  upon  bronze  or  upon 
wood;  neither  is  it  the  same  when  the  surfaces  are  dry  as  when 
lubricated. 

The  laws  of  friction  as  emmciated  by  Co\ilomb  are: 

(1)  That  /  is  independent  of  the  velocity  of  rubbing;  (2)  that 
/  is  independent  of  the  extent  of  surfaces  in  contact;  (3)  that  /  de- 
pends only  on  the  nature  of  the  surfaces  in  contact. 

The  friction  between  two  surfaces  at  rest  is  greater  than  when 
they  are  in  motion,  but  a  slight  vibration  is  often  sufficient  to  change 
the  friction  of  rest  to  that  of  motion. 

Morin's  elaborate  friction  experiments  completely  verified  these 
laws  within  certain  limits  of  pressure  (from  |  lb.  to  128  lbs.  per 
square  inch)  and  velocity  (the  maximiun  velocity  being  10  ft.  per 
second),  and  under  the  conditions  in  which  they  were  made. 

A  few  of  his  more  important  results  are  given  in  the  following 
table. 

The  apparatus  employed  in  carrying  out  these  experiments 
consisted  of  a  box  which  could  be  loaded  at  pleasure,  and  which 
was  made  to  slide  along  a  horizontal  bed  by  means  of  a  cord 
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Material. 

Wood  on  wood 

Metal  on  wood 

ft      1 1      it 

Metal  on  metal 

(I      It      1 1 

Metal  and  wood  on 
each  other  or  each 
on  itself 


State  of  Surfaces. 

Dry 

Dry 

Wet 

Dry 

Wet 

Slightly  oily 

Occasionally  lubricated  as  usual 
Constantly  lubricated 


Coefficient  of  Friction. 

.25  to 

5 

;2      " 

6 

.22  " 

26 

.15  " 

2 

.3 

.15 

.07  to 

08 

.05 

passing  over  a  pulley  and  carrying  a  weight  at  the  end.  The 
contact-surfaces  of  the  bed  and  box  were  formed  of  the  materials 
to  be  experimented  upon.  The  pull  was  measured  and  recorded 
by  a  spring  dynamometer. 

More  recent  experiments,  however,  have  shown  that  Coulomb's 
laws  cannot  be  regarded  as  universally  applicable,  but  that  /  de- 
pends upon  the  velocity,  the  pressure,  and  the  temperature.  At 
very ,  low  velocities  Morin's  results  have  been  verified  (Fleeming 
Jenkin).  At  high  velocities  /  rapidly  diminishes  as  the  velocity 
increases.  Franke,  having  carefully  examined  the  results  of  various 
series  of  experiments,  especially  those  of  Poir^e,  Bochet,  and  Galton, 
has  suggested  the  formula 

V  being  the  velocity  and  /o,  a,  coefficients  depending  upon  the  nature 
and  condition  of  the  rubbing  surfaces. 

For  example, 

/o  =  .29  and  a  =  .04  for  cast  iron  on  steel  with  dry  surfaces. 

/o  =  .29  and  a  =  .02  for  wrought  iron  on  wrought  iron  with  dry 
surfaces. 

/o  =  .24  and  a  =  .0285  for  wrought  iron  on  wrought  iron  with 
slightly  damp  surfaces. 

Ball  has  shown  that  at  very  low  pressures  /  increases  as  the 
pressure  diminishes,  while  Rennie's  experiments  indicate  that  at 
very  high  pressures  /  rapidly  increases  with  the  pressure,  and  this 
is  perhaps  partly  due  to  a  depression,  or  to  an  abrasion  of  the  rubbing 
surfaces. 

2.  Inclined  Plane. — Let  a  body  of  weight  P  slide  uniformly  up 
an  inclined  plane  imder  a  force  Q  inclined  at  an  angle  /?  to 
the  plane. 
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Let  F  be  the  friction  resisting  the  motion,  R  the  pressure  on 
the  plane,  and  a  the  plane's  inclination. 

R         „  The  two  equations  of  equilibrium  are 


F=Q  cos^-P  siaa 
R=  —Q  sin  /?+P  cos  a 
Qcos  ^—P  sin  a 


Therefore 


=  coefficient  of  friction  =/. 


R~  —Q  sinj9+Pcos  a 
Let  the  resultant  of  F  and  R  make  an  angle  <f)  with  the  normal 
to  the  plane.    Then 


tan  ^ 


F      Qcos/?-P  sin  a 
R~  -Q  sin/?+Pcosa'' 


or-  -p 


Q     sin(Q:  +  0) 
cos(^  — 0)' 


4>  is  called  the  angle  of  friction.    It  has  also  been  called  the  angle 

of  repose,  since  a  body  wUl  remain  at  rest  on  an  inclined  plane  so 

long  as  its  inclination  does  not  exceed  the  angle  of  friction. 

Q 
If  a=0=p,  then  -p  =  tan  <j)=f. 

The   work   done    in   traversing  a  distance  a;  =  Q  cos  ^x.     If  Q 
is  variable,  the  work  done  =  I  Q  cos  ^dx. 

3.  Wedge. — The  wedge,  or  key,  is  often  employed  to  connect 
members  of  a  structure,  and  is  generally  driven  into  position  by  the 
blow  of  a  hammer.  It  is  also  employed  to 
force  out  moisture  from  materials  by  induc- 
ing a  pressure  thereon. 

The  figure  represents  a  wedge  descend- 
ing vertically  under  a  continuous  pressure 
P,  thus  producing  a  lateral  motion  in  the 
horizontal  member  C,  which  must  therefore 
exert  a  pressure  Q  upon  the  vertical  face  AB. 

The  member  H  is  fixed,  and  it  is    as- 
sumed that  the  motion  of  the  machine  is 
uniform,  so    that    the    wedge    and  C 
equilibrium. 

Let  Ri,  R2  be  the  reactions  at  the  faces  DE,  DF,  respectively, 


Fig.  386. 


are    in  a  state   of  relative 
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their  directions  making  an  angle  ^,  equal  to  the  angle  of  friction 
with  the  normals  to  the  corresponding  faces. 

Let  a  be  the  angle  between  DE  and  the  vertical,  a'  the  angle 
between  DF  and  the  vertical. 

Consider  the  wedge,  and  neglect  its  weight,  which  is  usually 
inappreciable  as  compared  with  P. 

Resolving  vertically, 


Ri  cos(90° -a  +  (f>)+R2  cos(90° -a'  +  4>) 

=P=«isin(a  +  ^)+i22sin(a'  +  ^).     (1) 
Resolving  horizontally. 


Ri  sin  (90°  -a  +  4,)-R2  sin  (90°  -a'  +  <f)=0, 
or      RiCOs(a  +  (l>)=R2COs{a'  +  4>) (2) 

Consider  the  member  C,  and  neglect  its  weight. 
Resolving  horizontally, 

RiCOs(a  +  4,)=Q=R2Cos{a'  +  <l)) (3) 

Assuming  the  wedge^q^sceles,  as  is  usually  the  case,  «  =  «', 
and  therefore, 

by  eq.  (2),  Ri  =R2,     and  by  eq.  (1),  2Ri  sin  (a  +  0)  =P.  (4) 
Hence,  by  eqs.  (3)  and  (4), 

Q     cot  (a  +  <f))     external  resistance  overcome 

P~         2         ^  effort  exerted  '    "     *     ^^^ 

(N.B. — This  ratio  of  resistance  to  effort  is  termed  the  mechan- 
ical advantage,  or  purchase,  of  a  machine.) 

Suppose  the  motion  of  the  machine  reversed,  so  that  Q  becomes 
the  effort  and  P  the  resistance. 

The  reactions  Ri,  R2  now  fall  below  the  normals,  and  the  equa- 
tions of  relative  equilibrium  are  the  same  as  the  above,  with  —  ^ 
substituted  for  <f>.    Thus 

p=^cot(a-0) (6; 


380  THEORY  OF  STRUCTURES. 

The  two  cases  may  be  included  in  the  expression 


|=icot(a±9i) (7) 


For  a  given  value  of  P,  Q  increases  with  a. 

If  there  were  no  friction,  <j)  would  be  zero,  and  eq.  (7)  would 
become 

Q     cot  a 
P^     2    ■ 

Thus  the  effect  of   friction  may  be  allowed  for   by   assuming 

the  wedge  frictionless,  but  with  an  angle  increased  by  2^  in  the 

first  case,  and  diminished  by  2(f>  in  the  second  case. 

Again,  when  P  is  the  effort  and  Q  the  resistance,  eq.  (5)  shows 

Q 
that  if  a  +  ^>90°,   the  ratio  ■-  is  negative,  which   is  impossible, 

Q 
while  if  a +  ^=90°,  -p  is  zero,  and  in  order  to  overcome  Q,  how- 
ever small  it  might  be,  P  would  require  to  be  infinitely  great.     Hence 

-.a' 
a  +  ^  must  be  <90P, 

and  below  this  limit  -5  diminishes  as  ^  increases. 

Similarly,  it  may  be  shown  from  eq.  (7)  that  when  Q  is  the  effort 
and  P  the  resistance, 

4>  must  be  <  a, 

Q 
and  that  below  this  limit  p  increases  with  <^. 

Efficiency. —  During  the  uniform  motion  of  the  machine  let 
any  point  o  descend  vertically  to  the  point  b.  The  corresponding 
horizontal  displacement  is  evidently  26c. 

The  motive  work =P -a?) ; 
"  useful  work    =Q-2bc. 
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Hence  the  efficiency =-p-^=^  2  tan  a = tan  a  cot  (a  +  ^),  by 

eq.  (5). 

This  is  a  maximum  for  a  given  value  of  <p  when 

and  the  max.  efficiency  =  tan  (45°  - -^ ]  cot  (45° + ^ ) 

l-tan^\      ^_^.^^ 

l  +  tan|/      ^  +  '^'^' 
For  the  reverse  motion  the  efficiency 

=  QT2&^  =  cot  a  tan  (a-<f>). 
This  is  a  maximum  when  a  =  45°+^ .     Thus  the 

max.  efficiency =cot  (45°+^)  tan  (45° --?r)  =:,    ■  .     ,. 
\  2/  \  2/      l+sm0 

4.  Screws. — A  screw  is  usually  designed  to  produce  a  linear 
motion  or  to  overcome  a  resistance  in  the  direction  of  its  length. 
It  is  set  in  motion  by  means  of  a  couple  acting  in  a  plane  perpen- 
dicular to  its  axis.  A  reaction  is  produced  between  the  screw  and 
nut  which  must  necessarily  be  equivalent  to  the  couple  and  resist- 
ance, the  motion  being  steady. 

Take  the  case  of  a  sgware-threaded  *  screw.  It  may  be  assumed 
that  the  reaction  is  concentrated  along  a  helical  line  whose  diam- 
eter, d,  is  a  mean  between  the  external  and  internal  diameters  of 
the  thread,  and  that  its  distribution  along  this  line  is  uniform.     It 

*  Square-threaded  screws  work  more  accurately  than  those  with  a  V  thread 
but  the  efficiency  of  the  latter  has  been  shown  to  be  very  little  less  than  that  of 
the  former  (Poncelet).  On  the  other  hand,  the  V  thread  is  the  stronger,  much 
less  metal  being  removed  in  cutting  it  than  is  the  case  with  a  square  thread.  Again 
with  a  V  thread  there  is  a  tendency  to  burst  the  nut,  which  does  not  obtain  in  a 
screw  with  a  square  thread. 
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will  also  be  supposed  that  the  axes  of  the  couple  and  screw  are 
coincident,  so  that  there  will  be  no  lateral  pressure  on  the  nut. 
^::'S.V.L'-~-'ss~^^      Let  M  be  the  driving  couple; 

Q    "    "  axial  resistance  to  be  overcome; 
r    "'   "  reaction  at  any  point  a  of  the 

helical  line,  and 
<l>     "    "  angle  between  its  direction   and 
the   normal   at   a;   (j>    is  the 
angle  of  friction. 
Let  a   "    "    angle  between  the  tangent  at  a 
and  the  horizontal;   a  is  called  the  pitch-angle. 
Sinc3  the  reaction  between  the  screw  and- 
nut  must  be  equivalent  to  M  and  Q,  then 
Q= algebraic  sum  of  vertical  components  of  the  reactions  at  all 
points  of  the  line  of  contact,    ' 


Fig.   387. 


=  I[r  cos  (a  +  cf>)]  =  cos  {a  +  (j>)I  (r) , 


(1) 


and  M  =  algebraic  sum  of  the  moments  with  respect  to  the  axis  of  the 
horizontal  components  of  the  reactions  at  all  points  of  the  line  of 
contact. 


=  l\  rsin  {a  +  4>)-^  1  =  2  sin'(«  +  ^)^W- 


(2) 


Let  the  couple  consist  of  two  equal  and  opposite  forces  P,  acting 
at  the  ends  of  a  lever  of  length  p,  so  that  M=Pp. 
Then,  by  eqs.  (1)  and  (2), 

Q      Q     2 


and  the  mechanical  advantage 


Q    2p 


(3) 


If  0=0,  -p  =  -r  cot  a  and  the  effect  of  friction  may  be  allowed  for 
by  assuming  the  screw  frictionless,  but  with  a  pitch-angle  equal  to 
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Again,  let  the  figure  represent  one  complete  turn  of  the  thread 
developed  in  the  plane  of  the  paper.    CD 
is  the  corresponding  length  of  the  thread; 
DE  the  circumference  nd;  CE,  parallel  to 
the  axis,  the  pitch  h;  and  CDE  the  pitch-      d" 
angle  a.  Fig.  388. 

The  motive  work  in  one  revolution        =M27r=Pp2;r. 
The  useful  work  done  in  one  revolution =Q/i, 

Hence  the  efficiency  =  „  ^  =-^cot  («+(*)— ;r— 
■'       Pp27c       d         ^     '  v/  p2;r 

=-^cot  (a  +  ^)=tana  cot  (q;  +  0).     .     .     (4) 

This  is  a  maximum  when  a  =45°-^,  its  value  then  being 

1— sin^ 
1+sin^' 

In  practice,  however,  a  is  generally  much  smaller,  efficiency 
being  sacrificed  to  secure  a  large  mechanical  advantage,  which,  accord- 
ing to  eq.  (3),  increases  as  a  diminishes. 

If  a  +  <^  =  90°,  -p = 0,  so  that  to  overcome  Q,  however  small  it  may 

be,  would  require  an  infinite  effort  P 

Therefore  a  +  (j}<90°. 

Suppose  the  pitch-angle  sufficiently  coarse  to  allow  of  the  screw 
being  reversed.  Q  now  becomes  the  effort  and  P  the  resistance.  The 
direction  of  r  falls  on  the  other  side  of  the  normal,  and  the  relation 
between  P  and  Q  is  the  same  as  above,  —  0  being  substituted  for  4). 

Thus 

p  =  J- cot  (a -9!.), 
and  therefore  the  mechanical  advantage 
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P 
If  a=<j>,  0=0,  and  to  overcome  P,  however  small  it  may  be,  Q 

would  require  to  be  infinite. 


Therefore 


a  >(f>. 


If  a<(j>,  reversal  of  motion  is  impossible,  and  the  screw  then 
possesses  the  property,  so  important  in  practice,  of  serving  to  fasten 
securely  together  different  structural  parts,  or  of  locking  machines. 

Again,  it  may  be  necessary  to  take  into  account  the  friction 
between  the  nut  and  its  seat,  as  well  as  the  friction  at  the  end  of  the 
screw.  The  corresponding  moments  of  friction  with  respect  to  the 
axis  are  (Art.  8) 


f 


3di^-d2^ 


and 


ffd', 


f  being  the  coefficient  of  friction,  di,  ^2  the  external  and  internal 
diameters  of  the  seat,  and  d'  the  diameter  of  the  end  of  the  screw. 
5.  Endless  Screws  (Fig.  389). — A  screw  is  often  made  to  work 
with  a  toothed  wheel,  as,  for  example,  in  raising 
sluice-gates,  when  the  screw  is  also  made  suffi- 
ciently fine  to  prevent,  by  friction  alone,  the 
gates  from  falling  back  under  their  own  weight. 
The  theory  is  very  similar  to  the  preceding.  Let 
the  screw  drive.  A  tooth  rises  on  the  thread, 
and  the  wheel  turns  against  a  tangential  resist- 
ance Q,  which  is  approximately  parallel  to  the 
axis  of  the  screw. 

Let  Fig.  390  represent  one  complete  turn  of 
the  thread  developed  in  the  plane  of  the  paper,  a  being  the  pitch- 
angle  as  before. 

Consider  a  tooth.  It  is  acted  upon  by  Q 
in  a  direction  parallel  to  the  axis,  and  by  the 
reaction  R  between  the  thread  and  tooth, 
making  an  angle  <f>  (the  angle  of  friction) 
with  the  normal  to  the  thread  CD. 
Therefore  Q=R  cos  (a  +  4>). 

Again,  the  horizontal  component  of  R,  viz.,  R  sin  (a +^),  has  a 


Fig.  389. 


Fig.  390. 
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moment  R  sin  (a +^)^  with  respect  to  the  axis  of  the  screw,  and  this 

must  be  equivalent  to  the  moment  of  the  driving  couple,  viz.,  Pp 
(Art.  4).    Therefore 

Pp = R -^  sin  {a +4>). 

Thus  the  relation  between  P  and  Q  is  the  same  as  in  the  preceding 
article. 

Similarly,  if  the  wheel  acts  as  the  driver, 

^  =  -tan(a-(^). 

6.  Rolling  Friction. — The  friction  between  a  rolling  body  and  the 
surface  over  which  it  rolls  is  called  rolling  friction.  Prof.  Osborne 
Reynolds  has  given  the  true  explanation  of  the  resistance  to  rolling 
in  the  case  of  elastic  bodies.  The  roller  produces  a  deformation  of  the 
surfaces  in  contact,  so  that  the  distance  rolled  over  is  greater  than 
the  actual  distance  between  the  terminal  points.  This  he  verified 
by  experiment,  and  concluded  that  the  resistance  to  rolling  was  due 
to  the  sliding  of  one  surface  over  the  other,  and  that  it  would  naturally 
increase  or  diminish  with  the  deformation.  In  proof  of  this  he  found, 
for  example,  that  the  resistance  to  an  iron  roller  on  India-rubber  is 
ten  times  as  great  as  the  resistance  when  the  roller  is  on  an  iron  surface. 
Hence  the  harder  and  smoother  the  surfaces,  the  less  is  the  rolling 
friction.  The  resistance  is  not  sensibly  affected  by  the  use  of  lubri- 
cants, as  the  advantage  of  a  smaller  coefficient  of  friction  is  largely 
counteracted  by  the  increased  tendency  to  slip.  Other  experiments 
are  yet  required  to  show  how  far  the  resistance  is  modified  by  the 
speed. 

Generally,  as  in  the  case  of  ordinary  roadways,  the  resistance  is 
chiefly  governed  by  the  amount  of  the  deformation  of  the  surface 
and  by  the  extent  to  which  its  material  is  crushed.  Let  a  roller  of 
weight  W  (Fig.  391)  be  on  the  point  of  motion  under  the  action  of  a 
horizontal  pull  R. 

The  resultant  reaction  between  the  surfaces  in  contact  must 
pass  through  the  point  of  intersection  of  R  and  W.  Let  it  also  cut 
the  surface  in  the  point  B. 
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Let  d  be  the  horizontal  distance  between  B  and  W; 
p  'J    "  vertical  "  "       B   "    R. 

Taking  moments  about  B, 

Rp  =  Wd, 


or  R  =  the  resistance  =  W- 


■*VJ 
Fig.  391. 


Coulomb  and  Morin  inferred,  as 
the  result  of  a  series  of  experiments, 
that  d  is  independent  of  the  load  upon 
the  roller  as  well  as  of  its  diameter,*  but  is  dependent  upon  the 
nature  of  the  surfaces  in  contact. 

7.  Journal  Friction.  —  Experiments  indicate  that  /  is  not  the 
same  for  curved  as  for  plane  surfaces,  and  in  the  ordinary  cases 
of  journals  turning  in  well-lubricated  bearings  the  value  of  /  is 
probably  governed  by  a  combination  of  the  laws  of  fluid  friction 
and  of  the  sliding  friction  of  soUds. 


*  Dupuit's  experiments  led  him  to  the  conclusion  that  d  is  proportional  to  the 
square  root  of  the  diameter,  but  this  requires  further  verification. 
Let  fi  be  the  coefficient  of  sliding  friction. 
The  resistance  of  the  roller  to  sliding  is  /iW,  and  "rolling"  will  be  insured  if 

R<fiW,  i.e.,  if  —  <tan  ^,  which  is  generally  the  case  so  long  as  the  direction  of  R 

does  not  fall  below  the  centre  of  the  roller. 

Assume  that  R  is  applied  at  the  centre.     The  radius  r  may  be  substituted  for  p, 
since  d  is  very  small,  and  hence 

R  =  W-. 


An  equation  of  the  same  form  applies  to  a  wheel  rolling  on  a  hard  roadway 
over  obstacles  of  small  height,  and  also  when  rolling  on  soft  ground.  In  the  latter 
case  the  resistance  is  proportional  to  the  product  of  the  weight  upon  the  wheel 
into  the  depth  of  the  rut,  and  the  depth  for  a  small  arc  is  inversely  proportional 
to  the  radius. 

Experiments  on  the  tractional  resistance  to  vehicles  on  ordinary  roads  are  few 
in  number  and  incomplete,  so  that  it  is  impossible  to  draw  therefrom  any  general 
conclusion. 

From  the  experiments  carried  out  by  Easton  and  Anderson  it  would  appear 
that  the  value  of  d  in  inches  varies  from  1.6  to  2.6  for  wagons  on  soft  ground,  and 
that  the  resistance  is  not  sensibly  affected  by  the  use  of  springs.  Upon  a  hard 
road  in  fair  condition  the  resistance  was  found  to  be  from  J  to  J  of  that  on 
soft  ground,  the  average  value  of  d  being  i  inch,  and  was  very  sensibly  diminished 
by  the  use  of  springs. 
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The  bearing  part  of   the  journal  is   generally  truly  cylindrical, 
and    is  terminated  by  shoulders  resting 
against  the  ends   of  the  step   in  which 
the  journal  turns. 

Consider  a  journal  in  a  semicircular 
bearing  with  the  cap  removed.  When 
the  cap  is  screwed  oh,  the  load  upon 
the  journal  will  be  increased  by  an 
amount  approximately  equal  to  the 
tension  of  the  bolts.  Let  P  be  the 
load. 

Assume  that  the  line  of  action  of  the  load  is  vertical  and  that 
it  intersects  the  axis  of  the  shaft.  This  load  is  balanced  by  the 
reaction  at  the  surface  of  contact,  but  much  uncertainty  exists 
as  to  the  manner  in  which  this  reaction  is  distributed.  There 
are  two  extremes,  the  one  corresponding  to  a  normal  pressure  of 
constant  intensity  at  every  point  of  contact,  the  other  to  a  normal 
pressure  of  an  intensity  varying  from  a  maximum  at  the  lowest 
point  ^  to  a  minimimi  at  the  edge  of  the  bearing  B. 

Let  I  be  the  length  of  the  bearing,  and  consider  a  small  ele- 
ment AS  at  any  point  C,  the  radius  OC  (=r)  making  an  angle  d  with 
the  vertical  OA. 

First.     Let  p  be  the  constant  normal  intensity  of  pressure. 

P  =  I(pJS  cos  01)  =plI{DD')  =2plr. 
Frictional  resistance  =  J  (fp  J  SI)  =fplI{AS)  =fplnr=fP-^. 

The  frictional  resistance  probably  approximates  to  this  limit 
when  the  journal  is  new. 

Second.  Let  p=po  cos  9,  so  that  the  intensity  is  now  propor- 
tional to  the  depth  CD  and  varies  from  a  maximum  po  at  A  to  nil 
at  B.  This,  perhaps,  represents  more;  accurately  the  pressure  at 
different  points  when  the  journal  is  worn.     Therefore 

P  =  I{pAS  cos  61)  =I{poAS  cos2  61) 


=2polrJ  '  cos^  dd6  =  polr^, 


4 
and  the  frictional  resistance  =  I {fpASl)  =2fpolr=fP-. 
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n  4 

Hence  the  frictional  resistance  lies  between  fP^  and  fP—. 

'2  n 

It  may  be  represented  by  iiP,  fi  being  a  coefficient  of  friction 
to  be  determined  in  each  case  by  experiment. 

The  total  moment  of  frictional  resistance  must  necessarily  be 
•equal  and  opposite  to  the  moment  M  of  the  couple  twisting  the 
shaft;  i.e., 

M=^/iPr. 

Thus  the  total  reaction  at  the  surface  of  contact  is  equivalent 
to  a  single  force  P  tangential  to  a  circle  of  radius  nr  having  its  centre 
at  0  and  called  the  friction  circle. 

The  work  absorbed  by  axle  friction  per  revolution 

=M-2n  =  2fi7:Pr. 

The  work  absorbed  by  axle  friction  per  minute 
=  2fxnPrN  =  tiPv, 

N  being  the  number  of  revolutions  and  v  the  velocity  per  minute. 

The  work  absorbed  by  frictional  resistance  produces  an  equiv- 
alent amount  of  heat,  which  should  be  dissipated  at  once  in  order 
to  prevent  the  journal  from  becoming  too  hot.  This  may  be  done 
by  giving  the  journal  sufficient  bearing  surface  (an  area  equal  to 
the  product  of  the  diameter  and  the  length  of  the  bearing),  and  by 
the  emplo3niient  of  a  suitable  unguent. 

Suppose  that  h  units  of  heat  per  square  inch  of  bearing  surface 
(Id)  are  dissipated  per  minute. 

Let  I  inches  be  the  length  and  d  inches  the  diameter  of  the  journal. 
Then  WZ= heat-units  dissipated = heat-units  equivalent  to  frictional 
resistance 

finPdN     fiPv 
12/    ~12J' 

J  being  Joule's  equivalent,  or  778  ft.-lbs., 

12Jh    PN         ,     12Jh    Pv 
or  =  -7-     and    =tt- 
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P 

Let  ^=p  =  pressure  per  square  inch  of  bearing  surface.    Thea 

\2Jh  ,     , 

pv  = =a  constant. 

In  Morin's  experiments  d  varied  from  2  to  4  in.,  P  from  330 
lbs.  to  2  tons,  and  v  did  not  exceed  30  ft.  per  minute;  so  "that  pw 
was  <5000,  and  the  coefficient  of  friction  for  the  given  limits  was 
found  to  be  the  same  for  sliding  friction. 

Much -greater  values  of  pv  occur  in  modern  practice.  -  • 

Rankine  gives  p(i;  + 20)  =44,800  as  applicable  to  locomotives. 

Thurston  gives  y)t)  =  60,000  as  applicable  to  marine  engines  and 
to  stationary  steam-engines. 

Frictional  wear  prevents  the  diminution  of  I  below  a  certaia 
limit  at  which  the  pressxire  per  unit  of  hearing  surface  exceeds  a  value 
p  given  by  the  formula 

P  =  -pld  =  'pkd?, 

a 

In  practice  k=^  for  slow-moving  journals  (e.g.,  joint-pins),  and 
varies  from  1^  to  3  for  journals  in  continuous  motion.  The  best 
practice  makes  the  length  of  the  journal  equal  to  four  diameters 
(i.e.,  A; =4)  for  miU-shafting. 

Again,  if  the  journal  is  considered  a  beam  supported  at  the  ends, 

q  being  the  maximum  permissible  stress  per  square  inch,  and  C  a, 
coefficient  depending  upon  the  method  of  support  and  upon  the 
manner  of  the  loading.    Therefore 

Q 

For  a  given  value  of  P,  d  diminishes  as  q  increases.  Also,  it  has 
been  shown  that  the  work  absorbed  by  friction  is  directly  proportional 
to  d. 
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Hence,  for  both  reasons,  d  should  be  a  minimum  and  the  shaft 
should  be  made  of  the  strongest  and  most  durable  material.  In 
practice  the  pressure  per  square  inch  of  bearing  surface  may  be  taken 
at  about  2  tons  per  square  inch  for  cast  iron,  3f  tons  per  square  inch 
for  wrought  iron,  and  6^  tons  per  square  inch  for  cast  steel. 

It  would  appear,  however,  from  the  recent  experiments  of  Tower 
and  others,  that  the  nature  of  the  material  might  become  of  minor 
importance,  while  that  of  a  suitable  lubricant  would  be  of  paramount 
importance.  They  show  that  the  friction  of  properly  lubricated 
journals-  follows  the  laws  of  fluid  friction  much  more  closely  than 
those  of  solid  friction,  and  that  the  lubrication  might  be  made  so 
perfect  as  to  prevent  any  absolute  contact  between  the  journal  and 
its  bearing.  The  journal  would  therefore  f,oat  in  the  lubricant,  so 
that  there  would  be  no  metallic  friction.  The  loss  of  power  due  to 
frictional  resistance,  as  well  as  the  consequent  wear  and  tear,  would 
be  very  considerably  diminished,  whUe  the  load  upon  the  journal 
might  be  increased  to  almost  any  extent. 

Again,  Tower's  experiments  indicate  that  the  friction  diminishes  as 
the  temperature  rises,  a  result  which  had  already  been  experimentally 
determined  by  Hirn.  It  was  also  inferred  by  Hirn  that  if  the  tem- 
perature were  kept  uniform,  the  friction  would  be  approximately 
proportional  to  \/v,  and  Thurston  has  enunciated  the  law  that, 
with  a  cool  bearing,  the  friction  is  approximately  proportional  to 
Vv  for  all  speeds  exceeding  100  ft.  per  minute. 

With  a  speed  of  150  ft.  per  minute  and  with  pressures  varying 
from  100  to  750  lbs.  per  square  inch,  Thurston  found  experimentally 
that  /  varied  inversely  as  the  square  root  of  the  intensity  of  the 
pressure.  The  same  law,  but  without  any  limitations  as  to  speed  or 
pressure,  had  been  previously  stated  by  Hirn. 

8.  Pivots. — Pivots  are  usually  cylindrical,  with  the  circular  edge 
of  the  base  removed  and  sometimes  with  the  whole  of  the  base  rounded. 
Cionical  pivots  are  employed  in  special  machines  in  which,  e.g.,  it  is 
important  to  keep  the  axis  of  the  shaft  in  an  invariable  position. 
Spherical  pivots  are  often  used  for  shafts  subject  to  sudden  shocks 
■or  to  a  lateral  movement. 

(a)  Cylindrical  Pivots. — If  the  shafts  are  to  be  run  slowly,  the 
Intensity  of  pressure  (p)  on  the  step  should  not  be  so  great  as  to 
squeeze  out  the  lubricant.     Reuleaux  gives  the  following  rules: 


PIVOTS. 
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The  maximum  value  of  p  in  pounds  per  square  inch  should  be 
700  for  wrought  iron  on  gun-metal,  470  for  cast  iron  on  gun-metal, 
and  1400  for  wrought  iron  on  lignum-vitse. 

For  rapidly  moving  shafts 

n  being  the  number  of  revolutions  per  minute,  c  a  coefficient  to  be 
determined  by  experiment  (  =  .0045),  and  P 
the  load  upon  the  pivot. 

Suppose  the  surface  of  the  step  to  be 
divided  into  rings,  and  let  one  of  these  rings 
be  bounded  by  the  radii  x,  x+dx. 

In  one  revolution  the  work  absorbed  by 
the  friction  of  this  ring 

=  fip  ■  2nx  ■  dx  ■  2kx. 
Hence  the  total  work  absorbed  in  one  revolution 


Fig.  393. 


J'-i 


where 


4:fip7cHMx = —Q~{di^  - d2^)  =  3  fi^P  d^-d^' 


P  =  '^{d,^-d2^), 


and  di,  ^2  are  the  external  and  internal  diameters  of  the  surface  in 
contact. 

If  the  whole  of  the  surface  is  in  contact,  d^g^O,  and  the  work 
absorbed = ^t^nPdi. 

Again,  the  moment  of  friction  for  the  ring 

=  ftp  ■  2-nx  ■dx-x  =  2iinpx'^dx, 
and  the  total  moment 


,4          ,,2       di^-d2^ 
I     2ixnpx^dx  =  o"  t"^P o" 

~2 
=  —  id^^-d2^)=  —  ^^-^. 
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fiP 
If  ^2=0,  the  moment =^di. 

o 

Thus,  in  both  cases,  the  work  absorbed  by  friction =2;r  times  the 

moment  of  friction. 

Let  D  be  the  mean  diameter  of  the  surface  in  contact  =  — ^ — . 

Let  2y  be  the  width  of  the  surface  in  contact =di  -^2. 

Then  work  absorbed  =  fotP  (d  +  ^ . 

Sometimes  shafts  have  to  run  at  high  speeds  and  to  bear  heavy 
pressiu-es,  as,  e.g.,' in  screw-propellers  and  turbines.  In  order  that 
there  may  be  as  little  vibration  as  possible,  p  must  be  as  small  as 
practicable,  and  this  is  to  some  extent  insured  by  using  a  collar- 
journal. 

Let  N  be  the  number  of  collars,  and  let  di,  d^  be  the  external 
and  nternal  diameters  of  a  collar. 

Then  work  absorbed  by  friction  per  revolution  per  collar 

=  ~^-{di^--d^)  =^iin  jj  -A— j-2=2;rX moment  of  friction. 
According  to  Reuleaux,  the  mean  diameter  of  a  collar 


sjPn^ 


n  being  the  number  of  revolutions  per  minute. 

Also,  the  width  of  surface  in  contact =di—d2  =  .48V'D,  and  the 
maximum  allowable  pressure  per  square  inch 


46940 

--v  = . 

^        n 


(6)  Wear. — The  wear  at  any  point  of  the  elementary  ring  must 
necessarily  be  proportional  to  the  friction  /ip,  and  also  to  the  amount 
of  rubbing  surface  which  passes  over  the  point  in  a  unit  of  time, 
i.e.,  to  the  velocity  cox,  w  being  the  angular  velocity  of  the  shaft. 
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Hence  the  wear  at  any  point  is  proportional  to  /ipoix. 

(c)  Conical  Pivots. — As  before,  suppose  the 
surface  of  the  step  to  be  divided  into  a  number 
of  elementary  rings.  Two  cases  will  be  dis- 
cussed : 

First.  Assume  that  the  -normal  intensity  of 
pressure  p  at  the  surface  of  contact  is  constant. 

Let  X,  x+dx  be  the  distances  of  D  and  E, 
respectively,  from  the  axis. 

The  total  moment  of  friction 


=  /     tipDE-2nx-x 

3  sin  a ^^1      ^2;, 


_  2/ipr  A 
sin  ajxi 


x^dx 


xi,  X2  being  the  radii  of  the  top  and  bottom  sections  of  the  step. 
Also,  P,  the  total  load  on  the  pivot, 

=  r^TpDE  sin  a  •  2tzx = 2np\  ^xdx 

=  Kp{Xi^—X2^). 

Hence  total  moment  of  friction = -^  ~. 5 %. 

3sm  axi^—X2^ 

Second.    Assume  that  the  wear  is  of  such  a  nature  that  every 

point,  e.g.  D,  descends  vertically  through  the  same  distance. 

Thus  the  normal  wear  a  sin  a, 

or    fiqcDX  <x  sin  a, 

or  px  a.  sin  a. 

In  the  present  case  a  is  constant,  and  hence  px  =  a  constant. 
Thus  total  moment  of  friction 

r^"     ^T.  2u.px7r  f"'    , 

=  /     upDE-27cx-x=~^ —  /     xdx 


(ipXTZ 

sin  a 


sin  a.ix-^—X'f). 
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Also,  P  =  f'pDE  sin  a  ■  2tzx 

=  27rpx  fdx = 27rpa;(a;i  —  a;2). 

Hence  total  moment  of  friction  =  r-^r- — (a;i+a;2). 

2sma^ 

(d)  Schiele's  Pivots. — The  object  aimed  at  in  these  pivots  is 

I  to  give  the  step  such  a  form  that  the  wear  and 

^_ I the  pressure  are  the  same  at  all  points. 

/  Let  6  be  the  angle  made  by  the  tangent  at 

"^"/D  any  point  of  the  step  with  the  axis. 

/J  Let  y  be  the  distance  of  the  point  from  the 

^  /'-^  axis.     Then 

j7  py  oc  sin  d; 

t  and  hence,  if  -p  is  constant. 

Fig    395 

2/  a  sin  ^    or    y  cosec  ^  =  a  const. 

is  the  equation  of  the  generating  line  of  the  step.  This  line  is  known 
as  the  tractrix,  and  also  as  the  anti-friction  curve.  If  the  tangent 
at  D  intersects  the  axis  in  T, 

DT=y  cosec  6=a,  const. 

The  curve  may  be  traced  by  passing  from  one  point  to  another 
and  keeping  the  tangent  DT  of  constant  length. 
The  above  equation  may  be  written 

ds 
2/j-=a  const.  =a, 


dx 


ydx    ^'■^{dxj  > 


which  may  be  easily  integrated,  the  result  being  the  analytical  equa- 
tion to  the  curve,  viz.. 


,      (a-\/a?-y^\        r- 

=a  log,\^^ — ^^  +Vct2-2/2  +  a  const. 
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Schiele  or  anti-friction  pivots  are  suitable  for  high  speeds,  but  have 
not  been  very  generally  adopted. 

9.  Belts  and  Ropes. — Let  the  figure  represent  a  pulley  movable 
about  a  journal  at  0,  and  let  a  belt  (or  rope),  acted  upon  by  forces 
Ti,  T2  at  the  ends,  embrace  a  portion  ABC  of  the  circumference 
subtending  an  angle  a  at  the  centre. 

In  order  that  there  may  be  motion  in  the  direction  of  the  arrow, 
Ti  must  exceed  T2  by  an  amount  sufficient  to  overcome  the  frictional 
resistance  along  the-  arc  of  contact  and  the  resistance  to  bending  due 
to  the  stiffness  of  the  belt. 

Consider  first  the  frictional  resistance, 
and  suppose  the  belt  to  be  on  the  point  of 
slipping. 

Any  small  element  BB'  {=ds)  of  the 
belt  is  acted  upon  by  a  pull  T  tangential 
to  the  pulley  at  B,  a  pull  T—dT  tangential 
to  the  pulley  at  B' ,  by  a  reaction  equiva- 
lent to  a  normal  force  Rds  at  the  middle 
point  of  BB',  and  by  a  tangential  force, 
or  frictional  resistance,  fiRds. 

Let  the  angle  COB=d,  and  the  angle 
BOB'^dd. 

Resolving  normally, 

^     ,_,.    .    dd 

{T  +  T 


Fig.  396. 


Resolving  tangentially. 


dT)  sin^- Rds - 


dd 


(1) 


(2; 


(T-T-dT)  cos -^-lJLRds=0,    .... 

fi  being  the  coefficient  of  friction. 

dd  .  .      ,,    dd  dd   . 

Now  dd  being  very  small,  sm  y  is  approximately  -j,  cos  y  is 

approximately  unity,  and  small  quantities  of  the  second  order  may 
be  disregarded. 

Hence  eqs.  (1)  and  (2)  may  be  written 


and 


Td0-Rds=O, 
dT-nRds=0. 


(3) 

(4) 
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dT 
Therefore  dT  =  uTdd,    or    ^  =  /«^, 


(5) 


Integrating, 


l0geT  =  f£-{:C, 


C  being  a  coiistant  of  integration. 

When^=0,     T^Tz,      and  hence    loger2=C. 


Therefore 


T 


or 


■=«"»_ 


(6) 


Wheni9=«,     T  =  Ti,    and  hence 

Ti 

T2      ^ 


(7) 


e  being  the  number  2.71828,  i.e.,  the  base  of  the  Naperian  system  of 
logarithms.    The  angle  a  may  be  called  the  angle  of  lap. 

If  a  is  increased  by  /?,  the  new  ratio  of  tensions  will  be  e""  times 
the  old  ratio;  so  that  if  a  increases  in  arithmetical  progression,  the 
ratio  of  tensions  will  increase  in  geometrical  progression.  This 
rapid  increase  in  the  ratio  of  the  tensions,  corresponding  to  a  com- 
paratively smaU  increase  in  the  arc  of  contact,  is  utilized  in  "brakes  " 

for  the  purpose  of  absorbing  sur- 
plus energy.     For  example: 

A  flexible  brake  consisting  of 
an  iron  or  steel  strap,  or,  again, 
of  a  chain,  or  of  a  series  of  iron 
bars  faced  with  wood  and  jointed 
together,  embraces  about  three 
fourths  of  the  circumference  of 
an  iron  or  wooden  drum.  One 
end  of  the  brake  is  secured  to  a 
fixed  point  0,  and  the  other  to  the 
end  5  of  a  lever  AOB  turning  about  a  fulcrum  at  0.  A  force 
applied  at  A  will  cause  the  brake  to  clasp  the  drum  and  so  produce 
friction  which  will  ■  gradually  bring  the  drum  to  rest. 
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Let  oj  be  the  angular  velocity  of  the  drum  before  the  brake  is 
applied. 

Let  /  be  the  moment  of  inertia  of  the  drum  with  respect  to  its 

axis. 

laP 
The  kinetic  energy  of  the  drum=— . 

When  the  brake  is  applied,  the  motion  being  in  the  direction  of 
the  arrow,  let  the  greater  and  lesser  tensions  at  its  ends  be  Ti  and  T2 
respectively. 

Let  n  be  the  number  of  revolutions  in  which  the  drum  is  brought 
to  rest.    Then 

^I(^==iTi-T2)7!dn, (8) 

d  being  the  diameter  of  the  drum. 

Also,  if  P  is  the  force  applied  at  A,  and  if  p  and  q  are  the  per- 
pendicular distances  of  0  from  the  directions  of  P  and  T2  respectively, 

Pp  =  T2q (9) 

Again,  Ti  =  T2e''%        (10) 

a  being  the  angle  subtended  at  the  centre  by  the  arc  of  contact. 
Hence,  by  eqs.  (8),  (9),  (10), 

ql<^  f.-,s 

""2Pp(e''»-l)7rd ^^^' 

If  the  motion  of  the  drum  were  in  the  opposite  direction,  q  would 
be  the  perpendicular  distance  of  0  from  the  direction  of  Ti,  and 
then  Pp  =  Tig. 

Proceeding  as  before, 

,  qlo^e"" 

'^  ^2Pp(e'"'-l)nd' 

and  therefore  the  number  of  turns  in  the  second  case,  before  the 
drum  comes  to  rest,  is  C"  times  the  number  in  the  first,  which  is 
consequently  the  preferable  arrangement. 

The  coefficient  of  friction  /x  varies  from  .12  for  greasy  shop-belts 
on  iron  pulleys  to  .5  for  new  belts  and  hempen  ropes  on  wooden 
drums.     In  ordinary  practice  an  average  value  of  /i  for  dry  belts 
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on  iron  piilleys  is  .28,  and  for  wire  ropes  .24;   if  the  belts  are  wet, 
fi  is  about  .38. 

Formulce  (6)  and  (7)  are  also  true  for  nen-circular  'pulleys. 

10.  Effective  Tension. — The  pull  available  for  the  transmission 
of  power  =  ri  —  r2='Sf.  Let  H.P.  be  the  horse-power  transmitted, 
V  the  speed  of  transmission  in  feet  per  second,  a  the  sectional  area 
of  the  rope  or  belt,  and  s  the  stress  per  square  inch  in  the  advancing 
portion  of  the  belt. 

Then  if  Ti  and  T2  are  in  pounds. 

The  working  tensile  stress  per  square  inch  usually  adopted  for 
leather  belts  varies  from  285  lbs.  (Morin)  to  355  lbs.  (Claudel), 
an  average  value  being  300  lbs.  In  wire  ropes  8500  lbs.  per  square 
inch  may  be  considered  an  average  working  tension. 

Hempen  ropes  for  the  transmission  of  power  generally  vary 
from  4^  to  6^  ins.  in  circumference. 

11.  Effect  of  High  Speed. — When  the  speed  of  transmission  is 
great  the  effect  of  centrifugal  force  must  be  taken  into  account. 

The  centrifugal  force  of  the  elements  ds  =  — '-  — ,  w  being  the 

specific  weight  of  the  belt  or  rope,  and  r  the  radius  of  the  pulley. 
Eq.  (3)  above  now  becomes 

-,,.     _ ,      wads  iP    „ 

Tdd-Rds ■  — =0, 

9     r 

Tde-'^^-Rds^O; 
9 

dT 
and  hence,  by  eq.  (4),         =-/idd. 


Integrating, 


since  ^  =  72  when^=0. 


9 


T-^^ 


loge ^ =fld, 
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Also,  T  =  Ti  when  d  =  a,  and  therefore 

^—  =6"', 

9 

_  wa 

or  Ti=T2e'"' v^re""-!), 

g 

the  work  transmitted  per  second 

=  {Ti-T2)v=(T2V-~v^)ie>"'-i), 

which  is  a  maximum  and  equal  to  |r2(e'"'  — 1)?;  when  v  =  \|— ^^, 

'3wa 

and  the  two  tensions  are  then  in  the  ratio  of  26"°  + 1  to  3. 

The  speed  for  which  no  work  is  transmitted,  i.e.,  the  limiting 

speed,  is  given  by 

T,v-'^=0,    or    v  =  J^. 
g  ^wa 

12.  Slip  of  Belts. — A    length  I  of  the   belt   (or  rope)   becomes 
Zfl  +  p-)  on  the  advancing  side  and  Zll  +  p-)    on  the  slack  side 

Ti  Tz 

where  pi= —    and  p2= — ,   E  being  the    coefficient  of  elasticity. 
a  Co 

Thus  the  advancing  pulley  draws  on  a  greater  length  than  is  given 

off  to  the  driven  pulley,  and  its  speed  must  therefore  exceed  that  of 

the  latter  by  an  amoimt  given  by  the  equation 

l(l+2l) -l(l+M 
reduction  of  speed,  or  slip       \      E/       \      El     pi—p2 

speed  of  driving-pulley  //i  i£l\  E+pi'^ 

The  slip  or  creep  of  the  belt  measures  the  loss  of  work.     In 
ordinary  practice  the  loss  with  leather  belting  does  not  exceed  2  per 
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cent,  while   with  wire  ropes  it  is  so  small  that  it  may  be  disre- 
garded. 

13.  Prony's  Djmamometer. — This  dynamometer  is  one  of  the 
commonest  forms  of  friction-brake.  The  motor  whose  power  is  to 
be  measm-ed  tm-ns  a  wheel  E  which  revolves  between  the  wood  block 
B  and  a  band  of  wood  blocks  A.    To  the  lower  block  is  attached  a 


A^P 


Fig.  398. 


lever  of  radius  p  carrying  a  weight  P  at  the  free  end.  By  means  of 
the  screws  C,  D  the  blocks  may  be  tightened  around  the  circumference 
until  the  unknown  moment  of  frictional  resistance  FR  is  equal  to  the 
known  moment  Pp,  R  being  the  radius  of  the  wheel. 

The  weight  P,  which  rests  upon  the  ground  when  the  screws  are 
slack,  is  now  just  balanced. 

The  work  absorbed  by  friction  per  Tmmite=27:RFn  =  2nPpn, 
n  being  the  number  of  revolutions  per  minute. 

14.  Stiffness  of  Belts  and  Ropes. — The  belt  on  reaching  the 
pulley  is  bent  to  the  curvature  of  the  periphery,  and  is  straightened 
again  when  it  leaves  the  pulley.  Thus  an  amount  of  work,  in- 
creasing with  the  stiffness  of  the  belt,  must  be  expended  to  over,come 
the  resistance  to  bending.    As  the  result  of  experiment,  this  resistance 

aT 
has  been  expressed  in  the  form  j-^,  T  being  the  tension  of  the  belt, 

a  its  sectional  area,  R  the  radius  of  the  pulley,  and  b  a  coefficient  to 
be  determined. 

According  to  Redtenbacher,   6  =  2.36  ins.  for  hempen  ropes. 
"         "  "  6  =  1 67  "     "        "  " 

"  Reuleaux,  6=3.4     "    "  leather  belts. 
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Let  the  figure  represent  a  sheave  in  a  pulley-block  turnmg  in  the 
direction  of  the  arrow  about   a  journal 
of  radius  r. 

Let  Ti  be  the  effort,  T2  the  resistance. 

The  resistance  due  to  the  stiffness  of 
the  belt  may  be   allowed   for  by  adding 

nT 

vs"  to  the  force  T2.  The  frictional  resist- 
ance at  the  journal  surface  is  P  sin  <p  or 
fP,  P  being  the  resultant  of  Ti,  T-^.  ^'°'  ^^^' 

The  motion  being  steady,  and  taking  moments  about  the  centre, 

aTz 


'^'^  =  {^^+Ti)^+fP'' 


If  Ti  and  T^  are  parallel,   P  =  Ti  +  T2,  and  the  last  equation 
becomes 

Let  the  pulley  turn  through  a  small  angle  d. 
The  counter-efficiency  of  the  sheave 

motive  work     Tid    Ti     ^       2fr      a     1    . 


usefulwork     Tid    T2    ^R-frbR-fv 

In  the  case  of  an  endless  belt  connecting  a  pair  of   pulleys  of 
radii  Ri,  R2,  the  resistance  due  to  stiffness  may  be  taken  equal  to 

-T-(n-  +  nr),  T  being  the  mean  tension  (= — ^ — ^j. 

The  resistance  due  to  journal  friction =/rP (n- +p-j. 

The  useful  resistance  =  Ti  —  T2=S. 
Hence  the  counter-efficiency 


^Hhw^ji^+'^f'?)- 
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In  wire  ropes  the  stress  due  to  bending  may  be  calculate  as 
follows : 

Let  X  be  the  radius  of  a  wire.  The  radius  of  its  axis  is  sensibly 
the  same  as  the  adius  R  of  the  pulley. 

The  outer  layers  of  the  wire  will  be  stretched,  and  the  inner 
shortened,  while  the  axis  will  remain  unchanged  in  length.     Hence 

X     change  of  length  of  outer  or  inner  strands     unit  stress 
R  length  of  axis  ~        E       ' 

X 

and  the  unit  stress  due  to  bending =Bh- 

15.  Wheel  and  Axle.^Let  the  figure  represent  a  wheel  of  radius 
p  turning  on  an  axle  of  radius  r,  under  the  action  of  the  two  tangential 

forces  P  and  Q,  inclined  to  each  other  at 
an  angle  d. 

The  resultant  R  oi  P  and  Q  must 
equilibrate  the  resultant  reaction  between 
the  wheel  and  axle  at  the  surface  of 
contact. 

Let  the  directions  of  P  and  Q  meet 
inT. 

If  there  were  no  friction,  the  resultant 
reaction  and  the  resultant  R  would  neces- 
sarily pass  through  0  and  T. 

Taking     friction     into     account,     the 
direction  of   R   will   be   inclined   to   TO. 
Let    its    direction   intersect    the    circum- 
ference of  the  axle  in  the  point  A.    The  angle  between  TA  and  the 
normal  AO  at  A,  the  motion  being  steady,  is  equal  to  the  angle  of 
friction;   call  it  0. 

Taking  moments  about  0, 


Fig.  "400. 


Also, 


Pp—Qp—Rr  sin  ^=0. 

R2=P2  +  Q2  +  2PQCOS0. 


(1) 
(2) 


Let  /=sin  ^  = 


Vi+fi- 


■,  fi  being  the  coefficient  of  friction. 
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Pp-Qp-fRr=0. 


(3) 


If  P  and  Q  are  parallel  in  direction, 


'  =  0    and    R=P+Q. 


Let  the  figure  represent  a  wheel  and  axle. 


Ri 


9=-^^B©-* 


Let  P  be  the  effort  and  Q  the  weight  lifted,  the  directions  of 
P  and  Q  being  parallel. 

"    W  be  the  weighC  of  the  "wheel  and  axle." 

"    Ri  and  R2  be  the  vertical  reactions  at  the  bearings. 

"    p  be  the  radius  of  the  wheel. 

"    q      "  "         "      axle. 

"    r      "         "         "      bearings. 
Ta^ie  moments  about  the  axis.     Then 


Pp—Qq—Rir  sin  <f)—R2rsm  ^=0. 


(4) 


But 


Ri+R2  =  W+P  +  Q. 


(5> 


Hence  Pp-Qq  =  {W+P+Q)r  sin  cj>  =  {W+P+Q)fr, 


or 


P(p-fr)=Qiq+fr)+fWr. 


(6) 
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Efficiency. — In  turning  through  an  angle  d, 
motive  work=Pp^, 
useful  work  =Qqd; 

therefore  efficiency       =pa=~p> 

and  the  ratio  p  is  given  by  eq,.  (6) . 

i6.  Toothed  Gearing. — In  toothed  gearing  the  friction  is  partly 
rolling  and  partly  sliding,  but  the  former  will  be  disregarded,  as 
it  is  small  as  compared  with  the  latter. 


Oi^- 


Fig.  402. 

Let  the  pitch-circles  of  a  pair  of  teeth  in  contact  at  the  point 
B  touch  at  the  point  A,  and  consider  the  action  before  reaching 
the  line  of  centres  O1O2,  i.e.,  along  the  arc  of  approach. 

The  line  AB  is  normal  to  the  surfaces  in  contact  at  the  point  B. 

Let  R  be  the  resultant  reaction  at  B.  Its  direction,  the  motion 
being  steady,  makes  an  angle  (j),  equal  to  the  angle  of  friction,  with 
AB. 

Let  d  be  the  angle  between  O1O2  and  AB. 

Let  the  motive  force  and  force  of  resistance  be  respectively 
equivalent  to  a  force  P  tangential  to  the  pitch-circle  Oi,  and  to 
a  force  Q  tangential  to  the  pitch-circle  O2. 
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Let  n,  r2  be  the  radii  of  the  two  wheels. 

The  work  absorbed  by  friction  in  turning  through  the  small 
arc  ds 

=  (P-Q)ds.         .......     (1). 

Consider  the  wheel  Oi,  and  take  moments  about  the  centre.-     i 

Pri^R{rism(d-(f))+xsm^],        ....     (2) 
where  AB  =  x. 

Similarly,  from  the  wheel  O2, 

Qr2=R{r2sia.{d  —  (j))—xsin(f>\ (3) 

Hence 

X 

^     sin(^-^)-— sin'0 

^- "-^ , (4) 


P  X 

sin  (Q  —  ^)-\ — sin^ 


and  therefore 


( — 1 — )a;sin^ 

P-Q=Q   ^''   '-^    ,       ■    .....   (5) 

sin  {0  —  (}>) sin  (j> 

Hence  the  work  absorbed  by  friction  in  the  arc  ds 


{—^ — jzsin  4>ds 


=Q  "•■    '•''      , (6) 

sin  (d  —  (j)) sin  <^ 

In  precisely  the  same  manner  it  can  be  shown  that,  after  leaving 
the  line  of  centres,  i.e.,  in  the  arc  of  recess, 

X 

^     sin  (d+4>) sin  d> 

I -^ C7) 

sm(d  +  (f>)-\ — sin  ^ 
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and  the  work  absorbed  by  friction  in  the  arc  ds 


{-+-)x  sin  <f>ds 


-Q  "^  ■'"    , .    .....    (8) 

sin  {0  +  4>)  ^ sin  ^ 

The  ratio  -p  and  the  loss  of  work  given  by  eqs.  (4)  and  (6)  are 

respectively  greater  than  the  ratio  p-  and  the  loss  of  work  given  by 

eqs.  (7)  and  (8),  and  therefore  it  is  advisable  to  make  the  arc  of 
approach  as  small  as  possible. 

Again,  by  eq.  (4),  motion  will  be  impossible  if 

X 

sin  {d  —  <j))  + —  sin  ^ = 0 ; 

X 

i.e.,  if  cot  <i=cot  6 -. — 7, 

'  ^  ri  sm  6' 

and  this-  can  only  be  true  if  the  direction  of  R  passes  through  O2. 

Simple  approximate  expressions  for  the  lost  work  and  efficiency 
may  be  obtained  as  follows : 

d  differs  very  little  from  90°,  and  x  is  small  as  compared  with  r2 
and  differs  little  from  the  corresponding  arc  s  measured  from  A. 

Hence  the  work  absorbed  by  friction  in  the  arc  ds 

= Q  tan  <^  (- + -)  sds = Q/i  (- + -)  sds, 
and  the  work  lost  in  arc  of  approach  si 

-X'M7Ay'<i4A)^-  •  •  •  (9) 

The  useful  work  done  in  the  same  interval =Qsi. 
The  counter-efficiency  (reciprocal  of  efficiency) 

Qsi  +  q4-+-)'4      '         1      . 

'^Vi    r2/  2      ^        /I      l\si 
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Similarly  for  the  arc  of  recess  sz, 

the  lost  work=Q//(^+^)  ^,  .    .    .     (11) 

and  the  coMn<er-e^cienci/  =  l  +  /i(— +  — ]y.     .     .     (12) 
It  si  =  S2 = pitch = p  =  — — = ,  m,  riQ  being  the  number  of  teeth 

/t-l  72-2 

in  the  driver  and  the  follower  respectively,  the  expressions  for  the 
lost  work  given  by  eqs.  (9)  and  (11)  are  identical,  and  those  for 
the  counter-efficiency  given  by  eqs.  (10)  and  (12)  are  also  identical. 
Thus  the  whole  work  lost  during  the  action  of  a  pair  of  teeth 

-Q<7A)^'    .....••    (13) 

and  the  counter-efficiency 

-^^i^a+i) (1® 

This  last  equation  shows  that  the  efficiency  increases  with  the 
number  of  teeth. 

If  the  follower  is  an  annular  wheel must   be  substituted 

r-i    r2 

for  — I — in  the  above  equations.      Thus  with  an  annular  wheel 
n     r2 

the  counter-efficiency  is  diminished  and  the  efficiency,   therefore, 

increased. 

It  has  been  assumed  that  R  and  Q  are  constant,  as  their  variation 

from  a  constant  value  is  probably  small.     It  has  also  been  assumed 

that  only  one  pair  of  teeth  are  in  contact.     The  theory,  however, 

holds  good  when  more  than  one  pair  are  in  contact,  an  effort  and 

resistance  corresponding  to  P  and  Q  being  supposed  to  act  for  each 

.pair. 
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17.  Bevel-wheels. — Let  I  A,  IB  represent  the  developments  of 
the  axes    of    the   pitch-circles  II\,  II2  of  a  pair  of  bevel-wheels 

when  the  pitch-cones  are  spread  out 
flat,  Oi,  O2  being  the  corresponding 
centres. 

The  preceding  formulse  will  apply 
to  bevel-wheels,  the  radii  being  OJ, 
OJ,  and  the  pitch  being  measured  on 
the  circumferences  I  A,  IB. 

18.  Efficiency  of  Mechanisms. — 
Generally  speaking,  the  ratio  of  the 
effort  P  to  the  resistance  Q  in  a  mechan- 
ism may  be  expressed  as  a  fvmction  of 
the  coefficient  of  friction  [i.    Thus 

If,  now,  the  mechanism  is  moved  so  that  the  points  of  application 
of  P  and  Q  traverse  small  distances  dx,  2ly  in  the  directions  of  the 
forces, 

QJy  _    \    Ay 
"  PAx     F{(i)  Ax 


the  efficiency  = 


Table  of  Coefficients  of 

Axle  ERic?rioN. 

Dry. 

Greasy 
and 
Wet. 

Ordi- 
nary 
Lubri- 
cation. 

Contin- 
uous 
Lubri- 
cation. 

Pure 
Car- 
riage- 
grease. 

Lard 
and 
Plum- 
bago. 

Grease. 

Bell-metal  on  bell-metal 

.097 

.079 

.072 

.075 

.075 

.075 

.1 

.116 

.049 

.054 

.054 

.054 

.092 

.17 

.07 

.054 

.054 

.065 

Brass  on  cast  iron 

Cast  iron  on  bell-metal 

Cast  iron  on  brass 

.194 
1Q4 

.161 

".izY 

.16 

Oast  iron  on  cast  iron        

.14 

Cast  iron  on  lignum- vitse 

185 

.11 

.14 

.15 

Lignum-vitae  on  lignum-vitsB  .... 

.09 

.11 

Wrought  iron  on  bell-metal 

?51 

.189 

.075 
.075 
.125 

Wrought  iron  on  lignum-vitse.  .  . . 

.187 

All 
But  the  ratio  -r-  depends  only  upon  the  geometrical  relations 

between  the  different  parts  of  the  mechanism,  and  will  therefore. 
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remain  the  same  if  it  is  assumed  that  /jl  is  zero.  In  such  a  case  the 
efficiency  would  be  perfect,  or  the  motive  work  {PJx)  would  be 
equal  to  the  useful  work  iQ^y),  and  therefore 

F{0)  dx 
Hence  the  efficiency  =rj^ 

EXAMPLES. 

1.  In  a  pair  of  four-sheaved  blocks  it  is  found  that  it  requires  a  force  P'  to 
raise  a  weight  5P',  and  a  force  5P'  to  raise  a  weight  15P'.  Show  that  the 
general  relation  between  the  force  P  and  the  weight  W  to  be  raised  is  given  by 

P  =  %W-P'. 
o 

Find  the  efficiency  when  raising  the"  weights  5P' and  15P'.  Ans.  f;  f. 

2.  Find  the  mechanical  advantage  when  an  inch  bolt  is  screwed  up  by  a 
15-in.  spanner,  the  effective  diameter  of  the  nut  being  If  ins.,  the  diameter  at 
the  base  of  the  thread  .84  in.,  and  .15  being  the  coefficient  of  friction.    Ans.  80. 

3.  Find  the  turning  moment  necessary  to  raise  a  weight  of  1000  lbs.  by 'a 
vertical  square-threaded  screw  having  a  pitch  of  6  ins.,  the  mean  diameter  of 
the  thread  being  4  ins.  and  the  coefficient  of  friction  -J.        Ans.  1930  in.-lbs. 

4.  The  radii  of  the  pulleys  of  a  differential  pulley-block  are  6  ins.  and  5J  ins. 
Find  the  efficiency  when  a  pull  of  200  lbs.  in  the  hauling-chain  is  required  to 
raise  a. weight  of  1  ton. 

5.  Find  the  mechanical  efficiency  of  a  screw-jack  in  which  the  load  rotates 
with  the  head  of  the  jack  in  order  to  eliminate  collar  friction.  Threads  per 
inch,  3;  mean  diameter  of  threads.  If  ins.';  coefficient  of  friction,  0.14.  Also 
find  the  efficiency  when  the  load  does  not  rotate.  Ans.  30%;  17.1%. 

6.  In  a  Ufting-machine,  an  effort  of  26.6  lbs.  just  raises  a  load  of  2260  lbs. ; 
what  is  the  mechanical  advantage?  If  the  efficiency  is  .755,  what  is  the  velocity 
ratio? 

If  on  the  same  machine  .an  effort  of  11.8  lbs.  raises  a  load  of  580  lbs.,  what 
is  now  the  efficiency? 

7.  The  mean  diameter  of  the  threads  of  a  J-in.  bolt  is  0.45  in.,  the  slope  of 
the  thread  0.07,  and  the  coefficient  of  friction  0.16.  Find  the  tension  of  the 
bolt  when  pulled  up  by  a  force  of  20  lbs.  on  the  end  of  a  spanner  12  ins.  long. 

Ans.  1920  lbs. 

8.  If  in  a  Weston  pulley-block  only  40  per  cent  of  the  energy  expended  is 
utilized  in  lifting  the  load,  what  should  be  the  diameter  of  the  smaller  part  of 
the  compound  puUey  when  the  largest  diameter  is  8  ins.  in  order  that  a  pull 
of  50  lbs.  on  the  chain  may  raise  a  load  of  550  lbs.  ?  Ans.  7.42  ins. 
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9.  The  pitch  of  the  screw  of  a  lifting-jack  is  |  in.  Disregarding  friction, 
what  force  must  be  applied  at  the  end  of  a  24-in.  handle  to  raise  a  weight  of 
2664  lbs.?  Ans.  6i  lbs. 

10.  The  law  connecting  a  force  P  at  the  handle  of  a  screw-jack  with  the 
weight  W  to  be  overcome  is  of  the  form 

P=bW+c. 

When  TF=2300  lbs.,  P=30  lbs.,  and  when  IF  =500  lbs.,  P=10  lbs.;  find  the 
values  of  the  coefficients  6  and  c. 

Also,  if  the  handle  describes  a  circle  of  19  ins.,  and  if  the  pitch  of  the  screw  is 
f  in.,  find  the  velocity  ratio.  Ans.  b—ru,  c=4f;   318.47. 

11.  In  the  preceding  example,  find  the  efficiency  in  each  case  and  also  find 
the  weight  which  must  be  lifted  so  that  the  efficiency  may  be  25  per  cent. 

12.  A  belt  laps  one  half  of  a  14-in.  pulley  which  makes  2000  revolutions  per 
minute.  The  maximum  tension  is  not  to  exceed  40  lbs.  per  inch  of  width. 
If  fi=.28,  find  the  width  of  the  belt  and  the  power  transmitted,  the  weight 
of  the  belt  being  1.5  lbs.  per  square  foot. 

13.  A  belt  embracing  one  haK  the  circumference  of  a  pulley  transmits  10 
H.P.;  the  pulley  makes  30  revolutions  per  minute  and  is  7  ft.  in  diameter. 
Neglecting  slip,  find  T,  and  Ts,  /i  being  .125.  Ans.  1541f  lbs. ;'  1041|  lbs. 

14.  How  many  ropes  4  ins.  in  circumference  are  required  to  transmit  200 
H.P.  from  a  pulley  16  ft.  in  diameter  and  making  90  revolutions  per  minute? 

Ans.  10. 

15.  A  i-in.  rope  passes  over  a  6-in.  pulley,  the  diameter  of  the  axis  being 
i  in.;  the  load  upon  the  axis  =2 X the  rope  tension.  Find  the  efficiency  of  the 
pulley,  the  coefficient  of  axle  friction  being  .08  and  the  coefficient  for'stiffness 
.47.     Hence  also  deduce  the  efficiency  of  a  pair  of  three-sheaved  blocks. 

Ans,  .867  ;  .427. 

16.  A  belt  laps  150°  round  a  pulley  of  3  ft.  diameter  making  130  revolutions 
per  minute;  the  coefficient  of  friction  is  0.35.  What  is  the  maximum  pull 
on  the  belt  when  20  H.P.  is  being  transmitted  and  the  belt  is  just  on  the  point 
of  slipping?  Ans.  .898  lb. 

17.  If  the  pulleys  are  50  ft.  centre  to  centre,  and  if  the  tight  is  three  times 
the  slack  tension,  find  the  length  of  the  belt,  the  coefficient  of  friction  being 
i  and  the  diameter  of  one  of  the  pulleys  12  ins.       "  Ans.  185.287  ft. 

18.  A  6-in.  leather  belt  i  in.  thick  and  weighing  0.4  lb.  per  lineal  foot 
connects  two  pulleys,  each  3  ft.  in  diameter,  on  parallel  shafts,  and  is  found  to 
commence  to  slip  when  the  moment  of  resistance  is  400  ft.-lbs.  and  the  revo- 
lutions are  500  per  minute.  Taking  the  coefficient  of  friction  between  the 
pulleys  and  belt  to  be  .24,  estimate  the  greatest  and  least  tensions  when  on  the 
point  of  slipping. 

19.  A  strap  is  hung  over  a  fixed  pulley,  and  is  in  contact  over  an  arc  of 
length  equal  to  two  thirds  of  the  total  circumference.    Under  these  circum- 
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stances  a  pull  of  475  lbs.  is  found  to  be  necessary  in  order  to  raise  a  load  of 
150  lbs.  Determine  the  coefficient  of  friction  between  the  strap  and  the  pulley- 
rim.  Ans.  .275. 

20.  The  tight  tension  on  a  20-in.  belt  embracing  one  half  the  circumference 
of  the  pulley  is  1200  lbs.  Find  the  maximum  work  the  belt  will  transmit, 
the  thickness  of  the  belt  being  .2  in.  and  its  weight  .0325  lb.  per  cubic  inch. 
(Coefficient  of  friction  =.28.)  Ans.  68.75  H.P. 

21.  An  endless  belt  weighing  i  lb.  per  lineal  foot  connects  two  35-in.  pul- 
leys and  transmits  5  H.P.,  each  puUey  making  300  revolutions  per  minute, 
the  tight  and  slack  tensions,  /i  being  .28. 

22.  Find  the  width  of  belt  necessary  to  transmit  10  H.P.  to  a  pulley  12 
ins.  in  diameter,  so  that  the  greatest  tension  may  not  exceed  40  lbs.  per  inch  of 
the  width  when  the  puUey  makes  1500  revolutions  per  minute,  the  weight  of 
the  belt  per  square  foot  being  1.5  lbs.,  the  angle  of  wrapping  180  degrees,  and 
taking  the  coefficient  of  friction  as  0.25.  Ans.  8  ins. 

23.  A  rope  is  run  three  times  round  a  post,  one  end  being  held  tight  by  a 
force  of  10  lbs.    Find  the  pull  on  the  other  end  which  will  produce  slip.    (  /j  =  .25.) 

Ans.  1000  lbs. 

24.  A  rope-pulley  carrying  20  ropes  is  16  ft.  in  diameter  and  transmits 
600  H.P.  when  running  at, 90  revolutions  per  minute.  Taking  /<=.7  and  the 
angle  of  contact  =180°,  find  the  tension  on  the  tight  and  slack  sides. 

25.  In  a  rope-drive  the  rope  weighs  0.8  lb.  per  foot.  The  tension  being 
290  lbs.  on  the  tight  side  and  80  lbs.  on  the  slack  side,  find  approximately  the 
sag  in  the  two  cases,  supposing  the  shafts  to  be  50  ft.  apart.  Obtain  the  formula 
you  employ. 

26.  A  pulley  3  ft.  6  ins.  in  diameter  and  making  150  revolutions  per  minute, 
drives,  by  means  of  a  belt,  a  machine  which  absorbs  7  H.P.  What  must  be  the 
width  of  belt  so  that  its  greatest  tension  shall  be  70  lbs.  per  inch  of  width,  it 
being  assimied  that  the  tension  in  the  driving  side  is  twice  that  on  the  slack 
side? 

27.  The  efficiency  of  a  single-rope  pulley  is  found  to  be  94  per  cent.  Over 
how  many  of  such  pulleys  must  the  rope  pass  in  order  to  make  it  self-sustaining, 
i.e.,  to  have  an  efficiency  of  under  50  per  cent?  '  Ans.  12. 

28.  A  cable  from  a  ship  is  wound  three  times  round  a  post  and  a  force 
equal  to  the  weight  of  100  lbs.  is  appHed  at  the  other  end;  how  much  energy 
is  destroyed  when  the  ship  is  brought  to  rest  after  dragging  the  cable  10  ft. 
the  coefficient  of  friction  being  .2? 

29.  Power  is  transmitted  from  a  puUey  5  ft.  in  diameter,  running  at  110 
revolutions  per  minute,  to  a  pulley  8  ins.  in  diameter.  Thickness  of  belt  =0.24 
in.;  modulus  of  elasticity  of  belt,  9000  lbs.  per  square  inch;  tension  on  tight 
side  per  inch  of  width  =60  lbs.;  ratio  of  tensions,  2.3  to  1.  Find  the  revolu- 
tions per  minute  of  the  small  pulley.  Ans.  792. 
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30.  A  belt  weighing  J  lb.  per  lineal  foot  connects  two  42-in.  pulleys,  on 
making  240  revolutions  per  minute.  Find  the  hmiting  tension  for  which  work 
will  be  transmitted.  Also  find  the  tight  and  slack  tensions  and  the  efficiency 
when  the  belt  transmits  5  H.P.  (Diameter  of  axle  =2  in.;  coefficient  of  friction 
=  .28.)  Ans.  SOilbs.;  106.82  lbs.;  44.32  lbs.' 

31.  A  circular  saw  makes  1000  revolutions  per  minute  and  is  driven  by  a 
belt  3  iris,  wide  and  i  in.  thick,  its  weigjit  per  cubic  inch  being  .0325  lb.  The 
belt  passes  over  a  10-in.  pulley  embracing  one  half  the  circumference  and 
transmits  6  H.P.  Find  the  tight  and  slack  tensions,  the  coefficient  of  friction 
being  .28.  Ans.  130:16  lbs.;  64.56  lbs. 

32.  The  most  efficient  speed  of  a  10-in.  Xi-in.  belt  weighing  .0325  lb.  per 
cubic  inch  is  80  ft.  per  second,  the  corresponding  tight  and  slack  tensions 
being  in  the  ratio  of  7  to  3.  The  coefficient  of  friction  is  J.  Find  the  angle 
subtended  at  the  centre  of  the  pulley  by  the  arc  of  contact.  Also  find  the 
tight  and  slack  tensions  and  the  work  transmitted. 

33.  A  cotton  rope  li  ins.  in  diameter  weighs  0.72  lb.  per  lineal  foot  and 
may  be  worked  with  430  lbs.  total  tension.  Find  the  horse-power  transmitted 
at  60,  80,  and  100  feet  per  second  velocity  of  rope,  the  tight  tension  being  4J 
times  the  slack  tension. 

34.  In  a  travelling-crane  the  driving-rope  runs  at  5000  ft.  per  minute. 
Find  the  tension  due  to  centrifugal  action,  having  given  that  a  rope  1  in.  in 
diameter  weighs  0.28  lb.  per  foot  of  length,  Ans.  60.4  lbs. 

35.  In  an  endless  belt  passing  over  two  pulleys,  the  least  tension  is  150  lbs., 
the  coefficient  of  friction  .28,  and  the  angle  subtended  by  the  arc  of  contact 
148°.  Find  the  greatest  tension.  The  diameter  of  the  larger  wheel  is  78  ins., 
of  the  smaller  10  ins.,  of  the  bearings  3  ins.  Find  the  efficiency.  A  tighten- 
ing-puUey  is  made  to  press  on  the  slack  side  of  the  belt.  Assuming  that  the 
working  tension  is  to  the  coefficient  of  elasticity  in  the  ratio  of  1  to  80,  find 
the  increment  of  the  arc  of  contact  on  the  belt-pulley,  the  tension  of  the  slack 
side,  and  the  force  of  the  tightening-puUey.  Am.  309  lbs. 

36.  Two  pulleys  3  ft.  6  ins.  in  diameter,  running  at  150  revolutions  per 
minute,  are  connected  by  a  leather  belt  weighing  0.6  lb.  per  foot  in  length. 
Taking  n=.3,  find  the  greatest  tension  in  the  belt  when  transmitting  7 J  H.P. 

Ans.  360  lbs. 

37.  A  flexible  band  embracing  three  foilrths  of  the  circumference  of  a 
brake-pulley  keyed  on  a  revolving  shaft  has  one  extremity  attached  to  the 
end  A  of  the  lever  AOB,  and  the  other  to  the  fixed  point  0  (between  A  and  B) 
about  which  the  lever  oscillates.  The  pressure  between  the  band  and  pulley 
is  effected  by  a  force  applied  at  right  angles  to  the  lever  at  the  end  B.  Show 
that  the  time  in  which  the  axle  is  brought  to  rest  is  about  2i  times  as  great 
when  revolving  in  one  direction  as  in  the  opposite.     (/  =.2.) 

38.  The  power  of  an  engine  making  n  revolutions  per  minute  is  tested  by 
a  Prony  brake  having  its  arm  of  length  r  connected  with  a  spring  balance 
which  registers  a  force  P.     The  arm  is  vertical  and  the  weight  W  of  the  brake 
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is  supported  by  a  stiff  spring,  fixed  vertically  below  the  centre  of  the  wheel. 

What  error  in  B.H.P.  would  be  introduced  by  placing  the  spring  x  ft.  away 

from  the  central  position?  .        BWx    „  ,    .        ,     „ ,  „ 

■^  Ans.  -^,  B  being  the  B.H.P. 

39.  A  string  of  wood  blocks  embraces  the  24-in.  pulley  of  an  engine,  one 
end  of  the  string  being  attached  to  a  load  of  112  lbs.  and  the  other  to  a  spring 
balance  which  indicates  12  lbs.  when  the  pulley  is  making  60  revolutions  per 
minute.  Find  the  work  given  out  at  the  brake  and  the  coefficient  of  friction 
between  the  blocks  and  pulley.  Ans.  1.143  H.P.;    .355. 

40.  In  a  Prony-brake  test  of  a  Westinghouse  engine  the  blocks  were  fixed 
to  a  24-in.  fly-wheel  with  a  6-in.  face,  and  the  balance  reading  was  48  lbs.; 
the  distance  from  centre  of  shaft  to  centre  of  balance,  measured  horizontally', 
was  30  ins.,  and  the  number  of  revolutions  per  minute  was  624.  Find  the 
horse-power.  Ans.  14.3. 

41.  An  engine  makes  150  revolutions  per  minute.  If  the  diameter,  of  the 
brake-pulley  is  45  ins.  and  the  pull  on  the  brake  is  50  lbs.,  find  the  B.H.P. 

Ans.  2.67. 

42.  A  small  water-motor  is  tested  by  a  tail  dynamometer.  The  pulley  is 
18  ins.  in  diameter;  the  weight  is  60  lbs.;  the  spring  registers  a  puU  of  50  lbs.; 
the  number  of  revolutions  per  minute  =500.     Find  the  B.H.P.        Ans.  f. 

43.  A  Re3molds  water-brake  has  recesses  of  9  ins.  internal  and  18  ins.  ex- 
ternal diameter.  Find  the  velocity  in  feet  per  second  with  which  the  water 
must  circulate  so  as  to  absorb  15  H.P.  at  200  revolutions  per  minute,  the  axis 
of  the  recesses  being  at  45°  to  the  plane  of  the  disk.  Ans.  7.13  ft. 

44.  A  Froude  water-brake  has  recesses  of  6  ins.  internal  and  18  ins.  external 
diameter,  the  axis  of  the  recesses  being  at  45°  to  the  plane  of  the  disk.  The 
disk  makes  80.  revolutions  per  fninute.  The  resistance  to  motion  is  balanced 
by  50  lbs.  at  the  end  of  a  48-in.  lever.  Find  the  horse-power  developed 
and  the  velocity  of  the  water  in  feet  per  second  in  the  direction  of  the  recess 
axis.  Ans.  3.05  H.P. ;  11.4ft. 

45.  A  horizontal  axle.10  ins.  in  diameter  has  a  vertical  load  upon  it  of  20  tons 
and  a  horizontal  pull  of  4  tons.  The  coefficient  of  friction  is  0.02.  Find  the 
heat  generated  per  minute,  and  the  horse-power  wasted  in  friction,  when 
making  50  revolutions  per  minute.  Ans.  155  units;    3.63  H.P. 

46.  The  vertical  pressure  upon  a  steel  pivot  of  100  mm.  diameter  is  2100A; 
and  the  pivot  makes  100  revolutions  per  minute.  What  is  the  work  absorbed 
by  friction  per  second,   /i  being  .07?  Ans.  51.34  km. 

47.  A  shaft  makes  20  revolutions  per  minute  in  a  bearing  of  0.25  m.  diam- 
eter. If  the  load  on  the  bearing  is  8000A;,  find  the  work  consumed  per  second, 
II  being  .07!  Ans.  147  km. 

48.  A  6-ft.  plank  AB,  hinged  at  B,  has  its  middle  point  supported  on  a 
24-in.  grindstone  and  carries  a  weight  of  100  lbs.  at  the  end  A.  The  grind- 
stone weighs  600  lbs.  and  makes  175  revolutions  per  minute  on  a  1-in.  axle. 
Taking  the  coefficient  of  plank  friction  and  rolling  friction  to  be  .3  and  .05 
respectively,  find  in  how  many  turns  the  grindstone  will  come  to  rest  when  the 
motive  power  ceases  to  act.  Ans.  2.04  turns. 

49.  A  4-in.  axle  makes  400  revolutions  per  minute  on  anti-friction  wheels 
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30  ins.  in  diameter,  which  are  mounted  on  3-in.  axles.    The  load  on  the  axb 
is  5  tons.    Find  the  horse-power  absorbed.     (/i=0.1;   ^=30°;   d=0.01  in.) 

Ans.  1.7. 

50.  Find  the  work  absorbed  by  friction  per  revolution  by  a  pivot  3  ins.  long 
and  carrying  6  tons,  its  upper  face  being  6  ins.  in  diameter,  coefficient  of  friction 
.04,  and  2a  being  90°.  Ans.  .33936  in.-ton. 

51.  Calculate  the  horse-power  absorbed  by  a  footstep-bearing  8  ins.  in 
diameter  when  supporting  a  load  of  4000  lbs.  and  making  100  revolutions  per 
minute,  (o)  with, a  flat  end,  (6)  with  a  conical  pivot  a  =30°,  (c)  with  a  Schiele 
pivot.     (Take    /a  =  .03.) 

Am.  (a)  .51;  (6)  1.02;  (c)  .76,  if  upper  radius  =  length  of  tangent  =2 X 
lower  radius. 

52.  The  diameter  of  a  solid  cylindrical  cast-steel  pivot  is  2^  ins.  Find  the 
diameter  of  an  equally  efficient  conical  pivot. 

53.  The  pressure  upon  a  4-in.  journal  making  50  revolutions  per  minute  is 
6  tons,  the  coefficient  of  friction  being  .05.  Find  the  number  of  units  of  heat 
generated  per  second,  Joule's  mechanical  equivalent  of  heat  being  778  ft.-lbs. 

54.  A  water-wheel  of  20  ft.  diameter  and  weighing  20,000  lbs.  makes  10 
revolutions  per  minute ;  the  gudgeons  are  6  ins.  in  diameter  and  the  coefficient 
of  friction  is  .1.  Find  the  loss  of  mechanical  effect  due  to  friction.  If  the 
motive  power  is  suddenly  cut  off,  how  many  revolutions  will  the  wheel  make 
before  coming  to  rest?  Ans.    J^H.P.;   10.9. 

SS-  A  wedge  with  a  taper  of  1  in  8  is  driven  into  a  cottered  joint  with  an 
estimated  pressure  of  600  lbs.  Find  the  force  with  which  the  two  parts  of  the 
joint  are  drawn  together  and  the  force  required  to  withdraw  the  wedge,  the 
coefficient  of  friction  being  .2.  Ans.  1128  lbs.;   307  lbs. 

56.  A  grindstone  with  a  radius  of  gyration  =12  ins.  and  making  120  revo- 
lutions per  minute  is  suddenly  left  to  the  influence  of  gravity  and  axle  friction 
and  comes  to  rest  in  160  revolutions.  Find  the  coefficient  of  axle  friction, 
the  diameter  of  the  axle  being  1^  ins. 

57.  A  fly-wheel  weighing  8000  lbs.  and  having  a  radius  of  gyration  of  10  ft. 
is  disconnected  from  the  engine  at  the  moment  it  is  making  27  revolutions  per 
minute;  it  stops  after  making  17  revolutions.  Find  the  coefficient  of  friction, 
the  axle  being  12  ins.  in  diameter.  Ans.  .2325. 

58.  A  railway  truck  weighing  12  tons  is  carried  on  wheels  3  ft.  in  diameter; 
the  journals  are  4  ins.  in  diameter,  the  coefficient  of  friction  j'j.  Find  the  resist- 
ance of  the  truck  so  far  as  it  arises  from  the  friction  of  the  journals. 

Ans.  37ilbs. 

59.  A  tramcar  wheel  is  30  ins.  in  diameter,  the  axle  2^  ins. ;  the  coefficient 
of  axle  friction  .08,  of  roUing  friction  .09.     Find  the  resistance  per  ton. 

Ans.  28.37  lbs. 

60.  A  bearing  16  ins.  in  diameter  is  acted  upon  by  a  horizontal  force  of  50 
tons  and  a  vertical  force  of  10  tons;  the  coefficient  of  friction  is  j\.  Find  the 
horse-power  absorbed  by  friction  per  revolution.  Ans.  .906  H.P. 
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6 1.  A  steel  pivot  3  ins.  in  diameter  and  under  a  pressure  of  5  tons  makes 
60  revolutions  per  minute  in  a  cast-iron  step-well  lubricated  with  oil.  How 
much  work  is  absorbed  by  friction,  the  coefficient  of  friction  being  .08? 

Ans.  .85JH.P. 

62.  A  pair  of  spur-wheels  are  4  ins.  and  2  ins.  in  diameter;  the  flanks  of  the 
teeth  are  radial;  the  larger  wheel  has  16  teeth;  the  arc  of  approach  =  arc  of 
recess  =|  of  the  pitch.  Show  how  to  form  the  teeth,  and  find  their  efficiency. 
(Coefficient  of  friction  =  .11.)  Ans.  .97. 

63.  Find  the  work  lost  by  the  friction  of  a  pair  of  teeth,  the  number  of 
teeth  in  the  wheels  being  32  and  16,  and  the  diameter  of  the  larger  wheel, 
which  transmits  3  H.P.  at  50  revolutions  per  minute,  3  ft.    Ans.  3.646  ft.-lbs. 

64.  The  driver  of  a  pair  of  wheels  has  120  teeth,  and  each  wheel  has  an 
addendum  equal  to  .28  time  the  pitch;  the  arcs  of  approach  and  recess  are 
each  equal  to  the  pitch;  the  tooth-flanks  are  radial.  Find  the  efficiency. 
(Coefficient  of  friction =.106.)  Ans.  .994. 


CHAPTER  VII. 

ON  THE  TRANSVERSE  STRENGTH  OF  BEAMS. 

I.  The  Moment  of  Resistance. — Let  the  plane  of  the  paper  be 
a  plane  of  symmetry  with  respect  to  the  beam  PQRS.  If  the  beam 
is  subjected  to  the  action  of  external  forces  in  this  plane,  PQRS  is 


A  B 


ahb^ 


Fig.  404. 


Fig.  405. 

bent  and  assumes  a  curved  form  P'Q'R'S'.  The  upper  layer  of 
fibres  Q'R'  is  extended,  the  lower  layer  P'S'  is  compressed,  while 
of  the  layers  within  the  beam,  those  nearer  P'S'  are  compressed 
and  those  nearer  Q'R'  are  extended.  Hence  there  must  be  a  layer 
M'N'  between  P'S'  and  Q'R'  which  is  neither  compressed  nor  ex- 
tended. It  is  called  the  neutral  surface  (or  cylinder),  and  its  axis 
is  perpendicular  to  the  plane  of  flexure.  In  the  present  treatise 
it  is  proposed  to  deal  with  flexure  in  one  plane  only,  and,  in  general, 
it  will  be  found  more  convenient  to  refer  to  M'N'  as  the  neutral 
line  (or  axis),  a  term  only  used  in  reference  to  a  transverse  section. 

If  a  force  act  upon  the  beam  in  the  direction  of  its  length,  the 
lower  layer  P'S',  instead  of  being  compressed,  may  be  stretched. 
In  such  a  case  there  is  no  neutral  surface  within  the  beam,  but  theo- 
retically it  still  exists  somewhere  without  the  beam. 

Consider  an  indefinitely  thin  slice  of  the  beam  ABCD  at  a 
distance  x  from  an  origin  in  the  neutral  axis  and  of  thickness  dx. 
If  A'B'C'D'  is  this  element  in  the  bent  beam,  the  following  assump- 
tions are  made: 
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(o)  That  the  flexure  is  small; 

(6)  That  the  material  of  the  beam  is  homogeneous; 

(c)  That  any  section  AD  which  is  plane  before  bending  remains 
plane  after  bending; 

(d)  That  the  strains  of  the  several  layers  are  directly  propor- 
tional to  the  stresses  to  which  they  are  due,  so  that  the  layers  stretch 
and  shorten  freely  tmder  the  action  of  tensile  and  compressive  forces, 
notwithstanding  the  connection  between  the  different  layers. 

Let  Figs.  406  and  407  represent  enlarged  views  of  the  elements 
ABCD  and  A'B'C'iy  in  Figs.  404  and  405,  and  let  the  planes  A'D' 
and  B'C  intersect  in  0.  The  point  0  is  the  centre  of  curvature  of 
the  bent  layers  between  A'B'  and  CD'. 


Fig.  406. 


Fig.  407. 


Let  R  be  the  radius  of  curvature  of  the  layer  P'Q',  which  is  neither 
lengthened  nor  shortened,  and  which  is,  therefore,  subjected  to 
no  stress  in  the  direction  of  its  length. 

Let  t  be  the  force  developed  along  the  layer  p'q'  of  sectional 
area  da  and  at  a  distance  y  from  P'Q'. 

Without  altering  the  conditions  of  equilibrium  it  may  be  as- 
sumed that  two  forces,  opposite  in  direction  but  each  equal  in  mag- 
nitude to  t,  act  along  P'Q',  and  therefore  the  force  along  p'q'  is 
equivalent  to 

(a)  a  force  t  along  P'Q',  together  with 

(6)  a  couple  of  moment  ty.  ^ 

The  force  along  every  other  layer  of  the  element  is  also  equiv- 
alent to  a  similar  force  and  a  similar  couple. 
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Hence  the  forces  along  all  the  layers  are  equivalent  to 

(c)  a  force  It  along  P'Q',  together  with 

(d)  a  couple  of  moment  Ity, 

the  symbol  i"  denoting  algebraic  sum,  as  the  forces  change  from 
tensibns  to  compressions  on  passing  from  one  side  of  the  neutral 
surface  to  the  other. 


Again, 


R+y    Op'      pY 
R    ~OP'~P'Q" 


or  -^  =      p,Q, —  =  the  strain  of  the  layer  pY 

~E  da 

E 
Therefore  t = ^  yda. 

Hence  the  total  force  along  P'Q' 

■pi 
=  It=  ^lyda = 0, 

since  P'Q'  remains  unchanged  in  length; 

Therefore  ly-da=0,  and  P'  is  the  C.  of  G.  of  the  face  A'ly. 
Thus  the  neutral  axis  is  the  locus  of  the  centres  of  gravity  of  the 
transverse  sections  of  the  beams.  Also,  the  total  moment  of  the 
couple  acting  on  the  element 

E  E       E 

=  Ity  =  ^Iy^da=  -^I^-^Ak^, 

k  being  the  radius  of  gyration  and  /  the  moment  of  inertia  of  the 

transverse  section  of  the  beam  through  A'B'  with  respect  to  an  axis 

at  P'  perpendicular  to  the  plane  of  flexure. 

E 
The  moment  „!  is  generally  termed  the  moment  of  resistance, 

but  is  sometimes  spoken  of  as  the  elastic  moment.    It  must  neces- 
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sarily  balance  the  bending  moment  M  of  the  external  forces  which 
cause  the  flexure,  and  therefore 

Let  fy  be  the  stress,  i.e.,  the  load  per  imit  of  area,  in  p'q'.    Then 

t=fy-da,  and  therefore  fy  =  ^y  or       =p-. 

Again,  let  z  be  the  vertical  deviation  of  E',  Fig.  405,  from  MN, 
i.e.,  the  deflection  of  E'  with  respect  to  the  neutral  axis.    Then 

1  "^dx^ 


'  '^-^r 


the  upper  or  lower  sign  being  taken  according  as  the  centre  of  curvar- 

ture  0  falls  above  or  below  M'N'. 

dz 
Now, -p  is  the  tangent  of  the  angle  d  which  the  tangent  to  the 

neutral  axis  at  E'  makes  with  the  straight  line  M'N',  and  this  angle 
is  very  small.     Therefore,  approximately, 

dz 

■T-  =  tan  d=d, 

and  may  be  taken  equal  to  zero  in  the  expression  for  the  curvature, 
so  that 

i__     d2z_     Ad 


Hence 


TE- 


6?z    E     M    f, 


y 


'dx2     R      I      y 

are  equations  from  which  may  be  determined  the  deflection    (z), 
the  slope    {d),   the  curvature  ("b)  at  any    point    of    the    neutral 

axis,  and  the  stress  developed  at  any  distance  y  from  the  neutral 

1     M 
axis.     The  curvature  of  the  beam  is  n=-^-     If    the    beam    has 
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an    initial    curvature   „-,  the  change  of    curvature    is  evidently 
no 

J__J__M 
Hq     R     EI 


r- 


Curvatiu"e,  Fig.  408,  may  be  defined  as  the  anguiar 
change  (in  radians)  of  the  direction  of  the  curve  per 

NB         ■^.    t^      ^.u     change  in  angle      d 
^^      unit  of  length ^^ =j^. 


I^a.  408. 


The  beam  is   strained   to   the   limit   of   safety   when 
either  of  the  extreme  layers  A'B',  D'C  is  strained  to 
the  limit  of  elasticity.     In  such  a  case  the  least  of  the  values  of 

~-  for  the  layers    in    question   is   the    greatest  value   consistent 

■with  the  strength  of  the  beam.  If  /^  and  c  are  the  corresponding 
stress  and  distance  from  the  neutral  axis,  then 

E  f<: 

Again,  Fig.  409  represents  on  an  exaggerated  scale  the  transverse 
section  of  the  beam  at  A'D',  the  upper  and 
lower  breadths  of  the  beam,  A' A"  and'  D'D",  ^' 

being   respectively    contracted   and  stretched,         '        /  \ 
and  being  also  arcs  of  circles  having  a  common  /    \ 

centre  at  0'.  /       \ 

Let  R'  be  the  radius  of  the  arc  P'P",  whose  /         \ 

length  remains  unchanged.  /  \ 

Let  mE  be  the  lateral  coefficient  of  elasticity,  /  \ 

■m  being   a  nimierical   coefficient.    As   before,       ^^  \y^" 

for  any  layer  at  a  distance  y  from  P'P",  p/~~  '     \p" 

^'       «2/     ^'  Fzo.409. 

and  therefore  R' =mR. 

Thus,  within  the  limits  of  elasticity,  the  curvature  of  the  breadth  is  — 

that  of  the  length,  and  does  not  sensibly  affect  the  resistance  of  the 
beam  to  bending.  The  influence,  however,  upon  the  bending  may 
become  sensible  if  the  breadth  is  very  large  as  compared  with  the 
depth,  as,  e.g.,  in  the  case  of  iron  or  steel 
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2.  Modulus    of    Section.  —  The  ratio   -  is  called  the  strength 

modulus  of  the  section  and  is  usually  denoted  by  the  symbol  Z. 

The  modulus  may  be  easily  determined  as  follows : 

Divide  any  section,  as,  e.g.,  that  shown  by  Fig.  410,  into  a 
number  of  thin  layers  by  lines  parallel  to  the  neutral  axis. 

Let  tty  be  the  area  of  one  of  these  layers  at  y  from  the  neutral 
axis,  and  let  /„  be  the  stress  developed  in  this  layer. 

If  the  width,  and  therefore  the  area,  of  this  layer 

are  diminished  in  the  ratio  of  -j,  f  being  the  skin 
stress,  then 


h 
f 


and 


aj,  =  diminished  area=o/,  suppose. 


Jydy        Jdy   . 


Fig.  410. 


Treating  every  layer  in  a  similar  manner,  the  modulus  figure, 
shown  shaded,  is  obtained  and 

I(Jyay)  =  total  force  on  one  side  of  the  neutral  axis 

=fl{ay')  =fA', 

A'  being  the  area  of  one  side  of  the  modulus  figure. 

But  this  area  is  the  same  on  each  side  since  the  neutral  axis  is 
at  the  C.  of  G.  of  the  section. 

Hence  if  2A  is  the  total  area  of  the  modulus  figure,  and  if  h  is  the 
effective  depth,  i.e.,  the  distance  between  the  centres  of  gravity  of  the 
modulus  areas  above  and  below  the  neutral  axis. 


f  Ah = moment  of  resistance  of  section  =/—  =/Z, 

c 


and 


Ah=Z. 


The  table  on  page  422  gives  the  moments  of  inertia,  strength 
modulus,  and  the  square  of  the  radius  of  gyration  of  various  sections 
met  with  in  ordinary  practice. 
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Section, 


Moment  of  Inertia  /. 


Section  Modulus  - 


Square  of  Radius 
of  Gyration  K'. 


-B— .J 


U-B— J 


,L 


i: 


,[<-B- 


I 


12 


BD'-bd' 


12 


12 


Bd^  +  bD" 
12 


BD' 
36 


BD^ 

48 


7:D' 
64 


7:(D*-d*) 
64 


52)3 


64 


64 


(BD'-bd') 


BD^ 


BD'-bd^ 


32D 


BD' 


32 


t:  BD'-bd' 


32 


D 


12 


BD^-bd' 


6D 

12(BZ)-bd) 

BD^-bd'  , 

BD^-MS 

6D 

12(BD-bd) 

Bd^  +  bD^ 

Bd'  +  bZ>3 

6D 

12(Bd  +  6D) 

BD2 

- 

12 

D' 

24 

18 

BD^ 

24 

24 

32 

16 

7r(D*-d^) 

(D'  +  d») 

16 


16 


1  BD'-bd' 
16  BD-bd 
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3.  The  Work  of  Flexure.— The  work  done  stretching  the  layer 
p'q'  (Fig.  407) 

and,  therefore,  the  work  done  in  distorting  the  element  ABCD 
1  dx  ^^^  ^     1  M^       MHx 

Hence  the   total  work  of  flexure  between  points  defined  by  values 
xi  and  X2  of  x 


2E   /  I 


M2 
dx. 


If  on  this  portion  of  the  beam  loads  are  concentrated  at  different 
points,  the  integration  must  be  taken  between  each  pair  of  consecu- 
tive loads  and  the  results  superposed. 

This  expression  is  necessarily  equal  to  the  work  of  the  external 
forces  between  the  same  limits,  and  is  also  the  energy  acquired  by  the 
beam  in  changing  from  its  natural  state  of  equilibrium. 

If  the  proof  load  P  is  concentrated  at  one  point  of  a  beam,  and 

'  P 

if  d  is  the  proof  deflection,  the  resilience  =  -^d. 

If  a  proof  load  of  intensity  w  is  uniformly  distributed  over  the 

beam,  and  if  y  is  the  deflection  at  any  point,  the  resiUence =^  /  wydx, 

the  integration  extending  throughout  the  whole  length  of  the  beam. 
4.  Equalization  of  Stress. — The  stress  at  any  point  of  a  beam 
under  a  transverse  load  is  proportional  to  its  distance  from  the  neutral 
plane  so  long  as  the  elastic  limit  is  not  exceeded.  At  this  limit 
materials  -.which  have  no  ductility  give  way.  In  materials  possessing 
ductility,  the  stress  may  go  on  increasing  for  some  distance  beyond 
the  elastic  Hmit  without  producing  rupture,  but  the  stress  is  no 
longer  proportional  to  the  distance  from  the  neutral  plane,  its  varia- 
tion being  much  slower.  This  is  due  to  the  fact  that  the  portion  in 
compression  acquires  increased  rigidity  and  so  exerts  a  continually 
increasing  resistance  (Chapter  TV)  almost  if  not  quite  up  to  the  point 
of  rupture,  while  in  the  stretched  portion  a  flow  of  metal  occurs  and 
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an  approximately  constant  resistance  to  the  stress  is  developed. 
Thus  there  will  be  a  more  or  less  perfect  equalization  of  stress  through- 
out the  section,  accompanied  by  an  increase  of  the  elastic  limit  and 
of  the  apparent  strength,  the  increase  depending  both  upon  the  form 
of  section  and  the  ductility. 

For  example,  if  the  tensile  elastic  limit  is  the  same  as  the  com- 
pressive, the  shaded  portion  of  Fig.  424  gives  a  graphical  represen- 


FiG.  424.  Fig.  425.  Fig.  426. 

tation  of  the  total  stress  in  a  beam  of  rectangular  section  when  the 
straining  is  within  the  elastic  limit.  Beyond  this  limit  it  may  be 
represented  as  in  Fig.  425,  and  will  be  intermediate  between  Fig. 
424  and  the  shaded  rectangle  of  Fig.  426,  which  corresponds  to  a 
state  of  perfect  equalization. 

By  means  of  a  specially  designed  extensometer,  the  author  has 
carried  out  a  number  of  experiments  with  a  view  to  determine  the 
changes  of  fibre  length,  within  the  limit  of  elasticity,  at  different 
depths  of  a  beam  loaded  transversely.  For  a  fuU  account  of  these 
experiments  the  reader  is  referred  to  the  R.S.C.  Trans.,  Vols.  VII 
and  VIII. 

The  loading  was  of  two  kinds,  namely,  (1)  loads  of  increasing 
magnitude  placed  at  the  centre,  and  (2)  equal  loads  of  increasing 
magnitude  concentrated  at  two  points  equidistant  from  the  centre, 
the  maximum  B.M.  in  each  case  being  the  same  as  for  the  corre- 
sponding centrally  placed  load. 

In  all  measurements  the  beams  were  placed  on  supports  60  ins. 
apart  and  the  distance  between  the  extensometer  points  was  8  ins. 

Diagrams  were  plotted  showing  the  "  lengthenings  "  and  "  shorten- 
ings "  of  the  fibres  at  different  depths,  and  an  inspection  shows  that 
they  are  approximately  proportional  to  the  distance  from  the  line 
which  does  not  appareqtly  change,  in  length.  These  experiments, 
therefore,  seem  to  verify  the  assumption  that  the  stress  developed  at 
any  point  in  the  beam  is  approximately  proportional  to  the  distance 
from  the  neutral  surface,  and  the  agreement  of  the  assumption  with 
fact  becomes  more  marked  as  the  homogeneousness  of  the  material 
increases. 
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The  results  of  the  experiments  justify   the   following   general 
inferences : 

With  timber  beams  (Figs.  427  and  428) : 

(1)  That  when  a  beam  is  loaded  at  the  centre,  the  position  of 


Fig.  427. 


the  neutral  surface  under  increasing  loads  remains  practically  un- 
changed and  is  a  little  nearer  the  compression,  than  the  tension  side. 
(2)  That  when  loads  are  concentrated  at  points  equidistant  from 
the  centre,  the  neutral  surface  under  the  smaller  loads  is  at  some 


considerable  distance  from  the  mid-depth  on  the  compression  side. 
This  distance  diminishes  as ,  the  load  increases,  and  under  the 
heaviest  loads  the  neutral  surface  seems  to  have  gradually  returned 
to  nearly  the  same  position  as  when  the  beam  was  loaded  at  the 
centre. 

With  a  7.1"  X  3.33"  cast-iron  beam  (Figs.  429  and  430): 
(1)  That  the  curves  for  the  loads  at  the  centre  show  less  varia- 
tion in  the  position  of  the  neutral  surface  than  when  the  loads  are 
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concentrated  at  equidistant  points.  The  axis  is  precisely  at  the 
mid-depth  of  the  beam  up  to  2400  lbs.,  but  beyond  this  load  there 
is  a  perceptible  movement  towards  the  compression  side. 


Fig.  429. 


(2)  That  the  diagram  for  the  beam  under  loads  10  ins.  from 
the  centre  shows  a  slight  movement  of  the  neutral  surface  towards 


Top 


' _CompTeflBlon'0"om=3" 


the  tension  side  for  the  smaller  loads,  but  imder  3600  lbs.  it  sud- 
denly moves  to  the  compression  side  and  then  gradually  returns 
towards  the  centre  under  still  higher  loads. 


1     - 

li^ota. 

M 

-   M 

- 

Fig.  431. 


Fig.  432. 


(3)  That  loads  at  20  ins.  from  the  centre  show  that  the  neutral 
surface  is  much  nearer  the  tension  side  for  the  smaller  loads,  but 
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gradually  moves  to  a  position  slightly  on  the  compression  side  for 
the  higher  loads. 

With  an  8-in.  rolled  joist  (Figs.  431  to  434) : 

(1)  That  in  Fig.  433,  in  which  the  loads  are  concentrated  at 
8-in.  centres,  the  stress  in  the  material  is  almost  directly  propor- 
tional to  the  distance  from  the  neutral  axis,  which  seems  to  be  slightly 
above  the  centre  of  gravity. 

(2)  That  the  diagrams  for  the  30-in.,  20-in.,  and  15-in.  concen- 


rv  - 

^Tof  G. 

^- 

- 

Fig.  433. 


Fig.  434. 


trations  indicate  that  the  stress  in  the  material  increases  more  rapidly 
than  the"  distance  from  the  neutral  axis,  while  the  increase  is  not 
so  rapid  for  the  6-in.  (Fig.  434)  concentration  and  for  the  beam 
loaded  at  the  centre.  In  the  last  case  the  neutral  axis  has  moved 
very  appreciably  above  the  centre  of  gravity. 


Fig.  435. 


Fig.  436. 


With  a  7.85"  X 3.425"  cast-steel  beam  (Figs.  435  to  438): 
3    That  in  all  cases  the  stresses  in  the  material  are  very  approxi- 


XXVIII 


Fig.  437. 


Fig  438. 


^mately  proportional  to  the  distance  from  the  neutral  surface,  and 
that  this  neutral  surface  very  approximately  coincides  with  the  centre 
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of  gravity,  indicating  that,  in  the  case  of  the  concentrated  loads, 
the  variation  of  stress  in  the  beam  in  question  is  closely  in  accord- 
ance with  theory. 

(2)  That  the  Figs.  435  to  438,  plotted  from  the  results  obtained 
for  a  beam  loaded  at  the  centre,  -show  that  the  neutral  surface 
has  very  appreciably  moved  towards  the  compression  side,  but  that  the 
stress  in  the  material  is  still  proportional  to  the  distance  from  the 
neutral  surface  in  its  changed  position. 

Ex.  1.  A  timber  beam  6  ins.  sqitare  and  20  ft.  long  rests  upon  two  supports, 
and  is  uniformly  loaded  with  a  weight  of  100  lbs.  per  lineal  foot.  Determine 
the  stress  at  the  centre  at  a  point  distant  2  ins.  from  the  neutral  line. 

Also  find  the  central  curvature,  E  being  1,200,000  lbs.  per  square  inch. 

7=^=108,    M  =  ^^5^^5^=5000ft.-lbs.  =60,000  in.-lbs.      ' 

„                                               60000    fy      1200000 
Hence  


108       2  i2 

Therefore  /j,=lllli  Ibs./sq.  in.    and    i2  =2160  ins.  =180  ft: 

Ex.  2.  A  standpipe  section  33  ft.  in  length.and  weighing  5720  lbs.  is  placed 
upon  two  supports  in  the  sam^  horizontal  plane  30  ft.  apart.  The  internal 
diameter  of  the  pipe  is  30  ins.  and  its  thickness  i  in.  Determine  the  additional 
uniformly  distributed  load  which  the  pipe  can  carry  between  the  bearings,  so  that 
the  stress  in  the  metal  may  nowhere  exceed  2  long  tons  per  square  inch. 

Let  W  be  the  required  load  in  pounds. 

The  weight  of  the  pipe  between  the  bearings  =|fX  5720  =5200  lbs. 

Thus  the  total  distributed  weight  between  the  bearings  =  (pr+ 5200 
lbs.). 

The  straining  is  evidently  greatest  at  the  centre,  and  at  this  point 

M=^^±|?^30X12  in.-lbs.  =45(pr  +  5200)  in.-lbs. 

O 

Also,  /=-V-15'-i=-V- 15». 

^,      ,                           45(TF  +  5200)     2X2240 
Therefore  -^^, j^- 

and  TF=  30,000  lbs. 

Ex.  3.  An  iron  bar  is  bent  into  the  arc  of  a  circle  of  500  ft.  diameter;  the 
coefficient  of  elasticity  is  30,000,000  lbs.  Find  the  moment  of  resistance  of  a 
section  of  the  bar  and  the  maximum  intensity  of  stress  in  the  metal,  (o)  when 
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the  bar  is  round  and  1  in.  in  diameter,  (b)  when  the  bar  is  square,  having  a  side 
of  1  in. 

If  the  metal  is  not  to  be  strained  above  10,000  lbs.  per  square  inch,  find  (c)  the 
diameter  of  the  smallest  circle  into  which  the  bar  can  be  bent. 

HT         J.    1      ■  ^  ^T     30000000,    ,„„„„,.     ,. 

Moment  of  resistance  =-5/  =   „|,„^^,„  i  =  10,000/ m.-lbs. 


R 


250X12 


-  For  case  (a). 

Also, 

For  case  (b), 

Also, 

For  case  (c), 


/  =  ^^^,  and  the  moment  =  10,000  ~ 
64  64 


/       30000000 


250X12 


625     .     ,, 

4 

,    and    /=50001bs./sq.  in. 


1*  1 

/=— ,  and  the  moment  =  10,000X — 

=833  J  in.-lbs. 


/  _  30000000 
i~  250X12 

10000      30000000 


i 


RX12 


,    and    /=50001bs./sq.  in, 
,    and    i2=125ft., 


or  the  diameter  =250  ft. 

Ex.  4.  To  cut  out  of  an  elliptic  section,  with  its  major  axis,  2a,  vertical,  the 
rectangular  section  which  has  the  greatest  ■rnoment  of  resistance. 

Let  26  be  the  minor  axis  of  the  ellipse; 

2x  and  2y  be   the   depth   and   width  respectively  of  the   required 

rectangular  section. 

fx    4     , 
Its  moment  of  resistance  =—  —yx^  =a  max. 


X    3 ' 


b  f. 


But '—   is  constant,  and  therefore 

X 


Again, 
and  differentiating, 
Therefore 


ya;'=a  max., 
Zydx+xdy=Q. 

a'     b'      ' 

xdx     ydy  _^ 
a'        V 

_^_^_    _^ 
'3a^~6^~       a'' 


Fig.  439. 
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XT                                                 a'^3  h 

Hence  x —,    y=~, 

and  the  corresponding  moment  of  resistance  =  ( — )  —  a'&. 

\x'    4 

Ex.  5.  The  driving-wheels  of  a  locomotive  are  d  feet  in  diameter  and  the  length 
of  the  crank-radius  is  r  feet.  At  a  speed  of  s  miles  per  hour  the  stress  developed 
in  the  connecting-rod  is  not  to  exceed  f  pounds  per  square  inch.  The  connecting- 
rod  weighs  W  pounds,  is  I  feet  long,  and  has  a  constant  moment  of  inertia  I  from 
end  to  end. 

Assume  that  the  connecting-rod  may  be  considered  a  beam  supported 

at  the  two  ends.     In.  addition  to  its  own  weight  W  it  carries  a  uniformly 

Wv^ 

distributed  load  of developed  by  the  centrifugal  force,  v  being  the  linear 

g    r 

velocity  of  the  crank-pin  in  feet  per  second.     Thus 

5280  2r     44  rs, , 
^=^^3600  7  =  157^/^' 

(v^\  121 
1  +— )  — --=max.  B.M.  in  in.-lbs. 
gr/    8 

c  being  the  distance  of  the  extreme  fibres  from  the  neutral  axis. 

Ex.  6.  The  section  of  a  hook  taken  at  right  angles  to  the  direction  of  the  pull 
is  3  ins.  deep  and  1^  ins.  wide.  Calculate  the  maximum  and  minimum  stresses 
in  the  material  when  the  hook  is  loaded  with  10  tons  and  the  distance  of  the  line 
of  pull  from  the  inner  edge  of  the  section  is  1  in. 

The  max.  stress/sq.  in.  =  stress  due  to  direct  pull 

±     "       "    "   bending 

10       10X2iXH 
3XH    iVXliXS' 

=13i  tons  in  tension  and  8|-  tons  in  compression. 

Ex,  7.  //  the  pin-holes  for  a  bridge  eye-bar  were  drilled  out  of  truth  sideways, 
and  the  main  body  of  the  bar  were  5  ins.  wide  and  2  ins.  thick,  what  proportion 
would  the  maximum  stress  bear  to  the  mean  over  any  cross-section  of  the  bar  at 
which  the  mean  line  of  force  was  i  in.  from  the  middle  of  the  section? 

Let  P  tons  be  the  pull  on  the  bar.    Then 

max.  stress  at  section  =  stress  due  to  direct  pull±  stress  due  to  bending 
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P       PXiX2i     P 


"5X2    fiX2X5»     10^       20/ 


P   23  P    17 

=       —  tons  /sq.  in.  in  tension  and  —  —  tons/sq.  in.  in 

compression, 

and  the  ratio  of  the  maximum  stress  to  the  mean  is  1.15  and  0.85  on  the  ten- 
sion and  compression  sides  respectively. 

Ex.  8.  A  steel  boiler-plate  tube  36  ft.  long,  30  ins.  inside  diameter,  weighs 
4200  lbs.  and  rests  upon  supports  33  ft.  apart.  Find  the  maximum  intensity 
of  stress  in  the  metal.  What  additional  weight  may  be  suspended  from  the  centre, 
assuming  that  the  stress  is  nowhere  to  exceed  8000  lbs.  per  square  inch  ? 

Let  t  =  thickness  of  tube.     Then 

1 


4200  =  weight  of  tube  in  pounds  =  rr^ClS  +  r  - 15  )36  X490, 

120 
or  i'  +  30<  =  — -     and    t  =  .359  m. 


,.        .        22/15+i'-15\      11 
/,  the  moment  of  mertia,  =—  ( )  =  — 


33 

The  weight  of  the  unsupported  length  of  tube  =—X 4200  =3850  lbs. 

This  is  uniformly  distributed,  and  therefore 

^  33  X12  =max.  B.M.  in  in.-lbs.  =3^^  (j^X5028.l)  . 

Hence,  / = 740.9  Ibs./sq.  in. 

Next,  let  P  be  the  weight  required  at  the  centre.    Then 

P  3850 

7X33x12+  -— 33X12  =max.  B.M.  in  in.-lbs. 

and  therefore  P =18,860  lbs. 

Note.  K  r  is  the  interior  radius  of  a  hollow  tube  of  thickness  t,  the  sectional 
area  of  the  tube  =ff(r+t^  — r')  =  2;rrt,  if  t  is  so  small  as  compared  with  r  that  t'  may 
be  disregarded  without  appreciable  error.     Also,  the  moment  of  inertia  of  the  sec- 

tion  =— (r  +t*  — r*)  =7rr't,  approximately.      Hence  the  moment  of  resistance  of   a 

4 
hollow  tube  whose  thickness  is  small  as  compared  with  the  radius 

=  — jrr't  =^fr't,  approximately. 

r 
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Ex.  9.  A  cast-iron  rectangular  girder  rests  upon  supports  12  ft.  apart  and 
carries  a  weight  of  2000  lbs.  at  the  centre.  If  the  breadth  is  one  half  the  depth, 
find  the  sectional  area  of  the  girder  so  that  the  intensity  of  stress  may  nowhere 
exceed  4000  lbs.  per  square  inch. 

Also,  find  the  depth  of  a  wraught-dron  girder  3  ins.  wide  which  might  be  sub- 
stituted  for  the  cast-iron  girder,  the  coefficient  of  strength  for  the  wrought^ron 
being  8000  lbs.  per  square  inch. 

Take  d  the  depth  and  fe(=Jd)  the  breadth  of  the  cast-iron  girder.  Then, 
disregarding  the  weight  of  the  girder, 

?^12xl2=max.  B.M.  in  in.-lbs.  =4000^  =^ci'. 
4  O         12 

Therefore  d'=216  and  d=6  ins.,  so  that  the  sectional  area=6d=18  sq.  ins. 
The  weight  of  the  girder  =  -jA2X4:50=^i-d'lh3.    Taking  this  into  account, 

1  2000 

4  X  ^d'  X 12  X 12  +  — r-12  X 12  =max.  B.M.  in  in-lbs. 
8  4 

_4000 
12     ' 

81 

or  <P---d^-21Q=0    and    d=6.38ins. 

80 

Therefore         sectional  area  =  -^  X  6.38  =20.353  sq.  ins. 

Next,  let  T)  be  the  required  depth  of  the  wrought-u-on  girder.  Disre- 
garding the  weights  of  the  girders, 

2000^— =8000^    and    D'=9,    or    i)=3in. 

The  weight  of  the  wrought-iron  girder 


=^12x480  =  120I>lbs. 


Taking  this  into  account, 


i^l2  X 12 +^12X12  =max.  B.M.  in  in.- 


3D' 
=8000^- 


or  Z)'-.54Z)-18=0    and    D  =4.52  ins. 
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Ex.  10.  Compare  the  strength  modulus  of  a  rectangular  section  6  cm.  wide 
X  24  cm.  deep  with  that  of  a  double-tee  section  of  the  same  area,  the  flanges  being 
18  cm.XS  cm.  and  the  web  18  cm.X2  cm. 

For  the  rectangular  section, 


i-B^f)'--  1l1f^ 


ill. 


Fig.  440.  Fig.  441. 


For  the  double-tee  section, 

/      1  /18x24»-2X8xl8'\      ,^-^ 

T~i2 1        i2        ;  -^0^0- 

Thus  the  ratio  of  the  two  moduli  =-r=g-=-g,  so  that  the  double-tee  sec- 

^ ,  ,  tion  is  nearly  twice  as  strong  as  a  rectan- 

gular section  of  the  same  area. 


I  : il^  f  Ex.    11.   OA,  Fig.  442j   is  the  neutral 

A  axis  of  a  cantilever  fixed  at  0  and  carrying 

Fig.  442.  ^  uniformly  distributed  load  of  intensity  w 

together  with  a  weight  W  at  the  free  end  A. 

Let  I  be  the  length  of  the  cantilever.    Then,  at  any  point  {x,  y)  in  the 

neutral  axis  with  respect  to  0, 

d^u     11} 
M^=EI-^,=^(l-xy  +  W(l-x) 

=^iP-2lx+x')  +W(l-x). 
Integrating, 

c,  being  a  constant  of  integration. 

If  the  cantilever  is  so  fixed  that  the  neutral  axis  at  0  is  horizontal,  then 

dv 

-^=0  at  0,  i.e.,  when  x=0,  and  therefore  Ci=0.     Thus 

EI^^  =.B7  tan  e  =1  (I'x  -Ix'  +  jj  +W  (ix  -  -J) 
an  equation  giving  the  slope  6  of  the  axis  at  any  point.     Integrating  again, 

an  equation  giving  the  deflection  of  any  point  in  the  axis. 

There  is  no  constant  of  integration,  as  x  and  y  vanish  together.  The 
point  A  is  evidently  the  most  deflected  point,  and  if  Y  is  the  value  of 
y  at  A,  i.e.,  when  x=l, 

Bnr-,.«.f) 


434 


THEORY  OF  STRUCTURES. 


EIY=l3(f  +  ^), 

if  P  is  the  uniformly  distributed  load  =wl. 

Again,  let  4F  be  the  increment  of  Y  corresponding  to  an  increment  JW 
of  the  weight  W.    Then 

and  therefore  EI4Y  =  -dW, 

3       ' 

I  iWl' 

which  is  the  equation  commonly  employed  in  determining  the  value  of  the 
modulus  E. 

IfTFismZ,  Y=l  — =1— , 

8   EI      8  El' 

and  if  P^  =wZ)  is  small  as  compared  with  W, 

3   EI" 

The  deflection  may  be  approximately  found  by  assuming  that  the  neutral 
axis  OA  is  bent  into  the  form  of  a  circular  arc 
of  radius  R.     Draw  the  horizontal  AN,  inter- 
im        seating    the    vertical   through    0   in  N.      The 
**^  -^^^^==>'a         curvature  is  so  small  that  the  difference  in  the 

Fig.  443.  lengths  of  OA  and  AN  may  be  disregarded. 

Taking  ON  =  Y  =Sthe  maximum  deflection,  then 

AN^=0N(2R-0N)  =2R-0N,  approximately. 


Therefore 

P=2RY    and     Y  =2R' 

Also, 

Mfl      iy     E      2EY 
I    ~y  ~R~    1^    ■ 

Ex.  12.    A  beam  supported  at  0  and  A  in  the  same  horizontal  plane  carries 
a   uniformly   distributed  load  of  intensity  w                             . 
together  with  a  weight  W  concentrated  at  the         ciF-*B~^ — i 
middle  point.  ""^    -^IT"  Y  b   . -^ 

Let  I  be  the  distance  between  the  sup-  © 

First.    Let   the  beam  merely  rest  upon 
the  supports   (Fig.  444).    Then,  between  0  and  B,  at  any  point  {x,  y)  of 
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the  neutral  axis,  with  reference  to  0, 

,,        r,Td'y     W  +  wl      wx' 

M EI-~=' — - — X — —, 

dx^         2  2  ' 

W  +  wl 

— - —  being  the  reaction  at  0  (or  A).    Integrating, 

dy     W+wl       wx\ 

Ci  being  a  constant  of  integration. 

At  the  middle  point  the  neutral  axis  is  horizontal,  and  therefore 

-;— =0,     when    a;=n-i 
dx  2' 

^,  ,  „   wr-    wP 

so  that  ^^Tr~"'""oZ"^''>" 

Hence  -EI-^  =-EI  tan  d 

ax 


w+wl        wx'    P  /W    wl\ 


'Jl(Wwl\ 
8\2"^3/' 


an  equation  giving  the  slope  of  the  neutral  axis  at  any  point  between  0  and  E 
Integrating  again, 

W+wl  ,    wx*    P  /W    wl\ 


„,       W+wl  ,     wx*    P  /W     wl\ 


12  24     8  V2      Z' 

in  which  there  is  no  constant  of  integration,  as  x  and  y  vanish  together. 

This  last  equation  defines  the  deflection  curve  and  gives  the  deflection  o 
any  point  of  the  neutral  axis  between  0  and  B. 

Let  Y  be  the  maximum  deflection,  i.e.,  the  deflection  at  the  middle  point 

where  x=~.    Then 

+  EIY  =  ^(fwl+W), 

or  EIY  =  ^(fP  +  W), 

if  P  is  the  uniformly  distributed  load  =wl. 

Again,  let  4F  be  the  increment  of  Y,  corresponding  to  an  increment  ^E 
of  W.     Then 

El{Y  +  dY)  =~^(.\P  +  W  +  AW), 

and  therefore  ElAY  =  is''^' 

„      I  JW  1' 
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an  equation  also  commonly  employed  in  determining  the  value  of  the  mod- 
ulus E. 

PI' 


If  W  is  nil, 


384   EI     384  EI ' 


and  if  P  is  small  as  compared  -mth.W, 

48  EI  " 

The  deflection  may  be  approximately  found  by  assuming  that  the  neutral 

axis  OA  is  bent  into  the  arc  of  a  circle  of 
o  !N  A  radius  R.     Draw  the   horizontal  OA,  inter- 

secting the  vertical,  through  the  middle  point 
B  "       JS  in  N.    The  curvature  is  so  small  that  the 

Fig.  445.  difference  in  the  lengths  of  ON  and  OB  may 

be  disregarded. 
Take  BN  =  Y,  the  maximum  deflection.    Then 

DN'=BNi2R-BN)  =2R-BN,  approximately. 


Therefore 

f=2i.7    and     yJ-^. 

Also, 

Mb     fy     E      8EY 
I        y      R        1'    ■ 

The  deflection  at  any  distance  x  from  0  is  Y  —y,y  being  given  by 

'I 


(§-x)    =2%. 


Second.    Let  both  ends  of  the  beam  be  fixed  so  that  the  neutral  axis  is  horizontal 
ai  0  and  at  A.     Let  Mi  be  the  moment  of  fixture  at  each  end.    The  moment  at 
0  evidently  tends  to  produce  rotation  from 
right  to  left.     Then,  at  any  point  (x,  y)  be- 
tween 0  and  B, 

d'y      /W+wl\ 

dx^' 


M  = 


dx'      \ 


i\       wx''     , , 
-)x~~-Mi. 


Integrating,  - 

W+wl 


■E0=-Eliaxn 
dx 

:'-~-MiX, 


Fig.  446. 


.an  equation  giving  the  slope  0  at  any  point. 

du 
There  is  no  constant  of  integration,  as  -f-  and  x  vanish  together. 

dx 


Also, 


dy 
dx 


=  0   when    x=l,    and  therefore 


W+wl       wP     ,,  I 
^=^6-^  -4T-^^'2"' 
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or 


„     Wl  ,  wl'i       /W      P\ 

8  12  \8         12/ 


Integrating  again,        -  Ely — —  ^      "^T  -  -^  T' 

an  equation  defining  the  deflection  curve. 

There  is  no  constant  of  integration,  as  x  and  y  vanish  together. 

Let  Y  be  the  maximum  deflection,  i.e.,  the  value  of  y  at  the  middle  point, 

where  x==-^-    Then 
61 


192  \  2  /       192  \  2/ 


If  W  is  nil. 

If  P  (=wl)  is  small  as  compared  with  W, 


Y=— —  — -     and    M,  = = — . 

384  EI  12      12 


or 


I    wl'  Wl 

Y= — —     and     Mi  =— 
192  EI  8 

Again,  the  B.M.  is  nil  when  M  =0  =  -EI—^^, 

/W+wl 


/w  +wi\       wx'     ,, 
0=(-^-)z— 2--M,, 


a  quadratic,  giving  two  values  of  x  and  defining  two  points  in  the  beam  at 
which  the  B.M.  is  zero  and  at  which,  therefore,  pins  may  be  introduced  so 
that  the  beam  may  be  considered  as  consisting  of  two  cantilevers   OD,  AC, 


Fig.  447. 


Fig.  448. 


supporting  an  independent  intermediate  length  CD  (Fig.  447).    The  length 
OD  ( =  AC)  is,  of  course,  the  least  of  the  values  of  x  given  by  the  last  equation. 

At  the  middle  point  of  the  beam,  i.e.,  when  x  =— ,  the 

-'(f^i)-'(^s- 

/W    P\  /W    P\ 

Take      OK=l{^—+—j=AL    and    the  vertical  BE =l{—+^  . 
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The  parabola  KDECL  is  the  B.M.  diagram,  showing  that  the  bending 
actions  on  the  central  span  and  on  the  two  side  lengths  are  opposite  in  char- 
acter. 

if  it  is  assumed  that  W  alone  acts,  then 


and  between  0  and  B, 


,-    Wx     Wl 


so  that  the  B.M.  at  B,  i.e.,  when  «=— ,  is  also  -3-. 

Thus  the  two  lines  K'D'E'  and  E'C'L',  Fig.  448,  are  the  B.M.  diagram, 
the  value  of  OD'(=AC')  being  the  value  of  x  when 

^    Wx     Wl  I 

0  =  -2-~8-    °'    ^=4- 

If  it  is  assumed  that  P(,=wl)  alone  acts,  then 


M,= 


12 


^     and 


,,    wl      wx^    wP 


I        wP       PI 
The  B.M.  at  B,  i.e.,  when  x=~,  is  -^  or  — . 

Thus  the  parabola  K"D"E"C"L",  Fig.  449,  is  the  B.M.  diagram,  the 
lengths  OD",  OC"  being  the  values  of  x  in  the  quadratic 

f,_wl   _wx^_wP 
""^''"l"    I2' 


from  which  ^  "°  2^  (^  ^  \7^/  ' 


Fig.  449. 


so  that 


OD"  =.211Z    and    OC"  =  .789Z. 


The  ordinate  of  the  B.M.  diagram  in  Fig.  446  is  evidently  the  algebraic 
sum  of  the  corresponding  ordinates  in  Figs.  448  and  449. 

Again,  assuming  /  to  be  constant,  the  work  done  in  bending  the  beam 

in  the  first  case 

I 

"2/W+P       _H.Vj 

2  / 


_p  uw+P)'  iw+P)P    pn 

~EI[       96  128         640  J ' 
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which  becomes 

1   W'P  1    P'P 


in  the  second  case 


"fi/W    1440 ''"384/' 

1    1/)'?  1      P'P 

which  becomes        334  "IT  "  ^  =°  ^"'^  1440   eT  ^*  ^  =°- 

Third.    Let  the  beam  be  fixed  at  0  and  merely  rest  upon  the  support  at  A.    In 
the  first  place  consider  the  effect  of  the  uniformly  distributed  load  and  let 


Fig.  450. 

Rij.Ri  be  the  vertical  reactions  at  the  supports  0  and  A  respectively. 
Then,  at  any  point  (x,  y)  of  the  neutral  axis, 


At  A,  M  =0,  and  therefore 


or 


wP 
0=R^l-~-M„ 

wl' 
R,l-M,=f ^.    .    .    .    (A) 


Integrating,  -EI—=Ri-^ — —  -MiX, 

an  equation  giving  the  slope  of   the  neutral  axis  at  any   point.     There  is 

no  constant  of  integration,  as  x  and  —  vanish  together. 

X       wx            x^ 
Integrating  again,        -EIy=R,—  —^-M,—, (B) 

an  equation  giving  the  deflection. of  the  neutral  axis  at  any  point.  There 
is  no  constant  of  integration,  as  x  and  y  vanish  together.  The  deflection  at 
A,  i.e.,  when  x=l,  is  also  0.    Therefore 
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„     „  Z'    wl*      ,^  V 


R,i-m,=^ (C) 


lence,  by  (A)  and  (C), 


■      R,=\wl=\p    and    M.=^-=|h. 

Thus  the  fixture  of  one  end  throws  five  eighths  of  the  load  upon  that  end, 
while  three  eighths  of  the  load  is  borne  at  A. 
The  B.M.  is  nil  at  points  given  by 

O^R,x-—  -M, —(l-x)(l-4x), 

i.e.,  when  x=—  and  when  x=l. 
4 

PI  I 

Take  OK  =—  and  OC  =—  (Fig.  450).    Then  the  parabola  KCEA,  with  its 

g 
vertex  S  at  a  vertical  distance  DE  =  —~Pl  above  the  middle  point  of  AC, 

128 

is  the  B.M.  diagram,  and  the  bending  actions  on  the  portions  OC  and  AC 

are  evidently  opposite  in  kind. 

The  maximum  deflection  is  no  longer  at  the  centre,  but  its  position  may 

diij 

be  foimd  by  putting  -^^  =0  in  eq.  (B).    Then 

0'=R.^-'^-M,x, 

0=-^^----, 

from  which  a;=— (15  — "^/SS)  =.58Z,  very  nearly. 
Id 

The   corresponding  value   of  y,  i.e.,  the   maximum  deflection,   can  now 

be  found  by  substituting  this  value  of  x  in 

E'^^^  eq.  (B). 

c'^-'''  I     ~~'~~---~_  A  III  the  second  place,  consider  the  effect  of 

'"         B  F'"""  the  single  weight  W,  R^  and  R,  being  again 

•^f '  the  reactions  at  0  and  A  respectively.    Then, 

Fig.  451.  between  0  and  B, 

M=-EI^^=R,x-M, (D) 

Integrating,  -EI^^R^^-M^x, 


o 
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an  equation  giving  the   slope   at  any  point  of  the  neutral  axis  between  0 
and  B. 

Let  a  be  the  slope  at  B,  then 

-JS?/tana=i?,-j-M,|- (E) 

Integrating  again,  —  Ely  =  i^ig-  —  Mc2, 

an  equation  giving  the  deflection  of  any  point  of  the  neutral  axis  between  0  * 
and  B. 

Let  y^  be  the  value  of  y  at  B,  then 


-EIy^=R,^-M,-^ (F) 


Between  B  and  A, 


M=-EI^,=R,x-M,-w(x—jj. 
At  A  the  B.M.  is  nU,  and  therefore 

or  R,l-M,^W-^. (G) 


dv  x^  W  /        Z  \ ' 

Integrating,        -^^^=^'~2~^'^~~2  {^"2}   '^'^' 


c,  being  a  constant  of  integration. 

But  ^=tan  a  at  B,  i.e.,  when  x=-7c.    Therefore 
dx  '  2 

Z'  I 

-  EI  tan  a  =  iJ,-T —  Af  i-r-  +  c„ 

and,  by  eq.  (E),  Cj  =0. 

Hence  ~-^^^=-'^>T~-^'*~Tr~  2"/  ' 

an  equation  giving  the  slope  of  the  neutral  axis  at  any  point  between  B  and  A, 

3?         x'    W  /       l\' 
Integrating  again,      -EIy=Ri-Q—Mi— — ^  {x — ^j   +<'« 

c,  being  a  constant  of  integration. 
But  y=yg  when  x=—.    Therefore 


P  I' 

-Elyg  =iSi^-Afi-g  +c^ 


and,  by  eq.  (F),  Cj=0. 
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Hence  -£72/=iB.|-M,f -^(a;-|)', (H) 

an  equation  giving  the  deflection  of  any  point  of  the  neutral  axis  between  B 
and  A. 

But  y  is  also  nil  at  A,  i.e.,  when  x—l.    Therefore 

?*  Z'    W 

n  =  R  —  -M----—P 
"    ^'6        '2    48*' 

or  iJ,Z-3M.=^ (K) 

Hence,  by  eqs.  (G)  and(K),    i2i  =  j|Tr    and    M,==j-q^VI, 

so  that  the  fixture  throws  eleven  sixteenths  of  the  weight  on  0  and  five  sixteenths 
of  the  weight  on  A. 

The  B.M.  is  nil  at  a  point  between  0  and  B,  defined  by  the  value  of  x,  given 
by  making  Af  =0  in  eq.  (D).    Then 

0=RiX-Mi    or    '^=^  =  ij'- 

Take  0K'=^  and  OC'^  -|z  (Fig.  451).    The  two  lines  KC'E'  and  E'A 
8  11 

are  the  B.M.  diagram,  and 


BE'^I^Wl. 

The  maximum  deflection  is  evidently  at  some  point  between  B  and  A,  and 
its  position  may  be  found  by  making  -r-  =0  in  eq.  (H).    Then 

3.2  W  7     2 

0=R,^-M,x-'t(x-^)  , 
which  becomes  0='— 5a;'  +  10Za;— 4Z', 

from  which  x=l{l—  — ^ j  =.551,  very  nearly. 

When  the  beam  carries  the  two  loads,  the  B.M.  at  any  point  is  the  algebraic 
sum  of  the  corresponding  ordinates  of  the  B.M.  diagrams  obtained  by  con- 
sidering the  loads  separately. 

So  also  the  slope  and  the  deflection  are  the  algebraic  sums  of  the  corre- 
sponding slopes  and  deflections  due  to  the  separate  loads. 

If  there  are  a  number  of  weights  concentrated  at  different  points  along 
a  beam,  each  weight  may  be  treated  independently  and  the  several  results 
superposed. 
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5.  Reinforced   Concrete  Beams. — In  concrete  beams,  reinforced 
by  the  introduction    of   steel   rods, 
expanded  metal,  etc.,  on  the  tension 
side,  it  is  commonly  considered  good 
practice  to   assume  that  the  whole       i_ 
of    the    tension    is   carried   by  the       ^ 
metal.  ^'«-  ^52. 

Let  Ec,  E,  be  Young's  moduli   for  concrete   and  steel,   respec- 
tively, in  compression; 
fc,f»     "    the  extreme  fibre  stresses  in  the  concrete  and  steel; 
b    ,      "    "   breadth  of  the  beam; 
d  I '    "  distance    between   the   upper   surface   of   the 

beam  and  the  centre  line  of  the  steel; 
xd        <'    "  distance  between  the  upper  surface  and  the 

neutral  axis; 
h         "    "  distance  between  the  centre  line  of  the  steel 

and  the  bottom  surface  of  the  beam; 
a         I  <    "  area  of  the  steel  reinforcement. 
For  equilibrium,  the  algebraic  sum  of  the  horizontal  forces  in 
the  beam  must  be  nil.    Therefore 

bxd 

bxd_fs    Eg{l-x)d      l-x 
2a     fc~     E^d      ""    rx   ' 

taking  '■=^- 

TT  o      2a         2a 

Hence  x^  +  -tj^  =  ts, 

rbd       rbd ' 

and  a; = -r-,  (v^o^ +2arbd-a) 

rbd 

which  determines  the  position  of  the  neutral  axis. 
The  moment  of  resistance 

J-^ixd)''+U<\-x)d 
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=/.«d(l-|). 


or 


Ex.  13.  A  concrete  beam  4  ins.  wide  by  12  ins.  deep  is  reinforced  by  a  steel 
rod  of  i  in.  diameter  placed  with  its  centre  line  1  in.  above  the  tension  face  of  the 
beam.  Young's  moduli  for  concrete  and  steel  in  compression  are  3,000,000  {Ec) 
and  30,000,000  (£>)  lbs.  per  square  inch.  The  concrete  may  be  subjected  to  a 
compression  of  600  lbs.  per  square  inch  and  the  steel  to  a  tension  of  18,000  lbs. 
per  square  inch. 

Then  a=-;r(-)    =.196sq.  in.,     r=-^=-, 

,                           \/2X.196XtVX4x11+(.196)»-.196     „„ 
,,d  x^ ^-^^^^^ .256. 

Hence  the  moment  of  resistance,  so  far  as  it  depends  upon  the  compressive 
strength  of  the  concrete, 

=1 X  600  X  4  X I P  X  .256  (l  -  '^^  =34,005  in.-lbs., 

and  the  moment  oi  resistance,  so  far  as  it  depends  upon  the  tensile  strength 
of  the  steel, 

.256\ 


=  18000X.196Xll(l-^)  =35,497  in.- 


The  smaller  of  the  two  results  must  be  taken  as  the  actual  moment  of  resistance. 

Ex.  14.  To  design  a  concrete-steel  slab  to  carry  an  external  load  of  100  lbs. 
per  square  foot,  the  slab  to  be  placed  between  two  steel  beams  60  ins.  apart.  Take 
the  same  moduli  as  in  the  preceding  example,  and  let  625  lbs.  and  18,000  lbs.  be 
the  stresses  which  can  be  safely  developed  in  the  concrete  and  steel  respectively. 

Try  a  slab  5  ins.  thick,  reinforced  by  steel  rods  of  i  in.  diameter,  spaced  6 
ins.  apart  and  placed  4  ins.  below  the  top  of  the  slab.    Consider  a  portion  of 


Side  elevation 


1<-  0     X.  -fl*— *k — 6"-->K —  ' 

Fig.  453. 


the  slab  6  ins.  wide,  containing  one  reinforcing  rod,  and  let  the  weight  of  the 
concrete  be  150  lbs.  per  cubic  foot. 
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Weight  of  concrete  in  position  per  lineal  foot  =   ^^^     150  =31.25  lbs. 

1728 


i  (       t  i 


steel        "       "        "       "       "  =     .17  1b. 

external  load  "       "       "  =50.00  lbs. 


Total  load  "       "       "  =81.42  lbs. 

or  say  82  lbs. -per  lineal  foot. 

The  maximum  B.M.  on  the  portion  under  consideration 

82X5'X12     ,^,^.     ,^ 
= T ^3075  in.-lbs., 

o 

which  must  not  exceed  the  least  moment  of  resistance  if  the  slab  is  to  be  safe. 

Now  ^_V(.049)'+2X.049XTVX6x"4-.049_^g3 

Ax6x4  ■       ■ 

The  moment  of  resistance,  so  far  as  it  depends  upon  the  compressive  strength 
of  the  concrete, 

625X6X.183X4V.     .183 


(l-'— )  =5156  in.-lbs., 


and  the  moment  of  resistance,  so  far  as  it  depends  upon  the  tensile  strength  of 
the  steel 

=18000X.049X4(l-^\  =3313  in.-lbs. 

As  the  smaller  of  these  moments  is  greater  than  the  max.  B.M.,  the  slab 
is  amply  safe. 

A  more  exact  adjustment  might  be  made  by  diminishing  the  thickness  of 
the  concrete  and  spacing  the  rods  a  little  further  apart.  The  properties  of 
concrete,  however,  are  so  variable  that  great  nicety  of  adjustment  seems 
unnecessary. 

6.  Formula  Wl  =  Cbd2. — In  this  formula  6  is  a  transverse  dimen- 
sion of  a  beam  of  length  I,  depth  d,  and  carrying  a  load  W. 
It  has  been  shown  that 


and  if  /  is  the  max.  stress, 


Ma 

c 
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But  A  is  proportional  to  bd, 

k  "         "  "  d, 

c  "         "  "  d, 

and  M"         "  "  Wl. 

hdtP 
Therefore  TTZoc--—   o:bd'^  =  Cbd^, 

a 

C  being  a  coefficient  which  depends  upon  the  nature  of  the  materia^, 
the  character  of  the  loading,  and  the  method  of  supporting  the  beam. 
Its  value  must  be  determined  by  experiment. 

This  formula  is  sometimes  used  to  determine  the  breaking  weight 
of  a  beam,  and  C  is  then  called  the  coefjkieni  of  rupture.  Values 
of  C  for  iron,  steel,  and  timber  beams  are  tabulated  at  the  end  of 
Chapter    IV. 

Ex.  15.  A  10-in.-deepX6-in.-wide  red  pine  beam  resting  upon  supports 
20  ft.  apart  fails  under  a  load  of  14,250  lbs.  concentrated  at  the  centre.  Find  C. 
Disregarding  the  weight  of  the  beam, 

14250X20X12=C-6-10^ 

Therefore  C=5700. 

7.  Beams  of  Uniform  Strength. — A  beam  of    uniform  strength 

is  a  beam  so  designed  that  the  greatest  stress  developed  imder  a 

given  load  is  the  same  at  every  section  from  end  to  end  of  the  beam. 

Let  y  be  the  depth  and  z  the  greatest  width  of  a  section  of  such 

a  beam  at  any  distance  x  from  an  origin  in  the  neutral  axis.  "Then 

/  is  the  max.   stress  developed  in   this   section.     Its  moment  of 

21 
resistance  =  / — ^zy^,  since  /  is  to  be  constant. 

Therefore  gj/^athe  B.M.  at  the  section, 

ocM, 

which  may  be  written  zy^  =  cM, 

c  being  a  coefficient  depending  upon  the  value  of  /  and  the  form  of 
the  section. 

At  points  at  which  the  B.M.  is  nil,  zy^=Q,  and  therefore  either 
z  ox  y  must  be  nil.  Theoretically,  then,  a  beam  requires  no  sectional 
area,  i.e.,  no  material,  at  such  points,  but  it  is  manifest  that  at  every 
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point  the  beam  must  have  a  sufficient  sectional  area  to  take  up  the 
shearing  force. 

Case  a.  If  the  width  (i.e.,  z)  is  constant, 

and  the  ordinates  of  the  profile  in  elevation  are  proportional  to  the 
square  root  of  the  corresponding  ordinates  of  the  B.M.  curve. 
Case  b.  If  the  depth  (i.e.,  y)  is  constant, 

zccM, 

and  the  ordinates  of  the  profile  in  plan  are  directly  proportional  to 
the  corresponding  ordinates  of  the  B.M.  curve. 

Case  c.  If  the  ratio  of  depth  to  width  ( i.e.,  —  1  is  constant, 

and  the  ordinates  of  the  profiles,  both  in  elevation  and  in  plan,  are 
proportional  to  the  cube  root  of  the  corresponding  ordinates  of  the 
B.M.  ci^rve. 

If  the  load  on  the  beam  consists  of  a  number  of  concentrated 
loads  Mocx,  and  the  profiles  are  evidently  made  up  of  cubical 
parabolas. 

Case  d.  If  the  sectional  area  (yz)  is  constant, 

yccM, 

and  the  ordinates  of  the  profile  in  elevation  are  again  proportional 
io'  the  corresponding  ordinates  of  the  B.M.  curve. 

Again,  when  M=0,  y=0,  and,  therefore,  z  is  infinite.  Hence,  in 
a  beam  of  this  kind,  the  distribution  of  the  material  is  most  defective. 


Fig.  454. 


Fig.  455. 


Beams  of  Approximately  Uniform  Strength. — ^The   curved  lines 
in  Figs.-  454  and  455  are  the  theoretical  profiles  of  a  cantilever 
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and  a  beam  of  uniform  strength.  It  is  sometimes  the  practice  to 
replace  the  curved  boundary  lines  by  the  tangents  CD  at  the  section 
CC  of  greatest  depth;  a  depth  (or  width)  DD  is  thus  provided  at  A 
which  is  sufficient  for  the  S.F.  at  that  point.  Such  a  beam  may  be 
said  to  be  of  approximately  uniform  strength. 

Let  y=f{x)  be  the  equation  to  the  curved  profile.    Then 

is  the  tangent  of  the  angle  which  the  tangent  at  {x,  y)  makes  mth  the 
neutral  axis. 

At  C,  i.e.,  when  x=0, 

/'(0)=tanCZ)^=g=^^, 


and  therefore 


DD=2AD= 20C  -  20  A  f  (0) 
=CC  -2OA/'(0). 


Ex.  16.  A  cantilever  OA  of  length  I  and  constant  width  z  carries  a  weight 
Wi  at  the  free  end  A  and  a  uniformly  distributed  load  W,. 
At  any  point  distant  x  from  0, 

W, 


^2^cM  =c!l^W,(l-x)  +^^(.i-xy^, 


which  may  be  written  in  the  form 


'l-x) 


(W 


cl_  W^ 
2z  W, 


=1, 


so  that,  theoretically,  the  profile  of  the  cantilever  in  elevation  is  an  hyper- 
bola  with  its  centre  at  a  distance  — Snp — 'I  from  0,  and  its  aemi-axes  equal 


to  ^l  and  ^2^  ^-. 


Fig.  456. 
form  strength. 


A  sufficient  area  must,  however,  be  pro- 
vided at  A  to  carry  the  S.F.  at  that  point 
due  to  Wi.  This  can  be  done  by  substituting 
for  the  curved  profile  the  tangents  CZ>,,  which 
will  give    a    cantilever  of  approximately  uni- 
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At  0,  I.e.,  when  a;=0,     . 

Also,  2zy^£  ^-c[w,+^\l-x)^, 

and  therefore  at  0,  i.e.,  when  x=0, 

2zOC  X  -/'(O)  =  -c(W.  +TFJ 


Hence  DD=CC-2OAf'(,0) 


W^+W,\     ^^      W, 


=CC(1-2ZC^?^)=CC^ 


The  dotted  .lines  define  the  cantilever  of  uniform  strength  when  OA  is  the 
lower  face. 

Ex.  17.  A  beam  AA  of  constant  width  z  and  of  length  21  carries  a  uniformly 
distributed  load  W,  and  a  weight  TT,  concentrated  at  the  middle  point  0. 

At  any  point  distant  x  from  0, 

zy'=cM=c[^\l-x)  +^^?(P-x')}, 
which  may  be  written 


+ y- 1 


so  that,  theoretically,  the  profile  of  the  beam  in  elevation  consists  of  two  eUiptic 
arcs  CA,  the  eUipses  having  their  centres  at  the  points  0„  Oj,  where 


00,=00,=^l. 

cc 

^-c— --.. 

0   Oj       ^ 

0.  i.e.,  when  x=0, 

'^''^■"'■f^ 

> 

*c.-|(^,.f)  ■ 

Fig. 

457. 

cW 
Therefore  at  0  -f'{0)X2zOC=—~, 
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'^^     4zOC      2zCC' 
and  DD=CC-2OAxf'(0) 


-Cc(l-2l  -^,) 
V  2zCC'  I 


2zCC 

-cell  ^'^' 


The  dotted  lines  show  the  beam  of  unifiorm  strength  when  AA  is  the 
lower  face. 

Ex.  18.  Design  a  cantilever  of  approximately  uniform  strength  from 
the  folUming  data:  Length  =  11  ft.;  circular  section — load  at  free  ewd=1960 
lbs.;  working   stress  =  7680   Ihs./sq.  In.;  disregard  the  weight  of  the  beam. 

At  X  feet  from  the  fixed  end,  let  y  be  the  radius.    Then 

^=f!=M=1960(ll-.)12,   or   ,3=^(n_.) 

is  the  curve  of  the  theoretical  profile  and  is  a  cubical  parabola. 
At  the  fixed  end,  x=0,  and 


Again, 


the  radius  = 

€»■ 

343 

88' 

dy 
dx" 

343  1 

264  y^' 

3iins. 


Hence,  if  the  tangent  at  C,  Fig  454,  replaces  the  curved  profile, 
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Therefore  the  depth  DD  of  the  cantilever  of  approximately  uniform  strength 

=2AD=2(OC-CE)  =2(3J-H)  =4t  ins. 
8.  Stiffness. — If  D  is  the  maximum  deflection  of  a  girder  of  span 
Z,  -y-  is  a  measure  of  the  stiffness  of  the  girder. 

In  practice  the  deflection  of  an  iron  or  a  stee.  girder  under  the 
working  load  should  lie  between  j^^  and  ^^,  i.e.,  it  is  limited  to 


1  or  2  ins.  per  100  ft.  of  span,  and  rarely  exceeds  ^7^7^"/^,  or  1.2  ins.  per 


™...o.spa„,a..r«re,yexc«,o,j' 

100  ft.  of  span. 

I  ■ 
A  timber  beam  should  not  deflect  more  than  ^tt?;,  or  1  in.  per  30 

360  ^ 

ft.  of  span. 

The  proper  stiffness  of  a  girder  is  sometimes  secured  by  requiring 

the  central  depth  to  lie  between  ^r  and  -5-,  its  value  depending  upon 

the  material  of  which  the  girder  is  composed,  its  sectional  form,  and 

the  work  to  be  done. 

In  all  the  cases  of  Exs.  11  and  12,  the  maximum  deflection  Y 

P 
is  proportional  to  -pj,  and  therefore 

EI' 

p  being  a  coefficient  which  depends  upon  the  character  of  the  loading 
and  the  nature  of  the  supports.     Thus 

Y  pl2 

— = the  stiffness = — — , 
1  £1 

Also,  if  Afmax.  is  the  max.  B.M.  on  the  beam  and  /  the  correspondihg 
safe  stress  in  the  material, 

d  being  the  depth  of  the  beam  and  q  a  coeflacient  depending  upon  its 
sectional  form. 
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Therefore 


I 


=11(1) 
Eq\dl 


n 


Mrr 


Ex.  19.  A  cast-iron  beam  of  rectangular  section  and  of  20  ft.  span  carries 
<a  uniformly  distributed  load  of  20  tons;  the  coefficient  of  working  strength  is  2 
4ons  per  square  inch;  the  stiffness  is  1  in.  in  100  ft.;  E  is  8000  tons.  Find  the 
dimensions  of  the  beam,  viz.,  b  the  breadth  and  d  the  depth. 


8  c  6       3 


therefore 

6d'=1800. 

AlsOj 

Y 

'  I  " 

1         5    20(240) '12      45 
1200    384     80006a'       26d»' 

and  therefore 

6d' =27,000.       ■ 

Hence 

6d'    27000    , ^  . 
bd'-     18000 

and 

.     1800    ^. 

Ex.  20.  Compare  the  strength  and  stiffness  of  two  similarly  loaded  beams  of 
the  same  material  of  equal  lengths  and  equal  sectional  areas,  the  one  being  round 
<ind  the  other  square.  _ 

Let  r  be  the  radius  of  the  round  beam,  /r  the  intensity  of  the  surface 

stress. 

Let  a  be  a  side  of  the  square  beam,  fa  the  intensity  of  the  surface  stress. 


Then 


/,  for  round  bar,  =— ,  and  for  square  bar  =Tr. 


Also,  since  the  beams  are  similarly  loaded,  the  bending  moments  at  cor- 
responding points  are  equal,  and  therefore 


fj_xrl 
r    4 


LL'll^^M^ 


t±2L. 
a  12' 


I  ttat 


fa     3  Ttr'     3  \  7      SI' 


88 
63" 


Thus,  under  the  same  load,  the  round  beam  is  strained  to  a  greater  extent 

than  the  square  beam,  and  the  latter  is  the  stronger  in  the  ratio  of  "^^88  to  v63. 

pP 
Again,  the  stiffness  of  a  beam  is  ^.    In  the  present  case,  p,  E,  and  I  are 
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the  same  for  the  two  beams  and  therefore  the  stiffness  is  inversely  proportional 
to  the  moment  of  inertia.     Hence 


the  stiffness  of  the  round  beam      12       1  22  _ 

the  stiffness  of  the  square  beam     ;rr*  ~  Sx  21 

T . 

Ex.  21.  A  horizontal  beam  of  a  length  I  equal  to  twenty  times  the  depth  d 
rests  upon  supports  at  the  ends  and  carries  a  uniformly  distributed  load  P.  If 
the  neutral  axis  is  at  mid-depth,  and  ifEis  1,200,000  Ihs.  per  square  inch,  determine 
the  stiffness  of  the  beam,  so  that  the  maximum  stress  may  nowhere  exceed  400  Ibs^ 
Also  find  the  work  of  flexure. 

Let  Y  be  the  maximum  deflection.    Then 


PI 

8 


/        PP  / 1\ 

=  800^,  or  -J —  6400  (-jj  =128,000; 


also, 


,,     ,._  Y      5    PP 

the  stiffness  =  y  =  gg^  ^ 


5      128000 
'3841200000 


1 
°720' 


Again,  by  Ex.  12, 

1    P'P  128000       _  PI 

the  work  of  flexure-  ^^^  ^j  -  PI  ^^q  ^  120OOOO    2250' 

9.  Distribution  of  Shearing  Stress. — Let  Figs.  458  and  459  rep- 
resent a  slice  of  a  beam  bounded  by- two  consecutive  sections  AB, 
A'B',  transverse  to  the  horizontal  neutral  axis  00'. 


__*- i- 

o 


0' 


Fig.  458. 


Fig.  459. 


Let  the  abscissae  of  these  sections  with  respect  to  an  origin  in  the 
neutral  axis  be  x  and  x  +  Jx,  so  that  the  thickness  of  the  slice  is  Jx. 

In  the  limit,  since  Jx  becomes  indefinitely  small,  corresponding 
linear  dimensions  in  the  two  sections  are  the  same. 
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Let  /  be  the  moment  of  inertia  of  the  section  AB  (or  A'B'  in  the 
limit)  with  respect  to  the  neutral  axis. 

Let  c  be  the  distance  of  A  (or  A'  in  the  limit)  from  the  neutral 
axis. 

Let  fi,  /2  be  the  unit  stresses  at  A  and  A'  respectively. 

Consider  the  portion  ACC'A'  of  the  sHce,  CC  being  parallel  to 

and  at  a  distance  Y  from  the  neutral  axis.     Since  it  is  in  equilibrium, 

the  algebraic  sum  of  the  horizontal  forces  acting  upon  it  must  be 

nil. 

V 
The  stress  at  P  distant  y  from  00'  =/i-. 

Therefore  the  horizontal  force  on  the  sUce  PQ  of  thickness  dy 

=h\zdy, 
and  the  total  horizontal  force  on  the  area  ACC 

A  being  the  area  ACC  and  y  the  distance  of  its  C.  of  G.  from  the 
neutral  axis. 

Similarly,  the  total  horizontal  force  on  the  face  A'C'C 

and  the  resultant  horizontal  force  on  the  element  under  consideration 

But  Ml,  the  B.M.  at  A,  =-I, 

and  M2,  "     "     "  A',Jjl. 

Therefore  Mi  -  Mg  =  JM = '^^I. 

c 

AM  being  the  change  of  B.M.  in  passing  from  A  to  A'. 
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In  the  limit  Jx  and  JM  become  indefinitely  small,  so  that 

-r-  =-T— =/Si,  the  S.F.  at  the  section  AB. 
Ax      ax 


Thus 


c  II' 


and  the  resultant  horizontal  force  on  the  element  ACC'A' 

This  must  be  balanced  by  the  shear  developed  over  the  surface 
CC'C'C,  when  the  thickness  becomes  indefinitely  small. 
Let  q  be  the  average  intensity  of  shear  over  this  surface. 


"    w  "    "   width  CC. 


Then 


qijodx=sh.e&T  developed 
JjAyta. 


Hence 


gw=jAy. 


Ex.  22.  A  soKd  rectangular  section  of  loidth  b  and  depth  d. 

Area  between  CC  and  surface  =h(—  —  Yj. 

Distance  of  centre  of  gravity  of  this  area,  i.e.,  y   from  the  neutral  axis 


4G-^). 


Therefore 


and 


/=—     and    w  =  b. 
1^ 


*-Mi-^)\i-n 


_S.  /d 

M 

12 

^      bd'\4:  / 

3  S 


A 

-b—y 

>0 

\ 

c 

•0 

■« 

0 

V 

n 

, 

/ 

/ 

/ 

ts 

" 

Fig.  460. 


This  is  evidently  greatest  and  =—  —  when  Y=0,  i.e.,  at  the  neutral  surface. 

2  M 
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The   intensity  Qf   shear  at  any  point  may  be  represented  by  the  hori- 
zontal distance  of  the  point   from  the  parabola  AVB  having  •  its  vertex 

at  the  point  V  where  07=— —  =gr„,^ 

If  qav  is  the  average  intensity  of  S,  the  S.F.  at  the  cross-section, 

gtaax.    2  bd  ^3_ 

qav   ~  S_    "2' 
bd 

Ex.  23.  A  solid  circular  section  of  diameter  d. 

Area  of  element  of  thickness  dy  at  distance  y  from 


the  neutral  axis 


Ay 


is  =  (2.  l-j  -2/7  dy.    Therefore 


■/'^,4?^*-|(?-)' 


and 


The  width  w=CC  =2 
7:d* 


's|4~' 


/  = 


64" 


H»-      WI-'-sKf-^-) 


? 


64 


64S  (d^     ^A 

which  is  evidently  greatest  when  Y  =0. 
Thus 


16S 


and  the  intensity  of  shear  at  any  point  may  be  represented  by  the  horizontal 

■tea 

distance  of  the  point  from  the  parabola  AVB,  where  OF  =—-3-2. 


Also, 


^ax._16S_^^_4 
gav.      3;rd^      Tzd^      3  * 

T 
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'Ex.  24.  A  triangular  section  of  depth  d  and  with  a  base  of  width  b. 

bd 
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Area  of  section  = 


ACC  = 


2' 
bd  (fd-r)'    1  b   /2 


4I€--) 


2         d'  2d   \3 

Distance  of  centre  of  gravity  of  ACC  from  the  neutral  axis 
1/2,     ,A      2/1 


Therefore 

and 

which  is  a  maximum  when 


the  width  CC{  =  w)  =-^  (|d  -  r)  . 

'K-^)-fB(l^-)"l(l--) 

0  =  -dy  (|d + f)  +dF  (|d  -  y) 


or 

.-i., 

i.e.,  at  half  the  depth 

of  the  beam. 

Thus 

qn....=-^jdK 

Also 

qa.v.=S-^-bd. 

Therefore 


gmax.  _  1    6rf°_36_3 
jav.   ~24    /  ~24"2' 


1  = 


bd^ 
36 


Fig.  462. 


10.  Deflection  Due  to  Shear. — ^The  strain  energy  per  unit  of  vol- 

ume  due  to  shear =^.    Therefore  the  strain  energy  of  the  elemen- 
tary volume  PQ  (Figs.  458  and  459) 


'^h^j^f'^'^y' 
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and  the  total  strain  energy  due  to  shear 

the  integrations  extending  over  the  whole  length  and  depth  of  the 
beam. 

Ex.  25.  A  cantilever  of  length  I,  depth  d,  width  h,  and  loaded  with  W  at  the 
free  end.     Then 

S=W,    /=g,    2=6,    and    Ay=|(|-2/»). 

Therefore  the  total  shear  strain  energy 


18TF»  p    r\  (d'        V  »     ,      3  WH 


and  if  ^  is  the  corresponding  deflection, 

TF      3  WH 
2       5Ghd' 

so  that  d  =—  ;:rr-7 

5  Gbd 
Hence  the  total  deflection  due  to  bending  and  to  shear 

~3  EI  """S  Gbd' 
If  Y  is  the  deflection  due  to  bending, 

3E/d\* 


Y      \5Gbd)  '  \3  El)  ~10O\l) 


Taking  G=—E  and  —  =  —,  this  ratio  becomes   -77— -,  and  the  deflection 
6  t     15  .sUO 

due  to  shear  is  only  —  per  cent  of  that  due  to  bending. 

o 

It  appears  therefore,  that  the  deflection  due  to  shear,  in  the  case  of  solid 
cantilevers  and  beams,  is  a  very  small  quantity  and  may  be  disregarded  with- 
out sensible  error.  Its  magnitude,  however,  may,  and  often  does,  become 
appreciable  in  the  case  of  plate  girders,  built  beams,  rolled  joists,  etc.,  and 
should  not  be  neglected. 

II.  Curves    of    Maximum  Nonnal    and  Tangential  Stress.  —  As 
already  shown  in  Chapter  V,  if  a  shear  stress  is  induced  on  any  plane 
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in  a  strained  solid,  an  equal  shear  stress  is  developed  upon  a  second 
plane  at  right  angles  to  the  first.  Consider  an  indefinitely  small 
triangular  element  abc  (Fig.  463)  of  a  horizontal  beam  bounded  by 
a  plane  be  inclined  at  6  to  the  vertical,  '  a  b  q.ab's.ab 

the  horizontal  plane  db,  and  the  ver-    >^^     ^^ 
tical  plane  ac.  ^  ^^       V^ 

The  element   abc  is  kept  in  equi-        7    ^§ 'o. 

librium  by   the   stress   p-ac  upon  ac,  Fig.  463. 

the  shear  s-ab(^=q-db)  along  ab,  the  shear  qac  along  ac,  and  the 
stress  developed  in  the  plane  be.  The  weight  of  the  element  is  neg- 
lected as  being  indefinitely  small  as  compared  with  the  forces  to 
which  it  is  subjected.  Let  the  stress  upon  be  be  decomposed  into 
two  components,  the  one  X-bc  normal  and  the  other  Y-be  tangen- 
tial to  be. 

Resolving  perpendicular  and  parallel  to  be, 

•  X-bc=p-ac  cos  d+q-ab  cos  6+q-ac  sin  d 
and                 Y-bc=  —p-aesmd—q-absmd  +q-ac  cos  0, 
or  X=pcos^d+qsm20 (1) 

and  Y=-p^ — +gcos2^ :    ::     (2) 

The  value  of  0  for  which  Z  is  a  maximum  is  given  by 

— .=0=-psin2^+2gcos2^,    or     tan2(?  =  +— .       .     (3) 

Substituting  this  value  of  0  in  eq.  (1), 

themax.  value  of  X=|±-^^+g'2.      .    .    .    ;     (4) 

The  upper  sign  gives  the  maximum  stress  of  the  same  kind  as  p, 
while  the  maximum  stress  of  the  opposite  kind  is  given  by  the  lower 
sign,  if  the  total  stress  is  negative.  . 

The  value  of  0  for  which  F  is  a  maximum  is  given  by 

—  =0=-pcos2^-2gsin2(?,    or    tan2^=-|^.       ,     (5) 
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Substituting  this  value  of  0  in  eq.  (2), 

the  max.  value  of  F  =  v|^+<2^ (6) 

which  is  the  maximum  intensity  of  shear. 

The  values  of  X  and  Y  given  by  eqs.  (4)  and  (6)  have  been  obtained 
by  another  method  in  Chap.  V.  It  was  also  shown  in  the  same 
chapter  that  the  planes  of  principal  stress  are  defined  by  the  relation 

.    2t 
tan2^=— . 
P 
Let  6i,  02  be  the  values  of  0  for  which  X  and  Y  are  respectively 
greatest.    Then 

tan  261  tan  2^2=  — ^ ^= -\, 

and  therefore  ^i  —  ^2 = 45°. 

Hence,  at  any  point,  the  angle  between  the  plane  upon  which 
the  normal  intensity  of  stress  is  a  maximum  and  the  plane  upon 
which  the  tangential  intensity  of  stress  is  a  maximum  is  equal 
to  45°. 

Again,  g  is  zero  when  (?i=90°  or  0°  and  p  is  zero  when  ^i=45°. 


l^C^-^'Seof^ 

1    tej?sW«'--'   ,4 

Fig. 

46i. 

Fig.  465. 

Thus  the  curve  of  greatest  normal  intensity  cuts  the  neutral  axis 
at  an  angle  of  45°,  one  skin  surface  at  90°  and  the  opposite  at  0°, 
while  the  cMrve  of  greatest  tangential  intensity  cuts  the  skin  surfaces 
at  45°  and  touches  the  neutral  axis. 

Fig.  464  serves  to  illustrate  the  curves  of  greatest  normal  inten- 
sity. There  are  evidently  two  sets  of  these  curves,  referring  respect- 
ively to  direct  thrust  and  direct  tension. 

Fig.  465  illustrates  the  curve  of  greatest  tangential  intensity. 

Ex.  26.  A  pitch-pine  beam,  14  ins.  wide,  15  ins.  deep,  and  weighing  45 
lbs.  per  cubic  foot,  is  placed  upon  supports  10  ft.  9  ins.  apart,  and  carries  a 
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load  of  20  long  tons  at  the  centre.  Find  the  deflection  and  curvature,  E  being 
1,270,000  lbs.  Determine  the  stiffness  of  the  beam  and  the  uniformly  dis- 
tributed load  which  will  produce  the  same  deflection.  Also  find  the  maximum 
intensities  of  thrust,  tension,  and  shear  at  points  (a)  half-way  between  the 
neutral  axis  and  the  outside  skin  in  the  central  transverse  section;  (6)  at  one 
third  of  the  depth  of  the  beam,  in  a  transverse  section  at  one  of  the  quarter- 
spans.  Also  find  the  inclinations  of  the  planes  of  principal  stress  at  these 
points. 

If  Y  is  the  maximum  deflection. 


^^^4(1^  +  ^)- 


1  4  y  1  fj' 

In  the  present  case  ^=1,270,000  Ibs./sq.  in.;  /=     Y'o     ;    ^=129  ins.; 

1 4  X 1  "i                  22575 
P=wt.    of   beam=^!-^10ix45 —  lbs.=say    700  lbs.;    17=20    tons 

=44,800  lbs.    Therefore 


.--«-»  =f-f'f-l^-«») 


12 


I      48    \8    32  '  1270000  X14X15»     319' 

129 
and  the  deflection  =  y  =  — •  =  .4  in. 

.     .  /PI     Wl\^„     /P    „\129  „^^  .    .     „ 

Agam,  (—  +-J-J  12  =  (-  +  IF  1  —  =max.  B.M.  m jn.-lbs. 

=moment  of  resistance  =-^I. 
R 

rm       .                   /700     ,,o„Al29     1270000  14X15' 
Therefore  (_+44800)-^ ^ j^-, 

and  _  =  curvature  at  the  centre  =  57:77,  so  that  the  radius  of  curvature  at  the 

centre  is  3434  ins.  or  286  ft. 
To  find  p  and  q. 
At  the  central  section 

Therefore    p  =  1386|  lbs. 

Also,  5=7^^=1^^^  I4x3i(a+3i)  =1680  lbs. 
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Hence  the  max.  shear    stress 


4 


^  +  3'=1817.51bs., 


and  the  max.   normal  stresses  =1386.75  ±1817.5 

=3204.25  lbs.  and  -430.75  lbs. 
At  the  quarter-span  B.M.=  J(700+44800)-'-P--ii^X-'^|* 


Also, 
Therefore 


179900  129  .     „ 

= — ;; ,—  m.-lbs. 

8         4 

S.F.  =22400  -^F  =22,225  lbs. 

179900  129_p^   14X15° 
8         4   ~2i       12      ' 


and 


p=460Ulbs. 


Also, 


142 


22225X12 


and 


14X15' 
5=14Ulbs. 


14x5X5, 


Hence 


max.  shear  stress  =  J^^~^  +  (14U) '  =370  lbs., 


and  max.  normal  stresses  =460.5  ±270  =730.5  and  190.5.  lbs.. 

For  the  principal  plane. 


in  the  1st  case,     tan  26  = 


2X1680 
1386.75 


=2.422    and    6=31°  30'; 


2  V 1 41 1 

"    "     2d      "       tan2e=  .';„„=  .613    and    6  =15°  45'. 
460^1 

12.  Moment  of  Inertia  Variable. — In  the  preceding  investigations 
the  moment  of  inertia  /  has  been  assumed  to  be  constant. 

From  the  general  equations,  at  any  point  x,,  y  in  the  neutral 
axis, 

dx^     c  ' 


and  therefore 


c  being  proportional  to  the  depth  of  the  girder  at  a  transverse  sec- 
tion distant  x  from  the  origin. 

Hence,  for  beams  of  uniform  strength,  the  value  of  c  in  terms 
of  X  may  be  substituted  in  the  last  equation,  which  may  then  be 
integrated. 


MOMENT  OF  INERTIA   VARIABLE.  463 

Ex.  27.  A  girder  of  uniform  strength,  of  length  I,  of  rectangular  section,  rests 

upon  two  supports  and  carries  a  uniformly  distributed  load  of  w  Ihs.  per  unit  of 

length,  which  produces  a  maximum  stress  of  f  lbs.  at  every  section  of  the  beam. 

7z-2fi  /b  \i 
Show  that  the  central  deflection  is  — y-  's(o~]   '  when  the  breadth  (6)  is  constant 

and  the  depth  variable.    Find  the  deflection  when  the  depth  (d)  is  constant  and 

the  breadth  variable. 

Let  2z  be  the  depth  of  the  beam  at  x  from  the  middle  point,  and  let  y  be  the 
deflection  of  the  neutral  axis  at  the  same  point.    Then 

W'    /  ^'  ,\         r,  ,r  /     (22)'&       2  ,    „ 

2.(4-x^)=B.M.=-^^|-=3/.^6 

H-  -g=i4©*(|-")"=«(T-)"* 

f  /4fb\i 
where  «=:B  (W  • 

dy       r^/i'     ,\~^  ,         •    ,2a; 

Integratmg,  —-/—a  /     (j~^  )      dx=a  sm-'-p. 

Integrating  again, 

/,2x  ,      la  ...     .  „     , 

sm~'— da;  =-^i.°  sin  d  +  cos  a)  +  k, 

2x 
k  being  a  constant  of  integration  and  sin  d  =—-. 

When     ^=„,    y=0    and'fl=— .    Therefore 

„    larc 

°=22+^; 

When  x=0,  y,  i.e.,  the  deflection,  is  greatest  and  6=Q.    Therefore 
_la    , 

„  la/7:        \       7:-2fi/b\i 

Hence  t/max.  =2  (2  ~  7  °"^~S"  IsW  • 
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Again,  let  Fig.  466  represent  a  cantilever  of  length  I,  specific  weight  w, 
circular  section,  and  with  a  parabolic  profile, 
the  vertex  of  the  parabola  being  at  A. 

Let  26  be  the  depth  of  the  cantilever  at  the 
fixed  end. 
)A        Let  the  cantilever  also  carry  a  uniformly- 
distributed  load  of  intensity  p. 

Consider   a  transverse   section  of  radius  2 
at  a  distance  x  from  the  fixed  end. 
J,       <gg  Let  X,  y  be  the  co-ordinates  of  the  neutral 

axis  at  the  same  section.    Then 


Bute'=-r(l-x). 

Therefore  ^|V_,).g=^^V-.)'+f  C^-.)', 

Integratmg,  __  _=_  _^te__j +_ (1) 

There  is  no  constant  of  integration,  as  —  =0  when  x  =0.     Integrating  again, 

7cE  6*  dy  _W7c  b'  /Ix'    3?\     px' 

Tpdi~~Wl^Y~6''^~r ^' 

There  is  no  constant  of  integration,  as  x  and  y  vanish  together.    Thus  equa- 
tion (1)  gives  the  slope  at  any  point,  and  equation  (2)  defines  the  neutral  axis. 

The  slope  at  the  free  end  (x=l)  =r=r^  { V  +  "Tj  )  • 

J^b  ^  o     Tzb  ' 


The  deflection    "      "  "    '^^^i^-y,^^) . 


13.  Springs. — (a)  Flat  Springs. — If  two  forces,  each  equal  to 
P  but  acting  in  opposite  directions  in  the  same  straight  line,  are 
applied  to  the  ends  of  a  straight  uniform  strip  of  flat  steel  spring, 
the  spring  will  assume  one  of  the  forms  shown  below,  known  as  the 
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elastic  curve.    This  curve  is  also  the  form  of  the  linear  arch  best 
suited  to  withstand  a  fluid  pressure,  Chap.  XII. 


p 


Fig.  470. 


c 


_--^B 


D 


Fig.  467. 


Fig.  468. 


Fig.  471. 


Fig.  472. 


Consider  a  point  B  of  the  spring  distant  y  from  the  line  of  action 
of  p.    Then 

EI 


Pj/= bending  moment  at  5=-^ 


R  being  the  radius  of  curvature  at  B,  and  /  the  moment  of  inertia 
of  the  section. 

If  E  and  /  are  both  constant, 

Ry-^a  constant 

is  the  equation  to  the  elastic  curve. 
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(b)  Spiral  Springs  (as,  e.g.,  in  a  watch). — Let  Fig.  474  repre- 
sent a  spiral  spring  fixed  at  C  and  to  an  arbor  at  A,  and  subjected 
at  every  point  of  its  length  to  a  bending 
action  only. 

Consider  the  equihbrium  of  any  portion 
AB  of  the  spring. 

The   forces   at   A    are   equivalent   to   a 
couple   of   moment  M,  and   to   a   force   P 
acting  in  some  direction  AD. 
This  couple  and  force  must  balance  the  elastic  moment  at  B. 

Therefore  M+Py=EIX change  of  curvature  at  B, 

y  being  the  distance  of  B  from  the  line  of  action  of  P,  or 


M^Py=El[l-^), 


Rq  being  the  radius  of  curvature  at  B  before  winding,  and  R  that 
after  winding. 

Let  ds  be  an  elementary  length  of  the  spring  at  B. 

Then,  for  the  whole  spring, 

I{M+Py)ds=EIl{^-^)  =EIIidd-ddo), 

or  Mids + PI  yds  =EIX  total  change  of  curvature  between  A  and  C, 
and  Ms+Psy=EI{d-do), 

s  being  the  length  of  the  spring,  y  the  distance  of  its  C.  of  G.  from 
AD,  0  the  angle  through  which  the  spring  is  wound  up,  and  ^o  the 
"  unwinding "  due  to  the  fixture  at  C.  With  a  large  number  of 
coils  the  distance  between  the  C.  of  G.  and  A  may  be  assiimed  to  be 
nil  and  then^=0. 

Also,  if  the  spring  is  so  secured  that  there  is  no  change  of  direction 
relatively  to  the  barrel. 

^0=0,     and    Ms  =  Eld. 

Let  the  winding-up  be  effected  by  a  couple  of  moment  Qq=M, 
Q  being  a  tangential  force  at  the  circumference  of  a  circle  of  radius  q. 
The  distance  through  which  Q  moves  (or  deflection  qf  Q) 
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=3^=§s.    since    M^jl, 

f  being  the  skin  stress,  and  c  the  distance  of  the  neutral  axis  of  the 
spring  from  the  skin. 

Thus,  if  b  is  the  width  of  a  spring  of  circular  or  rectangular  section, 

c=K-,  and  hence 

2qf 
the  deflection =te;s. 

1  ^     ,  n      .         1  M  „    Md 
The  work  done = ^  Q  X  deflection = ^  — qa  =  -^ 

Jl   sl_p_sA]f__fVlf_ 
,  '  ~2  Ec^~  2   Ec^  ~2jE?c2  ' 

k^  being  the  square  of  the  radius  of  gyration,  A  the  sectional  area  of 
the  spring  and  V  its  volume. 

A;2     1 


In  case  of  spring  of  rectangular  section  -o  =-^ 

C        o 


It      it      it        it        t  i 


circular 


^_1 
c2~4" 


Again,  the  spiral  spring  in  Fig.  475  is  wholly  subjected  to  a  bending 
action  by  means  of  a  twisting  couple  of  moment  M=Qq  in  a  plane 
perpendicular  to  the  axis  of  the  spring.  Any  torsion  in  the  spring 
itself  is  now  due  to  the  coils  not  being  perfectly  flat. 


Fig.  475. 


Let  i2o=  radius  of  a  coil  before  the  couple  is  applied. 
"    R  ==    "      "  "    "  after     "        "      "       " 
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6  being  the  angle  of  twist;  or 

Qqs    Ms      s      s      ,,-    ^^ . 

A^  being  the  number  of  coils  before  the  couple  is  applied,  and 
No   "       "        "       "     "      after 

The  distance  through  which  Q  acts,  i.e., 

the  " deflection,"  =g^=^, 

M8     fV  P 


it       II      ti 


and 


the  work  done  = 


2E  c2  ' 


1  fW 
=^  -p-  for  spring  of  rectangular  section, 


8  -E 
c.   Simple  rectangular  spring. 

By  Ex.  11, 


' '    circular 


since 


1  WP    2  fP 
3  EI  ~3  Ed'- 
Wl    M    2/    12WI 
I  ~  I  ~d~  bd^  • 


(1) 


Fig.  476. 


Also,  WJ  ^ 


hd?l  2fP  _ipbdl    fW 
"  Ql    3  Ed~9    E   ~  9E- 


Hence 


7  =  9 


WJE 


and 


the  work  done  =  - 


(2) 
(3) 


p    >     •     •     • 

WJ     fW 
2    ~ISE- 

d.  Spring  of  constant  depth  but  triangular  in  plan. 

Let  bx  be  the  breadth  at  a  distance  x  from  the  fixed  end.    Then 

bx    l-x 

'b'~    I  ' 

and  /  at  the  same  point 

b^^     1  l—x. 


12      12    I 


bdK 


Fig.  477. 


Therefore 


d2^_F  12WI 

dx^'Er    ^'~Ebd^- 


SPRINGS.  469 


Integrating  twice,      f^=^^x, 


and 


6Wl 
y    Ehdf- 


Therefore  ^  =  ^3=fe .     (4> 

Also  Fi=^^-^^-£^ 

or  ^  =  — p— , <5) 

and         the  work  done  =-^=-xp (6) 

N.B. — The  results  (1)  to  (6)  are  the  same  if  the  springs  are  com- 
pound; i.e.,  if  the  rectangular  spring  is  composed  of  n  simple  rect- 
angular springs  laid  one  above  the  other,  and  if  the  triangular  spring 
is  composed  of  n  triangular  springs  laid  one  above  the  other. 

(e)  Spring  of  constant  width  hut  'parabolic  in  elevation. 

Let  dx  be  the  depth  at  a  distance  x  from  the  fixed  end.    Then 

/d:,\^    l-x 
\dl   "    I   ' 

and  /  at  the  same  point 

_bdx^ _db^  A-xxi 

~  12  ~  12  W    /    *  Fig.  478. 

Therefore  ^=17('-^)  ^-g"  M^^^"^^     • 

dv 
Integrating  twice  and  remembering  that  -#  and  y  are  each  nil  when 

x=0, 

8W  Z3     4/Z2 
and  hence  j=„_=_^ (7) 

bdy4:fP     2/2  1/2 

Also,  ^^=-6r3^=9:B^^^  =  3^^' 


!W 
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3WJE 


P 


■■2 


and  therefore  V  =  - 

WA    1  fW 

The  work  done  =-?;-= s-'^r-- 
z       o   ii 

In  the  examples  a  to  e  on  springs  it  will  be  observed  that  in 
each  case  the  energy  expended  per  unit  of  volum3  in  bending  a 

spring  is  proportional  to  ^,  and  if  the  energy  is  just  sufficient  not 

to  produce  a  permanent  set  it  is  called  the  resilience  of  the  spring. 
In  this  case  /  is  the  greatest  stress,  tensile  or  compressive,  which  the 
material  can  stand  without  taking  a  set. 

Again,  in  Chap.  V  it  was  shown  that  the  resilience  of  a  cylindri- 

cal  spring  subjected  to  pure  torsion  is  proportional  to  ^^q  being 

the  greatest  shear  stress  which  the  material  will  take  without  per- 
manent set,  and  G  its  coefficient  of  rigidity. 

A  table  at  the  end  of  the  chapter  gives  the  values  of  these  re- 
siliences for  different  materials,  but  it  is  important  to  bear  in  mind 
that  the  value  of  a  material  for  a  spring  depends  not  only  upon  its 
resilience  but  also  upon  other  characteristics,  such  as  its  magnetic 
properties,  its  hardening  and  tempering  properties,  its  deterioration 
by  rust,  the  effect  of  time,  etc. 

(/)  Carriage-spring. — Assume  a  uniform  resilience  and  suppose 

the  spring  to  be  made  of  n  strips  each  of  thickness  t. 

Let  I  be  the  length  of  the  top  strip; 
A_^  lO ^  1 

Fig.  479.  First,  considering  the  strips  free, 

let  -p-  be  the  curvature  of  the  top  strip  when  unloaded; 

4-     "  "  "       "      "       '■'      loaded; 

ill 


R, 


sth     "      "     unloaded. 


The  curvature  of  the  sth  strip  when  loaded  =  t,    .    !• 

^  iii+si 
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Hence,  if  /  is  the  maximum  stress, 

112/1  1     . 


R     Ri    Et    R,    Ri+st' 

Next,  let  the  strips  be  connected  together  so  as  to  form  a  spring, 

and  let  —  be  the  curvature  of  the  top  strip  when  the  spring  is  im- 

loaded. 

The  curvature  of  the  sth  strip  =  — --;. 

^    n+st 

Hence,  if  F,  is  the  force  at  the  end  of  the  sth  overlap  which  will 
develop  a  B.M.  F^x  sufficient  to  change  the  curvature  from  „-  to 

ri+st' 


F,x='El(^ ^) 

\R,    n+st/ 

=  p//l_i.+_J L_^ 

\R    RiRi+st    n+stj 


_2/J      Et/     1 1_\1 

t  1/+oU^+si    n+si/J' 


t  y^ 2\R 

ButIF.=0  and  therefore 


■     Et/    1 i_y 

''^  2\Ri+st    n+st) 


=0, 


I  denoting  the  algebraic  sum  of  the  several  values  of  the  expression 
inside  the  brackets  obtained  by  putting  s  =  l,  2,  3,  .  .  .  n-1. 

If  st  is  small  as  compared  with  Ri  and  ri,  the  portion  between 
brackets  may  be  written 


,    Et(  1  /,     sf\-i     1  A     six- 

,  'Et\  11/11x1 
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-"/^t(sr-^)-"-^f{^-;^)=o 

,/2/      1      n-l   t  \  n-1 

a  quadratic  equation  giving  n. 

Suppose  that  the  plates  of  which  the  spring  is  made  are  to  have 
the  same  strength  throughout  as  the  overlap. 

Let  W  be  tlie  weight  at  the  centre  of  the  spring,  and  let  6  be 
the  width  of  each  plate. 

ftj2. 

The  moment  of  resistance  of  each  plate    —~n-; 

"  thenplates=^. 


Then 

Wl    nfbt^        ^     ,    S  Wl 
4-    6       ^^^    f-2nbt^ 

Also, 

E    2/ 
R~  t' 

and  the  deflection 

P  .  f  l^    3W   P 

f  2 

The  resilience  of  a  well-made  carriage-spring  is  rlr  inch-pounds 

/o  being  the  proof-stress. 

14.  Allowance  for  the  Weight  of  a  Beam. — A  beam  is  sometimes 
of  such  length  that  its  weight  becomes  of  importance  as  compared 
with  the  load  it  has  to  carry,  and  must  be  taken  into  accoimt  in 
determining  the  dimensions  of  the  beam. 

The  necessary  provision  may  be  made  by  increasing  the  width 
of  the  beam  designed  to  carry  the  external  load  alone,  the  width 
being  a  dimension  of  the  first  order  in  the  expression  for  the  elastic 
moment. 

Assume  that  the  weight  of  the  beam  and  the  external  load  are 
reduced  to  equivalent  uniformly  distributed  loads. 
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Let  We  he  the  external  load;  - 

be  "    "   breadth  of  a  beam  designed  to  support  this  load 
only; 
Be    "    "  weight  of  the  beam; 

W    "     ".  total  load,  the  weight  of  the  beam  being  taken 
into  accoimt; 
b    "     "   corresponding  breadth  of  the  beam; 
B    "     "  "  weight    "     "      ". 

Then  W-B  =  We, 

b     B     W      W-B         We 
and 


be      Be      We       We'Be       We-B/ 

Ex.  28.  Apply  the  preceding  results  to  a  cast-iron  girder  of  rectangular  sec- 
tion resting  upon  two  supports  30  ft.  apart.  The  girder  is  12  ins.  deep  and  carries 
a  uniformly  distributed  load  of  30,000  lbs. 

Take  4  as  a  factor  of  safety;  6e  is  given  by 

120000       bed' 
2      '^    I  ' 

where  C=  30,000  lbs.,    d =12  ins.,    and    Z  =360  ins., 

and  therefore  be  =5  ins. 

Hence  Be=^^|^X  30X450  =5625  lbs., 

Pre-Be=30000-5625=24375  lbs., 

,     30000X5     «8  .„„ 
^=^4375-=^''^-' 

£=§2222x5625  =6923iV  lbs., 
24375 

W  =  We  +  B  =36,923iS-  lbs. 

15,  Beam  Acted  upon  by  Forces  Oblique  to  its  Direction,  but 
liymg  in  a  Plane  of  Symmetry. — In  discussing  the  equilibrium  of 
such  a  beam  the  forces  may  be  resolved  into  components  parallel 
and  perpendicular  to  the  beam,  and  their  respective  effects  super- 
posed. 
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Let  AB  be  the  beam,  Pi,  Pg,  P3, . . .  the  forces,  and  ai,  az,  as, 
their  respective  inclinations  to  the  neutral  axis. 


Fig.  480. 

Divide  the  beam  into  any  two  segments  by  an  imaginary  plane 
MN  perpendicular  to  the  beam,  and  consider  the  segment  AMN. 

It  is  kept  in  equilibrium  by  the  external  forces  on  the  left  of  MN, 
and  by  the  elastic  reaction  of  the  segment  BMN  upon  the  segment 
AMN  at  the  plane  MN. 

The  resultant  force  along  the  beam  is  the  algebraic  sum  of  the 
components  in  that  direction,  of  Pi,  P2,  P3,  .  .  . , 

=Pi  cos  ai  +P2  cos  a2  +  .  .  .  =  I(P  cos  a)  =H,  suppose. 

If  this  force  acts  at  a  distance  h  from  the  neutral  axis,  it  is  equiva- 
lent to  a  couple  of  moment  Hh  and  a  single  force  H  with  its  line  of 
action  coincident  with  the  neutral  axis.  Thus  the  corresponding 
maximum  and  minimum  stresses  developed  in  the  beam 

A  being  the  sectional  area  of  the  beam,  /  its  moment  of  inertia,  k 
the  radius  of  gyration,  and  y  the  distance  of  the  extreme  fibres  (or 
skin)  from  the  neutral  axis.  The  upper  or  lower  sign  of  the  ^rst 
term,  which  is  the  stress  due  to  bending,  is  to  be  taken'according  as 
it  is  the  same  or  opposite  kind  of  stress  as  that  represented  by  the 
second  term,  which  is  the  stress  due  to  the  direct  load. 

Again,  Pl  sin  a,,,  P2  sm  az,  .  .  .  are  the  components  of  the  forces  at 
right  angles  to  the  beam,  and  if  Pi,  P2,  .  .  are  respectively  the 
distances  of  these  forces  from  MN,  they  are'  equivalent  to  a  couple 
of  moment  2(Pp  sin  a)  =M  and  a  single  force  I{P  sin  a)  =S,  which 
is  evidently  the  shearing  force.  This  force  develops  a  mean  tangential 
stress  in  the  section  at  MN,  which  necessarily  distorts  the  beam. 
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but,  generally  speaking,  the  distortion  is  sufficiently  small  to  be 

disregarded  without  appreciable  error, 

V        M  V 
The  skin  stress  due  to  ikf  =  ±Mj-=  ±-7-h- 

Hence  the  total  maximum  stresses  developed  in  the  beam  are  the 
algebraic  sum  of 


H  /    hy      \  ,    My 

-.(±J  +  l)     and    -rl 


It  will  be  observed  that  this  result  involves  two  intensities,  the 
one  due  to  a  direct  pull  or  thrust,  the  other  due  to  a  bending  action. 
The  latter  is  proportional  to  the  distance  of  the  unit  area  tmder 
consideration  from  the  neutral  axis.  It  is  sometimes  assumed  that 
the  same  law  of  variation  of  stress  holds  true  over  the  real  or  imaginary 
joints  of  masonry  and  brickwork  structures,  e.g.,  in  piers,  chimney- 
stacks,  walls,  arches,  etc.  In  such  cases  the  loci  of  the  centres  of 
pressure  correspond  to  the  neutral  axis  of  a  beam,  and  the  maximum 
and  minimum  values  of  the  intensity  occur  at  the  edges  of  the  joint. 

Ex.  29.  A  horizontal  beam  of  length  I  and  sectional  area  A  rests  upon  sup- 
ports at  the  ends  and  carries  a  weight  W  at  its  middle  point.  It  is  also  acted 
upon  by  a  force  H  in  the  direction  of  its  length. 

If  the  line  of  action  of  H  coincides  with,  the  axis  of  the  beam,  the  maxi- 
mum and  minimum  stresses  developed  at  the  middle  point 


A      A  k''     A\      H  4k'l  ■ 


Thus  the  minimum  stress  will  be  nil  and  the  maximum  stress  doubled  if 

H  4k'  '■^■'        H~ly- 

For  a  circular  section  of  diameter  d,    —  =~  and  -fr  ^  — 

2/8  H     21 

"    "  rectangular  section  of  depth  d,  —  =—  and  -77  =,   T 

Ex.  30.  Let  the  beam  be  acted  upon,  in  the  direction  of  its  length  only 
by  a  force  H  with  its  line  of  action  at  a  distance  h  from  the  neutral  axis. 
The  maximum  and  minimum  stresses  developed 


-J{4^')• 
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Thus  the  minimum  stress  is  nil  and  the  maximum  stress  is  doubled  when 

—  =1  or  h  =  — ,  i.e.,  when  h  is  one  eighth  of  the  diameter  for  a  circular  section, 
K  y 

and  one  sixth  of  the  depth  for  a  rectangular  section. 

Ex.  31.  A  straight  wroughl-iron  bar  is  capable  of  sustaining  as  a  strut  a 

weight' Wi,  and  as  a  beam  a  weight  w^  at  the  middle  point,  the  deflection  being 

small  as  compared  mth  the  transverse  dimensions.    If  the  bar  has  simultaneously 

to  sustain  a  weight  was  a  strut  and  a  weight  w'  as  a  beam,  the  weight  being  placed 

at  the  middle  of  the  pan,  show  that  the  beam  wiU  not  break  if 

w,    , 
i/)H — w'<w,. 
w^ 

Let  A  =  sectional  area  of  bar.    Then 


—  =max.  allowable  compressive  stress 
A 


developed  by  bending 


w  ly 


Therefore 


w,     ly   A 
Wi      i    I 


Again,  the  total  maximum  stress  due  to  w  and  w' 


Therefore 


_w     uf  ly 

w     w'  ly     w, 
A^4    l^A' 


or 


w+vr — <«!,. 

Wn 


Ex.  32.  The  inclined  beam  OA,  30  ft.  in  length  and  carrying  a  uniformly 
distributed  load  of  100  lbs.  per  foot  of  length,  is  supported  at  A  and  rests  against 
a  smooth  vertical  surface  at  0. 

The  resultant  weight  is  vertical  and  acts  through 
the  centre  C  of  OA;  the  reaction  Ri  at  0  is  hori- 
zontal. 

Let  the  directions  of  these  two  forces  meet  in 
B.  For  equilibrium  the  reaction  R,  at  A  must 
also  pass  through  B. 

Let  the  vertical  through  C  meet  the  horizontal 
through  A  in  D. 

The  triangle  ABD  is  a  triangle  of  forces  for  the 
three  forces  which  meet  at  B,  and 


2000 ' 


AD 

bd" 


AD_ 
2DC 


V3 
^eot30°=--, 


1 
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the  angle  OAD  being  30°.    Therefore 

5,=1000v^=17321bs. 

Consider  a  section  MA'',  perpendicular  to  the  beam,  at  a  distance  x  from  0. 

The  only  forces  on  the  left  of  MN  are  iEj  and  the  weight  upon  OK.    This 

last  is  100a;  lbs.,  and  its  resultant  acts  at  the  centre  of  OM,  i.e.,  at  a  distance 

^  from  MN. 

The  component  of  li!i  along  the  beam 

=iJ.cos30°=^^°=15001bs. 
2     sm  30 

The  component  of  R^  perpendicular  to  the  beam 

=i?,  sin  30°  =^Y^cos  30°  =500v^  =866  lbs. 

The  component  of  lOOx  lbs.  along  the  beam  =  100a;  sin  30°=50a;  lbs.; 
"  "  "     "       "     perpendicular  to  the  beam  =  100a;  cos  30° 

=86.6x  lbs. 
Hence  the  total  compression  in  pounds  at  NM  =  15Q0  +  5Qx=Cx, 

"       "    shear  "       "       "     "     =  866 -86.6a;  =Sx. 

The  B.M.  at  K  =866a;-43.3a;2=ilfa;, 

and  the  maximum  stress  developed  in  the  beam    =-^ii-jMx, 

A  being  the  sectional  area  of  the  beam  and  /  its  moment  of  inertia. 

These  expressions  may  be  interpreted  graphically  as  already  described, 
Cx,  Sx  being  represented  by  the  ordinates  of  straight  lines,  and  Mx,  fy  by 
the  ordinates  of  parabolas. 

fy,  for  example,  consists  of  two  parts  which  may  be  treated  independently. 
Draw  OE  and  AF  perpendicular  to  OA,  and 
respectively  equal  or  proportional  to 

1500  ,     2500 

Join  EF.  The  unit  stress  at  any  point  of 
the  beam  due  to  direct  compression  is  represented 
by  the  ordinate  (drawn  parallel  to  OE  or  AF) 
from  that  point  to  EF. 

Upon  the  line  GG'  drawn  through  the  middle  point  B  perpendicular  to 

OA,  take  BG  =BG',  equal  or  proportional  to  j  — g-20  cos  30°=4330y-.  Accord- 
ing as  the  stress  due  to-  the  bending  action  at  any  point  of  the  beam  is  com- 
pressive or  tensile,  it  is  represented  by  the  ordinate  (drawn  parallel  to  OE 
and  AF)  horn  that  point  to  the  parabola  OGA  or  OG'A ;  G  and  G'  respectively 
being  the  vertices,  and  GG'  a  common  axis. 


Fig.  482. 
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By  superposing  these  results,  the  parabolas  EHF,  EH'F  are  obtained, 
the  ordinates  of  these  curves  being  respectively  proportional  to  the  values 
of  fy  for  the  compressed  and  stretched  parts  of  the  beam,  i.e.,  for  the  parts 
above  and  below  Ihe  neutral  surface. 

i6.  Beam  Acted  upon  by  a  Bending  Moment  in  a  Plane  which  is 
not  a  Principal  Plane. — Let  XOX,  YOY  be  the  principal  axes  of  the 
plane  section  of  the  beam. 


Fig.  483. 

Let  the  axis  MOM  of  the  bending  moment  M  make  an  angle  a 
with  OX. 

M  may  be  resolved  into  two  components,  viz., 

Mcosa=X    and    M  suxa  =  Y. 

These  components  may  be  dealt  with-  separately  and  the  results 
superposed. 

Thus  the  total  stress,  /,  at  any  point. (a;,  y) 

Xy     Yx 
= stress  due  to  X  + stress  due  to  Y  =  -f — \-^—=f, 

I  X         ^  y 

Ix,  ly  being  the  moments  of  inertia  with  respect  to  the  axes  XOX, 
YOY,  respectively. 

If  the  point  {xy)  is  on  the  neutral  axis,  then 

^y    Yx    „ 


or 


y        YIx        Ix  , 
tan /?=-=  —  yt"  =  ~T  *^^ "^ 

X  Ji.1  y  1  y 


0  being  the  angle  between  the  neutral  axis  and  XOX. 
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17.  Flanged  Girders,  etc. — Beams  subjected  to  forces,  of  wh'ch 
the  lines  of  action  are  at  right  angles  to  the  direction  of  their  length, 
are  usually  termed  Girders;  a  Semi-girder,  or  Cantilever,  is  a  girder 
with  one  end  fixed  and  the  other  free. 

It  has  been  shown  that  the  stress  in  the  different  layers  of  a  beam 
increases  with  the  distance  from  the  neutral  surface,  so  that  the 
most  effective  distribution  of  the  material  is  made  by  withdrawing 
it  from  the  neighborhood  of  the  neutral  surface  and  concentrating 
it  in  those  parts  which  are  liable  to  be  more  severely  strained.  This 
consideration  has  led  to  the  introduction  of  Flanged  Girders,  or 
Trusses,  i.e.,  girders  consisting  of  one  or  two  flanges  (or  chords), 
united  to  one  or  two  webs,  and  designated  Single-webbed  or  Double- 
webbed  (Tubular)  accordingly. 


Fig.  484.  Fig.  485. 

The  web  may  be  open  like  lattice-work  (Fig.  484),  or  closed  and 
continuous  (Fig.  485). 


T    T     i     I    'JUL 


Fig.  486.         Fig.  487.  Fig.  488.  Fig.  489.  Fig.  490. 

The  principal  sections  adopted  for  flanged  girders  are : 

The  Tee  (Figs.  486  and  487),  the  /  or  Double-tee  (Figs.  488  and 
489),  the  Tubular  or  Box  (Fig.  490). 

Classification  of  Flanged  Girders. — Generally  speaking,  flanged 
girders  may  be  divided  into  two  classes,  viz. : 

I.  Girders  with  Horizontal  Flanges.  In  these  the  flanges  can  only 
convey  horizontal  stresses,  and  the  shearing  force,  which  is  vertical, 
must  be  wholly  transmitted  to  the  flanges  through  the  medium  of  the 

web. 

If  the  web  is  open,  or  lattice-work,  the  flange  stresses  are  trans- 
mitted through  the  lattices,  or  diagonals. 

If  the  web  is  continuous,  the  distribution  of  stress,  arising  from 
the  transmission  of  the  shearing  force,  is  indeterminate,  and  may  lie 


Fig.  491. 
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in  certain  curves;  but  the  stress  at  every  point  is  resolvable  into 
vertical  and  horizontal  components.  Thus  the  portion  of  the  web 
adjoining  the  flanges  bears  a  part  of  the  horizontal  stresses,  and  aids 
the  flanges  to  an  extent  dependent  upon  its  thickness. 

With  a  thin  web  this  aid  is  so  trifling  in  apaount  that  it  may  be 
disregarded  without  serious  error. 

II.  Girders  with  one  or  both  Flanges  Curved.     In  these  the  shear- 
ing stress  is  borne  in  part  by  the  flanges,  so  that  the  web  has  less 
duty  to  perform  and  requires  a  proportionately  less  sectional  area. 
Equilibrium  of  Flanged  Girders. — AB  is  a  girder  in  equilibrium 
c      m  under   the   action   of   external   forces, 

and  has  its  upper  flange  compressed 
and  its  lower  flange  extended.  Sup- 
pose the  girder  to  be  divided  into  two 
segments  by  an  imaginary  vertical 
plane  MN.  Consider  the  segment  AMN.  It  is  kept  in  equilibrium 
by  the  external  forces  on  the  left  of  MN,  by  the  flange  compression 
at  N  (  =  C),  by  the  flange  tension  at  M  (  =  T),  and  by  the  vertical 
and  horizontal  web  forces  along  MN.  The  horizontal  web  forces 
may  be  disregarded  if  the  web  is  thin,  while  the  vertical  web  forces 
pass  through  M  and  A''  and  consequently  have  no  moments  about 
these  points. 

Let  d  be  the  effective  depth  of  the  girder,  i.e.,  the  distance  between 
the  points  of  application  of  the  resultant  flange  stresses,  in  the  plane 
MN. 

Take  moments  about  M  and  N  successively.     Then 

Cd  =  the   algebraic   sum  of   the   moments   about  M  of 
the  external  forces  upon  AMN 

=the  B.M.  &t  MN=M. 

Similarly,  Td=M. 

Therefore  Cd=M=Td,    and    C=T. 

Hence  the  flange  forces  at  any  vertical  section  of  a  girder  with 
horizontal  flanges  are  equal  in  magnitude  but  opposite  in  kind.  The 
flange  force,  whether  compressive  or  tensile,  will  be  denoted  by  F. 
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Let  /i,  /2  be  the  unit  stresses  at  MN  in  the  lower  and  upper 

flanges  respectively; 
ai,  az  "  the  sectional  areas  at  MN  of  the  lower  and  upper 

flanges  respectively. 
Then 

^I=|r=M  =  Fd-aifid  =  a2f2d, 
y       K 

and  the  sectional  areas  are  inversely  proportional  to  the  unit  stresses. 

This  assumes  that  F  is  uniformly  distributed  over  the  areas 
d,  a2,  so  that  the  effective  depth  is  the  vertical  distance  between 
centres  of  gravity  of  these  areas.  Thus  the  flange  forces  at  the 
centres  of  gravity  are  taken  to  be  equal  to  the  maximum  forces, 
and  the  resistance  offered  by  the  web  to  bending  is  disregarded. 
The  error  due  to  the  former  may  become  of  importance,  and  it  may 
be  found  advisable  to  make  the  effective  depth  a  geometric  mean 
between  the  depths  from  outside  to  outside  and  from  inside  to  inside 
'  of  the  flanges. 

Thus,  if  these  latter  depths  are  hi,  /12,  the  effective  depth— \//ii/i2. 

Ex.  33.  A  flanged  girder,  of  which  the  effective  depth  is  10  ft.,  rests  upon  two 
supports  80  ft.  apart,  and  carries  a  uniformly  distributed  load  of  2500  lbs.  per 
lineal  foot.  Determine  the  flange  force  at  10  ft.  from  the  end,  and  find  the  area 
of  the  flange  at  this  point,  so  that  the  load  on  the  metal  per  square  inch  may  not 
exceed  10,000  lbs.  in  tension  and  8000  lbs.  in  compression. 

The  vertical  reaction  at  each  support 

^^0XfQ0^100,0001bs. 

Therefore       i?'Xl0=M  =  100000X10-2500X10X5=875,000  ft.-lbs. 
and  ii'=  87500  lbs. 

Thus  the  sectional  area  of  tension  A^nge  =-—--=  8.75  sq.  ins. 

and  "         "  "     "   comp.       "      =^^^  =  10.94  sq.  ins. 

Ex.  34.  A  continuous  lattice-girder  is  supported  at  four  points,  each  of  the 
side  spans  being  140  ft.  11  in.  in  length,  22  ft.  3  in.  in  depth,  and  weighing  .68 
ton  per  lineal  foot.     On  one  occasion  an  excessive  load  lifted  the  end  of  one  of 
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the  side  spans  off  the  abutment.     Find  the  consequent  intensity  of  stress  in  the 
bottom  flange  at  the  pier,  where  its  sectional  area  is  127  sq.  ins. 

/X127X22J  =  140tiX.68xK140}i.). 

Therefore  /=2.39  tons/sq.  in. 

i8.  Examples  of  Moments  of  Resistance  of  Flanged  Girders,    (o) 

Double-tee  section. 

First,  suppose  the  web  to  be  so  thin  that  it  may  be  disregarded 
without  sensible  error. 

Let  the  neutral  axis  pass  through  G,  the  centre  of  gravity  of  the 
section. 

Let  ai,  a2  be  the  sectional  areas  of  the  lower  and  upper  flanges 
respectively,  and  assume  that  each  flange  is  concentrated  at  its  centre 
line. 

Let  hi,  hi  be  the  distances  of  these  centre  lines  from  G. 

Let  h\+h2=^d. 
9 0  Approximately,  I = aihi^ + a2li2^  - 


l;d 


Also,         {ai-\-a2)hi=a^    and    (01+02)^2= aid- 
B        rr«_      c  -r        I  a2d  \^        I  a\d  \^     aia2d2 


Therefore      I  =  ail — ; — )   +a2\ — , — )   = 

\ai  +  a2'  \ai+a2/        ai- 


I    maT-fiTflT-fi  I    =  /T-i    I  I         -H  il.n  1    I        =  

+a2 


Fig.  492. 

Again,  if  /i,  /2  are  respectively  the  unit  stresses  in  the  metal  of 
the  lower  and  upper  flanges, 

fl  f2 

the  moment  of  resistance =r— I =fiaid=r-I  =  f2a2d. 

hi  n2 

=the  B.M.  at  the  section. 
If  ai=a2  =  a,  then  f\=f2=f,  suppose,  and 

the  moment  of  resistance =fa.d. 

ond.    Let  the  web  be  too  thick  to  be  neglected. 

As  before,  let  the  neutral  axis  pass  through  G,  the  centre  of  gravity 
of  the  section. 

Let  ai,  a2  be  the  sectional  areas  of  the  lower  and  upper  flanges 
respectively,  and  assume  that  each  flange  is  concentrated  at  its 
^.entre  line. 
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Let  aa,  a*  be  the  sectional  areas  of  the  portions  of  the  web  below 
and  above  G  respectively; 

Let  hi,  hi  be  the  distances  from  G  of  the  lower  and  upper  flange- 
centre  lines. 

Let  h\-\-h2=d. 

Approximately, 

/hi^  ,  hi\  ,      ,  ,  ,      /h2^  ,  h2\ 


I  =  aihi^  +  a3[j^+-Y)  +a2h2'+a4[j^+-^) 


c p 

-f — '        ' 


(a.+^)h?+(a3+^)h^.  Jl 


3'     ^      ^  3 


A  B. 


and  ihe  moment  of  resistance =T'I=T-I  "^' 

'  hi      ft2 

=  the  B.M.  at  the  section. 

Again,  let  A'  be  the  sectional  area  of  the  web  and  take  moments 

about  G.    Then 

A' 
aihi  +—{^i  -ha)  =a2h2, 

A' 
or  aif  1 H —  (f  1  -  £2)  =  a2f  2. 

A'  d 

liai=a2=A,     and    03=04=---,     then    hi=h2=-^, 

and  /i=/2=/,  suppose. 

Hence  1=  (A+-g-)-+ (A+-g-)- 

/.     A\d2 

and  the  moment  of  resistance = r-;  ( ^  -I-  -?r  I  tt 

^a  \        6  '  2 

^f(A  +  ^)d. 

/  being  the  stress  in  either  flange. 

It  is  important-  to  remember  that  /i  and  /2  are  the  stresses  de- 
veloped at  the  centre  lines  of  the  two  flanges  and  that  the  greatest 
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stresses  are  developed  at  the  points  most  distant  from  the  neutral 

axis.      Thus  the  maximum  stresses  in  the  section  are  /i(l+-— ) 

and  /z  (l  +  2  f)  '  ^i  ^^^  *2  being  the  thickness  of  the  lower  and  upper 

flanges  respectively. 

Thus  the  web  aids  the  girder  to  an  extent  equivalent  to  the 
increase  which  would  be  derived  by  adding  one  sixth  of  the  web  area 
to  each  flange.  In  practice  the  web  is  usually  considered  as  aiding 
the  flange  to  the  extent  of  one  eighth  instead  of  one  sixth  of  its  area. 
Approximately  this  makes  allowance  for  the  rivet-holes  cut  out  of 
the  web  in  making  connections  with  the  flanges  and  stiffeners.  Some 
specifications  altogether  disregard  the  effect  of  the  web  in  resisting 
bending  and  a  somewhat  higher  flange  stress  is  then  allowable.  The 
former  is  probably  the  preferable  plan,  as  it  encourages  the  use  of 
thicker  webs,  which  may  add  considerably,  especially  in  exposed 
situations,  to  the  life  of  the  structure. 

Again,  if  the  weight  of  the  material  in  such  a  beam  remains  con- 
stant, M  increases  with  d.  At  the  same  time  the  thickness  of  the 
web  diminishes,  its  minimum  value  being  limited  by  certain  practical 
considerations  (Art.  19).  Hence  it  follows  that  the  distribution  of 
material  is  most  effective  when  it  is  concentrated  as  far  as  possible 
from  the  neutral  axis. 

The  principles  of  economic  construction  require  a  beam  or  girder 
to  be  designed  in  such  a  manner  as  to  be  of  xmiform  strength,  i.e., 
equally  strained  at  every  point.  An  exception,  however,  is  usually 
made  in  the  case  of  timber  beams  or  girders.  The  fibres  of  this 
material  are  real  fibres  and  offer  the  most  effective  resistance  in  the 
direction  of  their  length,  so  that  if  they  are  cut,  their  remaining 
strength  is  due  only  to  cohesion  with  the  surrounding  material. 
Besides,  there  is  no  economy  to  be  gained  by  removing  a  lateral 
portion,  as  the  waste  is  of  little,  if  any,  practical  value. 

The  correct  moment  of  inertia  (Iq)  with  respect  to  the  neutral 
axis  of  the  section  shown  by  Fig.  493  may  be  conveniently  found  in 
the  following  manner : 

Let  ti  and  <2  be  the  thickness  of  the  bottom  and  top  flanges 
respectively ; 
h  be  the  depth  of  the  web; 
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/  be  the  moment  of  inertia  of  the  section  with  respect  to 

any  main  bounding  hne,  say  AB.    Then 

/= moment  of  inertia  of  bottom  flange  with  respect  to  AB 

+      "        "      "       "       "        -nreb      "         "        "    " 

+      "        "      "       "  top  flange  "         "       "    " 


aih^ 


+A' 


[h?      /h 


112 


+ 


+02 


12 


^q^n^i.) 


2  1 


and  if  y  is  the  distance  between  AB  and  the  parallel  axis  through  G, 

lG=I-(ai+A'+a2)y2. 

If  the  web,  instead  of  being  rectangular,  gradually  increases  in 
width  from  top  to  bottom  (Fig.  494),  it  may  be  sub- 
divided into  a  rectangle  of  area  a'  and  two  triangles 
each  of  area  a". 

Then  the  moment  of  inertia  of  the  web  with  respect    c 
to  AB  I  iG.  494. 


= moment  of  inertia  of  rectangle  with  respect  to  AB 
+2xmoment  of  inertia  of  a  triangle  with  respect  to  AB 


='^{12+ (2+^0 


Built  Beams. — The  moment  of  inertia  (/)  of  a  built  beam  sym- 
metrical with  respect  to  the  neutral  axis  may  be  determined  as 
follows : 

Let  Fig.  495  represent  the  section  of  such  a  beam,  composed  of 
equal  flanges  connected  with  the  web  by  four  equal  angle-irons. 

Let   the  dimensions   be  as   shown  on   the 
figure. 

Then  /  =  the  moment  of  inertia  of  the  rect- 
angle fhi,  diminished  by  twice 
the  sum  of  the  moments  of 
inertia  of  the  rectangles  aJi2, 
hhz,  and  c/14 
fhi^ '  iah2^  hhz^  chi\ 
-12~~''1'12^+12  +" 


dft-b-*  Cue  t-i^s 


aMJj 


Fig.  495. 


12 


=  -^fh.3. 


■aCaha^+bhs^+chi^)}. 
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In  this  value  of  /  the  weakening  effect  due  to  the  rivet-holes  in 
the  tension  flange  has  been  disregarded.  If  it  is  to  be  taken  into 
account,  let  p  be  the  diameter  of  the  rivets. 

The  centre  of  gravity  of  the  section  is  now  moved  towards  the 
compression  flange  from  its  original  position  through  a  distance 


^=^i-,(hl-hl), 


and  the  moment  of  inertia  of  the  net  section  with  respect  to  the  axis 
through  the  new  C.  of  G.  is 


I-A'x^-^(hl-hl), 


12^ 

A'  being  the  net  area  of  the  section. 

If  the  web  is  of  the  open  type  and  if  e  is  the  thickness  and  hs 

eh^ 
the  depth  of  the  open  part,  then  -r^  must  be  subtracted  from  the 

value  already  obtained  for  /. 

If  the  beam  is  vmsymmetrical  with  respect  to  the  neutral  axis, 
its  Ig  may  be  determined  by  first  of  all  finding  the  moment  of  inertia 
/'  with  respect  to  an  axis  coincident  with  one  of  the  main  bound- 
ing lines,  as  already  described.    Then 

IG=I'-Ay2, 

A  being  the  area  of  the  section  and  y  the  distance  between  the  two 
axes. 

Effective  Length  and  Depth. — The  effective  length  of  a  girder  may 
be  taken  to  be  the  distance  from  centre  to  centre  of  bearings. 

The  effective  depth  depends  in  part  upon  the  character  of  the 
web,  but  in  the  calculation  of  flange  stresses  the  following  approxi- 
mate rules  are  sufficiently  accurate  for  practical  purposes : 

If  the  web  is  continuous  and  very  thin,  the  effective  depth  is 
the  full  depth  of  the  girder. 

For  plate  girders  the  effective  depth  is  usually  taken  as  the 
distance  between  the  centres  of  gravity  of  the  flanges.  In  the  event 
of  cover-plates  being  used  this  depth  should  not  exceed  the  distance 
back  to  back  of  the  flange  angles.    The  rivet-holes  in  the  tension 
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flange  are  sometimes  deducted  in  finding  the  C.  of  G.  of  that 
flange. 

For  open-webbed,  pin-connected  and  riveted  girders  the  effective 
depth  is  the  distance  between  the  centres  of  gravity  of  the  upper 
and  lower  chords.  In  the  former  this  should  always  be  the  same 
as  the  distance  between  the  centres  of  the  pins. 

If  the  flanges  are  cellular,  the  effective  depth  is  the  distance 
between  the  centres  of  the  upper  and  lower  cells. 

Ex.  34.  The  flanges  of  a  girder  are  of  equal  sectional  area,  and  their  joint 
area  is  equal  to  that  of  the  web.  What  must  he  the  sectional  area  to  resist  a  bend- 
ing moment  of  300  in.-tons,  the  effective  depth  being  10  ins.  and  the  limiting  inch- 
stress  4  tons?  £ 1 

Let  A'  =area  of  web; 
"    d  =depth  of  web  =10  ins. 

A' 
Then  area  of  each  flange  =—  C 

Fig.  496. 

,  ,     ,,d'     „A' /d\'     1  ,,„ 

and  ^^-^  To'^^'o'lo"/    ^'^^d,  approximately. 

Hence  300  in.-tons  =  moment  of  resistance 

and  A'  =  \\\  sq.  ins. 

Therefore  area  of  section  =2A'  =22^  sq.  ins. 

Ex.  35.  The  thickness  of  the  web  of  an  equal-flanged  I  beam  is  a  certain  frac- 
tion of  the  depth.  Show  that  the  greatest  economy  of  material  is  realized  when 
the  area  of  the  web  is  equal  to  the  joint  area  of  the  flanges,  and  that  the  moment 
of  resistance  to  bending  is  \fAh,  f  being  the  coefficient  of  strength,  A  the  total 
sectional  area,  and  h  the  depth. 

Let  a  =area  of  each  flange; 
"  A'=   "     "  v,eh=mh\ 
mh  being  the  thickness  and  m  a  coefficient  less  than  unity.    Then 

2a  +  A'  =a  minimum  =2a+mh'. 

Therefore,  differentiating, 

2da  +  2mhdh=-0 (1) 

Again,  the  moment  of  resistance=/(a+— j  ;i=//a+— -)  A. 
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Difierentiating,  Mo+(a  +  — )dfe=0 (2) 


Hence,  from  eqs.  (1)  and  (2), 

h     "^^ 


2        2mh  ' 
a== =-r    and    A'=2a. 


Pig.  497.    °^  "22 

Also,  A=A'  +  2a=ia, 

and  the  moment  of  resistance  =°/{"+'g^)'''  =  jM^- 

Ex.  36.  The  lower  and  upper  flanges  of  the  section  of  a  girder  are  1  in.  ami 
li  ins.  thick  respectively,  and  are  each  24  ins.  -wide;  the  effective  depth  of  the  girder 
is  48  ins.  and  the  web  is  i  in.  thick.  Determine  the  position  of  the  neutral  axis, 
and  also  find  the  flange  unit  stresses  when  the  bending  moment  at  the  given 
section  is  580  ft.-tons.     Using  the  preceding  notation, 

ffli  =24  sq.  ins.,    a^  =36  sq.  ins.,     and    as  +a4  =24  sq.  ins. 

The  centre  of  gravity  of  the  web  is  at  its  middle  point.    Thus 

24^1,  +24(;i,  -24)  =36(48  -h,). 

192"  144" 

Therefore       K  =-^   and   K=—;r-,  defining  the  position  of  G. 


Fig.  498. 


192   1     96       .  144   1     72 

Agam  a3  =  -y-  ^  =y  sq.  ins.,    «*=—  "^  =Y  sq.  ins., 


267264 


,     /  .     32\  /192\  ^      /„„    24\  /144\  ' 
and  /=(24+-)(-)    +(36  +  y)(-)    =      ^      . 

Hence  580X12  =moment  of  resistance  in  in.-tons 

A    267264      /,     267264 

~192       7      ~144       3      ' 
7  7 

and  therefore        /i  =5  tons/sq.  in.    and    /2=3f  tons/sq.  in. 

Ex.  37.  In  a  dovhle-fUmged  cast-iron  beam  the  thickness  of  the  vxh  is  a  cer- 
tain fraction  of  the  depth  h,  and  the  maximum  tensile  and  compressive  intensities 
of  stress  are  in  the  ratio  of  2  to  5.  Show  that  the  greatest  economy  of  maierid 
is  realized  when  the  areas  of  the  bottom  flange,  web,  and  top  flange  are  in  the  ratv) 
of  25  to  20  to  4,  and  that  the  moment  of  resistance  to  bending  is-  if  Ah,  where 
f=^Xm<iximum  tensile  intensity  of  stress  and  A  is  the  sectional  area. 
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Let  the  neutral  axis  divide  the  depth  h  into  the  segments  hi  and  h,.     Then 

T-=-7-=7-    and    hi+h^^h. 
«2     h    5 


Therefore 


and 


hi  =-z-h,     h,  =i^h,     ai  =-z-»iA',    o*  =— mfe', 
h'  I,       „^       19    ,,\ 


cn 


Fig.  499. 


Hence 


or 


the  moment  of  resistance  =-Y-/=—/=-(4o,+25os+—mA') 

Ai       f  A      7  ^  3       ' 

Differentiating, 

4;i-da,+25;i-da2  +  (4ffl,+25aj  +  19mA')dA=0.     .    . 
Taking  moments  about  the  centre  of  gravity, 

/       mh\  2 ,      /        5    ,  A  5 , 


(1) 


or 


Differentiating, 

Also, 

Therefore 


2o,  —  Soj  —  f  mfe'  =  0. 

2-da,— 5-da2— 3mA-dA=0. 
Oi+ai+mh'  =a  min. 
da,  +  da, + 2mhdh = 0. 
Hence,  by  eqs.  (1),  (2),  and  (3), 

da,  =da2  =  —  nhdh 
and  4a,  +  25aj = lOroA'  =  lOA', 

A'  being  the  area  of  the  web. 
But  2a,-5a2=|A'. 

Therefore  a,  =  J^'  =^. 

Again,  -il=a,+A'+Oj-=||^4'. 


.    .     (2) 


(3) 


490 
Hence 
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the  moment  of  resistance 


-H^' 


+  5A'  +  jA') 


=iA'h=Ahli 
=ifAh, 
where/ =4^X2. 

Ex.  38    A  beam  36  ft.  between  bearings  is  a  hollow  tube  of  rectangular  sec- 
tion and  consists  of  a  24"  Xi"  top  plate,  a  24"  X  J"  bottom  plate,  and  two  side 
plates  each  35"  Xj".     The  plates  are  riveted  together  at  the  angles  of  the  interior 
rectangle  by  means  of  four  6"  X  4"  X  i"  angle-irons,  the  6-m.  side  being  horizontal. 
First.    Disregard  effect  of  rivet-holes.    Then 


31^  _^ /I  27'  ,  5ix34'" 
12     12 ' 

and  the  moment  of  resistance 


,=24-:^__(_^^: 


12 


11  X35° 
12 


=16341, 


4* 
=-|x  16341  =40851  m.-tons. 

lo 

Also,  if  TF  is  the  safe  uniformly  distributed  load, 
PFX36, 


8 


and 


■  X 12  =B.M.  in  in.-tons  =4085i 


TF= 75. 653  tons. 


--4i„ 


Second.  Take  the  effect  of  the  rivet-holes 
into  accoimt  and  assume  them  to  be  of  1  in. 
diameter. 


Hi. ) 

Fig.  500. 

The  gross  area  A    of  the  section  =78  sq.  in. 
"    net      "    A'    "    "        "      =76sq.  in. 

The  distance  x  through  which  the  centre  of  gravity  moves  towards  the 
compression  flange  is  given  by 

a;=iTV(36'-34»)  =^  in.  =.46  in. 
The  /  with  respect  to  the  new  centre  of  gravity 

=16341  -76(11)  VV(36'-34»)  =15712.2. 
The  new  minimum  moment  of  resistance 

=  j^X  15712.2  =3830  in.-tons, 

and  if  W  is  the  new  safe  uniformly  distributed  load, 
pr'X36. 


8 


-  X 1 2  =B.M.  in  in.-tons  =3830. 


Therefore 


TF' =70.93  tons. 
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The  pitch  of  the  rivets  connecting  the  angles  with  the  upper  plate  is  4  ins., 
and  it  is  assumed  that  there  is  an  effective  width  of  SJ  ins.  in  shear  for  each 
rivet. 

The  distance  between  the  neutral  axis  and  the  upper  face 

=36-18.46  =  17.54  ins. 
At  the  surface  RR  the  intensity  of  shear  q  is  given  by 

g  X 11  =j(24iX  17.29) 

or  g  =  18.862 X-y  tons/sq.  in. 

At  the  neutral  surface  00,  where  the  intensity  of  shear  is  greatest  and 
equal  to  3J  tons  per  square  inch, 

3iXl=y(24x^X17.29  +  2X6X^X16.79  +  2X3ix|xl4.79 

+  2X17.04x|xi^) 

=  jX  505.1658. 


Therefore 


3i/         3^X15712.2    ,„_, 

S  =  t-neicgQ  — gnc  1  c  -o    =  108.86  tons, 
505.1658        505.16o8  ' 


1 08  86 
and  3  =18.862X  Yg^jyg  =-13  ton/sq.  in. 

Hence  if  the  plate  and  angle  faces  are  close  together, 

^id'3i  =  .13X4X5J 

and  d  =  1.02  ins.; 

if  the  plate  and  angle  faces  are  not  close  together  so  that  the  rivets  are  subject 
to  a  bending  action,  by  Ex.  23,  Art.  9, 

i(V-id'3i)=.13x4x5i 

and  d  =  1.18  ins. 

Ex.  39.  Find  the  moment  of  resistance  of  a  section  composed  of  .two  equal 
flanges,  each  cmsistingof  two  600-tow.  X  7-tow.  plates  riveted  to  a  1200-TOm.  X  8-mw. 
weh  plate  by  means  of  two  100-mm.XlO0-mm.X12-mm.  angle-irons;  two  70-mm. 
X70-mwi.X9-mm.  angles  are  also  riveted  to  the  inner  faces  of  the  flanges,  the  ends 
of  the  horizontal  arms  being  24  mm.  from  the  outside  flanges;  the  total  depth  of 
the  section =3.228  m.,  and  the  interval  between,  the  two  web  plates,  which  is  open, 
is  2  m.;  coefficient  of  strength  =6  k.  per  millimetre^ 
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k- COO » 


T?T 


torn 

I 


•      k-zos-^  I   ! 


Disregarding  the  effect  of  rivet-holes, 

/  =^600.3228'  -A  (24.3200'  +61.3182'  +9.3060' 
+ 102.3200'  +  88.3176'  + 12.3000')  -  A8.2000' 
1130950789328 
12 


and  the  moment  of  resistance 

6    1130950789328 


1614    12  X  (1000)* 


km.  =350.3565  km. 


r-20S-^     , 

I  W- — a%~M 

k 652 ->i 


Fig.  501. 


Ex.  40.  A  girder  of  21  ft.  span  has  a  section  composed 
of  two  equal  flanges  each  consisting  of  two  3J"X5"Xi" 
■angles  riveted  to  a  39"  X|"  web;  the  cover-plates  on  the 
flanges  are  each  12"  Xf",  and  the  rivets  in  the  covers  alter- 
nate with  those  connectirig  the  angles  and  web;  the  pitch 
of  the  rivets  is  3J  ins.  Find  the  diameter  and  also  find  the  maximum  flange 
stresses,  (o)  disregarding  the  weakening  effect  of  th!e  rivet-holes  in  the  tension 
flange;  (6)  taking  this  effect  into  account. 

The  load  upon  the  girder  is  a  uniformly  distributed  load  of  20,800  lbs.  (in- 
cluding weight  of  girder)  and  a  load  of  50,000  lbs.  concentrated  at  each  of  the 
points  distant  4J  ft.  from  the  middle  point  of  the  girder. 

(a)  Disregarding  the  effect  of  riveting,  the  neutral  axis  is  at  0,  the  middle 
point  of  the  depth.    Then 


7„  =i2M)i  _^^  (g39»  +4i  X383  +1323)  =10890.^ 
If  q  is  the  intensity  of  shear  at  the  surface  SS, 

ql0i=^X12xiXim-j^. 


TPT' 


S-Jll-J.8 


1^-12— >l 

Fig.  502. 


AtO,  3i|=f(12|X19ii+2x4ixiXl9i  +  2x3iXixm)=f  i^. 
o     lo  /o    64 

mi.     ,  9l0f    2835      64 

Therefore       -^^=-^-_-,    or    5-.0363  tons/sq.  in. 

There  is  one  rivet  to  each  (iX3JXl0i)  sq.  ins. 

First.    Assume  that  there  is  close  contact  along  SS,  so  that  the  rivets  are 
in  shear  only.    Then 

itd^ 

~T~  3  J  =  working  strength  of  rivet  of  diam.  d 


and 


=iX3iX10|X.0363 
d  =  .48  in.,  say  J  in. 
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Second.    If  the  contact  along  S/S  is  not  close,  the  rivets  are  subject  to  a 
bending  action,  and  then 

4  \T^V  =iX3iXl0iX.0363  (Ex.  23,  Art.  9) 

and  d  =  .56  in.,  say  A  in. 

(6)  Taking  into  account  the   effect  of  riveting,  and  using  a  A-in.  rivet, 
the  neutral  axis  is  moved  to  G,  where 

9 

1    16  19593  2473 

OG  =j  2473(391'  -38')  =39^  =  -494  in.,  —  being  the  «e«area  of  the  section. 

Then 

19i-0(?  =  19.381  ins.     and    19f+0G  =20.369  ins., 

Also,  /<,=/,_?g§(.494)'-^^(39i'-38^)  =10508.6. 

The  maximum  B.M.  is  at  the  middle  point,  and  therefore 

B.M.  max.  =  (^^1^21  +50000  X a)  12  =4,255,200  in.-lbs. 

=moment  of  resistance  in  in.-lbs. 

Hence  if  ft  and  /c  are  the  flange  tensile  and  compressive  stresses  respec- 
tively, 

in  case  (a),  4255200  ={^9^10890r?^     and    /,=/c  =  77661bs./sq.in.; 
in  case  (6),  4255200  =20  359 X  10508.6  =  j^|^  X  10508.6, 

so  that    /i=7847  Ibs./sq.  in.  and /c=8248  Ibs./sq.  in.     k-s-'^s— iji_->U-3^' 

Ex.  41.  Determine  the  position  of  the  neutral  axis,      ^ou"& 

the  moment  of  resistance,  the  ratio  of  the  maximum  to         -* 

the  average  intensity  of  shear  of  the  section  shovm  by 

Fig.  503,   the  coefficients  of  strength   per   square   inch 

being  4 J  tons  for  tension  and  compression  and  3 J  tons  q]| 

for  shear.      Also  find  the  diameter  d  of  the  rivets  R, 

disregarding   the    weakening    effect    of    the    rivet-holes 

and  taking  the  pitch  to  be  4  inches.      Neutral  axis  is    \    .'^ 

at  G,  the  centre  of  gravity  of  the  section;  a6=5i|  ins.    \^ '^.i_^_J 

Therefore  „       ,„„ 

Fig.  603. 

(?5(12xl-iXiX5H+6+2xJX5i+2x3xi+iXl0i 

+  12Xl)=12XlX17i-5if  XiXl7i-ixHXiXl7i+23XiX10 

4-10^X^X61  +  12X^+2  X5iXjX14i, 
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and         Gff  =8.8171  ins.;  alsoOG=OF-Gff  =2.6829andGX=9.1829. 
Again, 

/„=T'2Xi2xi'+i2xix6'-Ax5H(i)'-5iixK5i)'-2xHXjV(i)'-H 

XjX5J»  +  Jx2xJX(5J)'  +  i  X  2  X  iX  3'  +  iX  jaOi)'  +  TVX  12X  V  + 
12X1(11)'=2047.827. 

QQ47 

Hence  /g=  2047.827 -^(2.6829)^  =1797, 

96 

3347 

— T-  =17.4323  sq.  ins.  being  the  area  of  the  section. 
96 

4i 
The  least  moment  of  resistance  =—-|^X  1797  =880.54  in. -tons. 

Let  q  be  the  shear  stress  at  the  surface  SS.    Then  , 

g6=-|-12xi(8.9329).,^ 
The  shear  stress  is  greatest  at  Q.    Therefore 

3iXi  =  -^(iX7iX3i  +  12XlX8)=^  4-. 

Jo  '■f>      iG 

Hence  S=-  --t-  /g =28.574  tons,  and 

4    1761 

1    V     1  fi 
9=r  T  ri;7Tl2XiX8.9329=.142  ton/sq.  in. 
o   4    1761 

28.574 


.,  Ai)<jrage  shear  stress       17.4323     „„. 

■'^^so,  -TT — r-^ r :^ TTz .234. 

Maa;t7nMm  shear  stress        3.5 

Assuming  the  contact  along  SS  to  be  close, 

^'3i  =  3X4X.142    and    d  =.787  in.,  say  H  in. 

If  the  contact  is  not  closcy 

|-f^'3i)=3X4X.142    and    d=.9,  say  i-f  in. 

Ex.  42.  An  aqueduct  for  a  span  of  20  feet  consists  of  a  cast-iron  channel 
beam  30  ins.  wide  and  20  ins.  deep.    Find  the  thickness 
^       of  the  metal  so  that  the  water  may  safely  rise  to  the  top  of 
S       the  channel,  the  safe  coefficient  of  strength  being  1  ton  per 

Sl„. !  sqiuire  inch.     Find  the  safe  limiting  span  of  the  channel 

I  under  its  own  weight. 

Fig.  504.  Let  t"  =thickness  of  metal.    Then 


±. 
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XI.        ■v.iixr    fxu  J    X-    X  (30  +  2<)(20  +  0-600„„450       35t  +  i'- 

the  weight  W,  of  the  aqueduct  in  tons  =^^ --^-r-, — 20-——  =  ^ 

144  "2000  16 


W, 


water 


■Tif»-^*a^-«- 


If  G  is  the  centre  of  gravity  of  the  section, 


OG(2X20X«  +  <30-I-20=2X20X<X10— -Xi30  +  2< 


400-15<-t' 
70+2<      ' 


OG  +  t  = 


400+55<  +  f' 
70+2« 


and  0G  = 

Also, 

/„=-^X2X20'<-l-2X20X<XlO'+j2(30+20<»  +  (30-l-20ij^ 

and 

16000     30+2<  ,    <(400-15^-<')' 


16000,    30  +  2<, 


Hence 


Ig 


W  ■^W 
Moment  of  resistance  in  in.-tons  =j^^^.—ma,x.  B.M.  in  in.-tons= — ^ — ^20  X 12. 

The  proper  value  of  t  can  now  be  determined  by  trial  as  shown  in  the 
following  table: 


Wi 

B.M. 

Moment  of  Besistance 

la 

in  tons. 

in  in.-ton8. 

in  in.-tons. 

i 

.2744 

86.36 

66.414 

384.674 

i 

.5508 

94.56 

132.35 

776.88 

i 

.3663 

89.215 

88.4 

514.566 

•1.7 

.3693 

89.203 

89.14 

518.736 

Hence  .17  in.  is  the  thickness  required. 

The  total  area  of  ths  section  =11.9578  sq.  ins. 

If  L  feet  is  the  limiting  length  of  the  aqueduct  under  its  own  weight, 

11.9578^450    L^^    „„_         ,     ^     .„.,, 
-14^^2000   8 12=89-14    and    L=56.4ft. 

Ex.  43.  A  cast-iron  girder  139  ins.  between  supports  and         ^ ^ 

12i  ins.  deep  had  a  top  fange  2VXi"i  a  hottom  flange 
10"Xli",  and  a  web  f"  thick.  The  girder  failed  under 
loads  of  17 J  tons  placed  at  the  two  points  distant  3 J  ft. 
from  each  support.  What  were  the  central  flange  stresses  at 
the  moment  of  rupture?  What  was  the  central  deflection  when  r- 
the  load  at  each  point  was  7i  tons9  (£  =  18,000,000  lbs.; 
weight  of  girder  =3368  lbs.;  ton  =2240  lbs.) 

Area  of  top  flange        =2i  X  ^  =  f  |  sq.  in. 
"     "  web  =10X  i=V-  "    " 

"     "  bottom  flange  =  10Xli=V-  ''   " 


It 


A 

Fig.  505. 
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Let  a;  =  distance  of  centre  of  gravity  from  A.    Then 

a;(4l  +  ¥+¥)=f|XlU*+-'/x6i+-VX|    and    a;  =fM  =3.617  ins. 
Also,  moment  of  inertia,  I  a,  with  respect  to  lowest  face  of  section  is  given  by 

/a  =iloa)» +-tV  1(10)' +¥(6i)^ +1^1(5)' +liaiii)'=660.92573. 
Therefore  /g =660.92573  —WCMI)'  =370.642. 

Again, 

max,  B.M.=(17iX2240X3iX12+a^Xl39)  in.-Ibs. 

=1822519  in.-lbs.  =;r4^X370.642  =--|;-X 370.642. 

a.DlV  O.OOo 

Hence  /<  =  17786  Ibs./sq.  in.     and    /c  =41836  Ibs./sq.  in. 

These  results  are  of  course  based  on  the  hypothetical  assumption  that  the 
elastic  theory  of  the  transverse  strength  of  beams  holds  good  up  to  the  point 
of  failure. 

Again,  by  Ex.  12, 
the  deflection  due  to  the  7i-ton  concentrations 

7iX2240X3fX12  /iW  _45\  _  . 

18000000X370.64218         6/     •^^^'^*  ^°-' 

the  deflection  due  to  the  weight  of  the  girder 

^  3368X139^        ^ 

384  18000000  X  370.642  ' 

and  the  total  central  deflection  =.2532  in. 

iQ.  Design  of  a  Girder  of  an  I  Section  with  Equal  Flange  Areas, 
to  Carry  a  Given  Load. 

At  any  point  distant  x  from  the  middle  of  the  girder,  let  y  be  the 
depth  of  the  girder,  A  the  sectional  area  of  each  flange,  A'  the  sec- 
tional area  of  the  web,  M^  the  B.M.  and  S^,  the  S.F.    Then 

f  being  the  safe  unit  stress  in  tension  or  compression. 

It  is  in  accordance  with  good  practice  to  assume  that  the  flanges 

A'  A 

are  assisted  by  the  web  to  the  extent  of  -^  instead  of  -pr. 

o  b 
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Web. — Assume  that  the  web  transmits  the  whole  of  the  shearing 
force.  This  is  not  strictly  correct  if  the  flange  is  curved,  as  the 
flange  then  bears  a  portion  of  the  shearing  force.  The  error,  however, 
is  on  the  safe  side. 

Theoretically,  the  web  should  contain  no  more  material  than  is 
absolutely  necessary. 

Let  fs  be  the  safe  unit  stress  in  shear.    Then 

^~  W 

and  the  sectional  area  is,  therefore,  independent  of  the  depth. 

A'    S 
The  thickness  of  the  web= — =t^, 

y    Uy 

but  this  is  often  too  small  to  be  of  any  practical  use. 

Experience  indicates  that  the  minimum  thickness  of  a  plate 
which  has  to  stand  ordinary  wear  and  tear  is  about  \  or  -j^  in., 
while  if  subjected  to  saline  influence  its  thickness  should  be  |  or 
J  in.  Thus  the  weight  of  the  web  rapidly  increases  with  the  depth, 
and  the  greatest  economy  will  be  realized  for  a  certain  definite 
ratio  of  the  depth  to  the  span. 

The  thickness  of  the  web  in  a  cast-iron  girder  usually  varies 
from  1  to  2  ins. 

In  the  case  of  riveted  girders  with  plate  webs  of  medium  size 
all  practical  requirements  are  effectively  met  by  specifying  that 
the  shearing  stress  is  not  to  exceed  one  half  of  the  flange  tensile 
stress,  and  that  stiffeners  are  to  be  introduced  at  intervals  not  ex- 
ceeding twice  the  depth  of  the  girder  when  the  thickness  of  the 
web  is  less  than  one  eightieth  of  the  depth.  Again,  it  is  a  common 
practical  rule  to  stiffen  the  web  of  a  plate  girder  at  intervals  ap- 
proximately equal  to  the  depth  of  the  girder,  whenever  the  shear- 

ing  stress  in  pounds  per  square  inch  exceeds  12000-^(1+^^], 

H  being  the  ratio  of  the  depth  of  the  web  to  its  thickness. 

Flanges. — First.  Assume  that  the.  flanges  have  the  same  sec- 
tional area  from  end  to  end  of  girder. 
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If  the  effect  of  the  web  is  neglected,  and  takmg  /  as  the  coeffi- 
cient of  strength, 

and  the  depth  of  the  beam  at  any  point  is  proportional  to  the  ordi- 
nate of  the  bending-moment  curve  at  the  same  point. 

For  example,  let  the  load  be  imiformly  distributed  and  of  in- 
tensity w,  and  let  I  be  the  span.    Then 

M.=|(4-x2), 


Fig.  506.  Fig.  507. 

and  the  beam  in  elevation  is  the  parabola  ACB,  having  its  vertex 

at  C  and  a  central  depth  CO=-^j-,.    The  depths  thus  determined 

are  a  little  greater  than  the  depths  more  correctly  given  by  the 
equation 

Second.    Assume  that  the  depth  y  of  the  girder  is  constant.    Then 

and  neglecting  the  effect  of  the  web,  the  area  of  the  flange  at  any 
point  is  proportional  to  the  ordinate  of  the  curve  of  bending  mo- 
ments at  the  same  point. 

Let  the  load  be  uniformly  distributed  and  of  intensity  w;  also, 
let  the  flange  be  of  the  same  imiform  width  h  throughout. 

The   flange,  in   elevation,  is  then  the  parabola  ACB,  Fig.  508, 

having  its  vertex  at  C  and  its  central  thickness  GO=-orT-    Such 

beams  are  usually  of  wrought  iron  or  steel,  and  are  built  up  by 
means  of  plates.  It  is  impracticable  to  cut  these  plates  in  such  a 
manner  as  to   make  the   curved  boundary   of  the   flange  a  true 
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parabola  (or  any  other  curve).     Hence  the  flange  is  generally  con- 
structed as  follows: 

Draw  the  curve  of  bending  moments  to  any  given  scale.  By 
altering  the  scale,  the  ordinates  of  the  same  curve  will  represent 
the  flange  thicknesses.  Divide  the  span  into  segments  of  suitable 
lengths. 

From  A  to  1  and  5  to  7  the  thickness 
of  the  flange  is  la  =  7/;  from  1  to  2  and 
7  to  6  the  thickness  is  26  =  6e;  from  2 
to  3  and  6  to  5  the  thickness  is  3c  =  5d; 
and  from  3  to  5  the  thickness  is  CO. 

The  more  correct  value  of  A(=i ^)    is  somewhat  less  than 

that  now  determined,  but  the  error  is  on  the  safe  side. 
Again,  at  any  section 

E    2/ 

-p=— ,     and  hence    Socy  the  depth. 

Thus  the  curvature  diminishes  as  the  depth  increases,  so  that 
a  girder  with  horizontal  flanges  is  superior  in  point  of  stiffness 
to  one  of  the  parabolic  form.  The  amount  of  metal  in  the  web  of 
the  latter  is  much  less  than  in  that  of  the  former.  If  great  flexi- 
bility is  required,  as  in  certain  dynamometers,  the  parabolic  form 
is  of  course  the  best. 

Ex.  44.  Design  of  50-ft.  plate-girder  span. 
The  data  to  be  used  are  as  follows : 

Live  load  4900  lbs.  per  lineal  foot  of  span,  or  an  axle  concentration  of 
44,000  lbs. 

Percentage  to  be  added  to  live  load  for  impact  =  j     -„„, 

where  Z/=  length  of  span  over  which  the  load  giving  the  maximum  stress  is 
distributed. 
Distance  centre  to  centre  of  bearings  =.50  ft. 

"  "       "      "      '■  girders  =7" 

Allowable  flange  stress  =14,000  lbs.  per  sq.  in. 

"         shearing  stress  in  webs  and  rivet  =  10,000   "     "    "    " 
"         bearing      "      in  rivets  =20,000   "     "    "    " 

fibre  stress  in  timber  =2,000   "     "    "    " 

We  may  assume  that  the  rail  distributes  the  axle  concentration  equally 
over  three  ties;  hence  each  tie  will  be  loaded  as  shown  in  Pig.  519.     As  the 
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ties  will  not  greatly  exceed  1  ft.  centre  to  centre,  the  span  for  three  ties  may 
be  taken  as  2  ft.  and  the  impact  allowance  80  per  cent. 
s  Therefore 


±Z 


T: 


Fig.  509. 


B.M.  =7333X12X1.8  =  158,400  in.-lbs. 
Making  the  tie  7  ins.  wide  to  secure  a  good  bearing, 

158400  =2-0°^>^^, 


where  d  is  the  depth,  so  that 

d=8.2". 

We  shall  use  7"X9"  ties  10  ft.  long,  set  on  edge,  spaced  at  13-in.  centres 
and  dapped  i  in.  on  the  girders ;  also  two  7"  X  8"  longitudinal  guard  timbers. 
The  dead  load  on  the  span  may  now  be  estimated  as  follows : 

Ties  and  guard-rails 218  lbs.  per  lineal  foot  of  span 

Track  and  fastenings 62"     "       "       "    "     " 

Bracing 40  "     "       "       "    "     " 

Main  girders 600"     "       "       "    "     " 


Total  dead  load 920  "  " 

Live  load 4900  "  " 

Impact,  73  per  cent 3571   "  " 

Totalload 9391   "  " 

or  say  4700  lbs.  per  lineal  foot  of  each  girder. 


t  c      t  i       {( 
( t      it       It 

II     It      II 


Fig.  510.  Fig.  511. 

-In  railway  structures  the  thickness  of  the  web,  for  durability,  should  not 
ibe  less  than  f  inch.  The  depth  generally  depends  on  economical  considera- 
tions, which  will  usually  be  satisfied  by  making  it  from  one  eighth  to  one 
tenth  of  the  span,  or  in  this  case  say  66  ins.     Then 

A'  =66 X  t  =24.75  sq.  ins.  gross,  or  about  18  sq.  ins.  actual. 

This  will  resist  in  shear  18  X 10000  =180,000  lbs. 

Greatest  shear  in  girder  =4700X25  =  117,500  lbs. 

(The  web  section  is  therefore  more  than  sufficient  to  carry  the  shear,  but 
■the  thickness  cannot  be  diminished,  and  a  decrease  in  the  depth  would  prob- 
ably cause  a  more  than  corresponding  increase  in  the  flange  area.) 

The  effective  depth  y,  or  distance  between  the  centres  of  gravity  of  the 
top  and  bottom  flanges,  cannot  be  known  exactly  until  the  flange  section  is 
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determined.     It  may  be  assumed,  however,  to  be  5.35  ft.     Hence  if  A  is  the 
area  of  the  flange, 


M=(A+^)fy. 


4700  X  50' 
Now  M  = ~ =1,468,750  ft.-lbs.    Therefore 


(z4  7t  \ 
A +—^jX  14000X5.35, 


and  A  =16.5  sq.  ins.,  net. 

One  eighth  instead  of  one  sixth  of  the  web  area  is  taken  as  assisting  the 
flange,  to  allow  approximately  for  the  rivet-holes. 

Use  two' angles  6"X6"XA" =12.86  sq.  ins. 

One  cover-plate  14xi =  7.00  "     " 

Total  gross  area =19.86  "     " 

Seven-eighth-inch  rivets  will  be  used,  but  a  hole  1  inch  in  diameter  will  be 
deducted  to  allow  for  possible  injury  to  the  metal  in  punching.    Therefore 

area  to  be  deducted  from  each  flange  =2XH  +2XtV  =3.25  sq.  Ins., 

and  the  net  area  of  flange  =  19.86— 3.25  =  16.61  sq.  ins., 

which  is  sufficient. 

To  allow  for  irregularities  in  the  edge  of  the  web  the  flange  angles  will  be 
placed  66J  ins.  back  to  back.  .  The  effective  depth  may  now  be  checked,  and 
will  be  found  to  agree  with  the  assumption  made  above. 

To  find  the  length  of  the  cover-plate : 

Flange  angles. =  12 .  86  sq.  ins. 

One  eighth  web =  3.10  "     " 

Total  area  beyond  end  of  cover-plate =  15 .  96  "     " 

Deducting  four  rivet-holes  (4XA) =  2.25  "     " 

Net  section =13.71  "     " 

Effective  depth  beyond  end  of  cover-plate  =5.25  feet.    Therefore 

B.M.  which  flange  can  resist  =13.71X14000X5.25=1,007,685  ft.-lbs. 
Let  x=distance  from  centre  of  girder  at  which  this  B.M.  is  developed. 


Then  M:,=^(^-x'),    or    a;=±^|- 


2M, 

w 


■4 


50=^     2X1007685     , ,  ^, 

r — 4700 — '^^'■' 
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and  the  theoretical  length  of  cover-plate  =2 X 14  =28  ft. 

We  shall,  however,  extend  it  18  ins.  further  at  each  end,  so  as  to  get  room 

for  sufficient  rivets  to  develope  its  strength, 
<3H«3iK3»|.3H  making  the  total  length  31  ft. 

In  designing  the  compression  flange  it 
i      i        /       would   not    be   necessary   to  deduct  the 
rivet-holes.   It  acts  as  a  column,  however, 
and   so   it  is   customary   to   make  both 
Detail  of  Flange  flanges  alike. 

Fig.  512.  Fig.  513.  rp^  determine  the  pitch  of  the  rivets 

connecting  the  flange  angles  to  the  web,  we  may  assume  that  the  entire  ver- 
tical shear  is  carried  by  the  web  and  is  distributed  uniformly  over  the  web. 

At  the  ends  the  vertical  shear  is  117,500  lbs.,  or  — — 1780  lbs.  per  inch 

of  depth. 

Horizontal  shear  =1780  lbs.  per  inch  of  length. 

The  load  from  the  ties  must  also  be  communicated  to  the  web  through 
the  rivets. 

The  amount  of  this  is  7333  XtV=  564  lbs.  per  lineal  inch. 

Thus  the  total  stress  per  lineal  inch  =\/1780'  +  564'  =  1867  lbs. 

Now  the  value  of  a  J-in.  rivet  in  bearing  on  a  f-in.  plate  is 

20000XfX|  =6562  lbs.. 


which  is  less  than  the  value  in  double  shear. 

Therefore  the  maximum  pitch  =         =3.5  ins.    We  shall,  however,  space 

them  with  a  3-in.  pitch,  as  shown  in  Fig.  513.  Towards  the  centre  of  the 
span  the  shear  decreases,  but  in  this  case  we  may  retain  the  same  spacing 
throughout. 

The  flanges  need  not  be  spliced,  as  sufficiently  long  angles  are  obtainable. 
The  web,  however,  must  have  a  splice  at  mid-span,  which  should  contain 
enough  rivets  to  develope  the  strength  of  its  entire  net  section.  Two  splice- 
plates  (A)  13i"X|"X54",  one  on  each  side  of  the  web,  with  two  vertical  rows 
of  rivets  on  each  side  of  the  splice.  Fig.  510,  will  be  used.  Also,  since  these 
plates  do  not  extend  to  the  edge  of  the  web  and  are  therefore  ill-suited  to 
resist  bending,  we  shall  use  two  plates  (B)  5"X|"X36"  on  each  flange, 
whose  net  section  in  accordance  with  good  practice  is  50  per  cent  greater 
than  the  web  section  counted  as  assisting  the  flange. 

Web  stiffeners  cannot  be  designed  rationally.  It  will  be  in  keeping  with 
good  practice,  however,  to  use  4"X3i"X|"  angles  riveted  in  pairs  to  each 
side  of  the  web  at  intervals  not  exceeding  the  depth  of  the  girder,  or  say 
5  ft. 

Wind  and  lateral  bracing  for  spans  so  small  need  not  be  calculated,  as 
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the  smallest  angles  permitted  by  most  standard  specifications  will  be  sufii- 
cient.    We  may  use  3i"X3i"  XI"  angles  throughout. 

Bearing  Plates. — The  girder  will  be  about  62  ft.  long  over  all,  so  that  the 
weight  supported  at  each  end  will  be  4700X26  =  122,220  lbs. 

Taking  300  lbs.  per  square  inch  as  the  safe  load  on  good  granitoid  or  lime- 
stone, the  area  required  will  be  122,200-h300=407  sq. 
ins.  We  shall  use  for  the  fixed  end  two  24"X18"Xf" 
plates  riveted  to  the  girder  and  for  the  sliding  end  one 
24"  X 18"  XIV  plate  riveted  to  the  girder  and  a  similar 
J-in.  plate  on  the  masonry,  the  contiguous  surfaces  being 
planed  so  as  to  slide  readily  with  changes  of  tempera- 
ture. 

To  distribute  the  load  evenly,  end  stiffeners  of  suffi- 
cient section  to  carry  the  above  load  as  a  column  will  be  placed  as  shown  in 
Fig.  514. 


Fliui  of  End  StUTenera 
and  Bearinff 

Fig.  514. 


20.  Relations  between  the  Deflection,  Slope,  and  B.M.  Curves. — 

Consider  an  element  KLL'K'  of  thickness  dx  and  bounded  by  the 
vertical  planes  KL  and  K'U.  It  is  kept  in  equilibrium  by  *Si  and  M, 
the  S.F.  and  B.M.  at  the  section  KL,  hy  S+dS  and  M+dM,  the 
S.F.  and  B.M.  at  the  section  K'U,  and  by  the  load  wdx  (which  in- 
cludes the  weight  of  the  element),  w  being  the  intensity  of  the  load 
at  K.  Since  dx  is  indefinitely  small,  it  may  be  assumed  that  the 
load  wdx  is  imiformly  distributed  and  that  its  line  of  action  is  the 
middle  line  w. 


Taking  moments  about  v, 
-M-S^+M+dM-{S+dS)Y=0, 


-I 


wdx 
I  K' 


M+dM 


or 


dM 


Fig. 


S+dS 
515. 


disregarding  the  term  dS -^,  which  is  indefinitely  small  compared 
with  the  remaining  terms. , 


Also, 


-S-wdx+S+dS==0, 
dS 


or 


dx 


=w. 


Therefore 


d^M    dS 
dx^     dx 


(A) 


1 
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If  the  beam  is  loaded  with  a  number  of  weights  concentrated  at 
different  points,  then  between  any  two  consecutive  weights,  w  is  merely 
the  weight  of  the  beam  per  lineal  unit  of  length,  and,  as  far  as  the 

concentrated  loads  are  concerned,   j—  is  nil,  so  that  S  is  constant 


dy\ 


between  such  weights. 

Again,  the  deflection  (y);  the  slope  ((?=tan  S=-t-j  ,  and  the  bend- 
ing moment  (M)  are  connected  by  the  equations 


d2y_d^_M 
dx2~dx~EI" 


(B) 


Comparing  equations  {A)  and  {B)  it  is  at  once  observed  that 

M 
the  values  of  y,  d,  and  -prf  are   obtained  from  one  another  by  a 

process  of  graphical  integration  precisely  similar  to  that  by  which  the 
relative  values  of  M,  S,  and  w  are  found.  Thus  any  property  con- 
necting the  last  three  quantities  must  also  be  true  for  the  first  three. 
In  other  words,  the  mutual  relations  between  curves  drawn  to 
represent  the  deflection,  slope,  and  bending  moment  must  be  the 
same,  mutatis  mutandis,  as  those  between  the  curves  of  bending 
moment,  shearing  force,  and  load. 

Thus,  divide  the  effective  bending-moment  area  into  a  number 
of  elementary  areas.  Fig.  516,  by  drawing  vertical  lines  at  convenient 


>o 


r,y 


Fig.  516. 


Fig.  517. 


distances  apart,  and  take  the  vertical  lines  12,  23,  .  . 
Fig.  517,  to  represent  these  areas. 

Let  the  pole  0  be  at  the  distance  EI  from  the  line  Iw. 


n-l,-n, 
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If  the  widths  of  the  areas  are  made  sufficiently  small  a  funicular 
deflection  curve  CP1P2C  can  be  drawn  in  exactly  the  same  manner 
as  the  B.M.  curve  was  drawn  in  Art.  6,  Chap.  II. 

It  was  shown  that  any  two  tangents  to  the  B.M.  curve  intersect 
in  a  point  which  is  vertically  below  the  C.  of  G.  of  the  corresponding 
load  curve.  Hence  it  must  follow  that  any  two  tangents  PiTi, 
P2T2,  intersect  in  a  point  Ti  which  is  vertically  below  the  C.  of  G., 
gfi,  of  the  effective  B.M.  area  DEFG. 

It  was  also  shown  that  the  B.M.  at  any  point  is  the  intercept 
of  the  vertical  through  the  point  between  the  closing  line  CC  and  the 
B.M.  curve.  Hence  it  follows  that  the  deflection  at  any  point  is 
the  intercept  between  the  closing-line  and  the  deflection  curve,  of 
the  vertical  through  that  point. 

Again,  through  the  pole  0  draw  OH  parallel  to  the  closing-line 

intersecting  In  in  H.     Then,  since  EId= jMdx,  the  angle  P1T1T2 

between  any  two  tangents  is  equal  to  the  corresponding  B.M.  area 
divided  by  EI.    It  is  also  evident  that  the 

slope  ii  at  1  =  -^^, 

uH 
and  that  the  slope  i^  at  n  =  ^. 

.      .      In 
Therefore  ii  +  *» = ^, 

which -gives  the  total  change  of  slope. 

In  the  case  of  a  cantilever,  the  last  side  of  the  funicular  polygon 
is  obviously  the  closing-line. 

21.  Graphical  Determination  of  the  Slope  and  Deflection. — If  p 
is  the  radius  of  curvature  at  any  point  of  the  deflected  neutral  axis, 

p~dx^~dx~Er 

Mdx 


Therefore  J -^f^^O^  J -^ 
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^'        fff'y'f'""ff 


■M  dx^ 
EI    • 


Thus  it  may  be  supposed  that  the  cantilever  or  beam  carries  a 

uniformly  distributed  load  of  intensity  -,  and  by  the  process  of 

integration  the  curves  of  slope  and  deflection  can  be  obtained. 
Let  A  be  the  effective  B.M.  area  between  any  two  points  P  and 
Q  of  the  deflected  neutral  axis. 

Let  the  tangents  at  P  and  Q  meet  in 
the  point  T  and  produce  QT  to  meet  the 
vertical  through  P  in  R. 

The  point  T  is  vertically  below  the  C. 
of  G.  of  the  area  A.  Let  z  be  its  hori- 
zontal distance  from  PR,  and  take  PR  =  d.  If  6  is  the  change  of 
curvature  between  P  and  Q,  i.e.,  the  angle  PTR,  then 


0  = 


f 


Mdx_  A. 
EI   ~EI' 


assuming  that  E  and  /  are  constant. 


Also, 


a=PJ?=(9z= 


Az 
EI" 


Ex.  45.  A  cantilever  OA   of  length  I  with  a  c 
weight  W  at  A. 

The  B.M.  area  is  the  triangle  OBC  (Fig.  519), 
a,nd  DC  =Wl.  o 


Therefore                A 

^iwi\ 

and  the  slope  at  A 

.     IWP 
'-2  EI 

Also, 

Az 

^WV 

¥= 

Wi 

and  the  deflection  of  A 

-4 

£1 

Fig.  519. 


Ex.  46.  A  cantilever  OA  of  length  I,  carrying  a  uniformly  distributed  load 
of  intensity  w. 

The  B.M.  area  is  OBC,  the  curve  EC  being  a  parabola  with  its  vertex 
atB. 
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Ako, 

Therefore 
and  the  slope  at  A 

Again, 
and  the  deflection  of  A 


0C=% 


1  wl 


^=3"T^=6'"^'  ° 


^g^\_wP  Fig.  520. 

&Er 


SEI" 


Ex.  47.  A  horizontal  beam  OA  of  length  I, 
resting  upon  supports  at  0  and  A  and  carrying 
a  weight  W  at  its  middle  point  B. 

The  B.M.  area  is  the  triangle  OCA,  the 

vertical  distance  of  C  above  D,  the  middle 

point  of  the  horizontal  line  OA 

,    .      Wl 
being -^. 


Considering  one  half  of  the  beam, 

IWll 


A  = 


and  the  slope  at  A 
Also, 


2  4  2 

=  6 


wv 

^  16' 


1  WP 

16  Er 


1  9/1 

Az-^^Wl  g    2     48      ' 


and  the  maximum  deflection 


I    wl' 

=y= . 

48  EI 


Ex.  48.  A  horizontal  beam  OA  of  length  I,  resting  upon  supports  at  0  and  A, 
and  carrying  a  weight  W  at  a  point  distant  a  from  each  end. 

Let  6  be  the  length  of  the  intermediate  segment. 

The  B.M.  area  is  the  trapezoid  OCDA,  the  vertical  distance  CE  (=DF) 
being  Wa. 

Considering  one  half  of  the  beam, 

Wa. 


and 


Wa 
the  slope  &i  0=6  =0^7  {a  +  b). 
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|*-«+T-' 


% 


A: 61 


w  w 

Fig.  622. 


Also         Az  =  Wa^a  +  iWab  (a + j) 

Wa 
=  24(80^  +  1206 +36';, 

and  the  max.  deflection 

1  Wa 
=  Y=Y4^-j^(8a'  +  12ah  +  3b% 


If  the  two  weights  are  concentrated  at  the  points  of  trisection, 

23  Wa^ 
a=6    and  the  max.  deflection  =^2 -pi^ 

Wa' 
=~pj~,  approximately. 


Ex.  49.  A  horizontal  beam  OA  of  length  I,  resting  upon  supports  at  0  and  A, 

and  carrying  a  weight  W  concentrated  at  a  point  B  distant  a  from  0. 

The  B.M.   area  is  the  triangle  OCA,  the  e 

.    ,     1.  .           ^r.  1    ■       Wa(l—a) 
vertical    distance  CB  being  ■ ^ ^■'"i, 

suppose.     The  most  deflected  point  F  is    at  ms^  ^ 
some  point  between  B  and  A.  °j^ 

Let  the  horizontal  tangent  at  F  meet  the       |«— -^t-^ 
tangents  at  0  and  A  in  7",  and  T,  respec-  ^P 

tively,  and  let  z,,  z^  be  the  horizontal  dis-  Fig.  523. 

tances  of  T,  and  T^  from  0  and  A  respectively. 

Let  M,  be  the  length  of  the  B.M.  ordinate  ED,  vertically  above  F.    The 
length  of  AD  is  evidently  fsj. 

Consider  first  the  portion  of  the  beam  between  0  and  F,  and  let  4,  be  the 
B.M.  area  AGED.    Then,  since  the  horizontal  distance  of  the  centre  of  gravity 

of  the  triangle  OCA  from  0  is  —5—, 


=iMJ,(l+a)  -iMMl-Z2)  =EIY. 

Consider  in  the  second  place  the  portion  of  the  beam  between  A  and  D, 
Then 

iM,izyz,='\M^,^^EIY. 


Therefore 


WKl  +  a)  -iM^S-z;  =iM^,' 
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,  9    2,    _M      l-a 

or  z^'=^*^(i2-a'). 

Also  M  -^M  -^  -^  Wa{l-a    VSgP^     Wa    IT^ 

Also,  M,-^M,^_^-^  ^  ^-  .-_^___. 


Hence 


the  max.  deflection  =  7  =| ^^^ \=~{P-a^)i. 

4    EI        9V3    ^ 


Again  let  5  be  the  vertical  distance  between  G  and  F,  and  let  «'  be 
the  horizontal  distance  of  the  centre  of  gravity  of  the  area  BCED{  =A') 
from  G. 

Then  EI8^A'z'  =iM,il-a)i(l-a)  -iMJa^C^a.  +  i-a-la^) 

M 
—^\l-ay-iMMl-a-z,) 

-^\l-ay-^\l'-a')  +EIY. 

Therefore 

M  t    W  , 

EI(Y-d)^-^'a(l-a)=^  -ja\l-a)\ 

which  gives  the  deflection  of  the  point  at  which  W  is  concentrated. 

.Again,  ^=|-M^,=|-M,-^^=i-TF|(Z^-a'), 

A,=\  W^^^-A,=\w^{l-a){2l-a), 

and  A'  =KMJ,-a-A2  =  —j~(J'-o){l-2a). 

\-  W    a 
Hence  the  slope  at  0  =  „-  -5^  y  (^ — a)  (2i — a) 

W  n 
"      "     "  (?=:^y(^-«)('-2a) 

1    W  n 
ti       It      <<    A  _—  (n^„i\ 

^~QEIl^''      °'>- 
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i«-s« — H 


Ex.  50.   A  beam  OA  of  length  I,  supported  at  0  and  at  A,  and  carrying  a 

uniformly  distributed  load  of  intensity  w. 

The  B.M.   area  is    OB  A,  the   curve    DBA 

being  a  parabola  with  its  vertex  at  a  distance 

wl' 

-5-  vertically  above  C,  the  middle  point  of  OA. 

a 

Considering  one  half  of  the  beam, 


Fig.  524. 


.     2wP   I      1     ,3 
^=3-8-2=24^^ 


and    ^=Tal- 


Therefore 
and 


1  wP 
the  slope  at  0  (or  at  A)  =^2  r? 


the  max.  deflection  Y  = 


EI  384  EI 


Ex.  51.  A  horizontal  beam  OA  of  length  I  fixed  at  the    supports  0  and  A 
and  carrying  a  weight  W  concentrated  at  the  middle  point  B. 

The  fixture  of  the  ends  introduces  negative  bending  moments  at  0  and  at 
A,  and  the  B.M.  diagram  consists  of  the  two  lines  BC,  DC,  the  point  C  being 
vertically  above  the  middle  point  G  of  OA.  At 
the  points  E  and  F  the  B.M.  is  nil,  and  the 
beam  may  be  supposed  to  be  made  up.  of  two 
cantilevers  EO,  FA,  and  of  an  intermediate  span 
EF  resting  upon  the  ends  E  and  F. 

Thus  if  OE=x, 


OB^AD=iWx. 


Fig.  525. 


Again,  since  the  neutral  axis  is  horizontal  at  0  and  at  A,  the  total  change 
of  curvature  between  0  and  A  is  algebraically  nil,  and  therefore  the  total 
effective  B.M.  area  must  also  be  algebraically  nil. 


Hence  the  B.M.  area  above  OA  =B.M.  area  below  OA, 

or  '  the  triangle  CEG=  the  triangle  OB.B, 

and  E  is  the  middle  point  of  OG;  so  that 

x=j     and    OBi=AD=CG)=iWl- 

The  B.M.  area  OBE  =  q-^WP  and  the  corresponding  z  =  »-.    Therefore 
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1   WP 
the  slope  at  B  =^" ~~^, 


and 


1     WP 
the  deflection  of  -^^ooi'^w- 


The  B.M.  area  EGG  "=^^1'  and  the  corresponding  a  =-s.    Therefore 

1    PTP 
the  deflection  G/f  ==oq2  "g7 


and 


the  totaZ  maximum  deflection  =  deflection  of  E  +GH  = 


I    Wl» 


192  EI' 

The  points  E  and  F  at  which  the  B.M.  is  nil  and  at  which  the  curvature 
necessarily  changes  from  positive  to  negative  are  called  points  of  inflection. 

Ex.  62.  A  horizontal  beam  OA  of  length  I,  fixed  at  the  supports  0  and  A 
and   carrying  a    uniformly   distributed    load  of 
intensity  w. 

The  B.M.  diagram  is  now  the  pa,raboIa 
BECFD,  with  its  vertex  at  C  vertically  above 
the  middle  point  G. 

The  points  E  and  F  are  evidently  points  of    b 
inflection. 

LetEF=2x. 


K 

Fig.  526. 


Then 


OS^-x, 


the  B.M.  CG- 


and  the  B.M.  0B(  =AD)  =m  (^-x)  +|  {^-x)'  =|  (^  -x') . 


Also,  as  in  the  preceding  example, 

the  area  ECG  =the  area  QBE. 
the  area  BECK  =ihe  area  OGKB, 


and  therefore 


or 


m*'S-ws-")i- 


\/3 
so  that  a; — ^l=lX.289. 
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The  total  max.  deflection  =deflection  of  E  due  to  wi^—x\  uniformly  distributed 
+       "  "       "    mat  end  of  0^ 

■"8       El       ''"3  EI        "^384    EI 

I   vrl' 
'°384EI' 

22.  Beams  Supported  at  More  Points  Than  Two. — Consider  the 
rth  span  OX  of  a  girder  resting  upon  a  number  of  supports  in  the 
same  horizontal  plane. 

Pig.  527. 

Let  Rr-i,  Rr  be  the  reactions  at  0  and  at  X; 

Mr-i,  Mr  be  the  bending  moments  at  0  and  at  X; 

Mx  be  the  B.M.  at  any  point  N  (i.e.,  x,  y)  of  the  neutral  axis 
due  to  the  load  on  ON; 

M  "    "    B.M.  at  X  due  to  the  load  on  OX. 
Taking  moments  about  X, 

Rr-llr  =  M  +  Mr-  Mr- 1, 
,   ,,  ,  „  M      Mr      Mr-1 

and  therefore  B,_i=-p+-^ f — . 

Hence  the  shear  at  the  (r-l)th  support  for  the  rth  span 

=  the  reaction  at  the  same  support,  supposing  the  span  an  inde- 
pendent girder,  i.e.,  cut  at  its  supports, 
+the  difference  of  the  forces,  or  reactions,  equivalent  to  the 
moments  at  the  supports. 
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Again,  the  B.M.  at  N 

=  Rr-lX-M:,+Mr-l 

Mr-1  „  .       M, 


{f.-M.) 


+  ^^(lr-x)+J^X 


=the  moment  at  the  same  point  supposing  the  span  an  indepen- 
dent girder, 
fthe  reactions   equivalent  to  the  moments  M^-i,  M^,  multi- 
plied respectively  by  the  segments  Z,-x  and  x. 
let  OX,  Fig.  528,  be  the  rth  span,  and  let  OBX  be  the  curve 
of  bending  moments,  supposing  OX  an  independent  girder,  i.e.,  cut 
at  0  and  X.    On  the  same  scale  as  this  curve  is  drawn,  take  the 
verticals  OE  and  XF  to  represent  M^-i  and  M^  respectively  in 
magnitude,   and  join  EF.    The  curve  OBX  corresponds  to  the 

portion  (-t-x—Mx)  of   the  above 

equation,  and  the  line  EF  to  the 

remainder,  i.e.,  — p-^r 

Fig.  528. 
The  actual  bending  moment  at 

any  point  of  OX  is  represented  by  the  algebraic  sum  of  the  ordi- 

nates  of  the  curve  and  line  at  the  same  point,  which  will  be  the 

intercept  between  them,  since  they  represent  bending  moments  of 

opposite  kinds. 

Let  A  be  the  effective  moment  area,  or  the  algebraic  sum  of 
the  areas  for  the  load  and  for  the  moments  at  0  and  X,  shown  shaded 
in  the  figure,  and  let  x  be  the  horizontal  distance  of  its  centre  of 
gravity  from  0. 

Let  A,,  be  the  area  for  the  load  alone,  i.e.,  the  area  of  the  curve 
OBX,  and  let  Zr  be  the  horizontal  distance  of  its  centre  of  gravity 
from  0.    Then 

-  1^1 

Ax  =  ArZr  +  Mr-  ly  +  3  (^r  " -^r-  dk^ 

Ex.  53.  Let_  the  load  upon  the  rth  span  OX  be  a  weight  P  concentrated  at  a 
point  C  distant  p  from  0. 

The  B.M.  diagram  consists  of  the  two  straight  lines  OB,  XB,  if  it  is  assumed 
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that  OX  is  an  independent  girder.    Also  the  vertical  distance  BC  = 

Ir  Pp{l 


It         ■ 


Therefore 


Ar=area  OBX—-^ 


Ir 


'-^=\Pp{lr-p). 


Again,  join  B  to  the  middle  point  K 
of  OX,  and  let  GL  be  the  vertical  through 
the  centre  of  gravity  of  the  triangle.    Then 

Zr=OL=OC  +  CL=OG +ICK 


=OC  +  UOK-OC)  = 


Ir  +  p 


Fig.  529. 


Hence         ArZr=iPpilr^—p'). 
Similarly,  for  the  (7-  +  l)th  span, 

Ar+iZr+i  =iQq(lr+i^-q'), 


Zr+1  being  the  horizontal  distance  of  the  centre  of  gravity  of  Ar+i,  the  moment 
area  of  a  load  Q  concentrated  on  the  (r  +  l)th  span  at  a  distance  g  from  the 
(r  +  l)th  support,  the  span  being  considered  an  independent  girder. 

Ex.  54.  Let  the  load  upon  the  rth  span  OX  be  a  uniformly  distributed  load  of 
intensity  Wr. 

The  B.M.  diagram  is  now  the  parabola  OBX,  with  its  vertex  B„  vertically 
above  the  middle  point  C,  Fig.  530.    Then 

Therefore 

2  Wrlr^  1 

Ar  =area  OBX  =o"~o~'r  =T^Tlr. 


Also, 


Ir 


Fig.  530. 


Hence  AtZt^-^WtIt^. 

Similarly,  for  the  (r  +  l)th  span, 

Ar+xZr+i  =-^WT+ilr+i. 

Ex.  55.  Let  a  uniformly  distributed  load  of  intensity  Wr  cover  a  length  2o(  <lr) 
of  the  rth  span,  and  let  z  be  the  distance  of  its  centre  of  gravity  from  the 
(r  —  l)th  support. 

The  load  may  be  supposed  to  consist  of  a  number  of  indefinitely  small 
elements,  and  its  effect  may  be  obtained  by  superposing  the  several  effects  of 
these  elements. 

Let  dp  be  the  length  of  such  an  element  at  p  from  the  (r  — l)th  support- 
Then,  by  Ex.  53, 


ArZr- 


■I 


■■  +  a 


Wrdp-p 


^  dr'-p')  =2awj-(lr'-z*-a'). 


CONTINUOUS  GIRDERS. 


51 5^ 


23.  Continuous  Girders. — When  a  girder  overhangs  its  bearings, 
or  is  supported  at  more  than  two  points,  it  assumes  a  wavy  form 
and  is  said  to  be  continuous.  The  convex  portions  are  in  the 
same  condition  as  a  loaded  girder  resting  upon  a  single  support,, 
the  upper  layers  of  the  girder  being  extended  and  the  lower  com- 
pressed. The  concave  portions  are  in  the  same  condition  as  a 
loaded  girder  supported  at  two  points,  the  upper  layers  being  com- 
pressed and  the  lower  extended.  At  certain  points,  called  points 
of  contrary  flexure,  or  points  of  inflexion,  the  curvature  changes 
sign  and  the  flange  stresses  are  necessarily  zero.  Hence,  apart 
from  other  practical  considerations,  the  flanges  might  be  wholly 
severed  at  these  points  without  endangering  the  stability  of  the 
girder. 

24.  Theorem  of  Three  Moments, — Let  0,  X,  7,  the  (r  — l)th, 
rth,  and  (r  +  l)th  supports  of  a  continuous  girder  of- several  spans, 
be  depressed  below  their  true  horizontal  position  O1O2O3,  through 
the  vertical  distances  dr-ii=OiO),  dri  =  02X),  and  c?,+i(=03F), 
dr-i,  dr,  and  d^+i  being  necessarily  very  small  quantities. 


Fig.  531. 


Let  OCXDV  be  the  deflection  curve,  and  let  the  tangent  at  X 
meet  the  verticals  OiO  and  O3V  in  E  and  F,  and  the  tangents  at  O 
and  V  in  Ti  and  T2. 

Take  OiE=y,_i,  OzF=yr+i  and  let  e,(=OTiE),  d,+i{=FT2V) 
be  the  changes  of  curvature  from  0  to  X  and  from  F  to  Z  respec- 
tively. 

Let  Ar,  Ar+i  be  the  effective  moment  areas  for  the  spans  OX, 
XV  respectively. 

Let  Xr,  Xr+i  be  the  horizontal  distances  from  0  and  V  respec- 
tively of  the  points  Ti  and  T2,  which,  as  already  proved,  are  vertically 
below  the  centres  of  gravity  of  the  corresponding  effective  moment 
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areas.    Then 

yr-.l-dr_dr-yr+l       ^^      j/^-l-^j/r+l  _<^  ^     <^ . 
If  lr+1  It  ^r+1        ^      ^r+l 

Again,  as  already  shown, 

y^_i-dr-i=OE=  xA = -gja;, 

and  dr+l  -t/r+l  =FV  =Xr+lOr+l  = -^Xr+l. 

Therefore 

£/l     Z,  Zr+1        /  Ir  lr+1  Ir  k+l 

dr—df-i    d^—dr+i 

Ij.  V+l 

Hence  by  Art.  22 

/dr^dr-X^d_r^d^\  =^^^  +  ^M,_ii,  +  iM,?, 

+Ar+1-Y^  +  iMr+l^r+1  +  Wrlr+1, 

and  therefore 

Mr_ilr  +  2Mr(lr  +  Ir+l)  +  M^+ilr+l 

Ir  lr+1  \         Ir  ^r+i      / 

■which  is  the  analytical  expression  of  the  theorem  of  three  moments 
in  its  most  general  form. 

Exs.  53  and  54  give  the  values  of  ArZr  and  Ar+iZr+i  for  con- 
centrated and  for  uniformly  distributed  loads. 

If  either  of  the  supports,  e.g.  X,  should  lie  above  O1O3,  then 
the  sign  of  dr  is  negative. 

A  similar  relation  holds  true  for  every  three  consecutive  supports, 
so  that  for  a  continuous  girder  of  n  spans  there  are  n  — 1  equations 
•connecting  the  n  +  1  bending  moments  Mi,  M2,  M3  .  .  .  Mn,  Mn+i 
at  the  several  supports. 
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There  must  be  two  further  conditions  before  these  equations  can 
be  solved,  and  they  are  usually  provided  by  the  method  adopted 
for  carrying  the  ends  of  the  girder. 

//  the  ends  rest  freely  on  the  supports, 

Mi  =  o    and    Mn+i=o; 
//  the  girder  is  fixed  at  1  and  rests  freely  atn+1, 

2Mi  +  M2=-^     or     =-2'Pj^(li-p)(2li-p); 

according  as  the  load  upon  the  first  span   (h)  is  uniformly  dis- 
tributed and  of  intensity  Wi,  or  consists  of  a  number  of  weights 
■Pi,   P2,  P3  ■  ■  ■  concentrated  at  points  distant  pi,  p2,  Ps  ■  .  . 
respectively,  from  the  fixed  end,  the  symbol  I  denoting  algebraic 
sum. 

Also,  Mn+i  =  o. 

//  both  ends  are  fixed, 

Wi  I1  ^  T) 

2Mi  +  M2= ^    or     =-2Pj^(ii-p)(2li-p), 

and         2M„+i+Mn=-^^     or     = -i-Q^(ln-q)(2l„-q), 

Wn  being  the  intensity  of  the  uniformly  distributed  load  on  the 
nth  span,  and  q  the  distance  of  the  concentrated  load  Q  from  the- 
(n  +  l)th  support.  These  fixture  conditions  can  easily  be  proved 
as  follows : 

It  is  assumed  that  the  supports  at  1  and  2  are  in  the  same  hori- 
zontal plane. 

First.    Let  w,  be  the  intensity  of  the  load  uniformly  distributed  over  the 
first  span  (l,),  and  let  Ri  be  the  vertical  reaction  at  1. 
At  any  point  {x,  y), 

„,d'y     „       w^x'     ,, 
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dii 
Integrating  twice,  and  remembering  that  -r-  and  y  are  each  zero  when  as  =0, 

Also,  2/=0  when  x=li.    Therefore 

or  iJ,Z.+3M,=^Jl^. 

Taking  moments  about  2, 

B,k+M,-M,=^. 

Hence  2M1  +  Mj ^^. 

4 

Second.    Let  a  weight  P  be  concentrated  at  B  distant  p  from  1. 
From  1  <o  5.    At  any  point  {x,  y)  in  IB, 

Integrating  twice  and  remembering  that  -3^  and  y  are  each  zero  when  a;=0. 
If  dg  and  yB  are  the  values  of  ^  and  y  at  B,  i.e.,  when  x  =p, 


-EIdB=R,^+M,p 


-EIyB=R,^+M,^. 
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From  Bio  2.    At  any  point  {x,  y)  in  B2, 

-EI^=R,x-P{x-p)+M,. 
Integrating,      -S/^=ii,— -— (a,_p)s+jjf^j,+c^. 

and  therefore  Ci  =0,  so  that  the  slope  equation  becomes 
-EIp^=Rj^-^(x-py+M,x. 

3?      P  X' 

Integrating,        -Ely  ==R,-^  --^(x-py  +Mr2+c,. 

AtB,  -EIye=R,^+M,^  +  c„ 

and  therefore      Cj  =0,  so  that  the  deflection  equation  becomes 
-EIy=R,^-^(x-py+M,^. 

But  y  is  also  at  zero  at  2,  i.e.,  when  x=li.    Therefore 

I'     P  Z ' 

0=R,-^-j(h-py+M,f, 

or  .  R,h+3M,^^,(k-py. 

Taking  moments  about  2, 

RA+M^-M,=P(k-p). 

Hence  2M1  +  M^  =  -  Pp(l,  -  p)  (2I1  -  p) . 

Ex.  56.  (o)  The  bridge  over  the  Garonne  at  Langon  carries  a  double  track,  is 
about  695  }t.  in  length,  and  consists  of  three  spans,  AB,  BC,  CD.  The  two  main 
girders  are  continuous  and  rest  upon  the  abutments  at  A  and  D  and  upon  piers 
at  B  and  C.  The  effective  length  of  each  of  the  spans  AB,  CD  is  208  ft.  6  ins., 
and  of  the  centre  span  BC  243  ft.  The  permanent  load  upon  a  main  girder  is 
1277  lbs.  per  lineal  foot,  and  the  proof  load  is  2688  lbs.  per  lineal  foot.  Find 
the  reactions  at  the  supports  (1)  when  the  proof  load  covers  the  span  AB;  (2)  when 
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the  proof  load  covers  the  span  BC;  (3)  when  the  proof  load  covers  the  spans  AB 
and  BC;  (4)  when  the  proof  load  covers  the  whole  girder. 


Mi=0 

■Sil-^ 

Ma                           ^  =  0 
C                                D 

-±- 

Fig.  532. 

Take  BC  =a =243',  and  AB  =208^'  =6  =CD.  Assume  the  B.Ms,  at  B  and 
at  C  to  be  right-handed.    The  B.Ms,  at  A  and  at  D  are  nil. 

First.   Let  M/,  Ma'  be  the  B.Ms,  at  B  and  C  due  to  the  dead  load  of  1277 

Ibs./lin.  ft.    Then 

1277 
2M/(6  +  ffl)  +  JkTa'a  =  -  -^(.a'  +  &')     - 

1277 
and  M,^a+2M/(a  +  b) ^(a'  +  b'). 


1277  a'  +  b' 
4    3a +  26 


Therefore  M.,'  = 7-  „_  ;"^  =  -  6522303  ft.-lbs.  =MV 


1277 
-=i2/208i-^(208i). 

Hence  i?/  =101845  lbs.  =72/ 

and  is/ =31 9565  "    =i23'. 

Potnte  of  inflexion      For  AB  (or  CD)  the  point  of  inflection  is  at  x  feet  from 
the  end  support,  x  being  given  by 

B.M.=0=iJ,'a;-^a:', 

^=§f7=159'.5. 

The  maximum  positive  B.M.  in  AB  (or  CD)  is  at  79|  ft.  from  the  end 

1  {R'Y 
support  and  its  value  is  -^  y^  =4,061,240  ft.-lbs. 

For  BC,  measuring  x  from  B,  the 

B.M.  =Q=R,'{20Sh+x)  +R,'x-~{'iQ8^  +  xy, 
or  a;' -242.984a; +  10215.15=0    and    a;=54'.15    or    188'.83. 
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The  maximum  positive  B.M.  in  BC  is  at  121 J  ft.  from  B  (or  C)  and  its  value 
is  2,903,347  ft.-lbs. 

If  the  proof  had  o/  2688  lbs.  covers  the  whole  girder  the  B.Ms,  and  reactions 

3965/    1277  +  2688\,.        ^^  ,.  . 

^^^  1277  \  ~       1 277 — )  tinies  the  corresponding  reactions  first  obtained. 

Then, 

3965 
iJ,  =j^xm8i5  =316223  lbs.  ^Rt, 

QOAK 

B,=^X319565=992227  lbs.=i2,, 

ilf,=^X  -6522303  =  -20251320  ft.-lbs.  =M,. 

3965 
The  maximum  positive  B.M.  vciAB  (or  CD)  =  ^^77  X  4,061 ,240  ft.-lbs. 

=  12,609,900  ft.-lbs. 

3965 
The  maximum  positive  B.M.  on  BC  =^277^  2903347  =9,014,700  ft.-lbs. 

Fig.  533  shows  the  S.F.  and  B.M.  diagrams  for  the  two  cases,  the  dotted 
lines  being  the  diagrams  when  the  proof  load  covers  the  whole  girder. 


Fig.  533. 

Second.    Let  M/',  Mi'"  be  the  bending  moments  due  to  the  proof  load  of 
2688  lbs./lin.  ft.  on  the  span  AB.    Then 

2M/'(a  -H  6)  +Mz"'a  = ^W 
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and  M"ja  +  2M3"(a  +  6)  =0. 

Therefore   ^,"=-13443^,^3^'^^^^^, 7,271,879  ft.-Ibs. 


and  Mi"  =  -Af"  ,  "  .,  =  +1,956,885  ft.-lbs. 

2(a  +  o)  '       ' 

=iJ/'X  208.5. 

Hence      B/' =296340  lbs.    and    i?*"  =9386  lbs. 

Again,  iJ/'(208.5  +243)  +R,"24:3  =M,"  =  -7)271,879. 

Therefore  R>"  =  -  47364  lbs. 

But  Ri"+R,"+R/'  +i24"  =2688  X 208.5  =560,448  lbs. 

Hence  5/' =302,086  lbs. 

Superposing  the  results  for  the  dead  load  and  for  the  proof  load  oh  AB, 

i?,=iB,'+i2,"  =398,185  lbs.;  a=/?3'+i?3"  =272,201  lbs.; 

i?j=iJ/  +  iS/'=621,6511bs.;  .        iei=fl4'  +  iJ4"  =111,231  lbs.; 

Mj=Mj'+Jlfs"=  -13,794,182  ft.-lbs.;   Ma  =ilf/+Ma"=  -4,565,418  ft.-lbs.    ' 

Points  of  inflexion.     At  such  points  the  B.M.  =0. 

ForAB.  BM.='0=R,x-~^x' 

27? 
and  a; = 0    or  =  ^^  =  200'.85. 

The  maximum  positive  B.M.  is  at  gggg  =  100.42.  ft.  from  A  and  its  value  is 

1  R'' 

2  39^  =19,993,810  ft.-lbs. 

For  CD.    Measuring  a;  from  D,  the 

1277  . 


B.M.  =0=^43;  — 


27? 
and  a!=0    or     =j27^  =  174'.21. 
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The  maximum  positive  B.M.  in  CD  is  at  87'.105  from  D  and  its- value  is 

1  r»  2 

2  12^7  =4,844,300  ft.-lbs. 


Fig.  634. 
For  BC.    Measuring  x  from  C,  the 


1277. 


B.M.=0=i24(208J+a;)+i?3a; ^(a;  +  208i)', 

or  a;'-183.52a;  +  7150.15=0, 

and  a;=56',13     or    127'.39. 

The  maximum  positive  B.M.  is  91 '.76  from  C,  and  its  value  is 

1277 
i?4 X 300.26 +i23X 91. 76 2^(300.26) '=810,735  ft.-lbs. 

Fig.  534  shows  the  S.F.  and  B.M.  diagrams  for  this  case. 
Third.    Let  M^'",  M ,'"  be  the  B.Ms,  due  to  the  proof  load  of  2688  Ibs./lin. 
ft.  on  the  span  BC.    Then 


R,"'=R/",    R/"=R2"',    M,"'=M," 


Therefore 


M/"  =  -672^^;^  =M/"  =  -8414019  ft.-lbs.  =i?.'"X208i 

and  By'"  =  -40355  lbs.  ^Rj". 

Also, 


R'"  =366947  lbs.  =Rz"'. 
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Superposing  the  results  for  the  dead  and  ptoof  loads, 
R,  =R,'  +R,'"  =61490  lbs.  =  A, 
R.,  =R,'+Rt"'  =686512  lbs.  =B3. 


Fig.  535. 

Points  of  inflexion.     For  AB  (or  CD)  the  point  of  inflection  is  at  x  feet 
from  the  end  support,  x  being  given  by 


op 

B.M.=0=i^,a;-i^a;^     or    a!=^=96.3ft. 


1277 
2 


The  maximum  positive  B.M.  in  AB  (or  CD)  is  48.15  ft.  from  the  end  sup- 
1   R  ' 
port  and  its  value  is  -^  ^Wj  °°  ^  )480)430  ft. -lbs. 

For  BC.    Measuring  x  from  B,  the 

B.M.=0=fi,(208i+a;)  +fl2a;- 1277 -208^(104}+ a;)  -^a;', 

or  a;»-243.05a;  +  7S34.1=0, 

and  a;=38'.3    or    204'.  7. 

The  maximum  ■positive  B.M.  is  12H  ft.  from  B  (or  C),  and  its  value  is 
R,-330+Ryl2li- 1277 •  208i •  225f -^(121i) '  =14,330,098  ft.-lbs. 
Fig.  535  shows  the  S.F.  and  B.M.  diagrams  for,this  case. 
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Fourth.  Let  M/'",  M,""  be  the  B.Ms,  due  to  the  proof  load  of  2688  lbs./  lin. 
ft.  on  the  two  spans  AB,  BC. 

M,""  =M/  +M,"  +M/"  =  -22,208,201  ft.-lbs. 

MJ'"  =M3'  +M3"  +3^3'"  =  -12,979,437     " 
i2,  =«,'+«/'  +R,'"  =357,830  lbs. ;         R3 -^R,' +IU' +Rz"'  =639,148  lbs. 
i?,'=fl/+fi,"+fl,"' =988,598  "  ;        Rt=Bt'+Rt"+R/"=  70,876  " 


Fig.  536. 

Points  of  inflexion.     For  AB  the  point  of  inflection  is  at  x  feet  from  A, 
X  being  given  by 

BM='0=RiX 2~-^',    or    a;=gg^=180.5  ft. 

The  maximum  positive  B.M.  is  90.25  ft.  from  A  and  its  value  is 
1     R,' 


2  3965 


=  16,146,600  ft.-lbs. 


For  CD  the  point  of  inflection  is  x  feet  from  D,  x  being  given  by 

1277  ,  2Rt     ..,  ., 

B.M.=0-RiX 2~*='    °^    ^  =  1277^-^^^  ^** 

The  maximum  positive  B.M.  is  55.5  ft.  from  D  and  its  value  is 
i-^  =  1,966,880  ft.-lbs. 
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For  BC  the  point  of  inflexion  is  x  feet  from  B,  x  being  given  by 

QOAK 

B.M.=0=iJ.(208.5+a;)+iJ,a;-^(208.5+a!)', 

or  x'-262.156a;= -5839.15, 

and  X  =24.7  ft.    or     =237.65  ft. 

The  maximum  positive  B.M.  is  at  131.15  ft.  from  B,  and  its  value  is 
22,184,000  ft.-lbs. 

Fig.  536  shows  the  S.F.  and  B.M.  diagrams  in  this  case. 

Ex.  57.  The  weights  on  five  wheels  passing  over  a  continuous  girder  of  two 
spam,  each  of  50  ft.,  taken  in  order,  are  as  follows:  15,000  lbs.,  24,000  lbs., 
24,000  lbs.,  24,000  lbs.,  24,000  lbs.  The  distances  of  the  wheels,  centre  to  centre^ 
taken  in  the  same  order,  are  90  ins.,  56  ins.,  56  ins.,  856  ins.  Let  it  be  required 
to  place  the  wheels  in  such  a  position  as  to  give  the  maximum  bending  moment  at 
the  centre  pier. 

The  pier  must  evidently  he  between  the  third  and  fourth  wheels. 

Let  X  be  the'  distance  in  inches  of  the  weight  of  15,000  lbs.  from  the  nearest 
abutment.  The  remaining  two  weights  on  the  span  are  respectively  a; +90  ins. 
and  a; +  146  ins.  from  the  same  abutment. 

The  two  weights  on  the  other  span  are  142— a;  ins.  and  198— a;  ins.  respec- 
tively from  the  nearest  abutment. 

Hence,  if  M  is  the  bending  moment  at  the  centre  pier, 

-4ilfX6aO=i|^x(600'-a;^) +^^(a;  +  90)  {600'- (a;+90)'! 

24000 
+ -gQQ-  (x  + 146)  1 600'  -  (a; + 146) '! 

24000 
+  -g^X(142-a;)1600'-(142-a;)'| 


24000 
+-gOQ-X(198-a;)i600'-(198-a;)'|, 


which  reduces  to 


a;C600'— a;')  1 

-M — ^—^ ^ +3456000- -l(a;+90)»  +  (a;  +  l46)'  +  (142-x)'  +  198-x)»|, 

But  M  is  to  be  a  maximum,  and  therefore 
dM    „    600' -3a;' 


-- ^=0 ^l(a;  +  90)'  +  (a;  +  l46)'  +  (l42-a;)'  +  198-x!, 
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which  red  uees  to  x'  +  1843.2a;  =  167923.2 

and  a;=87  ins.  =7i  ft. 

Therefore  B.M.max.  =  -3446581  in.-lbs. 

Ex.  58.  A  swing-bridge  consists  of  the  tail  end  AB,  and  of  .a  span  BC,  of 
length  I  ft.,  the  pivot  being  at  B.  The  ballast-box  of  weight  W  extends  over  a 
length  AD  ( =2c  ft.),  and  the  weight  of  the  bridge  from  D  to  B  is  w  tons  per  lineal 
foot.    If  DB  =x,  if  p  is  the  cost  per  ton  of  the  bridge,  and  if  q  is  the  cost  per  ton 

of  the  ballast,  show  that  the  total  cost  is  a  minimum  when  x  +  c^i ^ ■  )  and 

I  V  2p-g  / 

that  the  corresponding  weight  of  the  ballast  is  w—(x  +  c).      Draw  the  S.F.  and 

B.M.  diagrams  for  the  bridge  when   open   and  when  closed,   taking  W  =  10wc 
and  l=4x  =  8c. 

For  weight  of  ballast-box,  take  moments  about  B  when  bridge  is  open. 
Then 

_.,        .     wx^    wP 
W{c+x)+-^ 2"' 

or  W' 


2   c+x  ' 

■      ■  ,Tir  w  x'+  2X0  +  P 

Also,  diflterentiating,       dW  =  —^      (x+cY 
Again,  total  cost  =  Wq  +  m)(Z  +  x)p  =  a  min. 

Therefore  q-dW  +wp-dx=Q, 

q  dW  _     q  x'  +  2xc+P 
°'*  P="¥  d^"+2      (x+cr    ' 

q{P-c') 
from  which  2p  -g  — t^  +  cy 

/P-c'\ 
and  (*+'')'=3i2?3^j- 


Hence,  too,  W ^-^  -j:^  =«>  ^  (»  +c). 


wP—x'        p 

1 


S.F.  and  B.M.  diagrams.    Bridge  open, 
AtoD  at  3  from  ^, 

Sz=-5wz, 
being  0  at  A  and  -  lOwc  at  D. 
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D  to  5  at  2  from  A, 

Si  =  —6wc—2vxi, 

being  —lOwc  at  D  and  -14tcc  at  B. 

B  to  C  at  a  from  A,  since  i?,  at  B  =20wc, 

Sj 12wc  +  2{hoc— u)(2-4c)  =12m)c- w«, 

being  8wc  at  B  and  0  at  C. 
Again,  A  to  Z>  at  2  from  A, 


a  parabola  with  its  vertex  at  A. 
At  Dthe  B.M.  =  -10wc'. 
D  to  B  at  2  from  A, 


M,=  -10«.c(2-c)  -%-(2-2c)», 


a  parabola  whose  vertex  is  on  the  left  of  A  at  a  point  measured  8c  horizon- 
tally from  and  40«)c'  vertically  above  A. 

At  D  the  B.M.  =  -lOwc*,  and  at  B  the  B.M.  =  -Z2,wc'. 


sawo'^ 


Fig.  637. — S.F,  and  B.M.  diagrams  with  bridge  open. 
(7  to  B  at  2  from  C, 

HIT  ""     . 

Ml ^2', 

a  parabola  with  its  vertex  at  C. 
At  B  the  B.M.  =  -32wc^ 
Bridge  closed.    The  bridge  is  now  continuous  over  three  supports, 


-2M«(8c  +  4c)  =  +j(8c)»  + 


/•2c 


5w-dz    ,,„  . 
-j^-«(16c*-2')  + 


pie 

I     w-dz 
/        4c  ' 

J  2c 


2(160' -2^, 
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or  -24M.c=172wc>. 

Therefore  -W,=  -Vwc»=iB,.4c-10wc-3c-2wc-c 

^Ra-Sc—  8wc-4cc. 
Thus  ii,=6^TWc,    A=3Am'c,    and    Ri^lOHwc. 

A  to  D  a,t  z  from  A, 

Si=Ri-5wz= 6  jVwc  -  5w2, 

being  6/^  wc  at  A  and  —  3f|wc  at  Z). 
D  to  B  at  a  from  A, 

Sz=Ri—8wc—wz=—l}}tvc—tuz, 

being  —  3i|toc  at  D  and  —  5f|wc  at  B. 
B  to  C  at  z  from  A, 

S,=Ri+R2  —  12wc—w(z—4c)  =8J|wc— ws, 
being  4J|tcc  at  B  and  —  3jVwc  at  C. 
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Fig.  538. — S.F.  and  B.M.  diagrams  with  bridge  closed. 
Again,  A  to  D  aA  z  from  A, 


Mz=RiZ 


5wz' 


=6^\wce—^wz', 


a  parabola  with  its  vertex  IrVirC  measured  horizontally  and  VAV  wc',  measured 
vertically  from  A. 
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At  -D  the  B.M.  =2tsWc^-     Thus  there  is  no  point  of  inflexion  in  AD. 
2)  to  jB  at  z  from  A, 

11)  4t  11  j 

M2=RiZ  —  10wc(z  —  c)  —^(z—2cy=—^wcz  +  8wc^—^z^, 


which  may  be  written 


,^      11065     ,        w 
^'-1152'"'  =--2 


(43        \' 
W  +  ^J  ' 


43 
a  parabola  with  its  vertex  on  the  left  of  j1,  at  ^c  measured  horizontally  and 

■-■■e^wc'  measured  vertically  upwards  from  A. 

43 
At  B  the  B.M.  =  --^-wcK 

D 


The  B.M.  is  nil  when 


,»•      „         43  „     ,    w   . 

Mj  =  0  =  -  SI  WCS  +  8WC'-  -;rz\ 


43 
or  z'+r^2c  =  16c',     i.e.,  when    «=2.59c. 

C  to  jB  at  z  from  C, 

a  parabola  with  its  vertex  at  3j^^c  measured  horizontally  and  -^^^wc'  meas- 
ured vertically  from  C.      . 

w  43 

The  B.M.  at  B  =3^jWc ■  8c  — ^  (8c) ' -gw'. 

The  B.M.  is  nil  at  point  given  by 

Afj=0=3/jM)cz — 2~>    or    z=6/tC. 

Ex.  59.  4  continuous  girder  of  two  spans  AB,  BC,  carrying  a  load  of  uni- 
form intensity  w,  las  one  end  A  fixed,  and  the  other  end  rests  upon  the  support 
at  C.  If  the  bending  moments  at  A  arid  B  are  equal,  show  that  the  spans  are 
in  the  ratio  of  V3^  to  "^2^,  and  find  the  reactions  at  the  supports,  Wi  being  the 
load  upon  AB  and  W,  that  upon  BC. 

M,l,  +  2MSr  +  W  =  -^ik'  +  U)  =  -\{W,k'  +  W,W). 
Therefore  M.  =M ,  =  - j      g^^^^^;    • 
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Also,       2M,+M,=  -^f,    or    M,=M,= -1,.,^= -5^. 
„  1  W,k^  +  W,k'     W,l, 


and  ^=3^=3j^==5.     or     '■ 


i,_  l3_pr, 

Z,    2W,    2wk    2k'     "'      Z,""\l2~TF,- 
Taking  moments  about  B, 


R.h-W,^+M,=M,. 
w 

Therefore  Ri=^- 

Also,  R^l,  -  wk  =M,  =  _\E^l±^J^' 


and        Ri^T7W., 


2        '        4      3Zi+2Z. 

1^    ipr,/z/+y 


2"=     4  Z,^\^3Z,+2Z,y 

TF,/6^'  +  3Z.^-ZA     Tr,/6Zi+3Z,-|;A  _3 
4  \^   (3Z,+2Z,)Z,'    )      4:\    dk+2k    J     S*^"- 

W      h 
Hence,  too,  iJ,  =  PF.  +  TF^  -fi,  -iJs  =-y  +|-  W,. 

Ex.  60.  A  conZmMOMS  girder  of  four  equal  spans,  and  with  one  end  fixed 
at  the  first  support,  carries  a  uniformly  distributed  load.  How  much  must  the 
third  support  he  raised  to  make  the  reactions  equal  (a)  at  the  third  and  fourth  sup- 
ports; (6)  at  the  fourth  and  fifth  supports? 

Ml  Ma  Ms  Ml  Mj 

I         Y  ! 

Ri  Rj  Ra  Ri  'Rs 

Fig.  539. 

Take  each  span  =Z(  =100  ft.-)  and  let  w  be  the  intensity  of  the  load,  so 
that  wZ  =  194  tons. 

From  condition  of  fixture 

2M.+M,=  -^'. 

Let  d  be  the  amount  by  which  the  third  support  must  be  raised.  Then,  by 
the  general  equation,  and  taking  iV  =~jr' 
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Jlf J + 4ilf3  +  M*  =  — y  -  12iV, 

8    „    144,,       -^  33    „    288„ 

Hence  M,^--wl^-~N,     M,^--wP  +  ~N. 

30    ,,    426.^     ,.  41     ,,  ,  252.. 

^'=-§88"'— 97^'    ^'=-388"'  +"97^- 

Taking  moments 

„,    wl'     ,,      153   „    252„  ,,< 

74«          426 
R,2l+Rd=2wP+M,^^wP—--N (2) 

fi,3i  +  it,2i  +  /J3Z=?f'  +  M,  =  ^^«,P+^V (3) 

(o)  If  iJa  =Ri,  these  three  equations  give 

22    „    774,,    774  £/d         ^     ,      11    wl* 
§88^'=W^=W-r    ^^"^    '^^iBis^- 

(6)  If  Ri=R„  eqs.  (1)  and  (2)  give 

287   „    1182,,    1182  Eld        ^     ,     287  wl* 
388^^^-W^  =  -&r  —    ^^"^    '^  =  4728M; 

The  corresponding  reactions  and  B.Ms,  can  be  easily  deduced. 

Ex.  61.  A  swing-bridge  ABCD,  440  ft.  in  length,  has  eqiuil  arms  AB  and 
CD,  and  rests  upon  rollers  at  B  and  C  which  run  in  a  circular  path  of  22  ft. 
diameter.     Each  arm  is  a  truss  of  9  panels. 

P               ^^m^  Talte  AS  =209' =o=CZ)  and 

^c^ p      BC=22'=6. 


lfr~^       a  hi.  a  "3  Consider  the  eflfect  of  a  load  P 

"»  "a  .3  *     tons  concentrated  at  x  ft.  from  A. 

Fig   540  Then 

2M,(a  +  6)  +  M ab  =  -  P^ia'  -  x") 


and 


SWING-BRIDGE 
(MJ)+2Ms{b+a)=0. 


533 


Therefore 


and 


-2 


P(a  +  b){x)(a'-x') 
a(4a'  +  8ab+3b'')    " 


21 P 
"2023120*^"^"*'^ 


'2{a  +  b) 


"21" 


361 P 


■P^**^°S^  =80X729 
to  the  concentration  of  P  at  the  1st,  2d,  3d 
be  tabulated  as  follows: 


;,  the  values  of  M^  and  Ma  in  foot-tons,  corresponding 

and  8th  panel-points,  may 


Value  of  - 

-•            M2, 

Ms. 

1 
1 

5 

g" 

1 

- 16804  =  - 10. 399P 
-3234A  =  -20.019P 
-4536A  =  -28.078P 
-5460A  =  -33.798P 
-5880A  =  -36.398P 
-  56704  =  - 35. 095P 
-47044  =  - 29. 118P 
-28564  =  - 17. 679P 

+  804  =  +  .4952P 
+  1544=+  .9533P 
+  2164  =  +1.3371P 
+  2604  =  +1.6094P 
+  2804  =  +1.7332P 
+  2704  =  +1.6711P 
+  2244  =  +1.3866P 
+  1364  =  +    .8419P 

Again,  taking  moments  and  simphfying, 

^-2?9+K^-;)'  ^^= 

230            X 

^gggM.  +  P^, 

^^~2Q'd^^^'                     Ri  — 

4389' 

The  values  of  the  reactions,  corresponding  to  the  concentrations  of  P  at  the 
1st,  2d,  3d  .  .  .  and  8th  panel-points,  are  given  in  the  following  table : 


Value  of  --. 
a 

Ri  in  Tons. 

R2  in  Tons. 

Rs  in  Tons. 

R4  in  Tons. 

i 

.8391P 

.6561P 

-    .4976P 

.0024P 

1 

.6820P 

1.2713P 

-    .9578P 

.0046P 

f 

.5323P 

1.8047P 

-1.3434P 

.0064P 

i 

.3938P 

2.2156P 

-1.6171P 

.0077P 

1 

.2703P 

2.4629P 

-1.7415P 

.0083P 

1 

.1654P 

2.5057P 

-1.6791P 

.0080P 

i 

.0829P 

2.3037P 

-1.3932P 

.0066P 

f 

.0265P 

1.8153P 

-    .8459P 

.0040P 

Adding  all  these  reactions  together,  the  result  is  8P  tons,  which  veriiies 
the  calculations. 
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Similar  values  for  the  B.Ms,  and  reactions  are  obtained  for  the  arm  CD, 
and  by  means  of  the  preceding  tables  the  values  may  be  found  for  every  dis- 
tribution of  the  panel  load.  Let  1,2,  3, ...  16  denote  the  1st,  2d,  .  . .  16th 
panel-points  from  the  point  of  support  A.  The  following  table  of  B.Ms,  is 
rc"'  easily  prepared: 


Load  P  at 

Mi  in  Ft.-tons. 

M3  in  Ft.-tona 

-  10.399P 

+  .4952P 

land  2 

-  30.418P 

1.4485P 

1  to    3 

-  58.496P 

2.7856P 

1  "    4 

-  92.294P 

4.3950P 

1  "    5 

-128.692P 

6.1282P 

1  "    6 

-163.787P 

7.7993P 

1  "    7 

-192.905P 

9.1859P 

1  "    8 

-210.584P 

10.0278P 

1  "    9 

-209. 7421 P 

-     7.6512P 

1  "  10 

-208.3555P 

-  36.7692P 

1  "  11 

-206.6844P 

-  71.8642P 

1  "  12 

-204. 951 2P 

-108.2622P 

1  "  13 

-203.3418P 

-142.0602P 

1  "  14 

-202.0047P 

-170.1382P 

1  "  15 

-201.0514P 

-190.1572P 

1  "  16 

-200.5562P 

-200.5562P 

The  B.Ms,  in  the  last  Une  are  equal,  and  this  must  necessarily  be  the  case, 
as  all  the  panel-points  are  loaded. 

A  similar  table  of  reactions  in  tons  may  also  be  prepared  as  follows: 


Load  P  at 

Ru 

B2. 

«3. 

R,. 

.8391P 

.6561P 

-     .4976P 

.0024P 

1  and  2 

1.5211P 

1.9274P 

-  1.4554P 

.0070P 

1  to    3 

2.0534P 

3. 7321 P 

-  2.7988P 

.0134P 

1  "    4 

2.4472P 

5.9477P 

-  4.4169P 

.021  IP 

1  "    5 

2.7175P 

8.4106P 

-  6.1574P 

.0294P 

1  "    6 

2.8829P 

10.9163P 

-  7.8365P 

.0374P 

1  "    7 

2.9658P 

13.2200P 

-  9.2297P 

0440P 

1  "    8 

2.9923P 

15.0353P 

-10.0756P 

.0480P 

1  "    9 

2.9963P 

14.1894P 

-  8.2603P 

.0745P 

1  "  10 

3.0029P 

12.7962P 

-  5.9566P 

.1574P 

1  "  11 

3.0109P 

11.1171P 

-  3.4509P 

.3228P 

1  "  12 

3.0192P 

9.3756P 

-  0.9880P 

.5931P 

1  "  13 

3.0269P 

7.7585P 

+  1.2276P 

.9869P 

1  "  14 

3.0333P 

6.4151P 

3.0323P 

1.5192P 

1  "  15 

3.0379P 

5.4573P 

4.3036P 

2.2012P 

1  "  16 

3.0403P 

4.9597P 

4.9597P 

3.0403P 

Adding  the  last  Une  together  it  is  found  that  the  total  sum  of  the  reac- 
"tions  is  16P,  wWch  verifies  the  calculations 
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The  B.M.  and  S.F.  diagrams  for  all  distributions  of  the  panel  load  can  now 
be  easily  drawn. 

25.  Advantages  and  Disadvantages  of  Continuous  Girders. — 
The  advantages  claimed  for  continuous  girders  are  facility  of  erec- 
tion, a  smaller  average  B.M.  and  therefore  a  saving  in  the  flange 
material;  the  concentration  of  the  maximum  B.M. .over  the  piers, 
and  the  removal  of  a  portibn  of  the  weight  from  the  centre  of  a 
span  towards  the  piers.  Circumstances,  however,  may  modify  these 
advantages,  and  even  render  them  completely  valueless.  The 
flange  stresses  are  governed  by  the  position  of  the  points  of  inflexion, 
which  imder  a  moving  load  will  fluctuate  through  a  distance  de- 
pendent upon  the  number  of  intermediate  supports  and  upon  the 
nature  of  the  loading.  In  bridges  in  which  the  ratio  of  the  dead 
load  to  the  live  load  is  small  the  fluctuation  is  considerable,  so  that 
for  a  sensible  length  of  the  main  girders  a  passing  train  will  sub-, 
ject  local  members  to  stresses  which  are  alternately  positive  and 
negative.  This  necessitates  a  local  increase  of  material,  as  each 
member  must  be  designed  to  bear  a  much  higher  stress  than  if  it 
were  strained  in  one  way  only. 

Again,  the  web  of  a  continuous  girder,  even  under  a  uniformly 
distributed  dead  load,  is  theoretically  heavier  than  if  each  span  were 
independent,  and  its  weight  is  still  further  increased  when  it  has 
to  resist  the  complex  stresses  induced  by  a  moving  load. 

Hence  in  such  bridges  the  slight  saving,  if  there  be  any,  cannot 
be  said  to  counterbalance  the  extra  labor  of  calculation  and  work- 
manship. 

In  girders  subjected  to  a  dead  load  only,  and  in  bridges  in  which 
the  ratio  of  the  dead  load  to  the  live  load  is  large,  the  saving  be- 
comes more  marked  and  increases  with  the  number  of  intermediate 
supports,  being  theoretically  a  maximmn  when  the  number  is  in- 
finite. This  maximuum  economy  may  be  approximated  to  in 
practice  by  making  the  end  spans  about  four  fifths  the  intermediate 
spans. 

In  the  calculations  relating  to  the  Theorem  of  Three  Moments, 
it  has  been  assumed  that  the  quantity  EI  is  constant,  while  in  reality 
E,  even  for  mild  steel,  may  vary  10  to  15  per  cent  from  a  mean 
value,  and  /  may  vary  still  more.  It  does  not  appear,  however, 
that  this  variation  has  any  appreciable  effect  if  the  depth  of  the 
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girder  or  truss  changes  gradually,  hut  the  effect  may  become  very- 
marked  with  a  rapid  change  of  depth,  as,  e.g.,  in  the  case  of  swing- 
bridges  of  the  triangular  type. 

The  graphical  method  of  treatment  may  still  be  employed  by 
substituting  a  reduced  curve  for  the  actual  curve  of  moments, 
formed  by  changing  the  lengths  of  the  ordinates  in  the  ratio  of  the 
value  of  EI  at  a  datum  section  to  EI. 

It  is  often  found  economical  to  increase  the  depth  of  the  girder 
over  the  piers,  which  introduces  a  local  stiffness  and  moves  the 
points  of  inflexion  farther  from  the  supports.  A  point  of  inflexion 
may  be  made  to  travel  a  short  distance  by  raising  or  depressmg 
one  of  the  supports. 

In  order  to  insure  the  full  advantage  of  continuity  the  utmost 
care  and  skill  are  required  both  in  design  and  workmanship.  Al- 
lowance has  to  be  made  for  the  excessive  expansion  and  contraction 
due  to  changes  of  temperature,  and  the  piers  and  abutments  must 
be  of  the  strongest  and  best  description,  so  that  there  shall  be  no 
settlement.  Indeed,  the  difficulties  and  uncertainties  to  be  dealt 
with  in  the  construction  of  continuous  girders  are  of  such  a  serious 
if  not  insurmountable  character  that  American  engineers  have 
almost  entirely  discarded  their  use  except  for  draw-spans. 

Much,  in  fact,  is  mere  guesswork,  and  it  is  usual  in  practice  to 
be  guided  by  experience,  which  confines  the  points  of  inflexion 
within  certain  safe  limits. 

Under  these  circumstances  it  may  prove  desirable  to  fix  the 
points  of  inflexion  absolutely,  and  the  advantages  of  doing  so  are 
(a)  that  the  calculation  of  the  web  stresses  becomes  easy  and  definite 
instead  of  being  complicated  and  even  indeterminate;  (6)  that 
reversed  stresses  (for  which  pin-trusses  are  less  adapted  than  riveted 
trusses)  are  almost  entirely  avoided;  (c)  that  the  stresses  are  not 
sensibly  affected  by  slight  inequalities  in  the  levels  of  the  supports; 
(d)  that  the  straining  due  to  a  change  of  temperature  takes  place 
under  more  favorable  conditions. 

The  fixing  may  be  effected  in  the  following  manner: 

(a)  A  hinge  may  be  introduced  at  the  selected  point. 

The  benefit  of  doing  so  is  very  obvious  when  circumstances 
require  a  wide  centre  span  and  two  short  side  spans. 

(fe)  If  the  web  is  open,  i.e.,  lattice-work,  the  point  of  inflexion 
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in  the  upper  flange  may  be  fixed  by  cutting  the  flange  at  the  selected 
point  and  lowering  one  of  the  supports  so  as  to  produce  a  slight 
opening  between  the  severed  parts.  The  position  of  the  point  of 
inflexion  in  the  lower  flange  is  then  defined  by  the  condition  that  the 
algebraic  sum  of  the  horizontal  components  of  the  stresses  in  the 
diagonals  .intersected  by  a  fine  joining  the  two  points  of  inflexion 
is  zero. 

It  must  be  remembered,  however,  that  this  fixing  of  the  points 
of  inflexion,  or  the  cutting  of  the  chords,  destroys  the  property  of 
continuity,  and,  indeed,  is  the  essential  distinction  between  a  con- 
tinuous girder  and  a  cantilever.  A  combined  cantilever  and  girder 
possesses  all  the  advantages  and  none  of  the  disadvantages  of  a 
continuous  girder. 

Four  methods  may  be  followed  in  the  erection  of  a  continuous 
girder,  viz.: 

1.  It  may  be  built  on  the  groimd  and  lifted  into  place. 

2.  It  may  be  built  on  the  groimd  and  rolled  endwise  over  the 
piers.  As  the  bridge  is  pushed  forward,  the  forward  end  acts  as  a 
cantilever  for  the  whole  length  of  a  span  until  the  next  pier  is 
reached.     This  method  of  erection  is  common  in  France. 

3.  It  may  be  built  in  position  on  a  scaffold. 

4.  Each  Span  may  be  erected  separately  and  continuity  pro- 
duced by  securely  jointing  consecutive  ends,  having  drawn  to- 
gether the  upper  flanges.  A  more  effective  distribution  of  the 
material  is  often  made  by  leaving  a  little  space  between  the  flanges 
and  forming  a  wedge-shaped  joint. 

26.  Maximum  Bending  Moments  at  the  Points  of  Support  of  Con- 
tinuous Girders  of  n  Euqal  Spans. 

Let  the  figure  represent  a  continuous  girder"  of  n  spans,  1,  2,  3, 
.  .  .  n  — 1  being  the  n  —  1  intermediate  supports. 

0  12       3  r-1     r    r  +  1 n-1      n 

i         AAAAAAAAAAA         j 

Fig.  541. 

Case  I.  Asstime  all  the  spans  to  be  of  the  same  length  I,  and 
let  Wi,  W2,  .  ■  ■  Wn-i,  Wn  be  the  intensities  of  loads  uniformly  dis- 
tributed over  the  1st,  2d,  .  .  .  (n  — l)th  and  nth  spans,  respectively. 
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By  the  Theorem  of  Three  Moments, 


4mi+m2=  -jiwi+Wz),      .,..'.  (1) 

■*■  \ 

mi+4m2+m3=-j(w2+W3), (2) 

t 

m2+4m3+m4= -T-(w3.+«'4), (3) 

12 

m3+4mi+m.B=—j{Wi+W5), (4) 

P 

mi+4mB+m6= -jiws+we) (5) 


m„_3+4m„_2+TO„_i=-^(w;„_2+w„_i),        .     (n-2) 

P 
m„_2+4m„_i  =-j(w»-i +«'„).     .      .     (n-1) 

mi  and  m„  are  both  zero,  as  the  girder  is  supposed  to  be  resting 
upon  the  abutments  at  0  and  n. 

From  these  (n  — 1)  equations,  the  bending  moments  mi,  m2, 
.  .  .  m„_i  may  be  found  in  terms  of  the  distributed  loads. 

Ehminating  TO2  from  2  and  3, 

P 
mi-15m3-4m4=--^{(w2+Wz)-4:{w3+Wi)].    .    .    (xi) 

Eliminating  m3  from  4  and  xi, 

P 
mi+56m4  +  15m5=  -j{{w2+W3)-4:{w3+Wi)  +  15{Wi+W5)\.    {X2) 

Eliminating  m*  from  5  and  X2, 
mi  —  209m5 — 56m6 

=  -f\iW2  +  W3)-4:{W3+Wi)  +  15iW4  +  W5)-5&(W5  +  We)}.       .       (xs) 
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Finally,  by  successively  eliminating  mg,  me,    .  .  .  to„_2, 

P 
mi±an~im„-i^—^{{w2+W3)-4:{w3+W4)  +  15iWi+Ws)-.  .  ; 

±an-i{Wn-Z+Wn-2)^an-3(Wn-2+Wn-l)±an-2(Wn-l+Wn)\,      (y) 

the  upper  or  lower  sign  being  taken  for  the  terms  within  the  brackets 
according  as  n  is  odd  or  even,  and  the  coefficients  a„_i,  a„_2,  a„_3, 
.  .  .  being  given  by  the  law, 

a7j-i=4a«_2— a«-3, 

a„_2  =  4a«_3— On-4, 


as = 4a4 — 03 = 209, 
a4=4a3— 02=  56, 
03=4o2— ai=  15, 
a2=4oi  =  4, 
ai  =  l. 


Commencing  with  equations  n— 3  and  n— 2,  and  proceeding  as 
before, 

a„_imi  ±m„_i  =  -  jla„_2(M'i + ^2)  -On-3(w'2 +W3) +a„-4(w3 +■"'4) 

-.  .  .  ±15(w„_4+«'«-3)T4(u;„_3+w»-2)±(w«-2+w»-i)!,       (2) 

the  upper  or  lower  sign  being  taken  for  the  terms  within  the  brackets 
according  as  n  is  odd  or  even. 

Solving  the  two  equations  y  and  2, 
^2 
mi(a\_i  - 1)  =  -  j{a„_ia„_2Wi  +  (a„-iOn-2-an-iaK-3  -lw)2 

-(a„_ia„_3-On-ian-4-3)w3  +  .  •  •  ±  (3a»-i +0^-4 -an-3)w„_2 

±  (cSn-l  +  an~3-an-2Wn-l  Tan-2)Wn  ! , 
^2 

and    ±TO„_i(a2„_i  - 1)  =  - ^ I  -a„_2Wi  +  (a„_i  +a„_3 -an-2)w2 
—  (3a„_i  +  an-4:-an-3)w3  T  (fln-ian-s  -an-io«-4  -3)w„_2 

±(as_lO„-2-an-ian-3-l)^'^n-l±«n-l«n-2Wn!. 
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Hence,  since  W\,  W2,  .  .  .  Wn  are  positive  integers,  the  value  of 
m„  will  be  greatest  when  wi,  W2,  Wt,  wq,  ws,  .  .  .  are  greatest  and 
wz,  W5,  W7,  .  .  .  are  least;  and  the  value  of  m„_i  will  be  greatest 
when  w„,  Wn-i,  Wns,  Wn-i,  ...  are  greatest  and  w„_2,  w„_4, 
Wn-6,  ...  are  least.  In  other  words,  the  bending  moments  at 
the  1st  and  (w  — l)th  intermediate  supports  have  their  maximum 
values  when  the  two  spans  adjacent  to  the  support  in  question, 
and  then  every  alternate  span,  are  loaded,  and  the  remaining  spans 
unloaded. 

wi2,  ms,  .  .  .  m„_2  niay  now  be  easily  determined. 

Thus,  by  eq.  (1), 

7^2=  -j(Wl+W)2)-4mi 


4 
■4 


4 

(Wl  +W)2)  --2 -^an-ian-2Wl 

a  „_i— J. 


+  (on-ia„_2— a„-ia„_3  — 1)«;2-  .  . 

=  ~4(a2  _  -1) '  («^«-i  ~  1  -4a„^ia„_2)wi 

+  (a2„_i-l-4a„_ia„_2+4a„_io„_3+4)w2  +  .  .  .} 
But  o„-i = 4an-2 — fln-s.    Therefore 

m2=-|7^^ i:Yy  |-(on-ian-3  +  l)wi  +  (3a„_ia„_3+3)w2  +  .  .  .), 

and  is  greatest  when  1^2,  W3,  W5,  W7,  .  .  .  are  greatest  and  wi,  W4) 
^6;  ^8,  ■  •  •  are  least. 

Similarly,  by  eqs.  (1)  and  (2), 

TO3  = -|-(W2+W3)  +  J  ■4(wi +102)  +  15mi 

P 
=  —  -5 37  { (an-4an- 1  +  4)wi  —  (3a„_  ia„_4  +  12)w2 

a  n—l      ^ 

+  (lla„_ia„_4+44)w3+  .  .  .}, 
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and  is  greatest  when  Wi,  W3,  w^,  Wa,  wg,  .  .  .  are  greatest  and  Wa, 
W5,  Wj,  wg,  .  .  .  are  least. 

Thus  the  general  principle  may  be  enunciated,  that  "in  a  hori- 
zontal continuous  girder  of  n  equal  spans,  vdth  its  ends  resting  upon 
two  abutments,  the  bending  moment  at  an  intermediate  support  is 
greatest  when  the  two  spans  adjacent  to  such  support,  and  the  alternate 
spans  counting  in  both  directions,  carry  uniformly  distributed  loads, 
the  remainder  of  the  spans  being  unloaded." 

Case  II.  The  principle  deduced  in  Case  I  also  holds  true  when 
the  loads  are  distributed  in  any  arbitrary  manner. 

Consider  the  effect  of  a  weight  w  in  the  rth  span  concentrated 
at  a  point  distant  p  from  the  (r  — l)th  support. 

By  the  Theorem  of  Three  Moments, 

4mi+m2=0, (1) 

TOi+4m2+m3=0, (2) 

m2+4m3+m4=0,    I (3) 


m. 


TO, 


-2+4mr-i+mr=-'Wj(Z2-p2)=-^,  suppose  .    .    .     (r-1) 

l-V 
._i+4TOr+m,+i  =  -w-y^  {P-il-p)^] 

=  -wy(Z-p)(2Z-p)=-jB,  suppose,  ".    .    (r) 
mr+4m.r+i+mr+2  =0,       (r+l) 

m„_3+4TO„_2+TO„_i=0, (n-2) 

m„_i+4m„_i  =0 (n-1) 

By  equations  (1),  (2),  (3),  .  .  .  (r-2), 

11  1  ^1  ,  Wr-l 

TOi=-jTO2=j5m3=-5gm4  =  .  .  •=  T^;;3^r-2=  ±--, 
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the  upper  or  lower  sign  being  taken  according  as  r  is  even  or 
odd. 

Byequations  (n-1),  (n-2),  (n-3),  .  .  .  (r  +  1), 

mr+2         ,  mr+1  ■    _     rur 
=  +- •=  -J-- =  +- 


O'n—T—l  (^n~r  0/n—i — 1 

The  coefficients  a  are  given  by  the  same  law  as  for  the  coeffi- 
cients a  in  Case  I.     Thus 

O'r-2  ,  O'n-r 

mr-2=  — mr-1    and    mr+i  = w^. 

0>r—l  0,n—r+l 

Substituting  these  values  of  mr~2  and  m^+i  in  the  (r  — l)th  and 
rth  equations, 

rrir-A^ — '^^]+mr=  —A=mr-ib+mr 

\  Or- 1/ 

and  mr^i+mJi  —  — ^^^^^)  =  —  5=mr-i+mrC, 

\         an-r+2/ 

where  6  =  4  —  -^^^^    and    c=4  —  — ^^^^^^. 

Clr—l  Cln—r+l 

Hence,  solving  the  last  two  equations, 

.Ac-B         ,  Bb-A 

mr-i=— -T — r    and    mr=  — -7 ^- 

oc  —  1  oc  —  1 

The  ratios  — —  and  — ^— ^  are  each  less  than  unity,  and  hence 

ttr—l  ttn—r+l 

b  and  c  are  each  <4  and  >3. 

It  may  now  easily  be  shown  that  Ac—B  and  Bb—A  are  each 
positive.    Hence  m^-i  and  rrir  are  both  of  the  same  sign. 

The  bending  moment  niq  at  any  intermediate  support  on  the 
left  of  r  —  1  is  given  by 


ma=  -1 — -^-TOr-i  if  Q  and  r  are  the  one  even  and  the  other  odd, 
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or 

mq=  -- — nir-i  if  q  and  r  are  both  even  or  both  odd. 

Ur—l 

Thus  the  bending  moment  at  the  qth  support  is  increased  in 
the  former  case  and  diminished  in  the  latter. 
If  q  is  on  the  right  of  r, 

Mg  =  +  - — - — lUr  if  q  and  r  are  both  even  or  both  odd, 

Cln—r  +  l 

or 

OTg=-  "~^"^  m^  if  q  and  r  are  the  one   even   and  the  other  odd, 

Un-r+2 

and  the  bending  moment  on  the  qth  support  is  increased  in  the 
former  case  and  diminished  in  the  latter. 

Thus  the  general  principle  may  be  enunciated,  that,  "in  a 
horizontal  continuous  girder  of  n  equal  spans,  with  its  ends  resting 
upon  two  abutments,  the  bending  moment  at  an  intermediate  support 
is  greatest  when  the  two  spans  adjacent  to  such  support,  and  the 
alternate  spans  counting  in  both  directions,  are  loaded,  the  remainder 
oj  the  spans  being  unloaded. 

Case  III.  The  same  general  principle  still  holds  true  when  the 
two  end  spans  are  of  different  lengths. 

E.g.,  let  the  length  of  the  first  span  be  kl,  k  being  a  numerical 
coefficient,  and  let  2(1  +k)=x. 

Eq.  (1)  now  becomes 

mix+m2=0. 

Proceeding  as  before, 

mi        m2_     TO3 m4 

61  &2  ba         bi  •  •  > 

the  coefficients  61,  62,  63,  •  •  •  being  given  by  the  same  law  as  before, 
viz., 

&i  =  l, 

b2=x, 

b3=ib2-bi=4:X-l, 

bi=4:b3-b2  =  15x-4:, 

65 =463 -62  =  56a; -15, 
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The  two  sets  of  coefficients  (a)  and  (b)  are  identical  when  a; =4, 
and  when  a;>4,  all  the  coefficients  b  except  the  first  (&i  =  l)  are 
numerically  increased. 

Hence  the  same  general  results  will  follow. 

N.B. — The  equations  giving  nig  are  simple  and  easily  applicable 
in  practice.    They  may  be  written 

mo=  ± — ^-T — r  if  Q  is  on  the  left  of  r, 
"        ttr-i  bc  —  1^  ' 

and  m„=  ±    ""'"*"  t 7-  if  q  is  on  the  right  of  r. 

If  there  are  several  weights  on  the  rth  span, 

A=^I^Q?-f)    and    B  =  Iw'^{l-p){2l-p). 

Ex.  62.  The  viaduct  over  the  Osse  consists  of  two  end  spans,  each  of  94  ft. 
and  five  in  ermediate  spans,  each  of  126  ft.  The  platform  is  carried  by  two  main 
girders  which  are  continuous  from  end  to  end.  The  total  dead  load  upon  the 
girders  may  he  tak  n  at  one  ton  (of  2000  lbs.)  per  lineal  foot. 

Denote  the  supports,  taken  in  order,  by  the  letters  a,  b,  c,  d,  e,  f,  g,  h,  and 
let  it  be  required  to  find  the  maximum  bending  moment  at  d  when  the  bridge 
is  subjected  to  an  additional  proof  load  of  1^  tons  per  lineal  foot. 

The  spans  ah,  cd,  de,  fg  of  each  girder  carry  IJ  tons  per  lineal  foot. 

The  spans  be,  ef,  gh  of  each  girder  carry  i  ton  per  hneal  foot. 

Denoting  the  bending  moments  at  a,  b,  c,  d,  e,  f,  g,  h,  respectively,  by 
m„  wij, . .  .  OTj,  the  intermediate  spans  by  I,  the  end  spans  by  kl,  and  remem- 
bering that  OTi  =0  =wi8)  W6  li^ve 

2m^{k+l)  +mz=  --^(kli  +  i), 

P 
mj+4m3+TO*=-j(J  +  li), 

m8+4TO4+TO5=  — jCli  +  li), 

P 
mi+4m5+m, j(l}+i), 

P 
m,+4m,+mj=  -  ^(i  +  li), 


VIADUCT  OVER   THE  OSSE. 
But  k  =1%  =1,  very  nearly. 


Therefore 


7m,  +  2ma=-^  |, 


mi+4ma+nii  = 

4 

7 
2' 

m3  +  4mi+m^  = 

P 
4 

5 

2' 

mi-ir4m^+in^  = 

P 
4 

7 
2' 

mi+4m„+mj  = 

P 
4 

7 
2' 

2m^  +  7m.,  = 

Z' 

A 

13 

545 

(1) 
(2) 
(3) 
(4) 
(5) 
(6) 


Fromeqs.  (1),  (2),  (3), 
From  eqs.  (4),  (5),  (6), 


/'    .'^47 
97m4+26m,=  -;-  211. 
4     8 


72     070 

26to,  +  97to,=  -j   =j?. 


Hence  m<,  the  maximum  required, 
Z-     19151 


4-8X8733        ""--^-— "-• 
Table  op  Resiliences  of  Spring  Materials.* 

Maximum 

Tensile  or 

Compressive 

Stress  in 
Thousands 
of  Pounds 
which  will 
not  Produce 
Set. 

£?in 

Millions 

of  Pounds 

per 

Square 

Inch. 

P. 

Maximum 

Shear 

Stress  in 

Thousands' 

of  Pounds 

which  will 

not  Produce 

Set. 

Gin 

Millions 

of  Pounds 

per 

Square 

Inch. 

2G 

Brass 

6.95 

80 
190 
4.3 
4.5 
6.2 

35 

70.5 

19.7 

24 

9.2 
30 
36 
15 

8 

9.9 
30 
30' 
14 
29 

2.62 
107 
501 
.62 
1.26 
2 
20 
83 

13.85 
10 

5.2 
64 
145 
2.9 

4.15 
26.5 
53 

14.5 
20 

3.4- 
11 
13 

5.6 

3.7 

11 
11 

5.25 
10.5 

4 

Cast  steel,  unhardened  .  . 

Cast  steel,  hardened 

CoDDer 

186 
809 
.75 

Glass 

Gun-metal 

2  33 

Mild  steel 

32 

Mild  steel,  hardened 

Phosphor-bronze 

Wrought  iron 

128 
20 
19 

*  Perry's  "Applied  Mechanics." 
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EXAMPLES. 

1.  A  flat  spiral  spring  .2  in.  wide  and  .03  in.  thick  is  subjected  to  a  bend- 
ing moment  of  10  in.-lbs.     Find  its  radius  of  curvature,  E  being  36,000,000  lbs. 

Ans.  1.62  ins. 

2.  A  straight  strip  of  tempered  steel  .7  in.  broad,  .1  in.  thick  (represent- 
ing the  depth  of  a  beam) ,  is  subjected  to  a  bending  moment  of  100  in.-lbs. 
Find  its  radius  of  curvature.  Ans.  21  ins. 

3.  What  is  the  greatest  stress  in  a  bar  which  is  subject  to  a  bending 
moment  of  4000  in.-lbs  (1)  if  the  section  is  a  circle  of  f  in.  radius;  (2)  if  of 
I  form,  2  ins.  deep  and  1  in.  wide,  the  web  and  flanges  each  being  f  in.  thick? 

Ans.  (1)  5.4  tons;  (2)  3.1  tons. 

4.  A  3"  X  I"  steel  bar  is  bent  into  a  circle  of  50  ft.  radius.  Find  the 
maximum  stress  induced  in  the  material,  the  coefficient  of  elasticity  being 
28,000,000  Ibs./sq.  in.  Ans.  8750  lbs. 

5.  A  square  bar  f'Xf"  is  subjected  to  a  bending  moment  of  350  in.-lbs. 
What  is  the  greatest  stress  in  the  bar,  and  the  radius  of  the  circle  into 
which  it  is  bent,  E  being  taken  at  2,000,000  Ibs./sq.  in.? 

Ans.  4978  lbs.;  12.5  ft. 

6.  A  2"  XI"  bar  is  bent  into  the  arc  of  a  circle  of  1000  ft.  radius.  Find  the 
moment  of  resistance  and  the  maximum  stress  developed,  E  being  30,000,000 
Ibs./sq.  in.  Ans.  1250  Ibs./sq.  in.;  408J in.-lbs. 

7.  A  round  steel  rod  J  in.  in  diameter,  resting  upon  supports  A  and  B, 
i  ft.  apart,  projects  1  ft.  beyond  A  and  9  ins.  beyond  B.  The  extremity 
beyond  A  is  loaded  with  a  weight  of  12  lbs.,  and  that  beyond  B  with  a  weight 
of  16  lbs.  Neglecting  the  weight  of  the  rod,  investigate  the  curvature  of  the 
rod  between  the  supports,  and  calculate  the  greatest  deflection  between  A 
and  B.  Find  also  the  greatest  intensity  of  stress  in  the  rod  due  to  the  two 
applied  forces.     (S  =30,000,000  lbs.) 

Ans.  Neutral  axis  between  A  and  B  is  arc  of  a  circle;  .45  in-.;  11,750 
Ibs./sq.  in. 

8.  One  side  of  a  plate  of  metal  is  at  0°iC  and  the  other  is  at  62°C.  The 
plate  when  cold  is  plane;  what  is  now  its  curvature?  What  is  the  greatest 
stress  in  the  material  if  curvature  be  prevented?  Ans.  Ea{di—d.X 

g.  At  a  certain  point  a  bar  is  subjected  to  a  bending  moment  of  4000  in.-lbs., 
the  greatest  stress  in  the  material  being  10,000  Ibs./sq.  in.  If  the  bar  is  of 
circular  section,  find  its  diameter;  if  it  is  square  in  section,  find  the  side.  If 
its  coefficient  of  elasticity  is  28,000,000  lbs.,  find  the  curvature. 

Ans.  1.59  ins.;   1.48  ins.;  radius  of  curvature,  186.2  ft.  and  172.8  ft. 

10.  A  horizontal  beam  of  depth  d,  breadth  6,  and  length  12  ft.  rests  upon 
supports  at  the  ends.  A  weight  W,  at  the  centre  deflects  the  beam  .1  in. 
when  the  side  of  length  b  is  vertical.  An  additional  weight  of  1250  lbs.  is 
required  to  produce  the  same  deflection  when  the  side  of  length  d  is  vertical. 
li  d=2b  and  if  £=1,200,000  lbs.,  find  the  sectional  area  of  the  beam  and  the 
maximum  skin  stress.  Ans.  72  sq.  ins.;  4l6f  lbs,/sq.  in. 
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11.  A  band-saw  is  i  in.  wide,  .02  in.  thick,  and  passes  over  two  pulleys, 
each  12  ins.  in  diameter.  If  the  tight  tension  is  100  lbs.  find  the  maximum 
intensity  of  stress  in  the  band.     (E  =30,000,000  lbs.)     Ans.  15,000  Ibs./sq.  in. 

12.  A  steel  strip  2"X.l"  has  an  initial  curvature  of  .0025.  Find  the  B.M.. 
and  the  corresponding  maximum  stress  developed  in  the  material  which  will 
(o)  straighten  the  strip;  (6)  give  it  a  curvature  in  the  opposite  direction  equal 
to  the  initial  curvature,  E  being  36,000,000  Ibs./sq.  in. 

_Ans.  (a)  15  in.-lbs.;  4500  Ibs./sq.  in.;   (b)  30  in.-lbs.,  9000  Ibs./sq.  in. 

13.  A  laminated  spring  of  3  ft.  span  has  20  plates,  each  375  in.  thick  and 
2.95  ins.  wide.  Calculate  the  deflection  when  centrally  loaded  with  5  tons.. 
(S =11,600  tons/sq.  in.)  Ans.  2.45  ins. 

14.  A  laminated  spring  of  40  ins.  span  has  twelve  plates  each  .375  in.  thick 
and  3.40  ins.  wide.  Calculate  the  deflection  when  centrally  loaded  with  4  tons. 
(B=ll,600  tons/sq.  in.)  Ans.  3.9  ins. 

15.  A  laminated  spring  of  75  ins.  span  has  thirteen  plates,  each  .39  inch 
thick  and  3.5  ins.  wide.  Calculate  the  deflection  when  centrally  loaded  with 
1  ton.     (B  =11,600  tons/sq.  in.)  Ans.  5  ins. 

16.  The  section  through  the  back  of  a  hook  is  a  trapezium  with  the  wide 
side  inwards.  The  narrow  side  is  1  in.  and  the  wide  side  2  ins. ;  the  depth 
of  the  section  is  2^  ins.;  the  line  of  pull  is  IJ  ins.  from  the  wide  side  of  the  sec- 
tion. Calculate  the  load  on  the  hook  that  will  produce  a  tensile  skin  stress: 
of  7  tons/sq.  in.  Ans.  3.87  tons. 

17.  A  steel  3"Xf"  eye-bar  has  a  4-in.  pin-hole  and  an  8-in.  head.  The 
stress  along  the  bar  is  30,000  lbs.,  but  its  line  of  action  is  i  in.  from  the  axis 
of  the  bar.  Find  the  maximum  and  minimum  stresses  in  the  main  body  of 
the  bar,  and  also  in  the  metal  at  a  diametral  section  through  the  pin-hole  at 
right  angles  to  the  line  of  stress.    Ans.  13,333^  lbs.;  0;  12,l42f,  7857^  lbs. 

18.  The  direction  of  the  30,000  lbs.  pull  on  a  6"X1"  eye-bar  is  parallel 
to  and  1  in.  from  the  axis.  Find  the  maximum  and  minimum  stresses  in 
the  material.  Ans.  10,000  lbs.  and  0. 

ig.  If  the  pin-holes  for  a  bridge  eye-bar  were  drilled  out  of  truth  sideways 
and  the  main  body  of  the  bar  were  5  ins.  wide  and  2  ins.  thick,  what  proportion 
would  the  maximum  stress  bear  to  the  mean  over  any  cross-section  of  the 
bar  at  which  the  mean  line  of  force  was  i  in.  from  the  middle  of  the  section? 

Ans.  23  to  20. 

20.  Calculate  the  maximum  and  minimum  stresses  in  a  member  of  circular 
section  IJ  ins.  in  diameter  when  subjected  to  a  pull  of  6000  lbs.  and  a  bend- 
ing moment  of  4000  in.-lbs.  Ans.  15,462  lbs.  and  8674  Ibs./sq.  in. 

21.  A  bar  of  steel  2^"X|"  in  section  is  subjected  to  a  pull  of  15  tons. 
The  mean  line  of , the  load  passes  J  in.  from  the  centre  of  gravity  of  the  sec- 
tion in  the  direction  of  the  width  of  the  bar.  Find  the  greatest  and  least 
stress  on  the  bar.  Ans.  34.82  and  21  tons/sq.  in. 

22.  The  horizontal  section  of  a  crane-hook  is  a  rectangle  3.5  ins.  in  width, 
the  thickness  of  the  hook  being  1.3  ins.  The  stress  in  a  horizontal  section 
is  not  to  exceed  6  tons/sq.  in.  Find  the  maximum  load  which  can  be  raised, 
the  horizontal  distance  between  the  centre  of  the  section  and  the  line  of  action 
of  the  load  being  2.5  ins.  Ans.  5.614  tons. 
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23.  In  a  steel  8"Xli"  eye-bar  it  was  found  that  the  line  of  action  of  a 
stress  of  160,000  lbs.  was  .25  in.  from  the  centre.  Calculate  the  extra  stress 
produced  by  this.  Ans.  3000  Ibs./sq.  in. 

24.  An  iron  bar  is  rectangular  in  section,  its  width  being  3  ins.  and  its  thick- 
ness 1  in.  The  tensile  strength  of  the  metal  is  50,000  Ibs./sq.  in.  Find  ihe 
total  tensile  force  which  will  break  the  bar,  the  line  of  action  of  the  pull  being 
I  in.  distant  from  the  axis  of  the  bar.  Ans.  85,714|  lbs. 

25.  A  tension  bar  8  ins.  wide  and  li  ins.  thick,  is  slightly  curved  in  the 
plane  of  its  width,  so  that  the  mean  line  of  the  stress  passes  2  ins.  from  the  axis 
at  the  middle  of  the  bar  Calculate  the  maximum  and  minimum  stresses  in 
the  material.     Total  load  on  bar,  25  tons.  Ans.  GJ  and  1 J  tons/sq.  in. 

26.  A  tension  bar  of  T  section  has  a  2"Xi"  flange  and  a  4:",Xi"  web. 
The  hne  of  action  of  the  pull  P  on  the  bar  is  1  in.  from  the  centre  of  gravity 
of  the  section.  Find  the  maximum  and  minimum  stresses  developed  in  the 
metal.  Ans.  fffP  and  sWP  or  mP  and  ^'^P. 

27.  A  horizontal  beam  of  weight  P  rests  at  the  ends  in  recesses.  A  weight 
W  suspended  from  the  centre  of  the  beam  by  a  string  3  ft.  in  length  makes 
60  revolutions  per  minute.  Find  the  minimum  value  of  P  so  that  the  beam  may 
not  rise  out  of  the  recesses.  Ans.   jiiP. 

28.  Find  the  skin  stress  due  to  bending  in  a  connecting-rod  from  the 
following  data:  Radius  of  crank,  10  ins.;  length  of  rod,  4  ft.;  diameter  of  rod, 
3  ins.;  number  of  revolutions  per  minute,  120. 

2g.  The  coupling-rod  of  a  locomotive  is  10  ft.  in  length,  the  crank-radius 
is  1  ft.  in  length,  and  the  driving-wheels  are  6  ft.  in  diameter.  What  must 
be  the  depth  of  the  rod  if  the  stress  in  t  is  not  to  exceed  5  tons  per  square 
inch  at  70  miles  an  hour?  -  Ans.  11.28  ins. 

30.  A  locomotive  has  two  pairs  of  6-ft.  driving-wheels  and  8-ft.  coupling- 
rods  6  ins.  deep,  of  wrought  iron,  capable  of  withstanding  a  working  load  of 
20,000  lbs.  per  square  inch.  The  cranks  are  12  ins.  in  length.  Find  the  speed 
corresponding  to  the  greatest  centrifugal  force.        Ans.  90.6  miles  per  hour. 

31.  A  shaft  5^  ins.  deep  X  5  ins.  wide  X  98  ins.  long  has  one  end  absolutely 
fixed,  while  at  the  other  a  wheel  turns  at  the  rate  of  270  revolutions  per  minute; 
a  weight  of  20  lbs.  is  concentrated  in  the  rim,  its  centre  of  gravity  being  2} 
ft.  from  the  axis  of  the  shaft.  Find  the  maximum  stress  in  the  material  of 
the  shaft,  and  also  find  the  maximum  deviation  of  the  shaft  from  the  straight, 
-E  being  27,000,000  lbs.  Ans.  4860  lbs.  per/sq.  in. ;  .31431  in.' 

32.  An  iron  bar  12  ft.  long  and  6  ins.  deep  is  held  freely  at  the  ends  and 
Tapidly  rotated,  every  point  in  its  axis  describing  a  circle  of  24  ins.  radius. 
Find  tjie  number  of  revolutions  per  minute  for  which  the  maximum  intensity 
lof  stress  is  40,000  Ibs./sq.  in. 

33.  A  2-in.  wrought-iron  bar  10  ft.  long  is  held  at  the  ends  and  is  whirled 
about  a  parallel  axis  at  the  rate  of  50  revolutions  per  minute.  If  the  distance 
between  the  axis  of  the  bar  and  the  axis  of  rotation  is  10  ft.,  find  the  maximum 
stress  to  which  the  material  is  subjected.  Ans.  17,148.5  Ibs./sq.  in. 

34.  A  'steel  coupling-rod  for  a  locomotive  with  6-ft.  drivers  and  a  crank- 
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radius  of  1  ft.  is  10  ft.  long  and  has  an  I  cross-section  with  a  4"Xj"  web 
and  equal  2"Xi"  flanges.  Find  the  maximum  intensity  of  stress  for  a  speed 
of  80  miles  per  hour.  Ans.  20,265  Ibs./sq.  in. 

35-  The  coupling-rod  of  a  locomotive  is  of  uniform,  I  section  and  of  the 
following  dimensions :  Depth  =6  ins.,  width  =3  ins.,  thiclcness  of  web  =1^  ins., 
thickness  of  flanges  =1  in.,  length  between  centres  =91  ins.  The  driving- 
wheels  have  a  diameter  of  82  ins.  and  the  crank-throw  is  14  ins.  Assuming 
that  the  rod  weighs  .3  Ib./cu.  in.,  find  the  maximum  stress  due  to  bending 
when  the  engine  runs  at  70  miles  per  hour.  Ans.  9493  Ibs./sq.  in. 

36.  Find  the  bending  stress  in  the  middle  section  of  a  couphng-rod  of 
rectangular  section  from  the  following  data:  Radius  of  coupling-crank,  11  ins.; 
length  of  coupling-rod,  8  ft.;  depth  of  coupling-rod,  4.5  ins.;  width,  2  ins.; 
revolutions  per  minute,  200. 

If  the  rod  has  an  I  section  with  a  3" XI"  web,  what  will  the  bending  stress 
be? 

37.  Assuming  that  one  half  of  the  force  exerted  by  the  steam  on  one 
piston  of  a  locomotive  is  transmitted  through  a  coupling-rod,  find  the  maximum 
stress  in  the  two  rods.  Diameter  of  cylinder,  16  ins.;  steam-pressure,  140 
Ibs./sq.  in.  Ans.  482.7  Ibs./sq.  in. 

38.  Determine  the  isosceles  section  of  maximum  strength  which  can  be 
cut  out  of  a  circular  section  of  given  diameter,  and  compare  the  strengths  of 
the  two  sections.  Ans.  ^=|Xdiam.;  175V^to  1782. 

39.  Show  that  the  moments  of  resistance  of  an  elliptic  section  and  of  the 
stronger  rectangular  section  that  can  be  cut  out  of  the  same  are  in  the  ratio 
of  99V3^to  112,  and  that  the  areas  of  the  sections  are  in  the  ratio  of  33  to 
U\/2. 

40.  Show  that  the  moments  of  resistance  of  an  isosceles  triangular  section 
and  of  the  strongest  rectangular  section  that  can  be  cut  out  of  the  same  are 
in  the  ratio  of  27  to  16,  and  that  the  areas  of  the  two  sections  are  in  the  ratio 
of  9  to  4. 

41.  Determine  the  dimensions  of  the  strongest  section  in  the  form  of  (a) 
a  rectangle  with  vertical  sides,  (6)  an  isosceles  triangle  with  horizontal  base, 
that  can  be  cut  out  of  an  elhptical  section  having  a  vertical  major  axis  of 
length  2p  and  a  minor  axis  of  length  2q.  _ 

Ans.  (a)  depth  of  rect.=pV3;  width  of  rect.  =?. 

(6)  depth  of  triangle  =ip;  base  of  triangle  =k-\^. 

42.  Determine  the  isosceles  section  of  maximum  strength  which  can  be  cut 
out  of  a  circular  section  of  given  diameter,  and  compare  the  strengths  of  the 
two  sections.  Ans.  fl'=fXdiam.;  175^5":  1782. 

43.  A  round  and  a  square  beam  of  equal  length  and  equally  loaded  are 
to  be  of  equal  strength.  Find  the  ratio  of  the  diameter  to  the  side  of  the 
square.  '  Ans.  -yseii^SS. 

44.  Compare  the  relative  strengths  of  two  rectangular  beams  of  equal 
length,  the  breadth  (6)  and  depth  (d)  of  one  being  the  depth  (&)  and  breadth 
(d)  of  the  other.  Ans.  d':b' 

45.  Compare  the  uniformly  distributed  loads  which  can  be  borne  by  two 
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beams  of  rectangular  section,  the  several  linear  dimensions  of  the  one  being 
n  times  the  corresponding  dimensions  of  the  other.  Also  compare  the  moments 
of  resistance  of  corresponding  sections.  Ans.  n';  n'. 

46.  Compare  the  moments  of  resistance  to  bending  of  a  rectangular  sec- 
tion and  of  the  rhomboidal  and  isosceles  sections  which  can  be  inscribed  in 
the  rectangle,  the  base  of  the  triangle  being  the  lower  edge  of  the  rectangle. 

Ans.  4:1:1  or  4:1:2. 

47.  Compare  the  relative  strengths  of  two  beams  of  the  same  length  and 
material  (a)  when  the  sections  are  similar  and  have  areas  in  the  ratio  of  1  to 
4;n  (b)  when  one  section  is  a  circle  and  the  other  a  square,  a  side  of  the  latter 
being  equal  to  the  diameter  of  the  former.        Ans.  (a)  1  to  8;  (b)  56  to  33. 

48.  Compare  the  strength  of  a  cylindrical  beam  with  the  strength  of  the 
strongest  (o)  rectangular  and  (6)  square  beam  that  can  be  cut  from  it. 

Ans.  (a)  112:99^3;  (b)  33:14\/2. 

49.  There  are  two  beams  of  the  same  sectional  area,  the  one  A  being  cir- 
cular and  of  radius  r,  the  other  B  being  square.  A  hollow  square  of  side  r 
is  cut  through  the  middle  of  A.  What  must  be  the  radius  of  a  hollow  round 
through  the  middle  of  B,  so  that  both  sections  may  have  the  same  moment 
of  resistance?    The  sides  of  the  squares  are  vertical.  Ans.  rX.626. 

50.  A  triangular  knife-edge  of  a  weighing-machine  overhangs  1^  inches 
and  supports  a  load  of  2  tons  (assume  evenly  distributed) .  Taking  the  trian- 
gle to  be  equilateral,  find  the  requisite  size  for  a  tensile  stress  at  the  apex  of 
10  tons  per  square  inch.  Ans.  1.53  ins. 

51.  A  circular  link  of  a  chain  having  an  internal  diameter  of  3  ins.  is 
made  of  iron  having  a  diameter  of  1  in.  and  one  side  is  cut  through.  Deter- 
mine the  maximum  and  minimum  stresses  in  the  link  when  the  chain  is, 
loaded  with  1000  lbs.  Ans.  21,636  Ibs./sq.  in.  and  19,091  Ibs./sq.  in. 

52.  A  bar  of  larch  6  ft.  long X 2  ins.  square,  resting  on  supports  at  the 
two  ends,  fails  under  a  load  of  515  lbs.  at  the  centre.  Find  the  breadth  of 
each  of  two  cantilevers,  of  4  ft.  length  by  10  ins.  depth,  made  of  this  ma- 
terial, which  are  to  carry  a  cistern  of  water  weighing  2  tons,  5  being  a  factor 
of  safety.  Ans.  4.15  ins. 

53.  A  rectangular  beam  of  pine  8.9  ins.  deep  by  5  ins.  wide,  of  uniform 
section  throughout,  is  supported  horizontally  on  two  walls  15  ft.  apart. 
What  weight  will  the  beam  safely  carry  at  5  ft.  from  one  of  the  walls,  the 
breaking  load  being  four  times  the  safe  load?  How  much  must  the  depth 
be  increased,  the  breadth  remaining  the  same,  if  the  load  is  shifted  to  the 
middle  of  the  beam?  (Assume  that  the  breaking  weight  of  a  pine  bar  15 
ins.  long  by  1  in.  by  1  in.,  supported  at  both  ends,  fails  under  a  load  of  360 
lbs.  at  the  centre.)  Ans.  3342  lbs.;  new  depth  =9.44  ins. 

54.  What  must  be  the  thickness  of  a  mild-steel  tube  of  10  ins.  external 
diameter  to  carry  a  load  of  10,000  lbs.,  placed  centrally  between  two  sup- 
ports 10  ft.  apart,  the  safe  working  unit  stress  being  10,000  Ibs./sq.  in.? 

Ans.  .38  in. 

55.  A  block  of  ice  3  ins.  wide  and  4  ins.  deep  has  its  ends  resting  upon 
supports  30  ins.  apart  and  carries  a  uniformly  distributed  load  of  4800  lbs. 
An  increase  of  pressure  to  the  extent  of  1125  Ibs./sq.  in.  lowers  the  freezing- 
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point  1°  F.  Assuming  that  the  ordinary  theory  of  flexure'  holds  good,  find 
the  temperature  of  the  ice.  Ans.  30°  F. 

56.  A  beam  supported  at  the  ends  can  just  bear  its  own  weight  W  together 

with  a  single  weight  —  at  the  centre.  What  load  may  be  placed  at  the  cen- 
tre of  a  beam  whose  transverse  section  is  similar  but  m'  as  great,  its  length 
being  n  times  as  great?  If  the  beam  could  support  only  its  own  weight,  what 
would  be  the  relation  between  vi  and  n?  /to'    nm'\  n' 

\n        2    /  '  2 

57.  A  wooden  beam  12  insj  deep,  6  ins.  wide,  and  12  ft.  long  is  embedded 
in  a  wall  at  one  end.  What  weight  will  the  beam  carry  at  the  outer  end  if 
the  brealcing  weight  of  a  beam  1  ft.  long,  1  in.  broad,  and  1  in.  deep,  sup- 
ported at  the  ends  and  loaded  at  the  centre,  is  500  lbs?  Ans.  9000  lbs. 

58.  A  spruce-tree  60  ft.  high  and  14  ins.  in  diameter  at  the  ground  level 
is  subjected  to  a  horizontal  wind  pressure  which  may  be  assumed  to  be  uni- 
formly distributed  over  the  upper  30  ft.  of  the  tree.  Find  the  intensity  of 
this  pressure  if  the  maximum  fibre  stress  at  the  base  'is  1080  Ibs./sq.  in. 

Ans.  18  Ibs./lin.  ft. 

59.  Find  the  stress  in  tons/sq.  in.  at  the  skin  and  also  at  a  point  2  ins. 
from  the  neutral  axis  in  a  piece  of  10"  X  8"  oak,  (a)  with  the  10-in.  side  ver- 
tical, (6)  with  the  8-in.  side  vertical.  The  oak  rests  upon  supports  3  ft. 
apart  and  carries  a  load  of  4900  lbs.  at  its  middle  point.  Also  compare  (c) 
the  strength  of  the  beam  with  its  strength  when  a  diagonal  is  horizontal'. 

Ans.  (a)  330J,  132A;  (6)  413^,206if;  (c)  4: Vii  or  5:\/4i. 

60.  In  the  case  of  a  tram-rail,  the  area  of  the  modulus  figure  is  8.24  sq. 
ins.,  and  the  distance  between  the  two  centres  of  gravity  is  5.55  ins.;  the 
neutral  axis  is  situated  at  a  distance  of  3.1  ins.  from  the  skin  of  the  bottom 
flange.  ^Find  the  /  and  Z.  Ans.  70.9;  22.87. 

61.  Show  that  the  modulus  of  rupture  of  any  material  is  18  times  the  load 
"which  will  break  a  beam  12  ins.  long,  1  in.  deep,  and  1  in.  wide  whgn  applied 
at  the  centre. 

62.  Find  the  limiting  length  of  a  wrought-iron  cylindrical  beam  4  ins. 
in  diameter,  the  modulus  of  rupture  being  42,000  lbs.  What  uniformly  dis- 
tributed load  will  break  a  cylindrical  beam  of  the  same  material  20  ft.  long 
and  4  ins.  in  diameter?  Ans.  64.8ft.;  8800  lbs. 

63.  A  red-pine  beam  18  ft.  long  has  to  support  a  weight  of  10,000  lbs.  at 
the  centre.  The  section  is  rectangular  and  the  depth  is  twice  the  breadth. 
Find  the  transverse  dimensions,  the  modulus  of  rupture  being  8500  lbs.  and 
10  being  a  factor  of  safety.     (Neglect  the  weight  of  the  beam.) 

Ans.  6=9.84  ins.;  d  =19.68  ins. 

64.  A  round  oak  cantilever  10  ft.  long  is  just  broken  by  a  load  of  600  lbs. 
suspended  from  the  free  end.  Find  its  diameter,  the  modulus  of  rupture  being 
10,000  lbs.     (Neglect  the  weight  of  the  beam.)  Ans.  4.185  ins. 

65.  Determine  the  breaking  weight  at  the  centre  of  a  cast-iron  beam  of  6  ft. 
span  and  4  ins.  square,  the  coeflBicient  of  ruptme  being  30,000  lbs. 

Ans.  26,666f  lbs. 

66.  The  flooring  of  a  corn  warehouse  is  supported  upon  yellow-pine  joists 
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20  ft.  in  the  clear,  8  ins.  wide,  10  ins.  deep,,  and  spaced  3  ft.  centre  to  centre. 
Find  the  height  to  which  corn  weighing  48^  Ibs./cu.  ft.  may  be  heaped  upon 
the  floor,  10  being  a  factor  of  safety  and  3000  lbs.  the  coefficient  of  rupture. 

Ans.  .68  ft. 

67.  A  yellow-pine  beam  14  ins.  wide,  15  ins.  deep,  and  resting  upon  sup- 
ports 126  ins.  apart  broke  down  under  a  uniformly  distributed  load  of  60.97 
tons.     Find  the  coefficient  of  rupture.  Ans.  2731.456. 

68.  Find  the  breaking  weight  at  the  centre  of  a  Canadian  ash  beam  2J 
ins.  wide,  3^  ins.  deep,  and  of  45  ins.  span,  the  coefficient  of  rupture  being  7250. 

Ans.  4934Vjlbs. 

69.  A  timber  beam  6  ins.  deep,  3  ins.  wide,  96  ins.  between  supports,  and 
weighing  50  Ibs./cu.  ft.  broke  down  under  a  weight  01  10,000  lbs.  at  the  centre. 
Find  the  coefficient  of  rupture.  Ans.  8911J. 

70.  A  wrought-iron  bar  2  ins.  wide,  4  ins.  deep,  arid  144  ins.  between  supports 
carries  a  uniformly  distributed  load  W  in  addition  to  its  own  weight.  Find 
W,  4  being  a  factor  of  safety  and  50,000  lbs.  the  coefficient  of  rupture. 

Ans.  5235Hbs. 

71.  Find  the  length  of  a  beam  of  Canadian  ash  6  ins.  square  which  would 
break  under  its  own  weight  when  supported  at  the  ends.  The  coefficient  of 
rupture  =7000  lbs.,  and  the  weight  of  the  timber  =30  Ibs./cu.  ft. 

Ans.  274.95 

72.  The  teeth  of  a  cast-iron  wheel  are  3^  ins.  long,  2\  ins.  deep,  and  7  ins. 
wide.  What  is  the  breaking  weight  of  a  tooth,  the  coefficient  of  rupture  being 
5000  lbs?  Ans.  50,625  lbs. 

73.  A  wrought-iron  bar  4  ins.  deep,  f  in.  wide,  and  rigidly  fixed  at  one  end 
gave  way  at  32  ins.  from  the  load  when  loaded  with  1568  lbs.  at  the  free  end. 
Find  the  coefficient  of  rupture.  Ans.  4181J. 

74.  A  cast-iron  beam  is  12  ins.  wide,  rests  upon  supports  18  ft.  apart,  and 
carries  a  12-in.  brick  wall  which  is  12J  ft.  in  height  and  weighs  112  Ibs./cu.  ft. 
Taking  63,000  as  the  modulus  of  rupture  for  a  uniformly  distributed  load  and 
5  as  a  factor  of  safety,  find  the  depth  of  the  beam,  (a)  neglecting  its  weight, 
(6)  taking  its  weight  into  account. 

Also  (c)  determine  the  depth  of  a  cedar  beam  which  might  be  substituted 
for  the  cast-iron  beam,  taking  11,200  lbs.  as  the  modulus  of  rupture  for  the 
cedar.  Ans.  (o)  6  ins. ;  (6)  6^  ins. ;  (c)  14.23  ins. 

75.  A  cast-iron  girder  27i  ins.  deep  rests  upon  supports  26  ft.  apart.  Its 
bottom  flange  has  an  area  of  48  sq.  ins.  and  is  3  ins.  thick.  Find  the  breaking 
weight  at  the  centre,  the  ultimate  tensile  strength  of  the  iron  being  15,000 
Ibs./sq.  in.     (Neglect  the  effect  of  the  web.)  Ans.  253,846Albs. 

76.  Is  it  safe  for  a  man  weighing  160  lbs.  to  stand  at  the  centre  of  a  spruce 
plank  10  ft.  long,  2  ins.  wide,  and  2  ins.  thick,  supported  by  vertical  ropes  at 
the  ends?    The  safe  working  strength  of  the  timber  is  1200  Ibs./sq.  in. 

Ans.  No;  the  maximum  safe  weight  at  the  centre  is  53 J  lbs. 

77.  A  timber  beam  weighing  42  Ibs./cu.  ft.  rests  on  piers  16  ft.  apart;  it 
is  8  ins.  thick.  What  depth  must  it  be  made  if  the  deflection  in  the  centre 
under  its  own  weight  and  a  load  of  1  cwt./ft.  run  is  not  to  exceed  i  of  an  inch? 
(Assume  £=700  tons/sq.  in.) 
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78.  A  piece  of  timber  10  ft.  long,  12  ins.  deep,  8  ins.  wide,  and  having  a  work- 
ing strength  of  1000  Ifas./sq.  in.  carries  a  load,  including  its  own  weight,  of 
w  Ibs./lin.  ft.     Find  the  value  of  w,  (a)  when  the  timber  acts  as  a  cantilever 
(6)  when  it  acts  as  a  beam  supported  at  the  ends.     Find  (c)  stress  in  material 
3  ins.  from  neutral  axis  at  fixed  end  of  cantilever  and  at  middle  of  beam. 

Ans.  (a)  320  lbs.;    (&)  1280  lbs.;    (c)  500  Ibs./sq.  in. 

79-  A  cast-iron  beam  of  square  cross-section  1  in.  deep  XI  in.  wide  is 
tested  on-  a  span  of  36  ins.  The  breaking  load  in  the  centre  is  7i  cwt.  Cal- 
culate (a)  the  maximum  intensity  of  tensile  stress,  assuming  the  beam  formula 
to  hold  up  to  the  breaking-point,  (6)  the  probable  deflection  in  the  centre 
You  may  assume  £  =12,000,000  Ibs./sq.  in. 

Ans.  (a)  22,680  Ibs./sq.  in.;    (6)  .8165  in. 

80.  A  yellow-pine  beam  14  ins.  wide,  15  ins.  deep,  and  resting  upon  supports 
129  ins.  apart  was  just  able  to  bear  a  weight  of  34  tons  at  the  centre.  What 
weight  will  a  beam  of  the  same  material  of  45  ins.  span  and  5  ins.  square  bear? 

Ans.  4.133  tons. 

81.  A  horizontal  circular  tube  of  steel  is  7  ft.  in  diameter,  ^  in.  thick,  100 
ft.  long  supported  at  the  ends,  its  total  load  distributed  uniformly  all  over 
being  30  tons;  what  are  the  greatest  stresses  in  the  metal?  The  tube  is  filled 
■with  compressed  air;  what  must  its  pressure  be  if  there  is  just  no  compressive 
stress  in  the  metal?  State  what  is  now  the  nature  of  the  stress  in  the  metal 
at  the  place  where  it  is  greatest.  Ans.  6^  tons/sq.  in. ;  38.6  Ibs./sq.  in. 

82.  An  oak  beam  of  circular  section  and  22  ft.  long  is  strained  to  the  elastic 
limit  (2  tons/sq.  in.)  by  a  uniformly  distributed  load  of  22V  tons.  Find  the 
diameter  of  the  beam.  What  load  2  ft.  from  one  end  would  strain  the  material 
to  the  same  limit?  Ans.  7  ins.;  3.088  tons. 

83.  A  uniform  beam  of  weight  W,  crossing  a  given  span  can  bear  a  uniformly 
distributed  load  TFj.  What  load  may  be  placed  upon  the  same  beam  if  it 
crosses  the  span  in  n  equal  lengths  supported  at  the  joints  by  piers  whose 
widths  may  be  disregarded?  Ans.  n''(W, +W2) —W^. 

84.  A  cast-iron  water-main  30  ins.  inside  diameter  and  32  ins.  outside  is 
unsupported  for  a  length  of  12  ft.     Find  the  stress  in  the  metal  due  to  bending. 

Ans.  180  Ibs./sq.  in. 

85.  A  wrought-iron  bar  IJ  ins.  wide  and  20  ft.  long  is  fixed  at  one  end  and 
carries  a  load  of  500  lbs.  at  the  free  end.  Find  the  depth  of  the  bar,  so  that 
the  stress  may  nowhere  exceed  10,000  Ibs./sq.  in. 

Ans.  6.928  ins.;  if  weight  of  bar  is  included,  the  depth  d  is  given  by 
d'-i.8d-i8=0,  and  a!=9.73  ins. 

86.  Determine  the  diameter  of  a  solid  round  wrought-iron  beam  resting 
upon  supports  60  ins.  apart  and  about  to  give  way  under  a  load  of  30  tons  at 
14  ins.  from  one  end.  Take  5  as  a  factor  of  safety  and  8960  Ibs./sq.  in.  as  the 
safe  working  intensity  of  stress. 

Ans.  5.47  ins.;  if  weight  of  beam  is  taken  into  account,  d  is  given  by 
2019584  +  196Jd  -  12320d' =0. 

87.  A  yellow-pine  beam  14  ins.  wide  and  15  ins.  deep  was  placed  upon  supports 
10  ft.  9  ins.  apart  and  deflected  |  in.  under  a  load  of  20  tons  at  the  centre. 
Find  E    neglecting  the  weight  of  the  beam.    What  were  the  intensities  of 
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the  normal  and  tangential  stresses  at  2  ft.  from  a  support  and  2 J  ins.  from 
neutral  plane  upon  a  plane  inclined  at  30°  to  the  axis  of  the  beam? 

Arts.  1,272,112  lbs.;  132.83  and  218.91  lbs. 

88.  A  beam  of  uniform  section  of  depth  d,  with  equal  flanges  and  of  span  I, 
is  built  into  walls  so  that  its  ends  are  horizontal  and  at  the  same  level.  One 
of  the  walls  settles  a  distance  3  without  disturbing  the  horizontality  of  the 
ends  of  the  beam.     Show  that,  due  to  settling,  the  maximum  stress  induced  is 

— j^,  E  being  Young's  modulus. 

89.  A  stress  of  1  lb.  /sq.  in.  produces  a  strain  of  r^wsn  in  a  beam  12  ins. 
square  and  20  ft.  between  supports.  Find  the  radius  of  curvature  and  the 
central  deflection  under  a  load  of  2000  lbs.  at  the  middle  point. 

Ans.  2400ft.;  Jin. 

90.  A  bar  of  wrought  iron  3  ins.  broad  and  1 J  ins.  thick  is  supported  in  a 
horizontal  position  at  two  points  2J  ft.  apart  What  deflection  at  the  middle 
will  be  caused  by  placing  there  a  load  of  15  cwts.?  Ans.  .065  in. 

91.  A  2"X4"  beam  20  ft.  long  has  both  ends  fixed  and  is  loaded  at  the 
centre  with  a  weight  of  400  lbs.  Find  the  deflection  at  the  centre.  How 
much  work  is  done  in  bending  the  beam?     (Take  E  =28,000,000  Ibs./sq.  in.) 

Ans.  .097  in.;  7405f  in.-lbs. 

92.  A  steel  girder  20  ft.  long  between  supports  is  loaded  with  3000  lbs. 
per  foot  run.  Calculate  what  its  moment  of  inertia  must  be,  so  that  the 
deflection  at  the  centre  is  x/xnr  of  the  span,  the  value  of  E  in  pounds  and  inches 
being  taken  as  30,000,000.  Also  calculate  the  slope  at  the  ends  of  such  a 
beam.  Ans.  1800;  9.16  minutes. 

93.  A  beam  8  ins.  wide  and  weighing  50  lbs.  /cu.  ft.  rests  upon  supports 
30  ft.  apart.  Find  its  depth  so  that  it  may  deflect  f  in.  under  its  own  weight. 
(jE;  =  1,200,000  lbs.)  Ans.  9.185  ins.    - 

94.  A  rectangular  girder  of  given  length  I  and  breadth  h  rests  upon 
two  supports  and  carries  a  weight  P  at  the  centre.  Find  its  depth  so  that 
the  elongation  of  the  lowest  fibres  may  be  xkws  of  the  original  length. 

.  \2\mPl 

Ans. 


4' 


bE 

95.  A  beam  AB,  60  ft.  long,  is  fixed  horizontally  at  A  and  hinged' at  a 
point  C  40  ft.  from  A,  and  the  other  end  B  is  supported  on  a  pier  at  the  same 
level  as  A.  The  beam  carries  a  uniformly  distributed  load  of  2000  Ibs./ft.  run 
over  the  whole  of  its  length.  Determine  the  shearing  force  and' bending  moment 
at  every  point.     Also  find  the  deflection  and  slope  at  C. 

Ans.  Reactions^ A  =50, a,tB=  10 tons;  B.M. at A=1200in.-tons. 

07  ^.nt      Ar    2688000    ,      „_     192000    ,  .    ^.        ,_    92160000 

Slopes  at  C  for  AC= — ^y — ;  for  BC= — WT''  ^^^^''tion  of  C=  — ^ — . 

96.  Deduce  expressions  for  the  slope  and  deflection  at  the  end  of  a  canti- 
lever of  rectangular  section  having  a  length  of  60  ins.,  a  breadth  of  2  ins.,  and 
a  depth  of  3  ins.,  when  loaded  uniformly  with  100  lbs.  /ft.  run.    {E  =  30,000,000.) 

Ans.  tJtt;  T^lr  in. 
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97.  An  angle-iron  3"X3"XA"  was  placed  upon  supports  12  ft.  9  ins. 
apart  and  deflected  IJ  ins.  under  a  load  of  8  cwts.  uniformly  distributed  and 
2  cwts.  at  the  centre.     Find  E  and  the  position  of  the  neutral  axis. 

Ans.  S -16,079,611  lbs.;  neutral  axis  ^  in.  from  upper  face. 

98.  A  yellow-pine  beam  14  ins.  wide,  15  ins.  deep,  and  weighing  32  Ibs./cu.  ft. 
was  placed  upon  supports  10  ft.  6  ins.  apart.  Under  uniformly  distributed 
loads  of  59,734  lbs.  and  of  127,606  lbs.  the  central  deflections  were  respec-' 
tively  .18  in.  and  .29  in.  Find  the  mean  value  of  E.  Also  determine  the 
additional  weight  at  the  centre  which  will  increase  the  first  deflection  by 
iV  of  an  inch.  Ans.  2,552,980  lbs.;  24,121  lbs. 

99.  For  the  load  of  59,734  lbs.,  find  the  maximum  intensities  of  thrust, 
tension,  and  shear  at  a  point  half-way  between  the  neutral  axis  and  the  out- 
side skin  in  a  transverse  section  at  one  of  the  points  of  trisection  of  the  beam. 
Also  find  the  incUnations  of  the  planes  of  principal  stress  at  the  point. 

Ans.  800.01,  3.55,  401.78  lbs.;  0=3°  48|'. 

100.  If  the  shape  of  the  section  and  the  load  are  given,  and  the  linear  dimen- 
sions of  section  are  chosen  so  as  to  make  the  greatest  stress  a  given  quantity, 
show  that  the  deflection  at  centre  is  proportional  to  (length)?. 

1 01.  A  steel  rectangular  girder  2  ins.  wide,  4  ins.  deep  is  placed  upon  sup- 
ports 20  ft.  apart.  If  E  is  35,000,000  lbs.,  find  the  weight  which  if  placed 
at  the  centre  will  cause  the  beam  to  deflect  1  in.  Ans.  1296iV  lbs. 

102.  A  cylindrical  beam  of  2  ins.  diameter,  60  ins.  in  length,  and  weighing 
i  Ib./cu.  in.  deflects  iV  in.  under  a  weight  of  3000  lbs.  at  the  centre.     Find  E. 

Ans.  .B  =21,688,210  lbs. 

103.  A  3"X3"Xi"  angle-iron,  with  both  ends  fixed  and  a  clear  span  of 
20  ft.,  carries  a  uniformly  distributed  load  of  500  lbs.,  which  causes  it  to  deflect 
.03909  in.  Find  E.  What  single  load  at  the  centre  will  produce  the  same 
deflection?    Find  the  work  done  due  to  bending  in  each  case. 

Ans.  .E;= 20,775,415  lbs.;  250 lbs. 

104.  Show  that  the  work  done  in  deflecting,  within  the  elastic  limits,  a 

uniform  rectangular  bar,  supported  at  the  ends  and  loaded  in  the  middle, 

1  p 
is  equal  to  the  volume  of  the  bar  multiplied  hy  —^,  f  being  the  maximum 

stress  in  the  bar. 

105.  A  girder  fixed  at  both  ends  carries  (2n  +  l)  weights  W  concentrated 
at  points  dividing  the  length  of  the  girder  into  2n+2  equal  divisions.  Find 
the  total  central  deflection.  .        n  +  1  WP 

^'''-  192  m- 

106.  The  deflection  of  a  uniformly  loaded  horizontal  beam  supported  at 
the  ends  is  not  to  exceed  1  in.  in  50  ft.  of  span,  and  the  stress  in  the  material 
is  not  to  exceed  400  Ibs./sq.  in.  Find  the  ratio  of  span  to  depth,  E  being 
1,200,000  Ibs./sq.  in.,  and  the  neutral  axis  being  at  half  the  depth  of  the  beam. 

Ans.  20. 

107.  A  round  wrought-iron  bar  I  ft.  long  and  d  ins.  in  diameter  can  just 
carry  its  own  weight.  Find  I  in  terms  of  d,  (a)  the  allowable  deflection  being 
1  in./per  100  ft.  of  span,  E  being  30,000,000  lbs.;    (6)  the  allowable  stress 
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being  8960  Ibs./sq.  in.;   (e)  the  stiffness  given  by  (a)  and  the  strength  given 

by  (b)  being  of  equal  importance.  

Ans.  (a)  l=V250d';  (6)  l=\/224d;  (c)  l=ild. 
io8.  A  square  steel  bar  I  ft.  long  and  having  a  side  of  length  d  ins.  can  ju^t 
carry  its  own  weight;  its  stiffness  is  t^W  and  the  maximum  allowable  work- 
ing stress  is  7  tons/sq.  in.     Find  I  in  terms  of  d,  E  being  13,000  tons. 

Ans.  lp^J-^. 
d  (m  m.)     21 

109.  A  beam  is  supported  at  the  ends  and  bends  under  its  own  weight. 

Show  that  the  upward  force  at  the  centre  which  will  exactly  neutralize  the 

bending  action  is  equal  to  f  or  ^  of  the  weight  of  the  beam  (w),  according 

as  the  ends  are  free  or  fixed.     Find  the  neutralizing  forces  at  the  quarter  spans. 

Ans.  Ends  free:  iVsW  at  each  or  I'/jW  at  one  of  the  points  of  division. 

Ends  fixed:  -ijsw  at  each  or  fw;  at  one  of  the  points  of  division. 

no.  A  horizontal  girder  AB  of  length  I,  and  fixed  at,  A  and  at  B,  carries 
two  weights  P  and  Q,  concentrated  at  points  C  and  D  respectively.  If  AC=X 
and  BD  =  Y,  show  that  the  bending  moment  at  C  is  greater  or  less  than  the 
bending  moment  at  D  according  as  PX\3l-2X)^QY\3l-2Y). 

111.  Show  that  the  work  done  in  bending  a  horizontal  beam  is  the  same 
whether  it  has  two  ends  fixed,  or  one  end  fixed  and  one  resting  upon  its  sup- 
port, or  two  ends  resting  upon  supports,  if  the  load  intensities  in  the  several 
cases  are  in  the  ratio  of  2 V^  to  3  to  2. 

112.  A  horizontal  girder  AC  is  fixed  at  A,  rests  upon  the  support  at  C, 
carries  a  uniformly  distributed  load  of  intensity  w,  and  is  hinged  at  B,  divid- 
ing the  girder  into  segments  AB=a  and  BC=5.  Find  (1)  the  reactions  at  A 
and  C,  (2)  the  moment  of  fixture,  (3)  the  deflection  at  B. 

Ans.  {I)  w[a+^y,    w^;    (2)-j{a  +  h);    (3)  ;g^(g +g). 

113.  A  horizontal  beam  with  both  ends  absolutely  fixed  is  loaded  with  a 
weight  TT  at  a  point  dividing  the  span  into  two  segments  a  and  6.    Show 


W  (  ah  \^ 
that  the  deflection  at  the  point  is  ~opj\     .  ,  )  ,   and  find  the  work  done  in 

bending  the  beam.  W^ (  ab  \' 

^'''-  6m\i+b)  ■ 

114.  A  girder  with  both  ends  fixed  carries  two  equal  loads  W  at  points 
dividing  the  girder  into  segments  a,  b,  c.  Determine  the  reactions  and  bend- 
ing moments  at  the  supports. 

,        „      ^Sab'  +  b'  +  6ahc  +  3¥c+2c'  +  6ac'  +  (ibc' 
Ans.  Ri=W r— ,  ,  ,    -3 ; 

p  _-nn2a'  +  6a^b+3ab^  +  V+&a'c  +  6abc+3b'c 


M,^W' 


(a  +  b+c)' 
2a'c  +  2a6c  +  6c'  +  ab' 
{a  +  b+cy         ' 
2ac'+2abc+a^b  +  b'c 


ia  +  6+c) 
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115.  A  bridge  a  ft.  in  the  clear  is  formed  of  two  cantilevers  which  meet 
in  the  centre  of  the  span  and  are  connected  by  a  bolt  capable  of  transmitting 
a  vertical  pressure  from  the  one  to  the  other.  A  weight  W  is  placed  at  a 
distance  6  from  one  of  the  abutments.  Find  the  pressure  transmitted  from 
one  cantilever  to  the  other,  and  draw  the  curve  of  bending  moments  for  the 
loaded  cantilever.  ^        r.      ti^/,     „6'    ^b\       ^      „,  /   6'       6'\ 

1 1 6.  Two  weights  P  and  Q  (<P)  are  carried  by  a  horizontal  girder  of 

length  I  resting  upon  supports  at  the  ends,  the  distance  between  the  weights 

being  a.     Place  the  weights  so  as  to  throw  a  maximum  bending  moment  on 

the  girder  and  find  the  value  of  this  moment.     Also  find  the  corresponding 

work  of  flexure.  ^    Pl  +  Q(l-a) 

Ans.  Distance  of  P  from  support  =    orD^n\    • 

Max.  li.M.-     4(p  +  Q^;      . 

117.  The  section  of  a  cantilever  of  length  I  is  an  ellipse,  the  major  axis 
(vertical)  being  twice  the  minor  axis.  Find  the  deflection  at  the  end  under 
a  single  weight  W,  f  being  the  coefficient  of  working  strength  and  E  the 
coefficient  of  elasticity.  .         /  297   f*P  \  * 

^"'-    \3506ew)   ■ 

118.  Abar  of  wrought  iron4  ft.long,4ins.deep,and  1^  ins.  thick  is  fixed  atone 
end  and  loaded  with  2000  lbs.  at  the  free  end.  Find  the  maximum  slope  and 
the  maximum  deflection,  E  being  28,000,000  lbs. 

119.  A  horizontal  girder  AB,  of  length  I,  and  fixed  at  A  and  B,  carries  a 
load  P  at  a  point  C.     If  AC  =a,  find  the  maximum  deflection. 

2Pa-a)V 
ZEI{U-2ay 

120.  A  horizontal  girder  AB,  of  length  I,  is  fixed  at  A,  and  rests  upon  its 
support  at  B.  It  carries  a  weight  P  at  a  point  C,  and  AC=a.  Find  the 
position  of  the  most  deflected  point,  and  show  that  the  bending  moment  at 
C  is  greatest  when  a=ZX.634.  /  ^_^  \  i^ 

Ans.  Distance  of  most  deflected  point  from  point  of  fixture  =?(  1  . 

121.  A  piece  of  greenheart  142  ins.  between  supports,  9  ins.  deep,  and  5  ins. 
wide  was  tested  by  being  loaded  at  two  points,  distant  23  ins.  from  the  centre, 
with  equal  weights.  Under  weights  at  each  point  of  4480  lbs.,  11,200  lbs., 
and  17,920  lbs.  the  central  deflections  were  .13  in.,  .37  in.,  .67  in.,  respectively. 
Find  the  mean  coefficient  of  elasticity.  The  beam  broke  under  a  load  of 
32,368  Jbs.  at  each  point.     Find  the  coefficient  of  bending  strength. 

Ans.  8,508,000  Ibs./sq.  in. ;  23,017  Ibs./sq.  in. 

122.  A  beam  of  span  I  is  uniformly  loaded.  Compare  its  strength  and 
stiffness  (o)  when  merely  resting  upon  supports  at  the  ends;  (6)  when  fixed 
at  one  end  and  resting  upon  a  support  at  the  other;  (c)  when  fixed  at  both 
ends.    In  case  (c)  two  hinges  are  introduced  at  points  distant  x  from  the  centre, 
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Bhow  that  the  strength  of  the  beam  is  economized  to  the  best  effect  when 

a;  = — ,—,  and  that  the  stiffness  is  a  maximum  when  x=-7-  very  nearly. 
2\/2  4 

Ans.  3:3:2;  5:2.08:1. 

123.  A  steel-plate  beam  of  uniform  section  and  30  ft.  span  has  both  ends 

fixed  and  is  freely  hinged  at  the  points  of  trisection.     Determine 

-■^^     the  neutral  axis  (a)  for  a  uniformly  distributed  load  of  6000  lbs.  ; 

(6)  for  a  single  load  of  10,000  lbs.  concentrated,  first,  7}  ft.  and, 

*=i     second,  15  ft.  from  a  support. 


K— 1 
t 


33 


124.  A  channel  of  the  dimensions  shown  by  Fig.  542  rests 

_         .       upon   supports   20  ft.   apart.     If   the  stress   developed   in  the 

material  is  not    to  exceed  9000   Ibs./sq.  in.,  find  the  allowable 

uniformly  distributed  load  when  AA    is  (a)  vertical,    (6)    horizontal.    Also 

find  (c)  the  central  deflection  in  each  case. 

Ans.  (a)  25,400  lbs.;  (6)  6979  lbs.;  (c)  ^  in.,  i^  in. 

125.  Find  the  moment  of  resistance  to  bending  of  a  steel  I  beam,  eaclii 
flange  consisting  of  a  pair  of  3"X3"Xi"  angle-irons  riveted  to  a  12''X3" 
web,  the  coefficient  of  strength  being  5  tons/sq.  in.  What  load  will  the  bean 
carry  at  5  ft.  from  one  end,  its  span  being  20  ft.?  Find  the  central  deflection, 
and  also  the  deflection  at  the  loaded  point,  E  being  15,000  tons. 

Ans.  287.85  in.-tons;  6.4  tons,  disregarding  weight  of  beam,  or  6.13  tons, 
taking  weight  of  beam  into  account ;  .4  in.  at  centre  and  .3  in.  at  loaded  point. 

126.  A  plate  girder  of  64  ft.  span  and  8  ft.  deep  carries  a  dead  load  of  2 
tons/lin.  ft.  At  any  section  the  two  flanges  are  of  equal  area,  and  their  joint 
area  is  equal  to  that  of  the  web.  Find  the  sectional  area  at  the  centre  of 
girder,  so  that  the  intensity  of  stress  in  the  metal  may  not  exceed  3  tons/sq.  in. 
The  deflection  of  the  girder  is  |  in.  at  the  centre.  Find  E  and  the  radius  of 
curvature.  Ans.  128sq.  in.;  15,360  ft.;  25,804,800  lbs. 

127.  Taking  the  coefficient  of  direct  elasticity  at  15,000  tons,  the  coeffi- 
cient of  lateral  elasticity  at  60,000  tons,  and  the  limit  of  elasticity  at  10  tons 
determine  the  greatest  deviation  from  the  straight  line  of  a  wrought-iron 
girder  of  breadth  6  and  depth  d.  6' 

'^"'-  2400M- 

128.  An  I  beam  7i  ins.  deep,  with  a  flange  Syxi"  and  web  6i"Xi", 
was  placed  on  centres  6  ft.  apart  and  tested  by  loading  at  the  centre.  The 
following  readings  were  obtained : 

Load  in         Deflection  in  Load  in  Deflection  in  Load  in  Deflection  in 

Pounds.  Inches.  Pounds.  Inches.  Pounds  Inches. 

0  0  16,000  .110  28,000  ,      0.460 

4,000  .028  20,000  .138  30,000            1.10 

8,000  .055  24,000  .167  32,000             2.25 

12,000  .082  27,000  .310 

Determine  the  modulus  of  elasticity  (E)  before  the  yield-point  is  reached, 
and  the  maximum  stress  on  the  beam  when  the  load  is  16,000  lbs. 
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129.  A  9"X9"  beam  168  ins.  centre  to  centre  of  supports  was  tested  by 
concentrating  gradually  increasing  loads  and  the  following  observations  were 
made: 


Load  in 
Pounds. 

Deflection  in 
Inches. 

Load  in 
Pounds. 

Deflection  in 

Inches. 

Load  in 
Pounds. 

Deflection  in 
Inches. 

1,000 

.11 

9,000 

1.32 

19,000 

Fracture 

3,000 

.41 

12,000 

1.79 

6,000 

.86 

15,000 

2.28 

Disregarding  weight  of  beam,  find  E  and  skin  stress  at  fracture.  Hence 
indicate  the  material  of  the  beam. 

130.  A  simplex  steel,  beam  with  equal  flange  areas  rests  upon  supports 
60  ins.  centre  to  centre,  and  is  tested  by  being  loaded  in  the  centre.  The  follow-, 
ing  observations  were  made : 

Load  at  Centre    Central  Deflec-  Load  at  Centre    Central  Deflec-     Load  at  Centre    Central  Deflec* 


in  Pounds. 

tion  in  Inches. 

in  Pounds. 

tion  in  Inches. 

in  Pounds. 

tion  in  Ir 

1,000 

.011 

5,000 

.059 

8,000 

.094 

2,000 

.023 

6,000 

.070 

9,000 

.107 

3,000 

.035 

7,000 

.082 

10,000 

.119 

4,000 

.047 

Determine  the  coefficient  of  transverse  elasticity  and  also  find  the  maxi-. 
mum  tensile  and  fibre  stresses  under  a  load  of  10,000  lbs.  (7  =  13.6;  depth  of 
beam  =5  ft.) 

131.  A  gas-pipe  resting  upon  supports  45  ins.  apart  has  an  external  diam-. 
eter  of  one  inch  and  an  internal  diameter  of  seven  tenths  of  an  inch.  The  pipQ 
was  loaded  at  the  centre  and  the  following  observations  made : 


Load  in 

Deflection  in 

Load  in 

Deflection  in 

Load  in 

Deflection  in 

Pounds. 

Inches. 

Pounds. 

Inches. 

Pounds. 

Inches. 

0 

0 

40 

.062 

80 

.127 

10 

.015 

50 

.078 

90 

.142 

20 

.030 

60 

.094 

100 

.158 

30 

.046 

70 

.110 

Calculate  the  modulus  of  elasticity. 

132.  The  following  observations  were  made  in  the  transverse  test  of  a, 
Douglas-fir  beam  14.85  ins.  deep X 6  ins.  wide X 160  ins.  between  supports: 

Load  at  Centre    Deflection  in         Load  at  Centre     Deflection  in  Load  at  Centre    Deflection  in 

in  Pounds             Inches.                  in  Pounds.             Inches.  in  Pounds.            Inches. 

1000             1.525                16,000            2.160  32,000               2.850 

2000            1  570        ■        18,000            2.250  34,000              2.970 

4000            1  650               20,000           2.330  36,000              3.065 

6000             1  740                22,000            2.420  38,000               3.180 

8000             1  820                24,000            2.510  40,000               3.290 

10',000             1.900                26,000            2.590  ^^  -qq      i    Failed  on 

12  000            1990               28,000           2.680  '            (tension  side 

14^000            2.060               30,000           2.750  43  000     i Sheared  Ion, 

'  (  gitudinally 
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Calculate  the  modulus  of  elasticity,  and  the  maximum  stress  developed 
at  the  point  of  failure. 

133.  From  the  transverse  test  of  a  white-pine  beam  9"X9"X14'  between 
supports  the  following  observations  were  made: 


Load  at  Centre 

Deflection 

Load  at  Centre 

Deflection 

Load  at  Centre 

Deflection 

in  Pounds. 

in  Inches. 

in  Pounds. 

in  Inches. 

in  Pounds. 

in  Inches. 

0 

1.51 

8,000 

2.67 

16,000 

3.97 

2,000 

1.76 

10,000 

2.98 

18,000 

4.48 

4,000 

2.06 

12,000 

3.30 

19,000 

4.69 

6,000 

2.37 

14,000 

3.62 

This  beam  commenced  to  fail  on  the  compression  side  when  the  load  was 
17,000  lbs.  Calculate  the  modulus  of  elasticity  and  the  maximum  stress 
developed  before  failure  took  place. 

134.  A  reinforced  concrete  beam  is  to  support  at  mid-length  a  concen- 
trated load  of  10,000  lbs.,  the  distance  centre  to  centre  of  supports  being 
12  ft.  Assuming  E  to  be  29,000,000  lbs.  for  the  steel  reinforcing  bars  and 
3,000,000  lbs.  for  concrete  in  compression,  also  that  the  compressive  and  tensile 
strengths  of  the  concrete  are  2000  and  200  Ibs./sq.  in.  respectively,  determine 
the  section  of  the  beam,  the  elastic  limit  of  the  steel  being  50,000  Ibs./sq.  in.  ■ 

Ans.  Sectional  area  in  square  inches  of  concrete  =99,2  and  of  steel=.635. 

135.  Two  cantilever  girders,  the  one  4  ft.  and  the  other  6  ft.  long,  are 
placed  at  right  angles  to  each  other,  with  their  ends  meeting,  and  support 
at  their  intersection  a  common  load.  What  must"  be  the  ratio  of  moments 
of  inertia  in  order  that  the  cantilevers  may  carry  equal  loads?    Ans.  8:27. 

136.  In  a  transverse  test-  of  a  slate  beam  3.96"  X  3.97"  X  66"  between 
the  supports,  and  with  the  bed  horizontal,  the  following  observations  were 
made: 


Central  Load 

Deflection 

Central  Load 

Deflection 

Central  Load 

Deflection 

in  Pounds. 

in  Inches. 

in  Pounds. 

in  Inches. 

in  Pounds. 

in  Inches. 

0 

0 

3,000 

.057 

6,000 

.110 

1,000 

.020 

4,000 

.075 

7,000 

Failed 

2,000 

.038 

5,000 

.095 

Find  E  and  the  coeflScient  of  bending  strength. 

137-  In  a  transverse  test  of  a  slate  beam  3.99"  X  3.98"  X  66"  between 
supports,  and  with  its  bed  vertical,  the  following  observations  were  made: 


.Central  Load 

Deflection 

Central  Load 

Deflection 

Central  Load 

Deflection 

in  Pounds. 

in  Inches. 

in  Pounds. 

in  Inches. 

in  Pounds. 

in  Inches. 

0 

0 

4,000 

.070 

7,000 

.122 

1,000 

.017 

5,000 

.089 

8,000 

.140 

2,000 

.035 

6,000 

.106 

8,500 

Failed 

3,000 

.052 

Find  E  and  the  coefficient  of  bending  strength. 
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138.  In  a  transverse  test  of  an  oak  beam  2.94  ins.  wide  X 1 1 .4  ins.  deep  X 144 
ins.  between  supports  the  following  observations  were  made: 


Central  Load 

Deflection 

Central  Load 

Deflection 

Central  Load 

Deflection 

in  Pounds.. 

in  Inches. 

in  Pounds. 

in  Inches. 

in  Pounds. 

in  Inches. 

2,000 

.17 

7,000 

.64 

12,0b0 

1.120 

3,000 

.26 

8,000 

'     .73 

13,000 

1.230 

4,000 

.35 

9,000 

.82 

14,000 

1.350 

5,000 

.45 

10,000 

.92 

15,000 

1.500 

6,000 

.55 

11,000 

1.015 

15,500 

Failed  on 
tension  side 

Determine  E  and  the  coefficient  of  bending  strength. 

Ans.  1,830,000  Ibs./sq.  in.;  8870  Ibs./sq.  in. 

139.  A  wrought-iron  beam  of  rectangular  section  and  20  ft.  span  is  16  ins. 
deep,  4  ins.  wide,  and  is  loaded  with  a  proof  load  at  the  centre.  If  the  proof 
strength  is  7  tons/sq.  in.,  find  the  proof  deflection  and  the  resilience,  E  being 
12,000  tons  (1  ton  =2240  lbs.).  Ans.  .029  ft.;   650  ft.-lbs. 

140.  In  a  rolled-steel  beam  (symmetrical  about  the  neutral  axis)  the 
moment  of  inertia  of  the  section  is  72  in.-units.  The  beam  is  8  ins.  deep, 
is  laid  across  an  opening  of  10  ft.,  and  carries  a  distributed  load  of  9  tons. 
Find  the  maximum  fibre  stress,  also  the  central  deflection,  taking  E  at  13,000 
tons/sq.  in.  Ans.  7^  tons/sq.  in. ;  .216  in. 

141.  A  girder  30  m.  long  has  both  ends  fixed  and  carries  a  uniformly  dis- 
tributed load  of  5800  k. /lineal  metre.     Find  the  maximum  deflection  and  the 

work  of  flexure.  ,        4078125000  567675000000  , 

Ans.  ■ -^ mm.;  ^j km. 

142.  A  steel  beam  of  circular  section  is  to  cross  a  span  of  15  ft.  and  to 
carry  a  load  of  10  tons  at  5  ft.  from  one  end.  Find  its  diameter,  the  stiffness 
being  such  that  the  ratio  of  maximum  deflection  to  span  is  .00125.  (J?  =  13,000 
tons.)  Ans.  10.3  ins. 

143.  Determine  the  dimensions  of  a  beam  of  rectangular  section  which 
might  be  substituted  for  the  round  beam  in  the  preceding  question,  the  stiff- 
ness remaining  the  same  and  the  coefficient  of  working  strength  being  7^ 
tons/sq.  in.  Ans.  6d'=320. 

144.  Two  equal  weights  are  placed  symmetrically  at  the  points  of  tri- 
section  of  a  beam  of  uniform  section  supported  at  the  ends.  These  weights 
are  then  removed  and  other  two  equal  weights  are  placed  at  the  quarter  spans. 
Find  the  ratio  of  the  two  sets  of  weights  so  that  the  maximum  intensity  of 
stress  may  be  the  same  in  each  case.  Also  show  that  the  stiffness  of  the  beam 
is  the  same  in  each  case.  Ans.  3  to  4. 

145.  A  cast-iron  beam  of  an  inverted  T  section  rests  upon  supports  22  ft. 
apart;  the  web  is  1  in.  thick  and  20  ins.  deep;  the  flange  is  1.2  ins.  thick  and 
12  ins.  wide;  the  beam  carries  a  uniformly  distributed  load  of  99,000  lbs.  Find 
the  maximum  deflection,  E  being  17,920,000  lbs. 

Ans.  .822  in.  (7  =  1608.65). 

146.  Find  the  maximum  deflection  of  a  cast-iron  cantilever  2  ins.  wide  X  3 
ins.  deep  X 120  ins.  long  under  its  own  weight,  E  being  17,920,000  lbs. 

Ans.  if  in. 
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147.  Calculate  the  central  deflection  of  a  tram  rail  due  to  (o)  bending, 
(6)  shear,  when  centrally  loaded  on  a  span  of  3  ft.  6  ins.  with-a  load  of  10  tons. 
(£=12,300  tons/sq.  in.;  7=80.5  in.-units;  A  =10.5  sq.  ins.;  G=4900  tons/sq. 
in.;  Z  =4.03.)  '  Ans.  (a)  .016 in.;  (6)  .008 in. 

148.  A  beam  of  20-ft.  span  carries  a  load  which  varies  uniformly  in  intensity 
from  0  at  one  end  to  100  lbs.  at  the  other  end.  Find  the  work  done  in  bend- 
ing the  beam.  .  (2400)'  .     ,^ 

^'^*-  "94501/  '•^-'^^- 

149.  A  pitch-pine  beam  14  ins.  wide,  15  ins.  deep,  and  weighifag  45  Ibs./cu. 
ft.  is  placed  upon  supports  10  ft.  9  ins.  apart  and  carries  a  load  of  20 
tons  at  the  centre.  Find  the  deflection  and  radius  of  curvature,  E  being 
1,270,000  lbs.  What  stiffness  does  this  give?  What  amount  of  uniformly 
distributed  load  will  produce  the  same  deflection? 

Ans.  .361  in.;  3810  ins.;  -— ;  32  tons. 
358 

150.  A  beam  is  supported  horizontally  on  two  posts,  one  under  each 
end;  C  is  a  point  of  the  beam  one  fourth  of  its  length  from  one  of  the  points 
of  support.  Compare  the  curvature  at  C,  supposing  the  beam  to  be  uniformly 
loaded,  with  what  it  would  be  if  the  beam  were  without  weight  and  the  load 
concentrated  at  the  middle  point,  the  total  load  in  both  cases  being  the  same. 

Ans.  3  to  4. 

151.  A  straight  bar  of  wrought  iron  l"Xl"  section  is  loaded  as  a  tie  bar 
with  5  tons.  It  is  found  that  the  portion  between  two  points  on  it  4  ft.  apart 
elongates  .019  in.  What  is  the  value  of  El  If  the  bar  be  subject  to  a  bend- 
ing moment  of  1800  in.-lbs.,  what  would  be  the  radius  of  curvature?  Find 
also  the  greatest  stress  and  deflection  if  the  bar  be  supported  at  points  4  ft. 
apart  and  centrally  loaded  with  120  lbs. 

Ans.  12,632  tons;  97.466  ft.;  8640  Ibs./sq.  in.;  .1313  in. 

152.  A  cantilever  of  rectangular  section  and  constant  breadth  is  loaded 
at  the  free  end.  If  the  curvature  is  constant  show  that  the  greatest  Stress 
developed  in  any  section  is  proportional  to  the  depth  of  the  section  and  also 
to  the  cube  root  of  the  distance  of  the  section  from  the  loaded  end. 

153.  A  carriage-spring  is  made  up  of  six  plates  each  i  in.  thick  X  3  ins.  wide 
and  the  top  plate  is  36  ins.  in  length;  determine  the  initial  curvature  and 
dip  of  this  plate.  Also  find  the  overlap,  the  deflection,  and  the  load  which 
will  produce  a  deflectix)n  of  .64  in.,  taking  £=30,000,000  Ibs./sq.  in.  and 
assuming  a  proof  stress  of  30,000  Ibs./sq.  in. 

Ans.  250  ins.;    .648  ins.;   3  ins.;    .002592  ins.;   2470  lbs, 

154.  A  weight  of  2500  lbs.  is  to  be  the  proof  load  of  a  carriage-spring  made 
of  |"X3"  steel  plates.  If  the  proof  stress  is  30,000  lbs.,  how  many  plates 
will  be  required,  the  top  plate  being  30  ins.  in  length?  Ans.  9. 

155.  Find  the  load  which  will  deflect  2  ins.  a  carriage-spring  made  of  ten 
strips  each  |"X2i",  the  length  of  the  upper  plate  being  40  ins.  and  the  over- 
lap 2  ins.  Ans.  3296  lbs. 

156.  A  cantilever  of  length  I,  specific  weight  w,  and  square  in  section, 
a  side  of  the  section  being  26  at  the  fixed  and  2a  at  the  free  end,  bends  under 
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its  own  weight.  Find  'the  slope  and  deflection  of  the  neutral  axis  at  the  free 
end.  Hence,  also,  deduce  corresponding  results  when  the  cantilever  is  a  regular 
pyramid.  .        (b+a)ivP  _   (b+2a)wl*_     wP  _    wl* 

4E¥     '       8Eb^      '  4Eb'''  8Eb'' 

157.  If  the  section  of  the  cantilever  in  the  preceding  example,  instead  of 
being  square,  is  a  regular  figure  with  any  number  of  equal  sides,  show  that 
the  neutral  axis  is  a  parabola  with  its  vertex  ^t  the  point  of  fixture. 

158.  Find  the  slope  and  deflection  at  the  ffee  end  of  the  following  canti- 
levers when  bending  under  their  own  weight,  I  being  the  length,  26  the  depth 
at  the  fixed  end,  w  the  specific  weight,  and  E  the  coefficient  of  elasticity: 

(a)  Of  constant  thickness  t  and  with  profile  in  the  form  of  a  trapezoid 
with  the  non-parallel  sides  equal  and  of  depth  2a  at  the  free  end. 

(b)  Of  circular  section  and  with  profile  in  the  form  of  an  isosceles  "triangle. 

(c)  Of  constant  thickness  and  with  profile  in  the  form  of  a  parabola  sym- 
metrical with  respect  to  the  axis  and  having  its  vertex  at  the  free  end. 

(d)  When  the  depth  2a  in  (a)  is  nil,  i.e.,  when  the  profile  is  an  isosceles 
triangle. 

(e)  Due  to  a  uniformly  distributed  load  of  intensity  p  over  the  canti- 
lever (c). 

(/)  Due  to  a  weight  W  at  the  free  end  of  (a). 

(g)  Due  to  a  uniformly  distributed  load  of  intensity  p  over  the  cantilever 
(a).    Hence  also  deduce  the  deflection  and  slope  when  the  depth  2a  is  nil. 
wP  Swl*      i    a^    ,       a     V-ab^  +  8a'b-2a' 

Ans.  (a)  ;;^;   ^j,rK_ay\b^a^°^'b'^  6&^ 

2ioP      4wl* 


2Eb'' 

2E(b- 

1  wP 

1  wl* 

3  Eb' 

6  b^E 

wl' 

wl* 

^.         ^.  p     I'        3    pi' 

^"^^  2Eb''  4:Eb''       '  2  EbH'  10  EbH' 


(/)t 


3   WP     3       WP 


4  Eatb"  2  Et{b-ay 


^"gg     3b-a 
b-a       2V 


,  ,3       pP        (,      b      (36-a)(6-a)  1  . 
^^)  4  W^3ll°g^ 2b^  )' 

3  pP        r  „    ,      «     (26''  +  5ab-a')(6-a)  1  . 
4E^4^'^^°^6+ 2b-^  /' 

ii^-  90= 

4  Etb^'       • 

159.  A  vertical  row  of  water-tight  sheet-piling  12  ft.  high  is  supported 
by  a  series  of  uprights  placed  6  ft.  centre  to  centre  and  securely  fixed  at  the 
base  Find  the  greatest  deviation  of  an  upright  from  the  vertical  when  the 
water  rises  to  the  top  of  the  piling.  What  will  the  maximum  deviation  be 
when  the  water  is  6-  ft.  from  the  top? 

wb¥     3110400       wb  wbc  218700 

^'*"-  30Fr-El^'    SOEI^^'"'  ^24Er    "'  EI    ' 
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i6o.  Show  that  the  curved  profile  of  a  cantilever  of  uniform  strength 
designed  to  carry  a  load  W  at  the  free  end  is  theoretically  a  cubical  parabola. 
Also  show  that  by  taking  the  tangents  to  the  profile  at  the 'fixed  end  as  the 
boundaries  of  the  cantilever  a  cantilever  of  approximately  uniform  strength 
is  obtained  having  a  depth  at  the  free  end  equal  to  two  thirds  of  the  depth 
at  the  fixed  end  (breadth  to  be  proportional  to  depth). 

i6i.  Design  a  wheel-spoke  33  ins.  in  length  to  be  of  approximately  uniform 
strength,  the  intensity  of  stress  being  1000  Ibs./sq.  in.;  the  load  at  the  end 
of  the  spoke  is  a  force  of  1000  lbs.  appUed  tangentially  to  the  wheel's  periphery, 
and  the  section  of  the  spoke  is  to  be  (a)  circular,  (b)  elliptical,  the  ratio  of 
Ihe  depth  to  the  breadth  being  2 J. 

Ans.   (a)  Depth  at  hub   =6.952  ins.,  at  periphery  =4.634  ins. 
(6)       "      "     "     =9.435  "      "         "         =6.29     " 
Breadth  at  hub  =3.774   "       "         "  =2.516  " 

162.  A  beam  of  17  ft.  span  is  loaded  with  7,  7,  11,  and  11  tons  at  points 
1,  6,  11,  and  15  ft.  from  one  end.  Determine  the  depths  at  these  points,  the 
beam  being  of  uniform  breadth  and  of  approximately  uniform  strength;  the 
coefficient  of  working  strength  =2  tons/sq.  in.,  the  depth  of  the  section  of 
maximum  resistance  to  bending  =16  ins. 

^„,    {,=11358.  rf.=  ?77X16'.  1067Xiy. 

Ans.  o      ^Qgg ,  a,         ^262     '  '^'  ~      1262      '  "''  ~-^°  ' 

A  J2    670X16' 
""'^'^^=^262-- 

163.  Design  a  timber  cantilever  of  approximately  uniform  strength  from 
the  following  data:  Length  =  12  ft.;  square  section;  load  at  free  end=l  ton; 
coefficient  of  working  strength  =i  ton/sq.  in.  What  must  be  the  dimensions 
at  the  fixed  and  free  ends  so  that  the  cantilever  might  carry  an  additional 
uniformly  distributed  load  of  2  tons? 

Ans.  Side  =15.1  ins.  at  fixed  end  and  =10  ins.  at  free  end;  side  =19.1  ins. 
at  fixed  end  and=K19.1  ins.)  at  free  end. 

164.  Design  a  cantilever  10  ft.  long,  of  approximately  uniform  strength, 
to  carry  a  load  of  4000  lbs.  at  the  free  end,  the  coefficient  of  strength  being 
2000  Ibs./sq.  in.,  and  the  section  (a)  a  rectangle  of  constant  breadth  and  12  ins. 
■deep  at  the  fixed  end;    (b)  a  square. 

How  will  the  results  be  modified  if  it  is  to  carry  an  additional  uniformly 

distributed  load  of  4800  lbs.?  

Ans. — First,  (a)  6=10  ins.,  d  at  free  end  =6  ins.;    (6)  side='i^l440 
at  fixed  end  and='^426f  at  free  end. 
Second,  (a)  b  =16  ins.,  d  at  free  end  =6  ins.;  (6)  side  =*?/2304 
at  fixed  end  and='^85J  at  free  end. 

165.  Design  a  cantilever  10  ft.  long,  of  constant  breadth  and  of  approx- 
imately uniform  strength,  to  carry  a  uniformly  distributed  load  of  5000  lbs. 
■on  the  half  of  the  length  next  the  free  end,  the  intensity  of  stress  being  2000 
less  sq.  in.,  and  the  section  a  rectangle  12  ins.  deep  at  the  fixed  end.    What 
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must  the  dimensions  be  if  1000  lbs.  are  concentrated  at  30  ins.  from  fixed  end? 
Ans.  b=9J  ins.;    d  at  centre  =6.928  ins.;    at  free  end=0. 

6  =  10  ins.;  ■depth=9.48  ins.  at  7J  ft.  from  free  end,  =6.708: 
ins.  at  centre,  and  =0  at  free  end. 

1 66.  A  gallery  30  ft.  long  and  10  ft.  wide  is  supported  by  four  9"X5"' 
cantilevers  spaced  so  as  to  bear  equal  portions  of  the  superincumbent  weight. 
What  load  per  square  foot  will  the  gallery  bear,  the  coefficient  of  working 
strength  being  700  Ibs./sq.  in.?  Find  the  depth  of  cast-iron  cantilevers  3  ins. 
wide  which  may  be  substituted  for  the  above,  the  coefficient  of  working  strength 
being  2000  Ibs./sq.  in.  How  should  the  depth  vary  if  the  cantilevers  are 
to  be  of  uniform  strength? 

Ans.  lOi  lbs.;  4d'=18.9;  variation  of  depth  for  cast-iron  cantilever  is 
given  by  6400(i^  =  121a;^,  x  being  distance  from  free  end. 

167.  A  span  of  60  ft.  is  crossed  by  a  beam  hinged  at  the  points  of  trisec- 
tion  and  fixed  at  the  ends;  the  beam  has  a  constant  breadth  of  3  ins.  and  is 
to  be  of  uniform  strength;  the  intensity  of  stress  is  3  tons/sq.  in.  Determine 
the  dimensions  of  the  beam  when  a  load  of  ^s  ton  per  lineal  foot  covers  (a)  the 
whole  span;    (6)  the  centre  span. 

Ans.  (a)  Depth  at  support  =4^10  ins.,  at  centre  =V20. 
(b)       "       "        "       =  V80  "      "      "      =V20. 

168.  The  weight  of  200  Ibs./sq.  ft.  upon  a  platform  60  ft.  long  and  10  ft. 
wide  is  equally  borne  by  six  cast-iron  girders  of  rectangular  section,  triangular 
in  profile,  10  ft.  long  and  3  ins.  wide.  Find  the  depth  at  the  fixed  end,  taking 
2  tons/sq,  in.  as  the  coefficient  of  safety. 

If  £  =  17,000,000  lbs.,  find  the  deflection  at  the  free  end. 

Ans.  24  ins. ;  /;  in. 

169.  Find  the  limiting  length  of  a  cedar  cantilever  of  rectangular  section 
in  which  the  length  =  40 X depth,  w=36  Ibs./cu.  ft.,  and  /=1800  Ibs./sq.  in. 

Ans.  60  ft. 

170.  A  steel  cantilever  2  ins.  square  has  an  elastic  strength  of  15  tons/sq. 
in.     What  must  its  limiting  length  be  so  that  there  may  be  no  set? 

Ans.  23.4  ft. 

171.  Find  the  limiting  length  (=  64  X  depth)  of  a  wrought-iron  beam  of 
circular  section,  the  elastic  strength  being  8  tons/sq.  in.  What  will  this  length 
be  if  a  beam  of  I  section  having  equal  flange  areas  and  a  web  area  equal  to 
the  joint  area  of  the  flanges  is  substituted  for  the  circular  section? 

Ans.  84  ft.';    224  ft. 

172.  A  rectangular  cast-iron  beam  having  its  length,  depth,  and  breadth 
in  the  ratio  of  60  to  4  to  1  rests  upon  supports  at  the  two  ends.  Find  the 
dimensions  of  the  beam  so  that  the  intensity  of  stress  under  its  own  weight 
may  nowhere  exceed  4500  lbs./sq..in.     Ans.  Z  =  128ft.;  d=8Aft.;  6=2Aft. 

173.  The  effective  length  of  the  Conway  tubular  bridge  is  412  ft.;  the 
effective  depths  of  a  tube  at  the  centre  and  quarter  spans  are  23.7  ft.  and 
22.25  ft.  respectively;  the  sectional  areas  of  the  top  and  bottom  flanges  are 
respectively  645  sq.  ins.  and  536  sq.  ins.  at  the  centre  and  566  sq.  ins.  and  461 
sq.  ins.  at  the  quarter  spans;  the  corresponding  sectional  areas  of  the  web 
are  257  sq.  ins.  and  241  sq.  ins.    Assume  the  total  load  upon  a  tube  to  be  equiv- 
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alent  to  3  tons/lin.  ft.,  and  that  the  continuity  of  the  web  compensates  for 
the  weakening  of  the  tension  flange  by  the  rivet-holes.  Find  (a)  the  flange 
stresses  and  the  deflection  at  the  centre  and  quarter  spans,  E  being  24,000,000 
lbs.  What  (6)  will  be  the  increase  in  the  central  flange  stresses  under  a  uni- 
formly distributed  live  load  of  f  ton/lin.  ft.? 

Ans.  (a)  4.59  tons/sq.  in., 3.94  tons/sq.  in.;  8.56  ins. 
1.367     "       "      1.158      "       "       6.72  " 
(ft)  Stresses  and  deflections  are  increased  in  ratio  of  3  to  4. 

174.  Design  a  wooden  cantilever  12  ft.  long,  of  circular  section  and  uniform 
strength,  to  carry  a  uniformly  distributed  load  of  2  tons,  the  coefficient  of 
working  strength  being  1  ton/sq.  in.     Also,  find  the  deflection  of  the  free 

end. 

Ans.  Taking  fixed  end  as  origin  and  z  being  radius  in  inches  at 
distance  x  ft.  from  origin,  then  ll2'=14(12— a;)'. 

^  „      .  J     2737.9. 

Deflection  at  end  =■ — 5 —  ms. 

175.  A  beam  AB  of  span  I,  carr3dng  a  uniformly  distributed  load  of  inten- 
sity w,  rests  upon  a  support  at  B  and  is  imperfectly  fixed  at  A,  so  that  the 

1  wP 
neutral  axis  at  A  has  a  slope  of  ^5  pT  •     The  end  B  is  lower  than  A  by  an 

amount  —  ^7-.     Find  the  reactions.     How  much  must  B  be  lowered  so  that 
32  EI 

the  whole  of  the  weight  may  be  borne  at  A  ?    Find  the  work  done  in  bending 

the  beam.  ,        ?!.   1  11   1     1'^        53    w^ 

Ans.  ^^wi,  ^^wi,    ^g^^  ,    3Q^20  EI- 

176.  Two  angle-irons,  each  2"X2"Xi",  were  placed  upon  supports  12  ft. 
S  ins.  apart,  the  transverse  outside  distance  between  the  bars  being  9^  ins., 
and  were  prevented  from  turning  inwards  by  a  thin  plate  upon  the  upper 
faces.  The  bars  were  tested  under  uniformly  distributed  loads,  and  each 
was  found  to  have  deflected  2A  ins.  when  the  load  over  the  two  was  1008  lbs. 
Find  E  and  the  position  of  the  neutral  axis. 

Both  bars  failed  together  when  the  total  load  consisted  of  lOi  cwts.  (cwt.  = 
112  lbs.)  uniformly  distributed  and  3  cwts.  at  the  centre.  Find  the  maximum 
stress  in  the  metal. 

Ans.  17,226,139  lbs.;  if  in.  from  upper  face;  20,323  and  39,577  Ibs./sq.  in. 

177.  A  horizontal  girder  of  uniform  strength,  of  rectangular  section  and 
of  length  I  rests  upon  supports  at  its  ends  and  carries  a  uniformly  distributed 
load  of  intensity  w,  which  develops  the  same  maximum  stress  f  at  every  cross- 
section  of  the  girder.  If  the  depth  (d)  is  constant  and  the  breadth  variable, 
find  the  maximum  deflection.  .        1    fP 

4:  Ed 

178.  A  semi-girder  of  uniform  strength,  of  length  I,  and  of  rectangular 
section  carries  a  weight  W  at  the  free  end  which  produces  a  maximum  stress 
/  at  every  cross-section  of  the  beam.     Prove  that  the  maximum  deflection  is 

5-  -i^  (fiw)    ■'^^hen  the  breadth  (6)  is  constant  and  the  depth  variable,  and 


EXAMPLES.  567 

that  it  is  twice  as  great  as  it  would  be  if  the  section  were  uniform  throughout 
and  equal  to  that  at  the  support.  What  would  be  the  maximum  deflection 
if  the  semi-girder  were  subjected  to  a  uniformly  distributed  load  of  w  lbs. 
per  unit  of  length?  

Ans.  W'f 
E  '    3w 

179.  The  vertical  sections  of  a  cantilever  ABC,  of  length  I,  and  fixed  at 
the  end  BC  are  circular.  The  profile  is  a  cubical  parabola  with  its  vertex 
at  A.  Show  that,  under  its  own  weight,  the  slope  at  the  free  end  of  the  neutral 
axis  is  seven  tenths  of  the  maximum  deflection  divided  by  the  length. 

180.  A  horizontal  beam  of  length  I  carries  a  load  P  concentrated  at  a 
distance  a  from  each  end.  Find  the  maximum  deflection  due  to  P  (a)  if  the 
two  ends  rest  upon  the  supports,  (6)  if  both  ends  are  fixed. 


.         .  .   Pa  (P     a'\       ...    Pa  /I     a\ 


181.  What  should  be  the  diameter  of  a  screw-blade  for  a  cast-iron  pile  of 
24  ins.  diameter,  so  that  the  stress  at  the  root  of  the  blade,  which  is  2  ins.  thick 
may  not  exceed  1  ton/sq.  in.  under  a  uniform  soil  pressure  of  2  tons/sq.  in.? 

Ans.  25.63  ins. 

182.  If  a  bar  of  cast  iron  1  in.  square  and  1  in.  long,  when  secured  at 
one  end  breaks  transversely  with  a  load  of  6000  lbs.  suspended  at  the  free 
end,  what  would  be  the  safe  working  pressure,  employing  a  factor  of  safety 
of  10,  between  the  two  teeth  which  are  in  contact  in  a  pair  of  spur-wheels 
whose  width  of  tooth  is  6  ins.,  the  depth  of  the  tooth,  measured  from  the  point 
to  the  root,  being  2  ins.,  and  the  thickness  at  the  root  of  the  tooth  IJ  ins. 
(Assume  that  one  tooth  takes  the  whole  load.)  Ans.  4050  lbs. 

183.  Show  that  the  moment  of  resistance  of  the  equal  flanged   |«— ^_^ 
rolled  joist  with  the  web  vertical  is  to  the  moment  of  resist-    ^^Ttj 
ance  when  the  web  is  horizontal  in  the  ratio  of  ah{'—2hh2^:  {hi  — 
h^a^+hj.a-hy.     (Ex.    a=d   ins.,   6  =  1.2  ins.,;ii  =5   ins.,   /i2=4J 


*v- 


ins.)  Ans.  8.16  to  1.        Fig.  543. 

184.  A  piece  of  greenheart  140  ins.  between  supports,  9  ins.  wide,  and 
8  ins.  deep  was  successively  subjected  to  loads  of  4,  8,  and  16  tons  at 
the  centre,  the  corresponding  deflections  being  .32  in.,  .64  in.,  and  1.28  ins. 
Find  E  and  the  totat  work  done  in  bending  the  beam. 

What  were  the  corresponding  inch-stresses  at  three  fourths  of  the  depth 
of  the  beam? 

Ans.  £=5,582,682  lbs.;   13.44  in.-tons;  |f  tons,  Jf  tons,  W  t6ns. 

185.  The  square  of  the  radius  of  gyration  of  the  equal-flanged  section 
of  a  wrought-iron  girder  of  depth  d  is  T\d';  the  area  of  the  section  =|c?'';  the 
span  =50  ft.  In  addition  to  its  own  weight  it  carries  a  uniformly  distributed 
load  of  ijV  Ibs./lin.  ft.;  the  maximum  intensity  of  stress =10,000  Ibs./sq.  in. 
Find  the  depth.     Also  determine  the  stiffness,  E  being  25,000,000  lbs. 

Ans.  3i  ins.;   tfs-. 

186.  The  section  of  a  beam  is  of  the  form  and  dimensions  shown  by  the 
figure,  and  the  coefficiont  of  strength  is  10  tons/sq.  in.     Find  the  moment 
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of  resistance  and  the  greatest  load  which  may  be  placed  at  the  centre  L ^»__> 


of  such  a  beam  of  10  ft.  span.       Ans.  102f  in.-tons;  3.42  tons. 

187.  The  upper  chord  of  a  Howe  truss  is  24  ins.  wide  X 12 
ins-,  deep  and  is  made  up  of  four  12" X 6"  timbers;  the  lower 
chord  is   24   ins.  wide  X 16  ins.  deep   and  is  made  up   of  four  C 


16"X6"   timbers;  the   distance  between  the  inner  faces  of  the       ^°'  ^    • 
chords  is  24  ft.     Find  the  moment  of  resistance  to  bending,  taking  800  Ibs./sq. 
in.  as  the  coefficient  of  tensile  strength  and  neglecting  the  effect  of  the  web. 
Ans.    Neutral    axis    is    1371   ins.   from    bottom   face    of    lower    chord; 
moment  of  resistance  =87,441,616  in.-Ibs. 

188.  A  girder  supported  at  the  ends  is  30  ft.  in  the  clear  and  carries  two 
stationary  loads,  viz.,  7  tons  concentrated  at  6  ft.  and  12  tons  at  18  ft.  from 
the  left  support.  Find  the  position  and  amount  of  the  maximum  deflection, 
and  also  the  work  of  flexure.  The  girder  is  built  up  of  plates  and  angle-irons- 
and  is  24  ins.  deep.  If  the  moment  of  resistance  due  to  the  web  is  neglected, 
and  if  the  intensity  of  the  longitudinal  stress  is  not  to  exceed  5  tons/sq.  in., 
what  should  be  the  flange  sectional  area  corresponding  to  the  maximum  bend- 
ing moment?  Determine  the  work  of  flexure  and  the  necessary  flange 
sectional  area  at  the  centre  if  the  girder  is  subjected  to  a  uniformly  dis- 
tributed load  of  40  tons  instead  of  the  isolated  loads. 

Ans.  Max.  def.  =  -j  ?|a;'  -^(a;-6)'-:^^a;  I  -=-E/  x  being  15.22  ft.   , 

w    1      67161.5  .^  .         mQo         •  1      180000,,    , 

Work= — =f7 —   ft.-tons,  10.32  sq.  ms.;   work=    „,      ft.-tons, 

sectional  area  =  15  sq.  ins. 

189.  A  beam  AB  of  span  I  carrjdng  a  uniformly  distributed  load  of  inten- 
sity w  is  fixed  at  A  and  merely  supported  at  B.    The  end  B  is  lowered  by  an 

amount  .     Find  the  reactions.     How  much  must  B  be  lowered  so  that 

luEI 

the  whole  of  the  weight  may  be  borne  at  A? 

Solve  the    example   supposing  the    fixture   at  A   to   be  imperfect,   the 

1   wl' 
neutral  axis  making  with  the  horizontal  an  angle  whose  tangent  is  r^  -yf 

1   wl'    '  7  wl* 

Ans.  ]iwl  at  A,  ^wl  at  B;  g  -gj;     ^wl,  \wl;    |g  ^. 

190.  The  section  of  a  girder  of  24  ft.  span  supported  at  the  two  ends  is 
shown  by  Fig.  545.     The  allowable  working  stress  per  square  ,. 
inch  is  4  tons.     Determine  the  load  which  may  be  uniformly 
distributed  over  such  a  beam,  and  find  the  maximum  deflection. 

Ans.  10.53  tons;   .192  in. 

191.  A  steel  bar  of  uniform  rectangular  section,  10,ft.  long. 


has  to  support  a  load  of  2   tons  at  the   centre   and  to   satisfy  ^ 
the  condition  that    when  the  stress  induced  is  6  tons/sq.  in.     ^^'^-  ^^• 
the  deflection  at  the  centre  is  .2  in.     Determine  the  breadth  and  depth  of 
the  bar,  being  given  that  £  =  13,500  tons/sq.  in.       Ans.  2iV  ins.  ;    5J  ins. 
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192.  In  a  tram-rail  the  area  of   the  modulus  figure  is  21  sq.  ins.     Also 

7=80.5,  ^=4.03,  .B  =  12,300  tons/sq.  in.;   (?=4900  tons/sq.  in.     The  rail  is 

centrally  loaded  with  10  tons  on  a  span  of  42  ins.     Find  the  central  deflection 
(o)  due  to  bending,  (6)  due  to  shear.  Ans.  (a)  .016  in.;   (b)  .008  in. 

193.  A  horizontal  bracket  of  length  a  is  attached  to  the  upper  end  of  a 
vertical  pillar  of  length  I  which  has  its  lower  end  built  in.  When  carrying  a 
load  W  at  the  extremity  of  the  bracket  the  pillar  bends  shghtly.  Show  that, 
due  to  flexure  of  the  pillar,  the  bending  moment  at  its  base  is  increased,  what- 
ever the  length  of  the  bracket,  in  the  ratio 

iw, 

in  which  E  is  Young's  modulus  and  /  the  moment  of  inertia  of  the  cross-section 
of  the  pillar  about  line  through  its  centre  perpendicular  to  the  plane  of  bending. 

194.  A  rolled  beam  with  equal  flanges  and  a  web  whose  section  is  equal 
to  the  joint  section  of  the  flanges  has  a  span  of  24  ft.  and  carries  a  weight  of 
8  tons  at  the  centre.  If  the  stiffness  is  .001  and  if  the  coefficient  of  strength 
per  square  inch  is  5  tons,  find  the  depth  of  the  beam  and  the  web  and  flange 
sectional  areas.     (£  =  15,000  tons.)      Ans.  16  ins.;    10.8  and  5.4  sq.  ins. 

195.  In  a  rolled  joist  the  sum  of  the  two  flange  areas  and  the  web  area 
is  a  constant  quantity.  Find  the  proportion  between  them  which  will  give 
a,  joist  of  maximum  strength,  the  thickness  of  the  web  being  fixed  by  practical 
considerations.  Ans.  Flange  area  =  J  web  area. 

196.  A  wrought-iron  beam  of  I  section,  20  ft.  between  supports,  carries 
a  uniformly  distributed  load  of  4000  lbs.  and  deflects  .1  in.;  the  effective 
depth=8  ins.;  £=30,000)000  lbs.;  web  area=joint  area  of  the  equal  flanges. 
Find  the  total  sectional  area.  Also  find  the  width  of  a  rectangular  section 
8  ins.  deep'  whiph  might  be  substituted  for  the  above. 

Ans.  7=288;  area  =27  sq.  ins.;  width=6f  ins. 

197.  A  girder  has  a  moment  of  resistance  of  550,000  ft.-lbs.,  a  depth  of  3.2  ft., 
and  a  web  area  of  15  sq.  ins.  Determine  the  area  of  the  flanges,  the  coefficient 
of  strength  for  compression  and  tension  being  14,000  Ibs./sq.  in. 

198.  A  plate  girder  30  ft.  long  and  3.6  ft.  deep  carries  a  load  of  6000 
Ibs./lin.  ft.  Calculate  the  area  of  the  flange  so  that  the  flange  stress  shall 
not  exceed  12,500  Ibs./sq.  in.  If  two  6"x4"Xi"  angles  (area  of  section  4.5 
sq.  ins.  each)  and  one  cover-plate  be  used  for  each  flange,  find  the  length  of 
the  cover-plate.  Ans.  15  sq.  ins.;  18.96  ft. 

199.  A  street-car  weighing  40,000  lbs.,  the  weight  being  concentrated  on  2 
axles  8  ft.  apart,  is  to  be  carried  across  a  span  of  20  ft.  by  a  number  of  timber 
stringers  16  ins.  deep.  Find  the  total  width  of  the  stringers  so  that  the  fibre 
stress  may  not  exceed  1000  Ibs./sq.  in.  Ans.  36  ins. 

200.  Determine  the  moment  of  inertia  of  a  built-up  beam  composed  of 
two  equal  flanges,  each  consisting  of  a  7i"Xi"  plate  connected  with  a 
24"  Xi"  web,  by  four  angle-irons,  each  3"X3"Xi"-     If  the  working  stress 
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is  6  tons/sq.  in.,  find  the  moment  of  resistance  of  the  section.    If  the  span 
is  20  ft.,  what  uniformly  distributed  load  will  the  beam  safely  carry? 

Ans.  3058;  1529  in.-tons;  51  tons. 

201.  A  cast-iron  beam  of  rectangular  section,  12  ins.  deep,  6  ins.  wide,  and 
16  ft.  long,  carries,  in  addition  to  its  own  weight,  a  single  load  P;  the  coeffi- 
cient of  working  strength  is  2000  Ibs./sq.  in.  Find  the  value  of  P  when  it  is 
placed  (a)  at  the  middle  point;   (6)  at  2J  ft.  from  one  end. 

Ans.  (a)  4200  lbs.;  (b)  95771  lbs. 

202.  The  top  and  bottom  flanges  of  a  rolled  section  of  wrought  iron  are 
8"  X  I",  and  the  web  is  of  the  same  thickness.  The  height  over  all  is  12  ins. 
What  is  the  bending  moment  when  the  greatest  tensile  stress  is  10,000 
Ibs./sq.  in.?  Ans.  569,000  in.-lbs. 

203.  A  rolled  iron  beam  of  I  section  is  1  in.  thick  throughout  and  rests 
upon  supports  10  ft.  apart.  The  flanges  are  8  ins.  wide  and  the  depth  over 
all  is  8  ins.  What  weight  will  the  joist  carry  at  the  centre  if  the  safe  working 
stress  is  4  tons/sq.  in.?-  Ans.  7.18  tons. 

204.  Calculate  approximately  the  safe  central  load  for  a  single-web  riveted 
girder  6  ft.  deep;  flanges  18  ins.  wide,  2^  ins.  thick.  The  flange  is  attached 
to  the  web"  by  two  4"  X  i"  angles.  Neglect  the  strength  of  the  web,  and  assume 
that  the  section  of  each  flange  is  reduced  by  two  rivet-holes  ^  in.  in  diameter 
passing  through  the  flange  and  angles.  (Span  of  girder,  50  ft.;  stress  in 
flanges,  6  tons/sq.  in.)  Ans.  110  tons. 

205.  A  trough  section.  Fig.  546,  is  used  for  the  flooring  of  a  bridge;  each 
section  has  to  support  a  uniformly  distributed  load  of  150  Ibs./sq.  ft.,  and 

a  concentrated  central  load  of  4  tons.     Find  the  span  for 

U-- 2-' — -^         which  such  a  section  may  be  safely  used.     Skin  stress 

^^  //    ^j        =5   tons/sq.   in.;    pitch   of   corrugation,    2  ft.;  depth, 

Vi         //       X      1  ft.;    width  of  flange  =8  ins.;   thickness  =f  in. 
\=M___1.  Ans.  19  ft. 

i^-"^-^  206.  A  lattice  girder  of  80  ft.  span  and  8  ft.  deep  is 

„         .„  designed  to  carry  a  dead  load  of  60  tons  and  a  live  load 

of  120  tons  uniformly  distributed;  at  the  centre  the  net 
sectional  area  of  the  bottom  flange  is  45  sq.  ins.  and  the  gross  sectional  area 
of  the  top  flange  56^  sq.  ins.  Find  the  position  of  the  neutral  axis  and  the 
maximum  flange  intensities  of  stress.  If  the  live  load  travels  at  60  miles  an  hour, 
what  will  be  the  increased  pressure  due  to  centrifugal  force?  (1  ton  =2240  lbs.) 
Ans.  3.546  ft.  from  top;  11,200  Ibs./sq.  in.;  8920.35  Ibs./sq.  in.; 
594000  ,^ 

207.  Two  tracks  6  ft.  apart  cross  the  Torksey  Bridge,  and  are  supported 
by  single-webbed  plate  cross-girders  25  ft.  long  and  14  ins.  deep.  If  the  whole 
of  the  weight  upon  a  pair  of  drivers,  viz.,  10  tons,  is  directly  transmitted  to 
one  of  these  cross-girders  find  the  maximum  defleciion  of  the  girder  and  the 
work  of  flexure  when  the  ends  (o)  are  fixed  to  the  main  girders,  (6)  merely 
rest  on  these  girders. 

.        /  X  499^  1416.365,,^ 

Ans.  (a)  — =77—  at  14.205  ft.  from  end;   — =7 —  ft.-tons. 
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208.  Find  the  uniformly  distributed  load  which  can  be  borne  by  a  rolled 
T-iron  beam,  6"X4"Xi",  10  ft.  long,  fixed  at  one  end  and  free  at  the  other, 
the  coefficient  of  strength  being  10,000  Ibs./sq.  in.  Ans.  438  lbs. 

209.  One  of  the  tubes  of  the  Britannia  bridge  has  an  effective  length  of 
470  ft.,  depth  of  27i  ft.,  and  deflects  12  ins.  at  the  cSntre  under  a  uniformly 
distributed  load  of  1587  tons.  Find  E  and  the  central  flange  stresses,  the 
sectional  areas  of  the  top  flange,  bottom  flange,  and  web  being  648  sq.  ins., 
585  sq.  ins.,  and  302  sq.  ins.,  respectively. 

Ans.  £^=22,910,496  lbs.;  /(=5.37  tons/sq.  in.;  /c=4.81  tons/sq.  in. 

210.  Compare  the  resistance  to  bending  of  a  wrought-iron  I  section  when 
the  beam  is  placed  like  this,  I,  and  hke  this,  m  .  The  flanges  of  the  beam 
are  6  ins.  wide  and  1  in.  thick,  and  the  web  is  f  in.  thick  and  measures  8  ins. 
between  the  flanges.  -  Ans.  4.57  to  1. 

211.  Compare  the  strength  to  resist  bending  of  a  rolled  joist  with  anS"Xl" 
web  and  two  equal  flanges  each  4"X1",  when  placed  with  its  axis  vertical  and 
with  its  axis  horizontal.     Ans.  Ratio  of  moments  of  resistance  =308/17. 

212.  The  flanges  of  a  rolled  joist  are  each  4  ins.  wide  by  J  in.  thick;  the 
web  is  8  ins.  deep  by  i  in.  thick.  Find  the  position  of  the  neutral  axis,  the 
maximum  intensities  of  stress  per  square  inch  being  10,000  lbs.  in  tension 
and  8000  lbs.  in  compression.  Ans.  /(,  =3|;    /i2=4|. 

213.  A  railway  girder  is  101.2  ft.  long,  22.25  ft.  deep,  and  weighs  3764 
Ibs./lin.  foot.  Find  the  maximum  shearing  force  and  flange  stresses  at  25  ft. 
from  one  end  when  a  live  load  of  2500  Ibs.Ain.  ft.  crosses  the  girder. 

Ans.  168,078.3  lbs.;  268,155.5  lbs. 

214.  A  floor  with  superimposed  load  weighs  160  Ibs./sq.  ft.  and  is  carried 
by  tubular  girders  17  ft.  centre  to  centre  and  42  ft.  between  bearings.  Find 
the  depth  of  the  girders  (neglecting  effect  of  web),  the  safe  inch-stress  in  the 
metal  being  9000  lbs.  and  the  sectional  area  of  the  tension  flange  at  the  centre 
32  sq.  ins.  A.ns.  24.99  ins. 

215.  A  hollow  tube  of  wrought  iron  of  3  ins.  outside  and  2^  ins.  inside  diam- 
eter is  20  ft.  long;  find  its  weight.  What  is  its  deflection  with  its  own  weight? 
What  further  weight  on  its  middle  will  it  carry  safely  if  /=4J  tons/sq.  in.? 

Ans.  21  lbs.;  144^  lbs.;  193H  lbs. 

216.  A  horizontal  beam  of  depth  d,  breadth  6,  and  length  12  ft.  rests  upon 
supports  at  the  ends.  A  weight  W,  at  the  centre  deflects  the  beam  .1  in. 
when  the  side  of  length  h  is  vertical.  An  additional  weight  of  1250  lbs.  is 
required  to  produce  the  samq  deflection  when  the  side  of  length  d  is  vertical. 
If  d=-2h  and  if  £?  =  1,200,000  lbs.,  find  the  sectional  area  of  the  beam  and 
the  maximum  skin  stress.  Ans.  72  sq.  ins.;   277J  Ibs./sq.  in. 

217.  A  timber  stringer  6"  XI 6"  rests  on  two  supports  20  ft.  apart  and 
carries  two  concentrated  loads  of  16,000  lbs.  each  at  a  distance  of  2  ft.  from 
each  support.  Find  the  greatest  intensity  of  shearing  stress  along  the  fibre 
of  the  timber. 

If  the  .ultimate  resistance  to  compression  is  8000  Ibs./sq.  in.  and  the  resist- 
ance to  shear  along  the  fibre  600  Ibs./sq.  in.,  indicate  the  probable  mode  of 
failure  as  the  load  is  increased.        Ans.  Intensity  of  shear  250  Ibs./sq.  in.     ^ 

218.  A  cast-iron  beam  has  a  cruciform  section  with  equal  ribs  2  ins.  thick 
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and  4  ins.  long.  If  the  intensity  of  longitudinal  shear  at  the  neutral  axis  is 
1  ton/sq.  in.,  find  the  total  shear  which  the  section  can  bear,  and  also  find 
the  moment  of  resistance,  the  least  coefficient  of  working  tensile  and  com- 
pressive stress  being  1  ton/sq.  in.  Ans.  59.31  tons;   34.4  tons. 

219.  A  cast-iron  beam  of  an  inverted  T  section  has  a  uniform  depth  of  20 
ins.  and  is  22  ft.  between  supports;  the  flange  is  12  ins.  wide  and  1.2  ins.  thick; 
the  web  is  1  in.  thick;  the  load  upon  the  beam  is  4500  Ibs./lin.  ft.;  E  = 
17,000,000  lbs.  Find  the  deflection  at  the  centre,  the  moment  of  resistance 
to  bending,  the  maximum  tensile  and  compressive  intensities  of  stress,  and 
the  position  of  the  neutral  axis.     Why  is  the  flange  placed  downwards? 

Ans.  .122  in.;    326,700  in.-lbs.;    1492  lbs.  and  3274  Ibs./sq.  in.; 

6.062  ins.  from  flange  surface. 

220.  The  section  of  a  beam  is  in  the  form  of  an  isosceles  triangle  with  its 
base  horizontal.  Show  that  the  moment  of  resistance  to  bending  of  the 
strongest  trapezoidal  beam  that  can  be  cut  from  it  is  very  nearly  -^fbd', 
b  being  the  width  of  the  base  and  d  the  depth  of  the  triangle. 

221.  Find  the  sectional  area  of  a  wrought-iron  beam  of  T  section  which 
may  be  substituted  for  the  cast-iron  beam  in  the  preceding  question,  the  depth 
being  the  same  and  the  coefficients  of  strength  per  square  inch  being  3  tons 
in  compression  and  5  tons  in  tension.  Why  should  the  flange  be  uppermost? 
What  should  the  total  sectional  area  be  if  the  flange  and  web  are  of  equal 
area?  Ans.  10.35  sq.  in. 

222.  A  cast-iron  beam  of  T  section,  with  a  1.62" X  1.62"  upper  flange  and 
a  5.67"  X  .57"  web,  rests  upon  supports  102  ins.  apart  and  carries  a  load  of 
8300  lbs.  at  the  middle  point.     Find  the  tensile  fibre  stress. 

Ans.  33,213  Ibs./sq.  in. 

223.  A  beam  of  15  ft.  span  carries  loads  of  2,  4,  1,  and  3  tons  at  dis- 
tances of  2,  5,  7,  and  11  ft.,  respectively,  from  the  left  support.  Determine 
the  deflection  graphically,  taking  7=242  and  J5?=  12,000  tons  per  sq.  in. 

Ans.  0.32  in. 

224.  Find  the  moment  of  resistance  of  the  section  (Fig.  547)  (a)  about 
the  axis  AA,  (6)  about  the  axis  BB,  each  passing  through  the 
centre  of  gravity  C  of  the  section,  the  allowable  extreme  fibre 
stress  being  16,000  Ibs./sq.  in.  The  section  consists  of  one 
19"  Xf"  cover,  tool5-in.X35-lb.  channels,  and  too  4"  Xj"  bars. 

Ans.    (a)     2,872,320    in.-lbs.;    (6) 
2,476,686  in.-lbs. 

225.  Fig.  648  shows  a  chord  section 
designed  for  a  560-ft.  double-track  span. 
The  unsupported  length  is  35  ft.  Find  (a)  the  moment 
of  resistance  about  a  vertical  axis;  (6)  the  deflection 
and  maximum  flbre  stress  due  to  its  own  weight.  The 
section  consists  of  one  48"  Xi"  cover,  four  top  angles 
each  4"X4"Xi",  eight  4:2"  XW'  web  plates  in  pairs,  and  four  bottom  angles 
each  7"X3i"Xif". 

Ans.  (a)  43,121,340  in.-lbs.;  (6)  fibre  stress  =512  Ibs./sq.  in.;  deflection 
=  ,014  in.,  E  being  30,000,000  Ibs./sq.  in. 
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226.  Taking  /(,  /c  as  the  tensile  and  compressive  intensities  of  stress,  find 
the  moment  of  resistance  to  bending  of  a  section  consisting  of  a  20i"  X  It" 
top  flange,  an  80i"X10<"  bottom  flange,  and  a  trapezoidal  web  At  ins.  thick 
at  the  top,  8i  ins.  thick  at  the  bottom,  and  120i  ins.  deep.  Also,  com- 
pare the  maximum  and  average  intensities  of  shear. 

Ans.  84,864/(i»  or  36,41 9/ci^- 

227.  A  cast-iron  channel-beam  having  a  web  12  ins.  wide  and  two  sides  7  ins. 
deep,  the  metal  being  everywhere  1  in.  thick,  crosses  a  span  of  14  ft.  If  the 
tensile  intensity  of  stress  is  1  ton/sq.  in.,  what  uniformly  distributed  load  will  the 
beam  carry  (a)  with  the  web  at  the  bottom;  (6)  with  the  web  at  the  top?  Find 
(c)  the  maximum  compressive  intensity  of  stress  to  which  the  metal  is  sub- 
jected, and  (d)  compare  the  maximum  and  average  intensities  of  shear.  Also, 
(e)  what  should  be  the  area  of  a  rectangular  section  to  bear  the  same  total 
shear?  Ans.  /  =  110J;  (a)  ffl  tons;  (b)  Mf  tons;  (e)  'AVsq.  ins. 

228.  A  trough-shaped  steel  beam  of  the  dimensions  shown  by  Fig.  549  has 
to    carry  a  uniformly  distributed   load    of   45  Ibs./cu.  ft.      If  the  length  of 
the  beam  between  the   supports  is  16  ft.,  find  to 
what  height  the  load   may   be   raised  so  that  the 
stress  developed  may  not  exceed  10,000  Ibs./sq.  in.     is-o-^^-o^^   ^,    ^o-?K"C^ 
— first,  assuming  both  ends  free;  second,  assuming 

both  ends  fixed.  Pi°-  ^49. 

229.  In  the  foUowng  cases  determine  the  position  of  the  neutral  axis, 
the  moment  of  resistance,  the  shearing  strength,  the  ratio  of  the  maixmum 
to  the  average  intensity  of  shear,  the  coefficients  of  strength  per  square  inch 
being  4^  tons  for  tension  and  compression  and  3i  tons  for  shear: 

(a)  A  rectangle  2  ins.  wide  and  6  ins.  deep. 

Ans.  At  centre;  54  in.-tons;  28  tons;  3  to  2. 

(6)  A  square  with  a  diagonal  vertical,  the  length  of  a  side  being  4  in.-tons. 
Ans.  At  centre;  24^2  in.-tons;  112  tons;  2  to  1. 

(c)  A  circular  section  4  ins.  in  diameter. 

Ans.  At  centre;  28.2  in.-tons_;  33  tons;  4  to  3. 

(d)  A  regular  hexagonal  section  with  a  diameter  (a)  vertical,  (b)  hori- 
zontal, a  being  a  side  of  the  hexagon. 

Ans.  (a)  At  centre;  ^a"^'  -^'^'^'  ^  to  5. 

45  ,    2625\/3"  ,    ,  _^„ 
(h)  At  centre;  -a';       g^g     a';  1.258. 

(e)  A  triangular  section  6  ins.  deep,  with  a  base  6  ins.  wide,  the  sides 
being  equal.  Ans.  4  ins.  from  vertex;  40.6  in.-tons;  42  tons;  3  to  2. 

(/)  A  double-tee  section  composed  of  a  30"  X|"  web  and  four  angle-irons 

1     [-//  w  o  1'/  v  -5." 

Ans.  At  centre;  1424.6  in.-tons;  34.534  tons;  3.1355  to  1. 
(g)  A  section  having  a  semicircular  top  flange  of  8  ins.  external  diameter 
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and  1  in.  thick,  a  web  14  ins.  deep  and  1  in.  thick,  and  a  bottom  flange  8  ins. 
wide  and  1  in.  thick.  Ans.  609.57  in.-tons;  44.27  tons;  .3833. 

(Ji)  A  section  having  a  semi-elliptic  top  flange  2  ins.  thick,  the  internal 
major  and  minor  axes  being  8  ins.  (horizontally)  and  4  ins.  (vertically),  respect- 
ively, a  bottom  flange  8  ins.  wide  and  2  ins.  thick,  and  a  web  10  ins.  deep 
and  2  ins.  thick.  Ans.  845  in.-tons;  73.26  tons;  34.23. 

(i)  A  section  having  a  semi-elliptic  top  flange  2  ins.  thick,  the  external 

major  and  minor  axes  being  10  ins.  (horium^ 

1^~'°"'~  y  ^_  N--— -"' -j     tally)  and  6  ins.  (vertically),  respectively,  a 

vy     v  ^k  /         trapezoidal  web  8  ins.  deep  having  a  width 

TT  T\         /  of  3  ins.  at  the  top  and  6  insi  at  the  bot- 

_j^_  ~1t\\  *°™'  ^^^  ^  bottom  semicircular  flange  of  10 

/    \'4  t      «ii  ins.  diameter. 

K— io--i; '^  Ans.  1141^  in.-tons;  12.6  tons;  .382. 

Fig   550  Fig   551  ^?^  The  sections  shown,  by  Figs.  550  and 

551.    What  is  the  ratio  of   the  maximum 
tensile  and  compressive  stresses  in  each  section? 

(k)  A  trapezoidal  section,  the  top  side,  bottom  side,  and  depth  h  (inches) 
being  in  the  ratio  of  1  to  2  to  4.  Ans.  ih  from  top  side;  Ac/i*  in.-tons. 

(t)  A  section  in  the  form  of  a  rhombus  of  depth  2c  and  with  a  horizontal 
diagonal  of  length  2b.  Ans.  |bc^;  \"-6c;  9  to  8. 

(m)  An  angle-iron  2"  X  2"  Xi". 

Ans.  Neutral  axis  divides  depth  into  segments  of  f  |  in.  and  |J  in.; 
iiU  in.-tons;  2.3  tons;  4107  to  1586. 
(n)  A  hollow  circular  section  of  external  radius  C  and  internal  radius  C. 
99  C*-C^*    33      C'-C*         iC'  +  CC'+C" 
"^"■^•28      C      '    iC'+CC'  +  C"'   3       C'  +  C"     • 

(a)  A  cruciform  section  made  up  of  a  flat  steel  bar  10  ins.  by  i  in.  and  four 
steel  angles,  each  4"X4"Xi",  all  riveted  together.  (Neglect  weakening 
effect  of  rivet-holes.)  Ans.  76.425  in.-tons;  29.43  tons;  2.208. 

230.  A  beam  of  triangular  section  12  ins.  deep  and  with  its  base  horizontal 
can  bear  a  total  shear  of  100  tons.  If  the  safe  maximum  intensity  of  shear 
is  4  tons/sq.  in.,  flnd  the  width  of  the  base.  Ans.  6i  ins. 

231.  In  a  rolled  beam  with  equal  flanges,  the  area  of  the  web  is  propor- 
tional to  the  nth  power  of  the  depth.  Find  the  most  economical  distribu- 
tion of  metal  between  the  flanges  and  web,  and  the  moment  of  resistance  to 
bending  of  the  section  thus  designed.  Also  find  the  ratio  of  the  average  to 
the  maximum  intensity  of  shear. 

Ans.   Area   of    each   flange:   web    area:  :2n  — 1:6;    moment    of   resistance 

1     n 
=K-       -.fAh,  f  being  the  coefficient  of  strength,  A  the  total  sectional  area, 

and  h  the  depth  of  the  web;   ratio  of  shears  = ^ . 

232.  Assuming  that  the  web  and  flanges  of  a  rolled  beam  are  rectangular 
in  section,  determine  the  ratio  of  the  maximum  to  the  average  intensity  of 
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shear  in  a  section  from  the  following  data:  the  total  depth  is  „■  times  the  breadth 

of  each  flange,  n  times  the  thickness  of  each  flange,  and  2n  times  the  thickness 

of  the  web.     Show  also  that  this  ratio  is  J//-  or  -V-,  according  as  the  area  of 

the  web  is  equal  to  the  joint  area  of  the  two  flanges  or  is  equal  to  the  area  of 

each  flange.     How  much  of  the  shearing  force  is  borne  by  the  web?    How 

much  by  the  flange?  ,  ^.       3(re'  +  12n-12)(n+6)    „„„     „^„ 

Ans.  ratio=^(^,^^3^,_3^^^^^;;  70%;  85%. 

233.  A  built-up  beam  is  composed  of  two  equal  flanges,  each  consisting 
of  a  6i"Xi"  plate  connected  to  a  24"  XV  web,  open  6  ins.  in  the  middle, 
by  means  of  four  equal  angle-irons,  each  3"X3"X^".  Determine  the  moment 
of  resistance,  the  maximum  shearing  strength,  the  ratio  of  the  maximum 
to  the  average  intensity  of  longitudinal  shear,  and  the  intensity  of  longitudinal 
shear  12  ins.  from  the  neutral  axis,  6  tons/sq.  in.  being  coefficient  of  strength. 

Ans.  1391i  in.-tons;  72  tons;  .452;  .16  ton/sq.  in. 

234.  Find  the  moment  of  resistance  to  bending,  the  resistance  to  shear, 
and  the  ratio  of  maximum  to  the  average  intensity  of  a  shear  in  the  case  of 
a  section  consisting  of  two  equal  flanges,  each  coniposed  of  a  pair  of  5"  X  3^"  X  |" 
angle-irons  riveted  to  a  31i"Xf"  web,  the  5-in.  sides  of  the  angles  being 
horizontal  and  4^  tons/sq.  in.  being  the  coefiicient  of  strength. 

Ans.  1501.06  in.-tons;  46.21  tons;  3.058. 
23s.  The  floor-beam  for  a  single-track  bridge  is  15  ft.  between  bearings, 
and  each  of  its  flanges  is  composed  of  a  pair  of  2|"X2f"Xi"  angle-irons 
riveted  to  a  30"Xf"  web.  The  uniformly  distributed  load  (including  weight 
of  beam)  upon  the  beam  is  4200  lbs.,  and  a  weight  of  1600  lbs.  is  concentrated 
at  each  of  the  rail-crossings,  2^  ft.  from  the  centre.  Find  (a)  the  maximum 
flange  stress,  (&)  the  ratio  of  the  maximum  and  average  intensities  of  shear; 
(c)  the  stiffness,  E  being  27,000,000  lbs. 

Ans.  (a)  1193.7  lbs.;  (6)  2.039;  (c)  .0000663. 

236.  A  lattice-girder  of  100  ft.  span  carries  80  tons  uniformly  distributed; 
the  girder  is  10  ft.  deep  and  the  safe  working  stress  is  4  tons/sq.  in.  If  the 
width  of  the  flange  must  be  20  ins.  to  carry  the  load  exclusive  of  the  weight 
of  the  girder,  what  must  be  the  width  of  the  flange  when  the  weight  of  the 
girder  is  taken  into  account?  ■^'"'^-  23  ms. 

237.  A  plate  girder  of  double-tee  section  and  of  80  ft.  span  is  8  ft.  deep 
and  carries  a  uniformly  distributed  load  of  80  tons.  If  the  width  of  the  flange 
must  be  12  ins.  to  carry  the  load  exclusive  of  the  weight  of  the  girder,  what 
must  the  width  be  when  this  weight  is  taken  into  account? 

238.  Design  the  central  section  of  a  plate  girder  of  45  ft.  span  and  5  ft. 
deep  to  carry  a  dead  load  of  500  Ibs./ft.  run,  a  live  load  of  3200  Ibs./ft.  run 
and  an  impact  load  of  2400  Ibs./ft.  run,  and  also  determine  the  lengths  of  the 

flange  plates. 

239.  A  tubular  girder  rests  upon  supports  36  ft.  apart.  At  6  ft.  from 
one  end  the  flanges  are  each  27  ins.  wide  and  2i  ins.  thick,  the  net  area  of  the 
tension  flange  being  60  ins.,  while  the  web  consists  of  two  ^-in.  plates,  36  ins. 
deep  and  18  ins.  apart.     Neglecting  the  effect  of  the  angle-irong  uniting  the 
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web  plates  to  the  flanges,  determine  the  moment  of  resistance.  The  girder 
has  to  carry  a  uniformly  distributed  dead  load  of  56  tons,  a  uniformly  dis- 
tributed live  load  of  54  tons,  and  a  local  load  at  the  given  section  of  100  tons. 
What  are  the  corresponding  flange  stresses  per  square  inch?  How  many 
J-in.  rivets  are  required  at  a  given  section  to  unite  the  angle-irons  to  the 
flanges?. 

Ans.  238.13 X coefficient  of  strength;  3.3186  tons;  3.896  tons;  six,  fa  being 
4  tons/sq.  in. 

240.  A  beam  of  rectangular  section,  of  breadth  h  and  depth  d,  is  acted 
upon  by  a  couple  in  a  plane  inclined  at  45°  to  the  axis  of  the  section.  Com- 
pare the  moment  of  resistance  to  bending  with  that  about  either  axis. 

feV2"    d'V'2 
^"'-  b+d'  T+J- 

241.  If  the  plane  of  bending  does  not  coincide  with  the  plane  of  symmetry 
of  a  beam,  show  that  the  neutral  axis  is  parallel  to  a  line  joining  the  centres 
of  two  circles  into  which  the  beam  would  be  bent  by  two  component  couples 
whose  axes  are  the  principal  axes  of  inertia  of  the  section,  each  couple  being 
supposed  to  act  alone. 

242.  If  a  spiral  spring  is  fastened  to  the  barrel  so  that  there  is  no  change 
of  direction  relatively  to  the  barrel,  show  that  the  tendency  to  unwind  is  directly 
proportional  to  the  amount  of  winding  up.     (Condition  of  perfect  isochronism.) 

243.  A  metal  beam  is  subjected  to  the  action  of  a  bending  moment  steadily 
applied  beyond  the  elastic  limit.  Assuming  that  the  metal  acts  as  if  it  were 
perfectly  plastic,  i.e.,  so  that  the  stress  throughout  a  transverse  section  is 
uniform,  compare  the  moment  of  resistance  to  bending  of  a  section  of  the 
beam  with  the  moment  on  the  assumption  that  the  metal  continued  to  fulfil 
the  ordinary  laws  of  elasticity,  (o)  the  section  being  a  rectangle;  (6)  the  sec- 
tion being  a  circle. 

244.  The  neutral  axis  of  a  symmetrically  loaded  girder  whose  moment 
of  inertia  is  constant  assumes  the  form  of  an  elliptic  or  circular  arc.  Show 
that  the  bending  moment  at  any  point  of  the  deflected  girder  is  inversely 
proportional  to  the  cube  of  the  vertical  distance  between  the  point  and  the 
centre  of  the  ellipse  or  circle. 

245.  The  flange  of  a  girder  consists  of  a  pair  of  angle-irons  and  of  a  plate 
which  extends  over  the  middle  portion  of  the  girder  for  a  certain  required 
distance.  Show  that  the  greatest  economy  of  material  is  secured  when  the 
length  of  the  plate  is  two  thirds  of  the  span  and  the  sectional  areas  of  the 
plate  and  angle-irons  are  as  4  to  5,  the  girder  being  uniformly  loaded. 

246.  The  flange  of  a  uniformly  loaded  girder  is  to  consist  of  two  plates, 
each  of  which  extends  over  the  middle  portion  of  the  girder  for  a  certain  re- 
quired distance,  and  of  a  pair  of  angle-irons.  Show  that  the  greatest  economy 
of  material  is  realized  when  the  lengths  of  the  plates  and  angle-irons  are  in 
the  ratio  of  12:18:23,  and  when  the  areas  of  the  plates  are  in  the  ratio  of  4:5. 
What  should  be  the  relative  lengths  of  the  plates  if  they  are  of  equal  area? 

Ans.  l:V2:|(.v^+l). 
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247.  Determine  the  moment  of  resistance  to  bending  of  a  section  of  a 
beam  in  which  the  top  flange  is  composed  of  two  340-mm.  X  12-mm.  plates 
and  one  340-mm.  X  10-mm.  plate,  and  the  bottom  flange  of  one  340-mm.  X 
10-mm.  plate  and  one  340-mm.  X  8-mm.  plate,  the  flanges  being  riveted  to  a 
1.4-ni.X7-mm.  web  plate  by  means  of  four  100-mm. X100-mm.X8-mm.  angle- 
irons.  The  coefficient  of  strength  =6  k./mm.^  What  will  the  moment  of 
resistance  be  if  three  400-mm.  X15-mm.  plates  are  substituted  for  the  top 
flange  and  one  400-mm.  XI 5-min.  plate  is  substituted  for  the  bottom  flange? 

Ans.  84.408  k.m.;  95.478  k.m. 

248.  Floor-beams  4.4  m.  between  bearings  and  spaced  2.548  m.  centre 
to  centre  have  a  section  composed  of  two  equal  flanges,  each  consisting  of  two 
85-mm.X85-mm.X  12-mm.  angle-irons  riveted  to  a  490-mm.  X  7-mm.  web. 
A  weight  of  150  k.  (due  to  longitudinals)  and  a  weight  of  150  k.  (due  to  rails, 
etc.),  i.e.,  300  k.  in  all,  are  concentrated  at  the  rail-crossings,  and  the  ties 
have  also  to  carry  a  uniformly  distributed  load  of  400  k.  due  to  weight  of 
floor-beam,  4000  k.  due  to  weight  of  platform,  and  4000  k./sq.  m.  of  platform 
due  to  proo/-load.  Find  the  moment  of  resistance  to  bending  and  the  maxi- 
mum flange  intensities  of  stress.  Ans.  /  =.000438584615. 

249.  Each  of  the  flanges  of  a  girder  ig  a  350-mm.X  10-mm.  plate  and  is 
riveted  to  a  1.8-m.  X8-mm.  web  by  means  of  two  100-mm.  X  100-mm.  X 
12-mm.  angle-irons.  Determine  the  moment  of  resistance  to  bending,  the  coeffi- 
cient of  strength  being  6  k./sq.  mm.,  (a)  disregarding  the  weakening  effect 
of  riveting;  (b)  assuming  that  the  flange  plates  are  riveted  to  the  angles  by 
2,0-mm.  rivets.  Ans.  (a)  108.66104  k.m.;  (6)  100.8933. 

250.  The  cross-tie  for  a  single-track  bridge  is  4.1  m.  between  bearings, 
the  gauge  of  the  rails  being  1.51  m.;  each  of  the  flanges  is  composed  of  a 
148-mm.  X  8-mm.  plate  riveted  to  a  550-mm.  X  8-mm.  web  by  means  of  two 
70-mm.X70-mm.X9-mm.  angle-irons;  a  load  of  296  k.  (weight  of  rails,  etc.) 
is  concentrated  at  each  rail-crossing.  What  uniformly  distributed  load  will 
the  tie  safely  bear,  the  metal's  coefficient  of  strength  being  6  k./sq.  mm.? 
The  load  actually  distributed  over  the  tie  is  19,782  k.  Find  the  maximum 
intensity  of  stress.  Ans.  24,162  k.;  4.94  k./sq.  mm. 

251.  Design  a  longitudinal  of  .45  m.  depth  which  is  to  be  supported  at 
intervals  of  3.3  m.  and  to  carry  at  its  middle  point  a  weight  of  7000  k.,  the 
coefficient  of  strength  being  5  k./sq.  mm. 

Ans.  7=259.875,  and  the  7  of  a  section  with  two  equal  flanges,  each  com- 
posed of  two  70-mm.X70-mm.X9-mm.  angle-irons  riveted  to  a  450-mm.  X  8-mm. 

web  is  259.536. 

252.  A  longitudinal  2.548  m.  between  bearings  consists  of  two  equal  flanges, 
each  composed  of  two  70-mm.  X  70-mm.  X  9-mm.  angle-irons  riveted  to  a 
350-mm.X  7-mm.  web  plate.  Find  the  flange  intensity  of  stress  under  a 
maximum  load  of  7000  k.  at  the  centre. 

Ans.  7  =  .000139284508;  stress  =5.6  k./mm.^ 

253.  A  cross-tie  resting  upon  supports  at  the  ends  and  2.26  m.  between 
bearings  is  composed  of  two  equal  flanges,  consisting  of  two  70-mm.  X  70-mm. 
X  9-mm.  angle-irons  riveted  at  the  top  to  a  450-mm.  X  7-mm.  web  plate,  and 
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at  the  bottom  to  a  300-mm.  X  7-mm.  web  plate,  the  interval  between  the 
web  plates,  which  is  open,  being  2.55  m.;  the  tie  is  designed  to  carry 
a  uniformly  distributed  load  of  676  k. /lineal  metre  of  its  length,  and 
also  a  load  of  11,644.8  k.  at  each  of  the  points  distant  .375  m.  from  the 
bearing.  Find  the  position  of  the  neutral  axis  and  the  maximum  flange 
stresses. 

Ans.  1.516  m.  from  top  flange;  /  =  .023194564198;  maximum  B.M. 
=4815.8161  k.m.;  maximum  tensile  stress  =.37  k./mm.';  maximum  com- 
pressive stress  =  .314  k./mm.^ 

254.  Find  the  maximum  concentrated  load  on  a  cross-tie  for  a  single  track 
due  to  a  six-wheel  locomotive,  the  wheels  being  2.3  m.  centre  to  centre,  the 
ties  being  3.2  m.  centre  to  centre  and  the  weight  on  each  wheel  being  7000  k. 

Ans.  10,937.5k. 

255.  The  floor-beams  for  a  double-track  bridge  are  8.3  m.  between  bearings 
and  are  spaced  2.58  m.  centre  to  centre.  The  distance,  centre  to  centre, 
between  track  rails  is  1.5  m.,  and  between  inside  rails  is  2  m.;  the  tie  has 
equal  flanges,  each  consisting  of  two  90-mm.  X  90-mm.  X  9-mm.  angle-irons 
riveted  to  a  900-mm. X 7-mm.  web;  the  maximum  live  load  upon  the  tie  is 
that  due  to  a  weight  of  3000  k.  upon  each  of  the  six  wheels  of  two  locomotives, 
the  wheels  being  2.4  m.  centre  to  centre.  If  the  coefficient  of  working  strength 
is  5i  k./sq.  mm.,  what  uniformly  distributed  load  will  the  tie  carry? 

Ans.  3730  k. 

256.  Determine  the  safe  value  of  the  moment  of  inertia  (/)  of  a  cross- 
tie  for  a  double-track  bridge,  the  length  of  the  tie  between  bearings  being 
7.624  m.,  its  depth  .6  m.  the  gauge  of  the  rails  1.5  m.,  the  distance  between 
inside  rails  2  m.  The  uniformly  distributed  load  upon  a  tie  consists  of  850 
k./sq.  m.  due  to  platform,  etc.,  and  of  1800  k.  due  to  weight  of  tie;  the  ties 
are  3.584  m.  centre  to  centre,  the  live  load  is  that  due  to  a  weight  of  7000  k. 
upon  each  of  the  centre  wheels  of  a  six-wheel  locomotive  and  a  weight  of 
6000  k.  upon  each  of  the  front  and  rear  wheels,  the  wheels  be'ing  2.4  m.  centre 
to  centre;  the  safe  coefficient  of  strength  =6  k./sq.  mm. 

/  Ans.  7,179,104,318. 

257.  The  cross-ties  of  a  single-track  bridge  consist  of  two  equal  flanges, 
each  composed  of  two  70-mm.  X70-mm.X9-mm.  angle-irons  riveted  to  a 
650-mm. X 7-mm.  web;  the  ties  are  4.1  m.  long,  and  each  carries  19,146  k. 
(viz.,  384  k.  for  ties,  2762  k.  for  platform,  and  16,000  k.  for  proof  load)  uni- 
formly distributed  and  635  k.  (due  to  longitudinals,  rails,  etc.)  concentrated 
at  each  rail-crossing,  i.e.,  at  755  mm.  from  the  middle  point.  Assuming  that 
the  cross-ties  are  merely  supported  at  the  ends,  find  the  maximum  intensity 
of  stress. 

Ans.  5.7552  k./mm.';  -  =  .0018423.      The  fixture  of   the  ends  approxi- 
c 

mately  doubles  the  strength. 

258.  The  longitudinals  of  the  bridge  in  the  last  example  consist  of  two 
pairs  of  70-mm.  X  70-mm.  X 9-mm.  angle-irons  riveted  to  a  4-m.X7-mm.  web; 
the  cross-ties  are  3.2  m.  centre  to  centre.  Determine  the  maximum  intensity 
of  stress  due  to  a  load  of  7000  k.  concentrated  on  the  longitudinal  half-way 
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between  the   cross-ties,  assuming  that  it  is  an  independent  girder.    What 
would  the  stress  be  if  the  ties  were  3  m.  centre  to  centre? 

/ 
Ans.  -  =  .00095458;  5.866  k. /mm.';  5.4994  k. /mm. ^ 

259.  The  section  for  the  Estressol  bridge  cross-ties  is  the  same  as  that 
for  the  Grande  Baise  (Ex.  257)  bridge  ties;  the  load  at  each  rail-crossing  is 
335  k.,  and  the  uniformly  distributed  load  is  18,062  k.  Find  the  maximum 
intensity  of  stress  in  the  flanges,  assuming  that  the  ties  are  merely  supported 
at  the  ends.  Aras.  5.26  k./mm.'. 

260.  The  area  of  the  compression  flange  of  a  cast-iron  beam  is  17  sq.  ins.; 
the  thicloiess  of  the  web  is  a  certain  fraction  of  the  depth;  the  unit  stresses 
are  in  the  ratio  of  2  to  5.  Find  the  areas  of  web  and  tension. flange  which 
will  give  a  section  of  maximum  strength.  Ans.  12  sq.  ins.;  3.2  sq.  ins. 

261.  Determine  suitable  dimensions  for  a  cast-iron  beam  20  ins.  deep 
at  a  section  subjected  to  a  bending  moment  of  1200  in.-tons,  the  coefficients 
of  strength  per  square  inch  being  2  tons  for  tension  and  8  tons  for  compression. 
Take  thickness  of  web=jV  in. 

Ans.  Sectional  area  of  tension  flange  =36  sq.  ins.;  of  compression  flange. 
=2|-  sq.  ins. 

262.  In  a  cast-iron  beam  the  area  of  the  web  is  one  half  the  area  of  the 
tension  flange,  the  depth  of  the  beam  is  9  ins.,  and  the  unit  stresses  are  2  tons 
per  square  inch  in  tension  and  4  tons  per  square  inch  in  compression.  The 
maximum  moment  of  resistance  is  162  in.-tons.  Find  (o)  the  flange  and  web 
areas,  (6)  the  length  of  the  beam  so  that  its  stiffness  might  not  exceed  .001, 
(c)  the  net  weight  of  the  beam,  and  (d)  the  work  of  flexure,  E  being  7500 
tons. 

Ans.  (a)  9,  3|,  and  4i  sq.  ins.;   (b)  9  ft.;   (c)  11.775  tons;  .020736  in.-tons. 

263.  A  cast-iron  girder  of  20  ft.  span  has  a  top  flange  of  4"XH",  a  bottom 
flange  of  12"Xli",  and  a  web  of  16"Xli".  Find  the  position  of  the  neutral 
axis.  If  the  maximum  tensile  stress  is  2000  Ibs./sq.  in.,  find  the  uniformljr 
distributed  load  which  the  girder  may  carry  and  the  maximum  compressive 
stress. 

264.  A  cast-iron  girder  with  a  4"  XI''  upper  flange,  a  25'' XI''  lower  flange, 
and  a  20" XI"  web  must  not  carry  a  greater  load  than  will  develope  tensile 
and  compressive  stresses  of  2000  and  5000  lbs  /sq.  in.  respectively.  Deter- 
mine the  moment  of  resistance  of  the  section.  Ans.  2,158,369  in. -lbs. 

265.  A  oast-iron  girder  of  25  ft.  span  has  a  bottom  flange  of  36  sq,  ins. 
sectional  area.  Find  the  most  economic  arrangement  of  material  for  the 
web  and  top  flange  which  will  enable  the  beam  to  carry  a  load  of  18,900  lbs. 
at  10  ft.  from  one  end,  the  tensile  and  compressive  working  strengths  being; 
2000  and  5000  Ibs./sq.  in.  respectively.  Assume  that  the  thickness  of  the 
web  is  a  fraction  of  its  depth. 

Ans.  Depth  =21 J  ins.;  area  of  web  =28.8  sq.  ins.;  area  of  top  flange 
=5.76  sq.  ins.    . 

266.  A  double-flanged  cast-iron  girder  has  a  sectional  area  of  x  sq.  ins.; 
the  web  is  1  in.  thick  and  21  ins.  deep;  the  moment  of  resistance  of  the  section 
is  100,950  ft. -lbs.;   the  coefficients  of  strength  are  2100  Ibs./sq.  in.  in  tension 
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and  5250  lbs.  in  compression.     Find  x,  the  position  of  the  neutral  axis,  and 
the  areas  of  the  two  flanges.  Ans.  a,  =2Qt^  sq.  ins. ;  a,  =5if  sq.  ins. 

267.  Find  the  safe  distributed  load  for  a  cast-iron  beam  of  the  following 
dimensions:  Top  flange,  3"X1";  bottom  flange,  8"Xl5";  web,  1.25  ins. 
thick;  total  depth,  10  ins.;  with  (a)  the  bottom  flange  in  tension,  (b)  when 
inverted;  span,  12  ft.;  skin  stress,  3000  Ibs./sq.  in.  Also  find  the  safe  central 
loads  for  a  stress  of  3000  Ibs./sq.  in.,  including  the  stress  due  to  the  weight 
of  the  beam.    The  beam  is  of  constant  cross-section. 

Ans.  (a)  5.7  and  2.65  tons;   (6)  3.2  and  1.4  tons. 

268.  Determine  the  thickness  of  the  metal  in  a  cast-iron  beam  of  12  ft. 
span  and  8  ins.  deep  which  has  to  carry  a  uniformly  distributed  load  of  4000 
lbs.,  the  section  being  (a)  a  hollow  square;  (b)  a  circular  annulus.  The  coeffi- 
cient of  working  strength  =3000  Ibs./sq.  in.  Also  find  the  limiting  safe  span 
of  the  beam  under  its  own  weight. 

Ans.  Neglecting  weight  of  beam,  (o)  .317  in.;  (6)  .3538  in.  Taking  weight 
of  beam  into  account,  (o)  .599  in.;  (b)  .727  in.  Limiting  span  =39.527  ft.  in 
(a)  and  =32.69  ft;  in  (6). 

269.  The  effective  length  and  depth  of  a  cast-iron  girder  which  failed 
under  a  load  of  18  tons  at  the  centre  were  57  ins.  and  5J  ins.  respectively;  the 
top  flange  was  2.33  ins.  by  .31  in.,  the  bottom  flange  6.67  ins.  by  66  ins.,  and 
the  web  was  .266  in.  thick.  Assuming  that  the  ordinary  theory  of  flexure 
held  good,  what  were  the  maximum  intensities  of  stress  in  the  flanges  at  the 
point  of  rupture?  Ans.  ft  =12.36  tons/sq.  in.;  /c=44.9  tons/sq.  in. 

270.  A  double-flanged  cast-iron  girder  14  ins.  deep  and  20  ft.  between 
supports  carries  a  uniformly  distributed  load  of  20  tons.  Find  suitable  dimen- 
sions for  the  section,  the  tensile  and  compressive  inch-stresses  being  2  tons 
and  5  tons  respectively.  Also  find  the  stiffness  of  the -beam,  E  being  8000 
tons. 

Ans.  Let  thickness  of  web  =1  in.;  ai=22f|  sq.  ins.;  02=4^^  sq.  ins.;  stiff- 
ness =.001875. 

271.  A  cast-iron  beam  with  a  30"X1"  web  is  subjected  to  a  bending 
moment  of  2400  in.-tons,  the  coefficient  of  strength  being  2  tons  in  tension 
and  8  tons  in  compression.  Find  the  position  of  the  neutral  axis  and  the 
areas  of  the  tension  and  compression  flanges. 

Ans.  6  ins.  from  foot  of  web;  IJ  sq.  ins.,  50  sq.  ins. 

272.  The  central  section  of  a  cast-iron  girder  is  lOi  ins.  deep;  its  web  area 
is  five  times  the  area  of  the  top  flange,  and  the  moment  of  resistance  of  the 
section  is  360,000  in.-lbs.;  the  tensile  and  compressive  intensities  of  stress 
are  3000  and  7500  Ibs./sq.  in.  respectively.  Find  the  span  and  load  so 
that  the  girder  may  have  a  stiffness  =  .001 ,  B  being  17,000,000  lbs. 

Ans.  Oi  =  12if  sq.  ins.;  a^^lH  sq.  ins.;  a3-l-a4=9||  sq.  ins.;  span =136 
Ins.;    uniformly  distributed  load=21,176T^  lbs. 

273.  Determine  suitable  dimensions  for  a  cast-iron  girder  of  20  ft.  span 
and  24  ins.  deep,  carrying  a  load  of  30,000  lbs.  at  the  centre,  the  coefficients 
of  working  strength  in  tension  and  compression  being  respectively  2000  and 
5000  Ibs./sq.  in.  Ans.  a^  =^F  sq.  ins. ;  A'  =^^  sq.  ins. ;  flj  =-V-  sq.  ins. 

274.  The  dimensions  of  the  section  of  a  cast-iron  girder  are  the  following: 
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Top  flange,  6"X2";  bottom  flange,  12"X3";  web,  16"X2".     Determine  the 
position  of  the  neutral  axis  and  the  moment  of  resistance,  the  maximum 

tensile  and,  compressive  stresses  being  2  tons  and  6  tons  respectively. 

./ 

275.  Determine  the  dimensions  of  a  cast-iron  beam  at  a  section  whose 
moment  of  resistance  is  800  in.-tons  and  whose  depth  is  18  ins.,  taking 
2  tons/sq.  in.  as  the  maximum  tensile  intensity  of  stress. 

Ans.  a,  =%-  sq.  ins.;  A' =^r  sq.  ins.;  02=!?  sq.  ins. 

276.  A  4"X4"Xi"  inverted  T  section  is  used  as  a  beam  for  a  span  of 
12  ft.,  the  uniformly  distributed  load  on  the  flange  being  0.6  ton.  Find  the 
maximum  tensile  and  compressive  skin  stresses. 

Ans.  4|  tons  (comp.),  1|-  tons  (tens.). 

277.  A  sample  cast-iron  girder  for  the  Waterloo  Corn  Warehouses,  layer- 
pool,  20  ft.  7i  ins.  in  length  and  21  ins.  in  depth  (total)  at  the  centre,  was  placed 
upon  supports  18  ft.  1 J  ins.  apart,  and  tested  under  a  uniformly  distributed 
load.  The  top  flange  was  5"Xli",  the  bottom  flange  was  18"X2",  and  the 
web  was  l^ins.  thick.  The  girder  deflected  .15  in.,  .2  in.,  .25  in.,  and  .28  in. 
under  loads  (including  weight  of  girder)  of  63,763  lbs.,  88,571  lbs.,  107,468  lbs., 
and  119,746  lbs.,  respectively,  and  broke  during  a  sharp  frost  under  a  load 
of  390,282  lbs.  Find  the  mean  coefficient  of  elasticity  and  the  central  flange 
stresses  at  the  moment  of  rupture. 

Ans.  7=3309.122;  jE?  =  17,279,567  lbs.;  20,121  lbs.,  47,168  lbs. 

278.  The  effective  length  and  central  depth  of  a  cast-iron  girder  resting 
upon  two  supports  were  respectively  11  ft.  7  ins.  and  10  ins.;  the  bottom  flange 
was  10  ins.  wide  and  l-J-  ins.  thick ;  the  top  flange  was  2i-ins.  wide  and  I  in.  thick; 
the  thickness  of  the  web  was  |  in.  The  girder  was  tested  by  being  loaded  at 
points  3|  ft.  from  each  end,  and  failed  when  the  load  at  each  point  was  17^ 
tons.  What  were  the  total  central  flange  stresses  at  the  moment  of  rupture? 
What  was  the  central  deflection  when  the  load  at  each  point  was  7^  tons? 
(£=18,000,000  lbs.,  and  the  weight  of  the  girder  =3368  lbs.) 

Ans.  164,747.4  lbs.;  .353  in. 

279.  The  dimensions  of  the  section  of  a  cast-iron  girder  are  the  following: 
Top  flange,  4"Xli";  bottom  flange,  12"x'l}";  web,  16"XU".  Determine 
the  position  of  the  neutral  axis  and  calculate  the  moment  of  inertia  of  the 
section.  Find,  also,  the  moment  of  resistance,  the  greatest  permissible  ten- 
sile and  compressive  stresses  being  2^  and  7^  tons/sq.  in.  respectively.  If 
the  girder  is  20  ft.  long,  and  is  supoprted  at  its  two  ends,  find  also  the  greatest 
safe  load  which  it  will  carry  when  uniformly  distributed  along  its  length. 

Ans.  7i  ins.  from  top;  2280J  in.-units;  800  in.-tons;  26f  tons. 

280.  A  continuous  beam  of  four  equal  spans  carries  a  uniformly  distributed 
load  of  w  intensity  per  unit  of  length.  The  second  support  is  depressed  a 
certain  distance  d  below  the  horizontal,  and  the  reaction  at  the  second  sup- 
port is  twice  that  at  the  first.  Show  that  the  reactions  at  the  first,  second, 
third,  fourth,  and  fifth  supports  are  in  the  ratio  of  the  numbers  15,  30,  36, 
34,  and  13;   find  d.    With  this  same  value  of  d  find  the  reactions  when  one 

end  is  fixed. 

1  wl*                                                                                 1 
Ans.  d=^Yr    244toZ,  285rwl,  457iwl,  407rw,  158irwl,  where 388. 
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281.  A  continuous  girder  of  three  spans,  the  side  spans  being  equal,  carries 
a  uniformly  distributed  load  of  intensity  w.  Find  the  error  in  the  B.M.  at 
the  intermediate  support,  if  an  error  J  is  made  in  the  length  (a)  of  the  centre 
span,  (6)  of  a  side  span.  If  the  three  spans  are  each  of  length  I,  show  that 
this  error  is  .09wM  in  the  first  case  and  .llwM  in  the  second  case. 

282.  A  wrought-iron  girder  of  I  section,  2  ft.  deep,  with  flanges  of  equal 
area  and  having  their  joint  area  equal  to  that  of  the  web,  viz.,  48  sq.  ins., 
carries  J  ton  per  lineal  foot,  is  100  ft.  long,  consists  of  five  equal  spans,  and 
is  continuous  over  six  supports.  Find  the  reactions  when  the  third  support 
is  lowered  i  in.  How  much  must  this  support  be  lowered  so  that  the  reaction 
may  be  nil  at  (a)  the  first  support,  (b)  the  third;  (c)  the  fifth?  How  much 
must  the  support  be  raised  so  that  the  reaction  may  be  nil  at  (d)  the  second, 
(e)  the  fourth,  and  (/)  the  sixth  support?     (S  =16,500  tons.) 

Ans.  iJi-2||;  R,  =  15H;  R,=St%;  i24  =  14H;  «5=9A;  ^6=4^  tons,  (a) 
IJins.;  (b)   iHin.;  (c)  2^4  ins.;    (d)   l^Vfins.;  (e)  l^ins.;  (/)  6i  ins. 

283.  Each  of  the  main  girders  of  the  Torksey  bridge  is  continuous  and 
consists  of  two  equal  spans,  each  130  ft.  long.  The  girders  are  double-webbed; 
the  thickness  of  each  web  plate  is  i  in.  at  the  centre  and  f  in.  at  the  abut-, 
ments  and  centre  pier;  the  total  depth  of  the  girders  is  10  ft.,  and  the  depth  from 
centre  to  centre  of  the  flanges  is  9  ft.  4f  ins.  Find  (a)  the  reactions  at  the 
supports,  and  also  (6)  the  points  of  inflection,  when  200  tons  of  live  load  cover 
one  span,  the  total  dead  load  upon  each  span  being  180  tons  uniformly  dis- 
tributed. The  top  flange  is  cellular;  its  gross  sectional  area  at  the  centre 
of  each  span  is  51  sq.  ins.,  and  the  corresponding  net  sectional  area  of  the  bottom 
flange  is  55  sq.  ins.  Determine  (c)  the  flange  stresses  in  tons  per  square  inch,  and 
id)  the  position  of  the  neutral  axis.  (7=372,500.)  Also  (e)  determine  the 
reactions  when,  first,  B  and,  second,  C  are  lowered  1  in.  (E  =16,900  tons, 
and  depth  of  top  flange  =11.818  ins.) 

Ans.  (a)  155,  350  and  55  tons;  (b)  106rV  and  79^  ft.  from  end  supports; 
(c)  6.7  and  7.3  in  loaded  span,  1.13  and  1.22  in  unloaded  span;  (d)  58.3 
ins.  from  centre  line  of  top  flange;  (e),  first,  155.415,  349.17,  and  55.415 
tons;  second,  154.793,  305.414,  54.793  tons. 

284.  A  continuous  girder  ABODE  of  four  spans,  each  of  length  I,  rests 
upon  supports  a,t  A,  B,  C,  D,  and  E,  and  carries  a  uniformly  distributed  load 
of  intensity  w.  By  how  much  must  the  supports  at  B,  C,  and  D  be  lowered, 
so  that  the  reactions  at  the  five  supports  may  be  equal? 

^^-  40jB7  '  5EI'  40B/" 

285.  A  continuous  girder  of  two  spans  of  60  ft.  and  90  ft.  respectively  is 
loaded  with  a  uniformly  distributed  load  of  2  tons  per  foot-run.  Determine  the 
reactions  at  the  piers  and  the  B.M.  over  the  centre  support  (a)  when  the  ends 
rest  upon  the  supports;  (6)  when  the  end  of  the  short  span  is  flxed  horizon- 
taUy. 

Ans.  (o)  33i,  193f,  and  72i  tons;  1575  ft.-tons. 

(6)  36i,  190|f,  and  72i  tons;   -125  and  -1550  ft.-tons. 
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286.  A  rolled  steel  joist,  40  ft.  in  length,  depth  10  ins.,  breadth  5  ins.,  thick- 
ness throughout  i  in.,  is  continuous  over  three  supports,  forming  two  spans 
of  20  ft.  each.  What  uniformly  distributed  load  would  produce  a  maximum 
stress  of  5i  tons/sq.  in.?  Sketch  the  diagrams  of  bending  moments  and 
shear  force.       _  Ans.  ISA  tons. 

287.  A  continuous  girder  of  three  spans  carries  a  load  of  1  ton  per  lineal  foot. 
The  two  side  spans  are  28  and  84  ft.  in  length,  and  the  intermediate  span 
is  56  ft.  in  length.  Find  the  reactions  and  the  B.M.'s  at  the  supports  (o) 
when  the  two  ends  rests  upon  supports;  (6)  when  the  end  of  the  28-ft.  span 
is  fixed  to  the  support. 

Ans.  (a)  Reactions,  12^1^,  32jV,  89||,  and  33i|  tons;  B.M.'s,  -45 
and  -677ft.-tons. 
(6)  Reactions,   It'r,  lOOf^,  -S/t,  69;^^  tons;    B.M.'s,  +53fT, 
-3021  J,  and  -625ff  ft.-tons. 

288.  A  continuous  girder  fixed  at  one  end  has  three  equal  spans  each  of 
104  ft.  Determine  the  B.M.'s  and  reactions  at  the  supports  when  a  load  of 
104  tons  is  uniformly  distributed,  (a)  on  the  span  next  the  fixture;  (6)  on  the 
middle  span;  (c)  on  the  remaining  span.  Hence  deduce  (d)  the  correspond- 
ing results  when  the  whole  girder  carries  a  uniformly  distributed  load  of  1  ton 
per  lineal  foot. 

Ans.  B.M.'s,  (a)    -1144,    -416,   +104  ft.-tons;    (6)    +312,  -624,    -520 
ft.-tons;  (c)  -104,  +208,  -728  ft.-tons;   (d)  -936,  -832,  -1144 
ft.-tons. 
Reactions,  (a)  59,  1,  -6,  50  tons;  (b)   -9,  +62,  -5,  +56  tons;  (c)  3, 
-12,  +68,  +45  tons;   (d)  53,  100,  118,  41  tons. 

289.  A  continuous  girder  180  ft.  long  consists  of  two  spans  of  100  ft.  and 
of  80  ft.  The  smaller  span  carries  a  uniformly  distributed  load  of  80  tons. 
Find  the  force  required  to  hold  the  outer  end  of  the  unloaded  span  upon  its 
support,  and  also  determine  the  remaining  reactions  and  the  B.M.  at  the 
intermediate  pier. 

Ans.  Required  force  =3f  tons;  35|  tons,  48  tons;  355|  in.-tons. 

290.  A  continuous  girder  of  three  spans,  the  outside  spans  being  equal, 
is  uniformly  loaded.  What  must  be  the  ratio  of  the  lengths  of  the  centre 
and  a  side  span  so  that  the  neutral  axis  may  be  horizontal  over  the  intermediate 
supports?  What  should  the  ratio  be  if  the  centre  span  is  hinged  (o)  at  the 
centre;  (6)  at  the  points  of  trisection?     Ans.  \^ :  \/2;  (a)  1 : 1 ;  (6)  3  :  2 V2". 

291.  A  girder  carrying  a  uniformly  distributed  load  is  continuous  over 
four  supports,  and  consists  of  a  centre  span  (l^)  and  two  equal  side  spans  (I,). 
Find  the  ratio  of  li  to  Zj,  so  that  the  neutral  axis  at  the  intermediate  supports 
may  be  horizontal.  Also  find  the  value  of  the  ratio  when  a  hinge  is  intro- 
duced (a)  at  the  middle  point  of  the  centre  span;  (6)  at  the  points  of  tri- 
section of  the  centre  span;  (c)  at  the  middle  points  of  the  half  lengths  of  the 
centre  span.  ,        Zi^_2     l^^l     Z^^^S     Z^_3 

h'    3'  I,'     1'  I,'     9'   Z,^~4- 

292.  A  continuous  girder  ABCD  is  fixed  at  A,  rests  upon  supports  at  B, 
C,  and  D,  and  carries  a  uniformly  distributed  load.  If  the  reactions  at  A, 
B,  C,  D  are  equal  show  that  the  ratio  of  the  length  of  CD  to  AB  must   be 
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greater  than  unity  and  less  than  t    Also,  if  CD  is  equal  to  five  fourths  of 
AB,  show  that  AB:BC:CD:  :4:7:5. 

293.  A  girder  consists  of  two  spans  AB,  BC,  each  of  length  I,  and  is  con- 
tinuous over  a  centre  pier  B.  A  uniform  load  of  length  2a(<l)  and  of  in- 
tensity w  travels  over  AB.  Find  the  reactions  at  the  supports  for  any  given 
position  of  the  load,  and  show  that  the  bending  moment  at  the  centre  pier 

is  a  maximum  and  equal  to  ■ — y=  ( 1  —  -77  j  when  the  centre  of  the  load  is  at 

at  distance  ( — - — )    from  A. 

294.  Show  that  a  uniformly  loaded  and  continuous  girder  of  two  equal 
spans  with  both  ends  fixed  is  2.08  times  as  stiff  as  if  the  ends  were  free  and 
merely  rested  on  the  supports. 

295.  A  continuous  girder  of  two  spans  AB,  BC  rests  upon  supports  at 
A,  B.     A  uniformly  distributed  load  EF  travels  over  the  girder.    G^  is  the , 
centre  of  gravity  of  the  portion  BE  upon  AB,  and  G2  that  of  the  portion  BF 
upon  BC.     If  the  bending  moment  at  B  is  a  maximum,  show  that 

AEEB    AG, 
CF-FB~CG, 

296.  A  continuous  girder  rests  upon  three  supports  and  consists  of  two 
unequal  spans  AB{—1^,  BC  {=1^.  A  uniform  load  of  intensity  w  travels 
over  AB,  and  at  a  given  instant  covers  a  length  AD  ( =r)  of  the  span.  If 
Ri,  Ri  are  the  reactions  at  A  and  C  respectively  show  that 


i?,Z.' +i?3Z,' =  w(z.» -^  rZi +|y  V 


Draw  a  diagram  showing  the  shearing  force  in  front  of  the  moving  load 
as  it  crosses  the  girder. 

If  the  live  load  may  cover  both  spans,  show  that  the  shearing  force  at 
any  point  D  is  a  maximum  when  AD  and  BC  are  loaded  and  BD  unloaded. 
Illustrate  this  force  graphically,  taking  into  account  the  dead  load  upon  the 
girder. 

297.  A  girder  of  uniform  section  rests  on  two  supports  at  its  ends  on  the 
same  level  and  is  loaded  in  such  a  manner  that  the  area  of  the  bending-moment 
diagram  is  A,  and  the  distance  of  the  centre  of  gravity  of  that  diagram  from 
the  middle  of  the  span  (measured  horizontally)  is  c,  the  span  of  the  beam  being 
2a.  If  the  beam,  instead  of  merely  being  supported  at  each  end,  has  its  ends 
built  in  horizontally,  show  that,  with  the  same  loading  as  before,  the  bending 
moments  at  the  two  ends  are  given  by 

.o±3c 
-^  2a'  • 

298.  A  continuous  girder  of  two  spans  AB,  BC  has  its  two  ends  A  and 
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C  fixed  to  the  abutments.  The  load  upon  AB  is  a  weight  P  distant  p  from 
A,  and  that  upon  BC  a  weight  Q  distant  q  from  C.  The  length  of  AB  =Z„ 
of  BC^k.  The  bending  moments  a,t  A,  B,  C  are  Af,,  ilf^,  Ma,  respectively. 
The  areas  of  the  bending-moment  curves  for  the  spans  AB,  BC  assumed  to 
be  independent  girders  are  A^^,  A^,  respectively.     Show  that 

MJt  +MS,  +I2)  +Md2  =  -2(A^+A^) 
and  MSi  +k)  =  -2(A,p  +A^q). 

If  I,  =1^=1,  show  that  M^  is  a  maximum  if 

2l(Pp-Qq)=3(Pp'-Qq'). 

299.  A  continuous  girder  AC  consists  of  two  equal  spans  AB,  BC  of  15  m. 
each.  Determine  the  bending  moments  at  the  supports,  the  maximum  inter- 
mediate bending  moments,  and  the  reactions  (a)  when  the  load  upon  each 
span  is  3000  k./m.;  (6)  when  the  load  per  metre  is  3000  k.  upon  AB  and 
1000  k.  upon  BC.  Consider  three  cases,  viz.,  (I)  when  both  ends  of  the 
girder  are  free;  (II)  when  both  ends  are  fixed;  and  (III)  when  one  end  is 
free  and  the  other  fixed. 

Ans.  Case  I.  (a)  B.M.'s,  -84,375  k.m.,  47,460.9375  k.m. 
Reaction,  16,875  k.,  56,250  k. 
ib)  B.M.'s,  -56,250  k.m.,  58,593.75  k.m.,  7031.25  k.m. 
Reaction,  18,750  k.,  37,500  k.,  3750  k. 
Case    II.  (a)  B.M.'s,  -56,250  k.m.,  28,125  k.m. 
Reactions,  22,500  k. 
(6)  B.M.'s,  - 65,625 k.m.,  -37,500 k.m.,  -9375 k.m., 
33,398.4375  k.m.,  64,453,125  k.m. 
Reactions,  24,375  k.,  30,000  k.,  5625  k. 
Case  III.  (a)  B.M.'s,  -48,2l4f  k.m.,  -72;32U  k.m.,  24,537if| 
k.m.,  52,088Ht  k.m. 
Reactions,  20,892?  k.,  51,428^  k.,  17,678f  k. 
(6)  fi.M.'s, -64,285? k.m.,  -40,178^  k.m., -32,573,Vr 
k.m.,  11,623tVt  k.m. 
Reactions,  24,1071  k.,  31,071f  k.,  4821f  k. 

300.  A  viaduct  over  the  Garonne  at  Bordeaux  consists  of  seven  spans, 
viz.,  two  end  spans,  each  of  57.375  m.,  and  five  intermediate  spans,  each  of 
77.06  m.;  the  main  girders  are  continuous  from  end  to  end,  and  are  each 
subjected  to  a  dead  load  of  3050  k.  per  lineal  metre.  Under  a  live  load  of  405  k. 
per  metre  determine  the  absolute  maximum  bending  moment  at  the  third 
support  from  one  end.  Also  find  the  corresponding  reactions,  the  points  of 
inflection,  and  the  maximum  deflection  in  the  first  and  second  spans. 

Ans.  4,125,659  k.m.;  reactions,  46,479  k.,  381,008  k.;  points  of  inflection, 
15.24  m.  from  end  support  for  first  span;  7.88  m.  and  6374  m.  from  second 
support  in  second  span. 

301.  A  girder  of  two  spans  each  of  100  ft.  is  continuous  over  the  three 
supports  A,  B,  and  C.  Draw  the  S.F.  and  B.M.  diagrams  for  a  uniformly 
distributed  load  of  100  tons  on  AB  and  50  tons  on  BC  (a)  when  B.M.  is  nil 
at  A  and  at  C,  (b)  when  A  is  fixed  horizontally. 
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302.  A  horizontal  continuous  girder  of  three .  equal  spans,  resting  upon 
supports  at  A,  B,  C,  D,  carries  a  uniformly  distributed  load.  Show  that  the 
bending  moments  at  the  intermediate  supports  will  be  unaffected  when  the 
supports  B,  C,  D  are  depressed  below  the  horizontal,  provided  that  the  amounts 
of  the  depressions  are  in  the  ratios  of  1  to  2  to  3. 

303.  The  bridge  over  the  Grande  Baise  consists  of  two  equal  spans  of 
19.8  m.;  each  of  the  main  girders  is  continuous  and  rests  upon  abutments 
at  the  ends.  Find  the  position  of  the  points  of  inflection,  the  bending  moment 
at  the  centre  support,  the  maximum  intermediate  bending  moment,  and  the 
maximum  flange  stress  (a)  under  the  dead  load  of  1700  k.  per  lineal  metre; 
(6)  under  the  same  dead  load  together  with  an  additional  proof  load  of  2000  k. 
per  lineal  metre  on  one  span.  The  depth  of  the  girder  =3.228  m.,  and 
/  =  .093929232444. 

Ans.  (a)  14.85  m.  from  the  abutments;    83,308.5  k.m.;   46,861  A 
k.m.;    1.4315  k./sq.  mm. 
(6)  16.18  m.  from  abutment  on  loaded  side;   11.138  m.  from 
abutment  on  unloaded  side;  132,313.5  k.m.;  121,196.32 
k.m.;  2.27356  k./sq.  mm. 

304.  A  continuous  girder  of  three  equal  spans  is  uniformly  loaded.    By 

how  much  must  the  two  intermediate  supports  be  depressed  to  produce  the 

7  wl* 
same  reactions  at  all  the  supports?  Ans.  r-r^r. 

24^7 

305.  A  horizontal  girder  ABC  is  fixed  at  A,  rests  upon  supports  at  B  and 
C,  and  carries  a  uniformly  distributed  load  2W.  If  an  error  4  is  made  (1) 
in  AB,  (2)  in  BC,  find  the  consequent  errors  in  the  B.M.'s  at  A  and  B,  and 
if  AB  =BC,  show  that  these  errors  are 

(1)    1%^^'  196^^;  (2)  ^^WJ,  ^^WA. 

306.  A  uniform  beam  is  supported  by  four  equidistant  props,  of  which 
two  are  terminal.  Show  that  the  two  points  of  inflection  in  the  middle  seg- 
ment are  in  the  same  horizontal  plane  as  the  props. 

307.  The  horizontal  girder  ABC  is  fixed  at  A  and  rests  upon  supports 
at  B  and  C,  AB  being  equal  to  BC.  If  the  depression  of  C  is  n  times  that 
of  B,  and  if  i?,,  R^,  R3  are  the  reactions  at  A,  B,  C,  respectively,  show  that 
/?,(48-17n)  +i2j(8-n)  =i?3(80-23ra). 

308.  A  continuous  girder  of  two  equal  spans  (Q  is  uniformly  loaded.  Show 
that  the  ends  will  just  touch  their  supports  if  the  centre  support  is  raised  r^.. 

309.  The  horizontal  ^vAbt  ABC  is  fixed  at  A,  rests  upon  supports  at  B 
and  C,  and  carries  weights  TF,  and  W^  concentrated  at  the  middle  points 
of  AB  and  BC  respectively.     Find  the  reactions  and  the  bending  moments 
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at  A  and  B.  If  AB=BC  and  if  W2=3Wi,  show  that  the  moment  of  fixture 
is  nil,  that  the  bending  moment  at  B  is  -^W^AB,  and  that  the  reactions 
at  A,  B,  and  C  are  JTT,,  V-TF,,  and  fW„  respectively. 

How  much  must  B  be  lowered  so  that  the  reaction  at  B  may  be  nil  f  Find 
the  corresponding  reactions  at  A  and  C.  How  much  must  C  now  be  lowered 
so  that  the  reactions  may  be  the  same  as  before? 

Ans.  ^'f-^5^V^0;  ^8(117Pr..47r,;  ^(llTr..81TF,; 

4  X  depression  of  B. 

310.  A  continuous  girder  consists  of  two  spans,  each  50  ft.  in  length;  the 
effective  depth  of  the  girder  is  8  ft.  If  one  of  the  end  bearings  settles  to  the 
extent  of  1  in.,  find  the  maximum  increase  in  the  flange  and  shearing  stress 
caused  thereby,  and  show  by  a  diagram  the  change  in  the  distribution  of  the 
stresses  throughout  the  girder.  (Assume  the  section  of  the  girder  to  be  uni- 
form, and  take  £=2.5,000,000  lbs.) 

Ans.  Increase  of  maximum  B.M.  =2-\=/  I  —- 1 J , 

"        "  shearing  force     =f|/, 
w  being  weight  per  foot  of  length  and  /  the  moment  of  inertia. 

311.  The  horizontal  girder  ABC  is  fixed  at' A  and  rests  upon  supports 
at  B  and  C.  If  ^45  is  w  times  BC,  show  that  the  bending  moments  at  A  and 
B  are  in  the  ratio  of  n'  +  2n'  —  l  to  n'  +  2. 

312.  A  continuous  girder  of  two  equal  spans  is  fixed  at  one  of  the  end 
supports.  The  girder  carries  a  uniformly  distributed  load  of  intensity  w. 
If  the  length  of  each  span  is  I,  find  the  reactions  and  moment  of  fixture.  How 
much  must  the  intermediate  support  be  lowered  so  that  it  may  bear  none 
of  the  load?  How  much  should  the  free  end  support  then  be  lowered  to  bring 
upon  the  supports  the  same  loads  as  before? 

li   7   1^   7  1^   7    _^'    A^    ^V^ 
Ans.  ^^wl,  ^^wi,  ^^wl;  -^^  ;  ^g^^;  ^^^^. 

313.  A  continuous-girder  bridge  has  a  Centre  span  of  300  ft.  and  two  side 
spans,  each  of  200  ft.  The  dead  load  upon  each  of  the  main  girders  is  1260  lbs. 
per  lineal  foot.  In  one  of  the  side  spans  there  is  also  an  additional  load  of 
2500  lbs.  per  lineal  foot  upon  each  girder.  Find  (a)  the  reactions  and  points 
of  inflection.  How  much  (6)  must  the  third  support  from  the  loaded  end 
be  lowered  so  that  the  pressure  upon  it  may  be  just  zero? 

Ans.  (a)  Reactions,  Z05,imVos.;  655,850  lbs.;  322,515  lbs.;  91,175 

lbs. 

B.M.'s,  13,908,000  ft.-lbs.;   6,765,100  ft.-lbs. 

Points  of  inflection.  For  side  spans,  162||  and  145|t  ft- 

from  end  supports ;  for  centre  span,  distance  x  from  end 

.      .        ,        ,     13900      4025000    „ 
support  IS  given  by  x' -    ^^    x-\ =„ — =0. 

503125000000 

(*)       m     ■ 
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314.  A  continuous  girder  AC  consists  of  two  equal  spans  AB,  BC,  each 
of  length  I,  and  carries  a  uniformly  distributed  load  of  intensity  w  upon  AB, 
and  of  intensity  nw  upon  BC.  Determine  the  bending  moments  at  the 
supports,  the  maximum  intermediate  bending  moments,  and  the  reactions 
(o)  when  both  ends  of  the  girder  are  fixed;  (b)  when  one  end  A  is  fixed  and 
the  other  free.  If  Wi=W2='w,  find  (c)  the  points  of  inflection  and  (d)  maxi- 
mum deflection  for  each  span  in  each  case. 

Ans.  (o)  B.ikf.'s,  |g(w-5);    —^^{n  +  l);  |g-(l+5n); 

jg3g(83-22n+3n»);  j^(243n'-214n+35). 

1VL  ivL  ivi 

Reactions,  -rai^—n);   -^(1+n);    rg(  — l+9n). 

(b)  B.M.'s,  -2g(3-n);  0;    -^{l+2n)-, 

j^(88-30n+9n');j3gg(-l+12n)^ 

Reaction^,  ||(16-3n);  ^(13  +  19n);  |^(-l+12w). 

(c)  Points  of  inflection  at  .212?  and  .788i  from  fixed  ends. 

1   wl* 
Maximum  deflection  at  middle  point  of  span  and  =  rr-  — . 

(d)  Points  of  inflection  for  AB  at  .195?  and  .734?  from  A;  for 

BC  at  ^.l  from  C. 
14 

Maximum  deflection  for  AB  in  (c)   at  .64?  from  A  and 

i_w^ 

473  Er 

7 
"  "         ioT  BC  in  (d)  at  r^?  (approximately 

from  C  and  =  -—  777  (approximately) . 

315.  A  vertical  row  of  water-tight  sheet  piling  30  ft.  high  is  supported 
by  a  series  of  uprights  placed  8  ft.  centre  to  centre  and  securely  fixed  at  the 
base,  while  the  upper  ends  are  kept  in  the  vertical  by  struts  sloping  at  45°. 
If  the  water  rises  to  the  top  of  the  piling,  find  (a)  the  thrust  on  a  strut;  (6) 
the  maximum  intensity  of  stress  in  an  upright ;  (c)  the  amount  and  position 
of  the  maximum  deviation  of  an  upright  from  the  vertical.  If  the  piling 
is  strengthened  by  a  second  series  of  struts  sloping  at  45°  from  the  points 
of  maximum  deviation,  find  (d)  the  normal  reactions  upon  an  upright  and 
the  bending  moment  at  its  foot.  What  (e)  will  be  the  reactions  and  bending 
moment  if  the  second jrow  of  struts  starts  from  the  middle  of  the  uprights? 

Ans.  (o)  45,000^2" lbs.; 

(&)  -J  (5625±y72,O00V^)lbs./sq.  in.  at  6V5  ft.  from  upper  end; 
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,  ,   62208000V^    ' 

(c)    =j at  6V 5  ft.  from  upper  end; 

(d)  3645,  110,587.5  lbs.,  3,677,400  in.-lbs. 

(e)  8839.3  lbs.,  115,714.3  lbs.,  2,989,285.7  in.-lbs. 

316.  A  continuous  girder  ABCD  is  fixed  at  A,  rests  upon  supports  at  B, 
C,  and  D,  and  carries  a  uniformly  distributed  load.  If  the  reactions  at  A, 
B,  C,  and  D  are  equal,  show  that  the  ratio  of  the  length  of  CD  to  AB  must 
be  greater  than  unity  and  less  than  |.  Also,  if  CD=iAB,  show  that 
AB:BC:CD:-A:7:5. 

317.  The  Osse  iron  viaduct  consists  of  seven  spans,  viz.,  two  end  spans 
of  28.8  m.  and  five  intermediate  spans  of  38  m. ;  each  main  girder  is  continuous 
and  carries  a  dead  load  of  1450  k.  per  lineal  metre.  Find  (a)  the  bending 
moments  at  the  supports  when  a  proof  load  of  2250  k.  per  lineal  metre  for 
each  girder  covers  all  the  spans;  and  also  find  (6)  the  absolute  maximum 
bending  moment  at  the  fourth  support.  Is  (c)  the  following  section  of  suffi- 
cient strength? — two  equal  flanges,  each  composed  of  a  600-mm.  X  8-mm. 
plate  riveted  by  means  of  two  100-mm.  X  100-mm.  X  12-mm.  angles  to  a 
600-mm.  XI 0-mm.  vertical  web  plate  and  two  80-mm.X80-mm.  Xll-mm. 
angles  riveted  to  each  horizontal  plate  with  the  ends  of  the  horizontal  arms 
15  mm.  from  the  edges  of  the  plates,  the  whole  depth  of  the  section  being 
4.016  m.,  and  the  distance  between  the  web  plates,  which  is  open,  being  2.8  m. 
If  insufficient,  how  would  you  strengthen  it? 

Ans.  (a)  B.M.'s,  416,518  k.m.,  452,790  k.m.,  443,722    k.m.;    (b) 

542,199  k.m. 

(c)  /  =  .14074440467  and  max.  flange  stress /sq.  mm.  =7.73  k. 

This  is  much  too  large.    The  section  may  be  strengthened  by  adding 

two    600-mm.  X  8-mm.   plates  to    each   flange.      I  is   thus   increased  by 

.0783425536,  and  the  flange  unit  stress  becomes  5  k./sq.  mm. 

318.  The  Estressol  viaduct  consists  of  four  spans  of  25  m.;  the  main  girders 
are  continuous  and  their  ends  rest  upon  abutments;  the  dead  load  upon  each 
girder  is  1700  k.  per  hneal  metre.  Determine  the  position  of  points  of  in- 
flection in  each  span,  the  reactions  and  bending  moments  at  the  supports 
when  an  additional  load  of  2000  k.  per  lineal  metre  crosses  (a)  the  first  span; 
(6)  the  first  and  second  spans;   (c)  all  the  spans.      Also,  find  (d)  the  absolute 

■maximum  bending  moments  at  the  intermediate  supports,  and  (e)  determine 
the  maximum  flange  stress  at  the  piers,  I  being  .093929232404. 

Ans.  Let  x^,  x^,  xs,  Xt  be  the  distances  of  the  pomts  of  mflection  m 

the   first,  second,  third,  and  fourth  spans  from  the  first, 

second,  fourth,  and  fifth  spans,  respectively. 

(a)  a;^  =19.4   m.,   a;,'-28a;,+ 140=0,  ^ -24.1 60:3 -H20.8=0, 

0:4=20.168  m. 

Reactions,  38,348/^  k.,  81,160f-  k.,  34106f  k.,  49911^  k., 

16.473A  k. 
BM.'s,  197,544,91  k.m.,  53,571f  k.m.,  119,419^  k.m. 
(6)  a;,  =20.72  m.;   a;/-31.78a;,  +  232.4=0,  0:3^-28.1x3  +  140.5 
=0,  2:4=19.38  m. 
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Reactions,  36,178f  k.,  107,821f  k.,  62,964f  k.,  45,892f  k., 

17,142f 
B.M.'s,  258,928^  k.m.,  120,535|  k.,  102,678f  k.m. 

(c)  a;,  =19.64  m.=Xi;   a;2'-26.8a;2  + 134=0  and  x^^Xz. 
Reactions,  36,339f  k.,  105,714f  k.,  85,892f  k. 
B.M.'s,  247,7671  k.m.,  165,178f  k.m. 

(d)  264,508^f  k.m.  at  second  support  when  first,  second,  and 

fourth  spans  are  loaded.    209,821f  k.m.  at  third  sup- 
port when  second  and  third  spans  are  loaded. 

(e)  4.5  k./mm.^ 

319.  If  the  three  supports  of  any  two  equal  consecutive  spans  of  a  con- 
tinuous girder  of  any  number  of  spans  are  depressed  below  the  horizontal 
show  that  the  relation  between  the  three  bending  moments  at  the  supports 
will  be  unaffected  if  the  depression  of  the  centre  support  is  a  mean  between 
the  depressions  of  the  other  two  supports. 

320.  Four  weights,  each  of  6  tons,  follow  each  other  at  fixed  distances  of 
5  ft.  over  a  continuous  girder  of  two  spans,  each  equal  to  50  ft.  If  the  second 
and  third  supports  are  1  in.  and  li  ins.,  respectively,  vertically  below  the 
first  support,  find  the  maximum  B.M.  at  the  intermediate  support. 

Ans.   (^49.275 -jQQQQJft.-tons. 

321.  A  continuous  girder  of  two  equal  50-ft.  spans  is  fixed  at  one  of  the 
end  supports.  The  girder  carries  a  uniformly  distributed  load  of  1000  lbs. 
per  lineal  foot.  Find  the  reactions  and  bending  moments  at  the  points  of 
support.  How  much  must  the  intermediate  support  be  lowered  so  that  it 
may  bear  none  of  the  load?  How  much  should  the  free  end  be  then  lowered 
to  bring  upon  the  supports  the  same  loads  as  at  the  first? 

Ans.  Reactions  =23,21f4,  57,142f,  19,642|lbs.; 

Bending  moments  =  1 78,571  f,  267,8571  f t.-lbs. 

322.  Each  of  the  main  girders  of  a  railway  bridge  resting  upon  two  end 
supports  and  five  intermediate  supports  is  fixed  at  the  centre  support,  is  3  ft. 
deep  throughout,  and  is  designed  to  carry  a  uniformly  distributed  dead  load 
of  J  ton  and  a  live  load  of  i  ton  per  lineal  foot.  The  end  spans  are  each 
51  ft.  8  ins.  and  the  intermediate  spans  each  50  ft.  in  the  clear.  Find  (a)  the 
reactions  at  the  supports.  The  girders  are  single-webbed  and  double-flanged^ 
the  flanges  are  12  ins.  wide  and  equal  in  sectional  area,  the  areas  for  the  inter- 
mediate spans  being  13  sq.  ins.  and  17  sq.  ins.  at  the  centre  and  piers  respec- 
tively. Find  (6)  the  corresponding  moments  of  resistance  and  flange  stresses, 
the  web  being  f  in.  thick. 

Ans.  (a)  15.356,  43.465,  35.740,  38.378  tons. 

(jb)  At  centre,   .1767,   714,  978  in.-tons;    3.2,   1.3,  and  1.78 
tons/sq.  in. 
"  piers,  2488,  1698,  1692  in.-tons;    3.59,  2.45,  and  2.83 
tons/sq.  in. 

323.  In  a  certain  Howe-truss  bridge  of  eight  panels  the  timber  cross-ties 
are  directly  supported  by  the  lower  chords,  and  are  placed  sufficiently  close 
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to  distribute  the  load  in  an  approximately  uniform  manner  over  the  whole 
length  of  these  chords,  thus  producing  an  additional  stress  due  to  flexure. 
Assuming  that  the  chords  may  be  regarded  as  girders  supported  at  the  ends 
and  continuous  over  seven  intermediate  supports  coincident  with  the  panel- 
points,  and  that  these  panel-points  are  in  a  truly  horizontal  line,  determine 
(a)  the  bending  moments  and  reactions  at  the  panel-points ;  (6)  the  maximum 
intermediate  bending  moments;  and  (c)  the  points  of  inflection  corresponding 

to  a  load  of  w  per  unit  of  length,  I  being  the  length  of  a  panel.     ( Take  —  =388. 1 

Ans.  (a)  B.M.'s,  0,  -ilrwP,  -3QrwP,  -SSrwl,  -32rwP. 

Reactions,  15Srwl,  UOrwl,  374toZ,  392rwl,  386rwZ. 

(6)  11,704.5  wirl)';   5104.5w(rZ)2;   6Q00.5w(rT)';   6208.5w(rZ)^ 

(c)  The  points  are  defined  by  the  values  of  x  in  a;=306r/; 

w 
R^il  +  x)  +R^x-YQ+xy=0;  Ri{2l+x)+RS+x),  and 

w 
Rsx—^{2l  +  xy=0; 

w 
R^{3l  +  x)+R^(2l  +  x)+R!^{l+x)+Ra—^(,3l  +  xy=0. 

324.  If  di,  d,,  dz,  di  are  respectively  the  deflections  of  the  first,  second, 
third,  and  fourth  panel-points  in  question  323,  show  that  the  bending  moment 
at  the  middle  panel-point  (Mt)  is  given  by 

-93M,=  -~(69d,~88dz  +  24d,-6d,)  +^hd\ 

325.  Four  loads,  each  of  12  tons  and  spaced  5,  4,  and  5  ft.  apart,  travel 
in  order  over  a  continuous  girder  of  two  spans,  the  one  of  30  and  the  other 
of  20  ft.  Place  the  wheels  so  as  to  throw  a  maximum  B.M.  upon  the  centre 
support,  and  find  the  corresponding  reactions.  Draw  a  diagram  of  B.M. 
and  find  the  maximum  deflection  of  each  span. 

326.  The  loads  upon  the  wheels  of  a  truck,  locomotive,  and  tender,  count- 
ing in  order  from  the  front,  are  7,  7,  10,  10,  10,  10,  8,  8,  8,  8  tons,  the  intervals 
being  5,  5,  5,  5,  5,  9,  5,  4,  5  ft.  The  loads  travel  over  a  continuous  girder 
of  two  50-ft.  spans  AB,  EC.  Place  the  locomotive,  etc.,  (a)  on  the  span  AB, 
so  as  to  give  a  maximmn  B.M.  at  B;    (6)  so  as  to  give  an  absolute  maximum 

B.M.  at  B. 

327.  An  eight-wheel  locomotive  travels  over  a  continuous  girder  of  two 
100-ft.  spans;  the  truck-wheels  are  6  ft.  centre  to  centre,  the  load  upon  each 
pair  being  8000  lbs.;  the  driving-wheels  are  8^  ft.  centre  to  centre,  the  load 
upon  each  pair  being  16,000  lbs.;  the  distance  centre  to  centre  between  the 
front  drivers  and  the  nearest  truck-wheels  is  also  8J  ft.  Place  the  locomotive 
so  as  to  throw  a  maximum  B.M.  upon  the  centre  support,  and  find  the  corre- 
sponding reactions. 

328.  A  single  weight  travels  over  the  span  AB  of  a  girder  of  two  equal 
spans,  AB,  BC,  continuous  over  a  centre  pier  B.     Show  that  the  reaction 
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AB 
at  C  is  a  maximum  when  the  distance  of  the  weight  from  A  is  —pz  if  the  ends 

V3 

A  and  C  rest  upon  their  supports,  and  when  the  distance  is  JAB  if  the  two 

ends  are  fixed.     Find  the  corresponding  bending  moments  at  the  central  pier. 

Ans.  — 7=;  ~-Pl. 
eVS  '  27 

329.  The  weights  7,  7,  10,  10,  10,  10,  8,  8,  8,  8  tons,  taken  in  order,  pass 
over  a  continous  girder  of  two  spans,  each  of  50  ft.  and  fixed  at  both  ends, 
the  successive  intervals  being  5,  5,  5,  5,  5,  9,  5,  4,  5  ft.  Place  the  wheels  so 
as  to  give  the  maximum  bending  moment  at  the  centre  support,  and  find  its 
value.  Ans.  First  wheel  25.8399  ft.  from  nearest  abutment; 

Max.  B.M.  =306.62  ft.-tons. 

330.  A  swing-bridge  of  200  ft.  length,  with  arms  each  of  90  ft.,  revolves 
a  turntable  of  20  ft.  diameter.  When  the  bridge  is  closed  find  the  reactions 
at  the  four  supports  due  to  a  load  of  3  tons  at  30  ft.  from  an  end  support. 


CHAPTER  VIII. 

PILLARS. 

I.  Classification. — The  manner  in  which  a  material  fails  under 
pressure  depends  not  merely  upon  its  nature  but  also  upon  its  dimen- 
sions and  form.  The  actual  compressive  strength  of  a  material  must 
be  determined  by  the  use  of  very  short  specimens,  in  which  there  is 
no  tendency  to  buckle  or  bend.  An  accurate  determination  of  the 
relation  between  the  stress  and  the  strain  cannot,  however,  well  be 
made  imless  the  length  of  the  specimen  exceeds  four  or  five  times  its 
least  transverse  dimension.  The  breaking  load  does  not  change 
much  until  the  length  is  about  ten  times  this  dimension,  and,  if 
bending  is  prevented  by  means  of  slight  lateral  restraints,  will  remain 
practically  the  same  whatever  the  length  may  be.  If  lateral  re- 
straints .are  not  employed,  the  tendency  to  buckle  or  bend  increases 
with  the  ratio  of  the  length  to  the  least  transverse  dimension.  De- 
noting this  ratio  by  s,  all  pillars  (or  columns)  mth  ends  truly  flat 
and  firmly  secured  may  in  general  be  divided  into  three  classes,  viz. : 

A.  Short  pillars,  in  which  s  does  not  exceed  4  or  5,  and  which 
fail  under  a  direct  pressure. 

B.  Medium  pillars,  in  which  s  lies  between  4  and  about  30  for 
timber,  cast  iron,  and  hard  steel,  and  between  4  and  about  60  for 
wrought  iron  and  mild  steel.  The  failure  of  pillars  of  this  class  is 
due  partly  to  a  direct  pressure  and  partly  to  bending. 

C.  Long  pillars,  in  which  s  exceeds  about  30  for  timber,  cast  iron, 
and  hard  steel,  and  about  60  for  wrought  iron  and  mild  steel.  The 
failure  of  these  pillars  is  practically  wholly  due  to  flexure. 

2.  Manner  of  Failure. — The  manner  in  which  a  short  pillar  fails 
depends  upon  the  character  of  the  material. 

.  A  granular  or  crystalline  mass  may  give  way  suddenly  under 
compression  and  be  reduced  to  powder. 
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More  frequently  hard  and  brittle  substances  like  glass,  bricks, 
stones,  dry  timber,  cast  iron,  etc.,  which  possess  little  ductUity, 
split  into  fragments,  and  sometimes  a  hard  vitreous  material  breaks 
up  into  prisms  (Fig.  552). 


Fig.  552. 


Fig.  553. 


Fig.  554. 


Fig.  555. 


The  failure  of  fibrous  and  granular  materials  like  timber,  bricks, 
cement  and  concrete  cubes,  artificial  and  certain  natural  stones,  cast 
iron,  etc.,  is  usually  by  shearing  along  planes  oblique  to  the  line  of 
thrust,  and  the  more  homogeneous  the  material  is  the  more  nearly 
do  these  planes  coincide  with  the  planes  of  least  resistance  to  shear, 
which  theoretically  makes  an  angle  of  45°  with  the  axis  of  the  pil- 
'ar  (Chapter  V).  Thus  the  portions  of  the  fractured  pillar  assume 
the  forms  of  wedges  or  pyramids  (Figs.  553-558),  and  in  the  testing 
of  cement  and  concrete  cubes  it  not  infrequently  happens  that  a 
very  nearly  perfect  double  pyramid  (Fig.  556)  is  produced. 

None  of  the  materials  of  construction,  however,  are  truly  homo- 


Fig.  556.    Fig.  557. 


Fig.  558. 


m 


Fig.  559.         Fig.  560. 


geneous,  and  in  the  case  of  cast  iron  the  irregularity  of  the  texture 
and  the  hardness  of  the  skin  cause  the  angle  between  the  plane  of 
shear  and  the  direction  of  the  thrust  to  vary  from  32°  to  42°.  Brick 
chimneys  again  sometimes  fail  by  the  shearing  of  the  mortar,  the 
upper  portion  shding  over  an  oblique  plane. 

Bulging,  i.e.,  a  lateral  spreading  out  (Figs.  559,  560),  is  character- 
istic of  blocks  of  fibrous  materials,  e.g.,  wrought  iron,  copper,  lead, 
and  timber,  and  fracture  occurs  in  the  form  of  longitudinal  cracks. 

All  substances,  even  the  most  crystalline,  will  bulge  slightly  be- 
fore thsY  fail,  if  they  possess  some  degree  of  ductility. 
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Buckling,  is  characteristic  of  fibrous  materials,  and  the  resistance 
of  a  pillar  to  buckling  is  always  less  than  its  resistance  to  direct 
crushing,  and  is  independent  of  length. 

Thin  nialleable  plates  usually  fail  by  the  bending,,  puckering, 
wrinkling,  or  crumpling  up  of  the  fibres,  and  the  same  phenomena, 
miay  be  observed  in  the  case  of  timber  and  of  long  bars. 

In  the  transverse  testing  of  timber  beams  the  initial  failure  is 
usually  made  evident' by  the  crippling  of  the  fibrous  layers  on  the 
compression  side. 

Timber  offers  about  twice  the  resistance  to  crushing  when  dry 
that  it  does  when  wet,  as  the  presence  of  moisture  diminishes  the 
lateral  adhesion  of  the  fibres. 

Long  plate  tubes,  when  compressed  longitudinally,  first  bend  and 
eventually  fail  by  the  buckling  of  a  short  length  on  the  concave  side. 

The  ultimate  resistance  to  buckling  of  a  well-made  and  well- 
shaped  tube  is  about  27,000  lbs.  per  square  inch  section  of  metal, 
-which  may  be  increased  to  33,000  or  36,000  lbs.  per  square  inch  by 
dividing  the  tube  into  two  or  more  compartments. 

A  rectangular  wrought-iron  or  steel  tube  offers  the  greatest  resist- 
ance to  buckling  when  the  mass  of  the  material  is  concentrated  at 
the  angles,  while  the  sides  consist  of  thin  plates  or  lattice-work  suffi- 
ciently strong  to  prevent  the  bending  of  the  angles. 

3.  Hodgkinson's  Formulae  for  the  Ultimate  Strength  of  Long  and 
Mediimi  Pillars. — When  a  long  pillar  is  subjected  to  a  crushing  force 
it  first  yields  sideways,  and  eventually  breaks  in  a  manner  appar- 
ently simrlar  to  the  fracture  of  a  beam  imder  a  transverse  load. 
This  similarity,  however,  is  modified  by  the  fact  that  an  initial  lon- 
gitudinal compression  is  induced  in  the  pillar  by  the  super-imposed 
load. 

Hodgkinson  deduced  experimentally  that  the  strength  of  long- 
solid  round  iron  and  square  timber  pillars  with  flat  ends  is  given  by 
an  expression  of  the  form 

d" 

W  being  the  breaking  weight  in  tons  of  2240  lbs.  ; 
d      "       "    diameter  or  side  oi  the  pillar  in  inches; 
I       "       "   length  of  the  pillar  in  feet; 
n  and  m  being  numerical  indices;. 
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A  being  a  constant  varying  with  the  material  and  with  the  sectional 
form  of  the  pillar. 
Such  pillars,  which  are  more  than  thirty  times  the  least  trans- 
verse dimension  in  length,  fail  by  bending  and  not  by  simple  crush- 
ing. The  load  is  distributed  more  or  less  uniformly  over  the  ends, 
which  are  finished  in  planes  at  right  angles  to  the  axis  of  the  pillar. 

For  iron  pillars n=3.55  and  m=     1.7 

timber  pillars n=4       and  m=  2 

cast  iron A=  44.16 

wrought  iron.  . ' A  =  133.75 

dry  Dantzic  oak A=  10.95 

dry  red  deal A  =  7.81 

dry  French  oak A=  6.9 

The  strength  of  long  hollow  roimd  cast-iron  pillars  was  found  to 
be  given  by 

d3.6_fl^3.6 


W  =44-34- 


1.7 


d  being  the  external  and  di  the  internal  diameter,  both  in  inches. 

Thus  the  strength  of  a  hollow  cast-iron  pillar  is  approximately 
€qual  to  the  difference  between  the  strengths  of  two  solid  cast-iron 
pillars  whose  diameters  are  equal  to  the  external  and  internal  diam- 
eters of  the  hollow  pillar. 

The  strength  of  medium  pillars,  i.e.,  of  pillars  which  are  less  than 
thirty  times  the  least  transverse  dimension  in  length,  may  be  ob- 
obtained  by  the  formula 

WfS 


W'  = 


W  +  ffS' 


W  being  the  breaking  weight  in  tons  of  2240  lbs. ; 
W       "      "'         "  "'      "     "     "     "      "  as  derived  from  the 

formula  for  long  pillars; 
/  being  the  ultimate  crushing  strength  in  tons  per  square  inch; 
S      "      "    sectional  area  of  the  pillar  in  square  inches. 

Again,  if  the  ends  of  a  cast-iron  pillar  are  rounded,  the  above 
formulae  may  be  still  employed  to  determine  its  strength,  A  being 
14.9  for  a  solid  and  13  for  a  hollow  pillar. 
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According  to  Hodgkinson,  the  relative  strengths  of  long  cast-iron 
pillars  of  equal  weight  and  length  may  be  tabulated  as  follows : 
(o)  Pillars  with  flat  ends : 

The  strength  of  a  solid  round  pillar  being  100, 
square    "      is  93, 

triangular  pillar  is  110. 


it     It 
1 1     It 


Q})  Pillars  with  round  ends,  i.e.,  ends  for  hinging  or  pin  connec- 
tions : 

The  strength  of  a  hollow  cylindrical  pillar  being  100, 
"    anH-shaped  "     is        74.6, 

';         "         "    a  +-shaped  "     "        44.2. 

The  strengths  of  a  long  solid  round  pillar  with  flat  ends  and  a 
long  hollow  cylindrical  pillar  with  round  ends  are  approximately  in 
the  ratio  of  2.3  to  1. 

The  stiff  est  kind  of  wrought-iron  strut  is  a  built  tube,  the  section 
consisting  of  a  cell  or  of  cells,  which  may  be  circular,  rectangular 
triangular,  or  of  any  convenient  form. 

In  experimenting  upon  hollow  tubes,  Hodgkinson  found  that, 
other  conditions  remaining  the  same,  the  circular  was  the  strongest, 
and  was  followed  in  order  of  strength  by  the  square  in  four  com- 
partments ^  ;  the  rectangular  in  two  compartments,  I  |  |  ;  the 
rectangular,  n ;  and  the  square. 

The  addition  of  a  diaphragm  across  the  middle  of  the  rectangle 
doubled  its  resistance  to  crippling. 

As  the  results  of  his  experiments  Hodgkinson  also  made  the  fol- 
lowing inferences: 

A  pillar  with  both  ends  rough  from  the  foundry  so  that  a  load 
can  be  applied  only  at  a  few  isolated  points,  and  a  pillar  with  a 
rounded  end  so  that  the  load  can  be  applied  only  along  the  axis,  are 
each  one  third  of  the  strength  of  a  pillar  of  class  B,  and  from  one 
third  to  two  thirds  of  the  strength  of  a  pillar  of  class  C,  the  pillars 
being  of  the  same  dimensions. 

The  strength  of  a  pillar  with  one  end  flat  and  the  other  round  is 
an  arithmetical  mean  between  the  strengths  of  two  pillars  of  the 
same  dimensions,  the  one  having  both  ends  flat  and  the  other  both 
ends  round. 
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Disks  at  the  ends  of  pillars  only  slightly  increase  their  strength, 
but  facihtate  the  formation  of  connections. 

An  enlargement  of  the  middle  section  of  a  pillar  sometimes  in- 
creases its  strength  in  a  small  degree,  as  in  the  case  of  solid  cast- 
iron  pillars  with  rounded  ends,  which  are  made  stronger  by  about 
one  seventh;  hollow  cast-iron  pillars  are  not  affected.  The  strength 
of  a  disk-ended  pillar  is  increased  by  about  one  eighth  or  one  ninth 
when  the  middle  diameter  is  lengthened  by  50  per  cent,  but  for 
slight  enlargements  the  increase  is  imperceptible. 

The  strength  of  hollow  cast-iron  pillars  is  not  affected  by  a  slight 
variation  in  the  thickness  of  the  metal,  as  a  thin  shell  is  much  harder 
than  a  thick  one.  The  excess  above  or  deficiency  below  the  average 
thickness  should  not  exceed  25  per  cent. 

In  metric  measurement,  if  d  is  the  diameter  and  I  the  height  of  a 
solid  iron  column  in  millimeters,  the  safe  load  in  kilogrammes 

=  1900-p  for  cast  iron, 

and  =3800^  for  wrought  iron. 

Again,  if  a  is  a  side  of  a  square  timber  post  in  centimeters  and  I  its 
height  in  decimeters,  the  safe  load  in  kilogrammes 

a* 
=256.5 X-^  for  first-quality  well-seasoned  oak 

a* 
=  180  -p  ' '   oak  of  ordinary  quality 

=214.2  X-j2  "  first-quahty  well-seasoned  pine 


a- 


i 


=  160  p  "   pine  of  ordinary  quality. 

Ex.  1.  A  solid  cast-iron  pillar  9  ft.  in  height  and  4  ins.  in  diameter  supports 
a  load  of  55,000  lbs.  Find  the  normal  and  shearing  intensity  of  stress  per  square 
inch  in  a  plane  section  inclined  at  30°  to  the  axis. 
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If  the  ends  of  a  pittaf  are  flat  and  firmly  bedded,  determine  its  breaking  veight 

by  Hed^Kson'e  fdrrnvla. 

55000 
Axial  intensity  of  stress/sq.  in.  =3XT7Tn1 j'ono  =2187i-  lbs. 

Therefore 

normal  intensity  of  stress  =2187^  sin  30°  =1093J  Ibs./sq.  in. 
and      tangential  intensity  of  stress  =21 87 J  cos  30°  =  1894|  Ibs./sq.  in. 
By  Hodgkinson's  formula  for  short  pillars, 


(4)^ 


a.6 


(9) 


1.7 


=154.97. 


the  breaking  weight  in  tons  =44.16 
Hence,  since  pillar  is  of  medium  length, 

•^       .     lu      1-  -u^-    X  154.97  X-Vi/W^V- 4 

its  actual  breaking  weight  m  tons  °°i  £4  Q74.3Aj1000._aa.  4  =141^, 

taking  80,000  lbs.  per  sq.  ih.  as  the  ultimate  crushing  strength  of  the  cast  iron. 
Ex.  2.  Find  the  side  of  a  square  post  of  ordinary  oak  which  is  to  be  5  metres 
high  and  to  carry  a  load  of  10,000  kilogrammes. 

10000=180^.. 

Therefore  a  =  19  cm. 

Ex.  3.  Determine  the  diameter  of  a  solid  cast-iron  column  which  is  to  be 
5  metres  high  and  to  carry  a  load  of  50,000  kilogrammes. 

d* 


Therefore 


50000=1900-^^^^^, 
d  =  160mm. 


4.  Gordon's  Formula  for  the  Strength  of  a  Pillar  of  Medium 
Length. — Consider  a  pillar  with  flat  ends,  of  length  I,  and  sectional 
area  S,  h  being  the  least  transverse  dimension  in  the  plane 
of  flexure. 

The  effect  of  P  is  twofold. 

In  the  first  place,  P  produces  along  the  pillar  a  direct 

P 

thrust  of  intensity /i=-^. 

In  the  second  place,  it  tends  to  bend  the  pillar  and 
develops  a  skin  compressive  stress  /2  which  is  necessarily 
greatest  at  the  section  in  which  the  neutral  axis  has 
deviated  farthest  from  its  initial  vertical  position. 

Denoting  this  deviation  by  y, 


i— 
Fig.  661. 
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c  being  the  distance  of  the  most  compressed  fibre  from  the  neutral 
axis  and  /  the  moment  of  inertia  of  the  section  in  the  plane  of  flexure. 

Therefore  /2 = -Py  =  ^  ^  =  /i^ , 

r  being  the  least  radius  of  gyration. 

But  ccxh,  roch,  and  by  Chapter  VII,  y^T- 

h  P  l^ 

Therefore  /2  «/i^  ^  =  /i«^> 

a  being  a  coefficient  which  is  to  be  determined  by  experiment. 

Hence,  denoting  by  /  the  total  maximum  stress  in  the  most  strained 
fibre 

and  -^=11 


S      '  P ' 

which  is  known  as  Gordon's  formula. 

The  coefficient  a  is  by  no  means  constant,  and  not  only  varies 
with  the  nature  of  the  material,  with  the  length  of  the.  pillar,  with 
the  condition  of  its  ends,  etc.,  but  also  with  the  sectional  form  of 
the  pillar.  The  variation  due  to  this  latter  cause  may  be  eliminated, 
and  the  formula  rendered  somewhat  more  exact,  by  substituting  the 
least  radius  of  gyration  for  the  least  transverse  dimension. 

It  has  been  shown  that 


4    i  ^y 

/2=/l"^> 
P 

and  since  cxh  and  y^-r, 

therefore  /^a/^-^/j^^J 


VALUES  OF  COEFFICIENTS. 
Hence  Gordon's  formula  now  becomes 

W_. f_ 
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in  which  ai  is  independent  of  the  sectional  form,  all  variations  of  the 
latter  being  included  in  r^.  This  modified  form  of  Gordon's  formula 
was  first  suggested  by  Rankine. 

A  pillar  (or  column)  is  square-bearing  or  fiat-ended  when  it  has 
square  ends  which  butt  against  or  are  securely  connected  with  an 
immovable  surface;  it  is  pirv-  and  square-bearing  when  one  end  is 
square-bearing  while  the  other  presses  against  a  close-fitting  pin; 
it  is  pin-bearing  when  both  ends  are  pin-jointed,  the  axes  of  the  pins 
being  parallel.  In  pin-  and  square-bearing  pillars  ja  and  -goi  should 
be  substituted  in  the  preceding  formulae  for  a  and  oi,  while  the  co- 
efiicients  should  be  4a  and  4ai  if  the  pillar  is  pin-bearing. 

5.  Values  of  a,  ai  and  f. — The  following  table,  giving  the  values 
of  the  constants  a,  Oi,  and  /,  has  been  prepared  by  taking  an  average 
of  the  best-known  results,  and  is  applicable  to  square-bearing  round 
and  square  pillars: 


Material  and  Form  of  Section. 


/  in  Lbs. 

1 

per  Sq.  In. 

0 

80,000 

450 

80,000 

400 

80,000 

500 

80,000 

600 

36,000 

3,000 

36,000 

2,250 

36,000 

5,500 

67,200 

2,000 

67,200 

1,400 

67,200 

2,500 

114,000 

1,400 

114,000 

900 

114,000 

1,500 

5,000 

250 

5,  00 

250 

7,200 

250 

at 


For  cast-iron  solid  rectangular  pillars 

"  "  "     round  pillars 

"  "        hollow  rectangular  pillars. . .  . 

"  "  "       round  pillars 

For  wrought-4ron  solid  rectangular  pillars.  . 

"  "  "     round  pillars 

"  "  thick  hollow  round  pillars, 
For  mild-steel  solid  rectangular  pillars 

"  "  "     round  pillars 

"  "        hollow  round  pillars 

For  strong-steel  solid  rectangular  pillars. .  . . 

"  "  solid  round  pillars 

"  "  hollow  round  pillars 

For  pine-timber  solid  rectangular  pillars . . . 

"  "  "     round  pillars 

For  dry  oak  timber 


6,400 
36,000 
36,000 

3,000 


Graphical  comparison  of  the  crushing  unit  strength  of  solid  round 
cast-iron,  wrought4ron,  and  mild-steel  pillars. 
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The  crushing  unit  stress  is  given  by  p= — -^. 


80,000  lbs. 


40  50         60 

Fig.  562 


Take  the  different  values  of  t  as  abscissae,  and  the  corresponding 

values  of  p  as  ordinates;    the  resulting  curves  for  the  values  of  / 
given  in  the  table  are  shown  in  Fig.  562. 

Hence  the  strength  of  a  mild-steel  pillar  exceeds  that  of  a  wrought- 

iron  pillar,  but  is  less  than  that  of  a  cast-iron  pillar  when  t<  10.7; 

a  wrought-iron  pillar  is  stronger  or  weaker  than  a  cast-iron  pillar 

according  as  t  >  or  <  28.5. 

Ex.  4.  Compare  the  breaking  weights  of  round  cast-iron,  vfrought-iron,  and 
mild-steel  pillars  with  Hat  ends,  each  being  9  ft.  in  length  and  6  ins.  in  diameter. 
How  wiU  the  resvlts  he  modified  if  both  ends  are  round? 

I  _12X9 
h        6 
Fir^,  both  ends  flat: 


=18. 


For  cast-iron,      B.W.  =  §5^^2^>^M!  =  1,250,197  lbs. 

l+Tff5(,lo) 
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For  wrought-iron,  B.W.  =?^51^M^'  „    890,109  lbs. 

Second,  both  ends  round: 

ForcasUron,        B.W.  =  .?^52^^iM' ^    533,693" 

"   wrought-iron,B.W.=?»^-X^=    646,120  " 

"  mild-Steel,       B.W.  =  5?5^^M.'=    987,060  " 

Ex.  5.  -A  AoWow  mild-steel  pillar  10  ft.  high  and  4  ins.  ovtside  diameter  has 
to  carry  a  load  of  33  000  lbs.  Taking  6  as  a  factor  of  safety  and  assuming  that 
both  ends  are  to  be  pin~connected,  find  the  proper  thickness  of  the  metal. 

6X33000=^««><^^(^'-^"^'^) 


4 
^"'"2500 


/inxi2y   ' 


t  being  the  required  thickness.    This  reduces  to 

<'-4i +  2.2875=0, 

and  therefore  t,  the  thickness,  =.69  in. 

Ex.  6.  A  pillar  of  diameter  D  supports  a  given  load;   if  N  pillars,  each  of 
diameter  d,  are  substituted  for  this  single  pillar,  show  that  d  must  lie  between 

^  and  -r^.     Is  it  more  economical  to  employ  few  or  many  pillars  of  given  height 

to  suppffii  a  given  load?  ■ 

'  *,  ,  X  ,  =the  given  load  X  factor  of  safety  =-^" — TTTi. 

-«(i)  •      Ml) 

which  reduces  to  d'(D*  -Nd')  =D'd'(Nd'  -D"). 

Therefore  D*>Nd*    and    Nd'>  D'. 

^    D  ,        D 

Hence  d<j^    and    >^, 
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If  w  is  the  specific  weight  of  the  material, 

the  weight  of  the  N  pillars       ^NnidHw  =P„ 
"        "      "    "    single  pillar  =!riZ)'/u)=P2, 
and  P,>  P2,  since  Nd^>  D\ 

It  is  therefore  more  economical  to  use  a  single  pillar. 

Ex.  7.  Find  the  side  of  a  square  post  of  ordinary  quality  oak  which  is  to 
be  124  ft.  high  and  is  to  carry  a  load  of  20,000  lbs.,  10  being  a  factor  of  safety. 
The  ends  are  to  be  flat. 

If  X  ins.  is  a  side  of  the  square  section, 

,„    ^^ 7200a;'  7200a;* 

10X20000=- 


1    /12X12iy    a;'-l-90" 
^  '''250V      X      I 

*  250 

Therefore  »* — g-a;' -2500=0 

and  X  =8.12  ins. 

6.  Values  of  a  and  ai  for  Shapes  and  Built-up  Members. — Further 
experiments  are  still  needed  for  the  proper  determination  of  the 
coefficients  a  and  oi  in  the  case  of  built-up  members  and  of  such 
shapes  as  are  shown  by  Figs.  563  to  568.    At  present  every  engineer 

ill        H       I3:f     ^        ^       t:^ 

Fig.  563.     Fig.  564.      Fig.  565.       Fig.  566.      Fig.  567.        Fig.  568. 

uses  the  values  for  which  his  own  experience  gives  him  a  preference, 
but  it  is  usually  found  that  there  is  no  practical  difference  in  the 
sectional  areas  of  pillars  (or  struts)  designed  in  accordance  with  any 
good  standard  specification. 

The  least  transverse  dimension  (i.e.,  h)  is  to  be  measured  in  the 
plane  of  greatest  flexure. 

Thus  it  may  be  taken  as  the  least  side  of  the  rectangle  circum- 
scribing tee  (Fig.  563),  H  channel  (Fig.  565),  and  cruciform  (Fig.  567) 
sections,  and  as  the  perpendicular  from  the  angle  to  the  opposite 
side  of  a  triangle  circumscribing  angle  (Fig.  568)  sections. 

The  following  table  gives  the  values  of  /  and  a  for  the  shapes  in 
question,  the  members  being  square-bearing.     These  values  have 
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been  deduced  experimentally,  but  must  be  regarded  as  approximate 
only: 

Material.  /  in  Ibs./sq.  in.        — 

a 

Cast  iron 80,000  134 

Wrought  iron 42,500  900 

Mild  steel 45,000        1300 

The  effect  of  a  change  of  form  is  best  provided  for  by  the  use  of 
the  formula  which  involves  the  least  radius  (r)  of  gyration.  Thus 
the  ultimate  strength  in  poimds  per  square  inch  of  medium-steel  col- 
umns is 

50,000 

fl\2> 


■c^y 


—  being  36,000,  24,000,  or  18,000  according  as  the  column  is  square- 

bearing,  pin-  and  square-bearing,  or  pin-bearing. 

The  factor  of  safety  may  be  4  for  quiescent  loads,  as  in  buildings, 
and  5  for  moving  loads,  as  in  bridges. 

Ex.  8.  Find  the  breaking  weight  of  a  square-hearing  cast-4ron  column  10  ft. 
high  and  of  cruciform  section,  the  metal  being  2  ins.  thick  throughout  and  the 
'  outside  length-  of  each  arm  being  8  ins.    Then 

A  =28  sq.  ins.    and    A' =3' +  3' =18. 
Therefore 

80000  y  28 
the  breaking  weight  =■ ^    /i9n\i  =320,000  lbs. 

1- 


J_/120y 
■^400\  h  I 


Ex.  9.  Determine  the  allowable  stress  in  pounds  per  square  inch  of  a  10-ft. 
pin-bearing  strut  composed  of  two  5"X3"XA"  angles  placed  back  to  back,  5 
being  a  factor  of  safety. 

■  First,  let  the  long  legs  be  back  to  back  and  spread  i  in.  to  admit  of  a 
single  line  of  i-in.  lattice  bars  along  the  central  plane.     Then 

/  =  7.6205 ;    A  =4.8  sq.  ins ;     r'  =  '         =  1 .5876, 

and  the  allowable  stress  in  pounds  per  square  inch 

10000 


■^  "''18000 


]_  /120\ 
OOOV  r  J 


,=6649. 
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Second,,  let  the  short  legs  be  back  to  baek.    Then  /  with  respect  to  neutral 
axis  through  centre  of  gravity  =3.468.    Therefore 

3-468     „„„, 
r' =-43- =.7225, 

and  the  allowable  stress  in  pounds  per  square  inch 

10000 


1  + 


1     /120y 


=4746. 


18000V  r 


Again,  the  American  Bridge  Co.'s  specifications  limit  the  length 
of  wind-bracing  pin-bearing  struts  to  120  times  the  least  radius  of 
gyration,  while  the  lengths  of  other  pin-bearing  members  must  not 
exceed  100  times  this  radius.  They  allow  a  working  stress  in  pounds 
per  square  inch  of 

for  soft  steel, 


1  + 


13500 


& 


and  of  ; — 7TT-,  for  mild  steel. 


1  + 


11000 


{^' 


Straight  Line  Formula. — ^The  coefficients  in  pillar  formulae,  gener- 
ally speaking,  have  been  determined  by  experiments  in  which  the 
pillar  has  been  ultimately  crushed  under  a  steadily  applied  and 
gradually  increased  load.  Recent  experience  has  shown  that  the 
working  stress  of  framed  and  shaped  compression  members  may  be 
conveniently  expressed  by  the  "straight-line"  formula 

working  stress  per  square  inch  =  f  — //-, 

where  /= 12,000  lbs.  and  /«  =  45,  53,  or  60,  according  as  the  member 
is  square-bearing,  pin-  and  square-bearing,  or  pin-bearing. 

No  provision  is  made  in  this  formula  for  the  detrimental  effect  of 
the  repeated  stresses  to  which  a  member  is  often  subjected  by  the 
action  of  a  live  load,  as  when  a  train  passes  over  a  bridge.  This 
"impact"  effect  might  be  allowed  for  by  reducing  the  live  load  to 
an  equivalent  dead  load  and  making  a  corresponding  change  in  the 
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coefficients.  Thus,  in  bridge-work,  take  /  =  18,000  lbs.,  and  fi  =  &0, 
70,  and  80,  instead  of  the  values  just  given. 

Again,  for  top  chords  (square  ends  with  or  without  play)  take  /  = 
18,000  lbs.  and  fi  =  70. 

For  end  posts  or  batter  braces  (with  pin  ends  or  ends  tending  to 
rotate)  take  /  =  18,000  lbs.  and  fi=  80. 

For  intermediate  posts  (allowance  being  made  for  pin  ends,  dis- 
tortion, and  greater  liability  to  shock)  take  /= 16,000  lbs.  and  fi=  80. 

Ex-.  10.  Design  a  medium-steel  top-chord  section,  the  unsupported  length 
being  26  ft.  and  the  total  thrust  along  the  chord  being  800,000  lbs.  Try  a  section 
(Fig.  569)  made  up  of 

One  24"  Xi"  cover  plates  =12       sq.  ins. 

Two  3i"  X  3i"  X  f "  top  angles  =  4.96  "  " 
"     18"  X|"  webs-  =22.50"    " 

"    6"  X  4"  X  i"  bottom  angles  =  13.88  "    " 


so  that  the  total  sectional  area  =53.34 


For  practical  reasons  a  clearance  of  ^  in,  may  be  left  between  thi  edges 
of  the  web  plates  and  the  backs  of  the  top  and  bottom 
angles,  so  that  the  depth  over  all=J+2(J) +.18=18i  "^ 
ins. 

Let  X  be  the  distance  of  the  centre  of  gravity  of  the 
section  from  00.     Then 

a;(53.34)  =12X18.5+4.96X17.24  + 

22.5X9.125  +  13.88X1.08=527.81, 

and  therefore  a;  =9.9  ins. 

The  moment  of  inertia  about  the  horizontal  axis  GG  through  the  centre 
of  gravity 

=TtX24(i)'+12(8.6)'+2X2.87+4.96(7.34)2 

+2XfXl8'XT^+22.5(.775)' +2X8.68  +  13.88(8.82)' 
=2878.9, 

and  the  radius  of  gyration  with  respect  to  GG  is  given  by 


-4 


2878.9    ,,,„. 
53^3^=7.346  ins. 


The  moment  of  inertia  with  respect  to  the  vertical  axis  AA  will  be  found 
to  be  greater  than  that  with  respect  to  GG,  so  that  7.346  is  the  least  radius 
of  gyration,  and  therefore 

26  X 1 2 
the  allowable  stress  per  square  inch  =18000 -70-=-~Ta-  =15,026  lbs. 
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.,..•,  -J     800000     ,„„, 

Hence       the  sectional  area  required  =  ^  -„„„  =53.24  sq.  ins., 

which  agrees  very  closely  with  the  area  of  the  assumed  section. 

In  Cooper's  bridge  specifications  for  medium  steel  and  for  live  loads 

/  =  10,000  and  //=45  for  chord  segments; 
/=  8,500    "    //=45  "   all  posts  of  through-bridges; 
/=  9,000   "    /i=40  "   all  posts  of  deck  bridges  and  trestles; 
/  =  13,000    "    /i  =  60  "   wind  (i.e.,  live)  loads  on  laterals  and  rigid 
bracing. 
These  results  are  to  be  doubled  for  dead  loads. 

The  ratio  —  should  not  exceed  100  for  main  members  or  120  for 
r 

laterals. 

The  allowable  stresses  for  soft  steel  should  be  about  15  per  cent 
less  than  those  for  medium  steel. 

7.  Bending  of  Struts. — The  strut  of  length  I  and  constant  sec- 
tional area  S  is  assumed  to  be  homogeneous  and  its  weight  is  disre- 
garded (Euler's  Theory). 

Case  I.  Strut  Hinged  at  Both  Ends. — Let  OBA,  Fig.  570,  represent 
the  neutral  axis  of  the  bent  strut  and  assume  that  the  line  of  action 
of  the  resultant  thrust  P  on  the  strut  coincides  with  the  axis  before 
bending  commences. 

Let  X,  y  be  the  vertical  and  horizontal  distances  respectively  of 
any  point  C  with  respect  to  0.    Then 

which  may  be  written  in  the  form  ' 

where  a^=-^. 

Fig  ""  570         '^'^^  complete  solution  of  any  such  equation  is 
?/  =  &  sin  ax  +  c  cos  ox, 
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h  and  c  being  arbitrary  constants  whose  values  are  governed  by  the 
conditions  of  the  particular  problem  under  consideration. 

In  the  present  case  y=0  when  a; =0,  i.e.,  at  0,  so  that  c  is  also  nil, 

and  y=b  sin  ax. 

Again,  ?/ = 0  when  x  =  OA  =  OB  A,  approximately = I.    Therefore 

0  =  6  sin  al. 

Now,  b  cannot  be  nil,  as  in  such  case  y  would  be  always  nil,  and 
lateral  bending  would  be  impossible.     Hence 

sin  al=0 
and  oZ  =  n;r  =  Z-V  pY  J 


so  that  P=n^EI% 


n  being  a  whole  number. 

The  least  value  of  P  corresponds  to  n  =  1,  and  therefore 

is  the  minimum  thrust  which  will  produce  bending.    It  is  often  called 
the  buckling  load  of  the  strut. 

The  deviation  of  the  axis  from  the  vertical,  i.e.,  the  deflection,  is 
greatest  when 

-p=0=ao  cos  ax, 

or  when  ^^^2' 

and  then  y  =  b  sm-^^o, 

so  that  the  coefficient  b  is  the  maximum  deflection,  which,  in  the 
present  case,  is  the  deflection  at  the  middle  of  the  strut. 
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The  meaning  of  the  values  2,  3,  4,  . . .  ,  for  n  in  the  equation 

nK=al 

is  that  y  is  assumed  to  be  0  at  one  or  more  points  between  0  and  A,  so  that 
the  strut  has  one  or  more  points  of  inflection. 

If  the  column  is  made  to  pass  through  N  points  dividing  the  vertical  OA 
into  N  +  1  equal  divisions,  then 

y  =0  when  x  =rr^ — -, 
"  N  +  1'    . 

and  therefore,  by  eq.  (4),  0=6  sinrr— y, 

cd 

or  YT^  -nn, 

and  hence  P  =n'Elj^iN  + 1) '. 

\|  As  before,  the  least  value  of  P  corresponds  to  n=l,  and 

Fig.  571.  P=EI^(N+i)' 

is  the  least  force  which  will  bend  the  column  laterally. 

Hence  the  strength  of  the  column  is  increased  in  the  ratio  of  4,  9,  16,  etc., 
by  causing  it  to  pass  through  points  which  divide  its  length  into  2,  3,  4,  etc., 
equal  parts,  respectively. 

Effect  of  a  Lateral  Load.—zLet  Mx  be  the  B.M.  at  C  due  to  a  lateral  load 
on  the  strut.     Then 

d^y      ,      Mx    „ 

which  may  be  easily  integrated  as  soon  as  Mx  has  been  determined.     For 
example,  if  the  lateral  load  is  of  intensity  w  and  uniformly  distributed 

Mx=-x{l-x), 

a  law  which  may  be  approximately  and  more  conveniently  expressed  in  the 

form 

,^      Ql  .    Ttx 
Mx=—sm—, 

Q  being  the  total  lateral  load.     Therefore 

^'y      ,      \  Ql    .    nx     „ 
^.+a^2/  +  8^smy=0. 

Integrating,  (P,  -  P)?/  =—  sin  y , 
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where  Pi  —^^'n- 


The  deflection  (y)  is  greatest  at  the  middle,  and  therefore 

Ql 

The  B.M.  is  also  greatest  at  the  middle,  and  therefore,  since 

Mx  =-5-  at  the  middle, 
8 


Ql 
the  max.  B.M.  ^Ela'V^^  +\ 


'  ^^^  4qi 


8  P,-P 
'8  P^-P 


=  ±hz, 


Z  being  the  least  strength  modulus  of  the  section  and  /« the  maximum  stress 
due  to  bending.  The  upper  sign  denotes  a  compression  and  the  lower  a  ten- 
sion. Thus  the  total  maximum  and  minimum  stress  p  to  which  any  part 
of  the  strut  is  subjected  is  given  by 


S  A     8ZP,-P. 


P 

Let  ^  =/  =the  true  breaking  load  per  unit  of  area'; 

o 


^=/,=Euler's        "  "      "     "     "    " 

o 

Ql    /1 
Then  ^=^^8Z/7=/' 


which  may  be  written  in  the  form 

Greenhill  has  shown  (Prod.  Inst.  Mech.  Eng.,  1883)  that  if  the  column 
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IS  also  subjected  to  a  torsional  couple  T,  the  maximum  thrust  required  to 
bend  the  column  is 

In  practice  the  last  term  is  generally  so  small  that  it  may  be  disregarded. 

Case  II.  Strut  Fixed  at  the  Ends. — Let  //  be  the  moment  of  fixture 
at  0.  The  line  of  action  of  the  resultant  thrust  P  no  longer  passes 
through  the  centre  of  gravity  of  the  end  section.  The  B.M.  equa- 
tion is  now 

^  -El22='BM.=Py-f., 


I 

I 


or 

'J=a^ii-y), 

where 

a^=^  and  6=^. 

Put6-2/=z. 

Then 

Fig.  572. 

of  which,  as  before,  the  complete  solution  is 

z=c  sin  ax+d  cos  ax=b—y, 

c  and  d  being  arbitrary  coefficients  whose  values  are  to  be  deter- 
mined. 

dy 
Differentiatmg,     —-r-  =ca  cos  ax  —da  sm  ax. 

-^  dv    ^      ■,  r.  I  , 

But  J  =0    when    x=0  or  =„  or  =1. 

dx  2 

Therefore  0=ca,    so  that    c=0, 

and  d  cos  ax  =  b  —y. 

Also,  0  =+  da  sin  2" = da  sin  al, 
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and  therefore  aZ=2n;r, 

n  being  a  whole  number.     Hence 

The  least  value  of  P  corresponds  to  n  =  1,  and 

is  the  minimum  thrust,  or  the  buckling  load,  which  will  produce  bend- 
ing when  both  ends  of  the  strut  are  fixed. 
The  deflection  (y)  is  greatest  when 

dy    ^         7     . 
•   -^-=0= —da  s\n  ax, 

i.e.,  when  ax=0,  and  therefore 

yma.K.=b-d=^-d. 

Case  III.  Strut  Fixed  at  One  End  and  Hinged  at  the  Other. — As 
in  Case  II, 


-^,-a^ib-y), 

the  complete  solution  being  of  the  form 

h—y=c  cos  ax+d  sin  ax. 
At  A,  i.e.,  when  x  =  l,  B.M.=0  =  6— i/.    Therefore 
0  =  c  cos  al+d  sin  al. 

u/U 

At  0,  i.e.,  when  x=0,  t-=0,  and  therefore 

'  '  dx       '  Fig.  573L 

0=  —  ca  sin  aZ+da  cos  al. 
Hence  d=0  and  also  c  cos  al  =  0=  —ca  sin  aZ,  so  that 

b—y=c  cos  aa; 


1 1 


il    l« 


'I  J 
I 
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A  7    2n  +  l 

and  aL  =  — ^ — ^> 


The  least  value  of  P  corresponds  to  n  =  1,  and 

is  the  minimum  thrust,  or  buckling  load,  which  will  produce  bending 
when  one  end  of  the  strut  is  fixed  and  the  other  hinged. 
For  the  maximum  deflection  {y), 

dy    „ 
T-=0=ca  smax, 

so  that  ax=0, 

and  2/max.  =  &-c=p-c. 


The  results  of  Cases  I,  II,  and  III  show  that  the  buckling  load  of 
«  long  strut  hinged  at  both  ends  is  the  same  as  that  of  a  strut  of  1^  times 
ihe  length  hinged  at  one  end  and  fixed  at  the  other,  and  is  also  the  same 
as  that  of  a  strut  of  twice  the  length  fixed  at  both  ends. 

If  /  is  the  compressive  strength  per  unit  of  area  of  ^a  strut  material, 
then  a  short  strut  of  sectional  area  S  theoretically  fails  by  direct 
crushing  under  the  load  fS.  It  is  impracticable,  however,  to  insure, 
even  with  the  greatest  care,  that  the  material  is  homogeneous,  that 
"the  load  is  properly  distributed  over  the  end,  or  that  the  strut  is 
perfectly  straight.  Thus  the  strut  will  actually  fail  imder  a  less  load 
than  fS,  and  for  the  same  reasons  the  actual  buckling  load  is  less 

7r2 
tha^  /iEI-j^,  the  coefficient  fi  being  1,  ^,  or  4,  according  as  the  strut 

is  hinged  at  both  ends,  hinged  at  one  end  and  fixed  at  the  other, 
■or  fixed  at  both  ends.     Experiment  shows  that  the  strength  of  struts 
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intermediate  in  length  between  these  two  extremes  depends  in  some 
way  upon  the  length,  and  the  empirical  formula 

fS  IS 


fS        ,  ,     f    /I 
ftEI 


1  +  -^,     1  + 


.3T^       ^  '  fiE: 


has  been  found  to  give,  with  a  fair  degree  of  accuracy,  the  strength 
of  all  struts. 

It  may  be  noted  that  in  the  case  of  very  long  struts,  the  first 
term  of  the  denominator  may  be  disregarded  as  compared  with  the 
second,  and  the  huckling  load  is  obtained,  while  in  the  case  of  very 
short  struts  the  second  term  of  the  denominator  becomes  small  and 
may  be  disregarded  as  compared  with  unity. 

This  empirical  formula  is  identical  with  Rankine's  modification 

/    . 


of  Gordon's  formula  if  ai  = 


'  hEtz^ 


Ex.  11.  Find  by  Eider's  method  the  buckling  load  of  a  160"X3"X2"  steel 
strut  when  (a)  the  two  ends  are-  hinged  (6)  one  end  is  hinged  and  the  other  fixed, 
(c)  both  ends  are  fixed,  taking  E  =29,400,000  lbs.  per  sg.  in. 

-2  Q  o3 404      1 

The  buckling  load  =  i^EI-  =  /<  X  29,400,000  X  -jj  ^  ^^, 

=  ;«X22,687ilbs. 

For  case  a,  /i=l  and  buckling  load=22,687i  lbs. 
"      "     b,  fi=i    "  "         "    =51,046J  " 

"      "     c,  /i=4    "  "         "    =90,750    " 

Ex.  12.  Find  the  breaking  weight  of  a  strut  of  the  same  section  and  of  the 
same  quality  of  steel  as  that  in  the  preceding  example  but  only  80  ins.  in  length, 
the  compressive  strength  of  the  steel  being  60,000  lbs.  per  sq.  in, 

fS  =60,000X6  =360,000  lbs., 
and  therefore 

360000 


the  breaking  weight  = 


360000    • 
/^X22687i 


Thus,  in  case  a,  /*  =1  and  breaking  weight  =21,342  lbs. 
"       "    "    b,  ii=\    "         "  "      =44,707  " 

"      "     "    c,  /t=4   "         '•  "      =72,479  " 
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Ex.  13.  Find  the  limiting  ratio  of  the  length  (T)  to  the  thickness  (d)  of  a  fiat 
pin-bearing  steel  bar,  E  being  30,000,000  lbs.  per  sq.  in.  and  the  allowcMe  work- 
ing stress  10,000  lbs.  per  sq.  in. 

The  bar  will  not  bend  laterally  so  long  as 


„    30000000  Sd' 

10000  < — ^ — -^J^' 


49 


1 


i)" 


i.e.,  so  long  as  -  <—  Vio  <49.69. 

Hence  the  length  of  a  flat  bar  in  compression  seems  to  be  comparatively 
limited.  If,  however,  both  ends  are  securely  fixed,  the  strength  is  qvad- 
rupled  and  the  admissible  length  of  the  bar  is  doubled,  while  i£  may  be  still 
further  increased  by  fixing  the  bar  at  intermediate  points  as  indicated  in 
Case  I.  This  shows  the  marked  advantage  to  be  gained  by  riveting  together 
the  diagonals  of  lattice  girders  at  the  points  where  they  cross  each  other. 

.  Long  Struts. — Let  OBA  be  the  bent  axis  of  a  long  strut  of  length 
I  under  the  buckling  load  P,  the  line  of  action  of  P  coin- 
ciding with  OA  the  position  of  the  axis  before  bending 
commences.  If  y  is  the  maximum  deflection,  the  maxi- 
mum B.M. 


N-yiB 


Fig.  574. 


=Py  =  /iEI-py. 

Allowance  may  be  made  for  any  slight  initial  curva- 
ture in  the  strut,  for  an  uneven  distribution  of  the  load 
over  the  end,  and  for  a  want  of  homogeneousness  in  the 
material  by  assuming  that  the  same  maximum  deflection 
is  produced  by  a  load  W(  <  P)  at  C,  where  AC  is  neces- 
sarily a  small  quantity. 


Let  AC=x. 
Then 

and 


W(x+y)=Py 
Wx 


y= 


P-W 


If  the  line  of  action  of  the  load  W  coincides  with  the  axis  of  the 
strut,  then  x  is  nil.  So  long  as  the  load  is  less  than  P,  d=0,  and 
the  failure  of  the  pillar  would  be  due  to  direct  crushing.    If  the  load 
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re- 


is  equal  to  P,  d  becomes   indeterminate  (=pr)  and   the   strut 

mains  in  a  state  of  neutral  equilibrium  at  any  inclination  to  the 
vertical.  It  is  impossible  that  W  should  exceed  P,  as  d  would 
then  be  negative;  and  therefore  a  load  greater  than  P  would  cause 
the  strut  to  bend  over  laterally  until  it  broke. 

Thus  P  =  nEI^   must  be  the  theoretical   maximiun  buckling 

strength  of  the  strut. 

W  P 

Take  -Q-=f  and  ■o-=/i.    Also,  let  J2  be  the  maximum  stress  de- 
veloped in  the  strut  by  bending.    Then 

W{x+y)=Py=UZ, 

"Z  being  the  strength  modulus  of  the  section. 

Hencej^  if  P  is  the.  total  maximum  or  minimum  stress  in  the  most 

deflected  section, 

,    ,      ,    W,        ^     ,    W    Px 
p=/±/2=/±  2-(a;+?/)  =/±^pri? 


zh-r 

which  may  be  written  in  the  form 


(-^)(-a 


Wx         S    f 
z  p        z  p 


Ex.  14.  Find  the  crushing  load  of  a  solid  mild-steel  pillar  3  ins.  in  diameter 
and  10  ft.  long,  with  two  pin  ends.  Also  find  the  deviation  (x)  of  the  line  of 
action  of  a  load  of  20,000  lbs.  from  the  axis  of  the  pillar,  so  that  the  maximum 
intensity  of  stress  may  not  exceed  10,000  lbs.  per  square  inch. 

By  Gordon's  formula  and  the  table.  Art.  4, 


67200X71X1 


the  crushing  load  -  "      "    /^  ^^^-=85,292.3  lbs. 


Again,  the  theoretical  maximum  buckling  strength  P 
=^/^  =28000000  Xf^'^«*     ' 


V     ^"""""""^  7  64  49  (120)=! 
=80,216  lbs. 
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Therefore 


Hence 


and 
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P  80216  80216 


P-W    80216-20000  60216 


=1.332. 


10000  =f°°^(l  +  1.332x|x) 


yi(3) 


a;  =  .714  in. 


8.  Uniformly  Varjring  Stress. — The  load  upon  a  pillar  is  rarely, 
if  ever,  uniformly  distributed,  and  in  practice  it  is  often  considered 

sufficient  to  assume  that  the  pressure  in 
any  transverse  section  varies  uniformly. 
Any  variable  external  force  applied 
normally  to  a  plane  surface  AA  of  area 
S  may  be  graphically  represented  by  ar 
cylinder  AABB,  the  end  BB  being  the 
locus  of  the  extremities  of  ordinates 
erected  upon  AA,  each  ordinate  being 
X  proportional  to  the  intensity  of  pressure 
at  the  point  on  which  it  is  erected. 

Let  P  be  the  total  force  upon  AA, 
and  let  the  line  of  its  resultant  intersect 
A  A  in  C;   C  is  the  centre  of  pressure  of 
A  A,  and  the  ordinate  CC  necessarily 
passes  through  the  centre  of  gravity  of  the  cylinder. 

Assume  that  the  pressure  upon  A  A  varies  imiformly;  the  sur- 
face BB  is  then  a  plane  inclined  at  a  certain  angle  to  AA. 

Take  0,  the  centre  of  figure  of  AA,  as  the  origin,  and  A  A  as  the 
plane  of  x,  y. 

Let  OY ,  the  axis  of  y,  be  parallel  to  that  line  EE  of  the  plane  BB 
which  is  parallel  to  the  plane  AA. 

Through  EE  draw  a  plane  DD  parallel  to  AA  and  form  the 
cylinder  AADD. 

The  two  cylinders  AABB  and  AADD  are  evidently  equal  in 
volume,  and  OF,  the  average  ordinate,  represents  the  mean  pressure 
over  AA ;  let  it  be  denoted  by  po. 

At  any  point  R  of  the  plane  AA  erect  the  ordinate  EQP,  inter- 
secting the  planes  DD,  BB,  in  Q  and  P  respectively. 


Fig.  575. 
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Let  X,  y  be  the  co-ordinates  of  R. 
The  pressure  at  R 

=p=PR=  ±PQ  +  QR=  ±PQ+OF=  ±ax  +  po, 

a  being  a  constant  depending  upon  the  variation. 

Let  Xo,  yo  be  the  co-ordinates  of  the  centre  of  pressure  C. 
Let  JS  be  an  elementary  area  at  any  point  R. 


p 


R       O        R 

Fig.  576.  Fig.  577. 

■Then  pJS  is  the  pressure  upon  JS,  and  ^(pJS)  is  the  total 
pressure  upon  the  surface  A  A,  I  being  the  symbol  of  summation. 
Hence 

XoI(pJS)=I{pxJS)     and    yoI{pAS)=I{'pyAS). 

But  p=po±ax. 

Therefore  XoI{  {pQ±ax)AS}  =I{{p(fl:±ax^)AS} 

and  yol  { (po  ±ax)dS]=I{  (poy  ±  axy)  JS  ] . 

Now.  0  is  the  centre  of  figure  of  AA,  and  therefore  I{xdS)  and 
2{y4S)  are  each  zero. 

Also,  2{AS)  =*S,  I(x^JS)  is  the  moment  of  inertia  (I)  of  AA  with 
respect  to  OY,  and  I{xyAS)  is  the  product  of  inertia  (K)  about  the 
a.xis  OZ. 
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Therefore  XoPoS=aI=XoP    . 

and  yoPoS=aK=yoP- 


■  (1) 

■  (2) 


In  any  symmetrical  section  y^  is  zero,  and  Xq  is  the  deviation  of  the  centre 

of  pressure  C  from  the  centre  of  figure  0. 

Let  Xi  be  the  distance  from  0  of  the 
extreme  points  A  of  the  section. 

The  greatest  stress  in  A  A  is  po+axi  =pi^ 


—Xy-^ 


O  "C 


suppose. 


Buta=^^,  byeq.  (1). 


Fig.  578. 


Fig.  578. 


Therefore 


x^,Sp„ 

PO'  J  Pi! 


Pi 


i+^S 


(3) 


It  is  generally  advisable,  especially  in  masonry  structures,  to  limit  x^ 
by  the  condition  that  the  stress  shall  be  nowhere  negaiive,  i.e.,  a  tension. 
Now  the  minimum  stress  is  p^—axi,  so  that  to  fulfil  this  condition 


But 

Hence,  by  eq.  (3), 


Po>or=aa;i. 
Pi  =  oxi  +  po ;    therefore  p  i  <  or  =  2po. 


2po 


<  or  =- 


1+^S 


and 


XnXiS  ^  ,  I 

^— <  or  =1;    i.e.,  x„<ot  =— -. 
1  x,o 


The  uniformly  varying  stress  is  equivalent  to  a  single  force  P  along  the 
axis,  and  a  couple  of  moment 

PXCO=pVxo'+yo'  =aVp  +  KK 

The  line  CO  is  said  to  be  conjugate  to  OY. 

X        I 
If  the  angle  COX^d,    then    cot  6=-^  =— . 

9.  Weyrauch's  Theory  of  the  Resistance  to  Buckling. — In  order 
to  make  allowance  for  buckling,  Weyrauch  proposes  the  two  follow- 
ing methods : 


WEYRAUCH'S  THEORY  OF  BUCKLING.  621 

Method  I.  Let  Fi  be  the  necessary  sectional  area,  and  6i  the 
admissible  unit  stress  for  a  strut  subjected  to  loads  varying  from  a 
maximum  compression  Bi  to  a  minimum  compression  B2. 

Let  F'  be  the  necessary  sectional  area,  and  b'  the  admissible  imit 
stress  for  a  strut  subjected  to  loads  which  vary  between  a  given 
maximum  tension  and  a  given  maximum  compression,  B'  being  the 
numerically  absolute  maximum  load  and  B"  the  maximum  load  of 
the  opposite  kind. 

According  to  Chapter  IV,  if  there  is  no  tendency  to  buckling,  and 

i qt  qi  o 

putting  m= ,  m'= ,  and  v'=MH-f actor  of  safety, 

^.=§=^^SrT    (1) 


''  "(i+'-t) 


B'             B' 
and  F'=-^=~j ™r- .     (2) 


b' 


If  there  is  a  tendency  to  buckling,  let  I  be  the  length  of  the  strut, 
F  its  required  sectional  area,  and  T  the  mean  unit  stress  at  the 
moment  of  buckling. 

Then,  according  to  the  theory  of  long  struts, 

TFcc^  =  d^,       (3) 

d  being  a  coefficient  depending  upon  the  method  adopted  for  secur- 
ing the  ends,  E  the  coefficient  of  elasticity,  and  /  the  least  moment 
of  inertia  of  the  section. 

Also,  let  t  be  the  statical  compressive  strength  of  the  material 
of  the  strut,  and  take  t^iiT.    Then 

I     IFP     FP 
^~T~dEI  ~  W ^'^^ 

,    dE 
where  "T ^^^ 
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If  the  strut  under  a  pressure  B  were  not  liable  to  buckling,  it 
would  be  subjected  to  a  direct  thrust  only.     The  required  sectional 

T> 

area  of  the  strut  would  then  be  — ,  and  the  unit  stress  for  an  area  F 

V 

would  be  -p. 

If  the  strut  under  the  pressure  B  is  liable  to  buclding,  its  required 
sectional  area  will  be  -jp,  since  T  is  the  mean  unit  stress  at  the  mo- 
ment of  buckling.  Let  x  be  the'  unit  stress,  at  the  moment  of  buck- 
ling, for  the  area  F. 

Assuming  that  the  vmit  stresses  in  the  two  cases  are  in  the  same 
ratio  as  the  required  sectional  areas,  then 

BBS 

X-.p-.-.rp-.   ^. 

T>    f  T> 

Therefore  a;=-^y  =  /i-^ (6) 

The  force  which,  when  uniformly  distributed  over  the  area  F 
will  produce  this  stress,  is  Fz  =  fiB. 

Hence  allowance  may  be  made  for  buckling  by  substituting  for 
tihe  compressive  forces  in  equations  (1)  and  (2)  their  values  multi- 
plied by  fi.    Thus  equation  (1)  becomes 

jr    /^i  f^^ ^f^^___„p  (7\ 


>•    .■(:+„.a;)   .■(i+..f) 


and  equation  (2)  becomes 


i^'=-r— =  — 7 dTa  ;  if  B' is  a  compression,   .    .    (8) 

v'\\-m'-^) 


tiB'. 
~k'  ^  ~7 — ~ — W^'  '^^  ^"  '^^  ^  compression. 


B'  B' 

and  F=^,  =  —, 577^-,  if  5"  is  a  compression.   .    .    (9) 
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If  fi<l,  equations  (1)  and  (2)  give  larger  sectional  areas  than 
equations  (7),  (8),  and  (9),  so  that  the  latter  are  to  be  applied  only 
when  /i>l. 

Method  II.  Gteneral  formulse  applicable  to  all  values  of  /j.  may 
be  obtained  by  following  the  same  line  of  reasoning  as  that  adopted 
in  the  proof  of  Gordon's  formula.    It  is  there  assumed  that  the 

total  unit  stress  in  the  most  strained  fibre  is  pi\l+a-r^),  pi  being 

the  stress  due  to  direct  compression,  and  piap  that  due  to  the  bend- 
ing action. 

So,  instead  of  employing  equations  (1)  and  (2)  when  /x<l,  and 
equations  (7),  (8),  and  (9)  when  fi>l,  formulse  including  all  cases 
may  be  obtained  by  substituting  for  the  compressive  forces  in  equa- 
tions (1)  and  (2)  their  values  multiplied  by  1  +  n. 

Thus  equation  (1)  becomes 

F=    ,^^+^^^,=(i+/^)J'i,   ...:::::    (lO) 

and  equation  (2)  becomes 

(l  +  /i)B" 
F  =  — y p77 — \  if  B'  is  a  compression,    ;    ;     (11) 


^'(i-^'rTT^AB^) 


(l  +  /.)5'. 

or  -^"^"7 j^j—^rwr  if -S"  is  a  compression.  :    ;     (12) 

i/yi-m' — ^, ) 

Equations  (7),  (8),  (9),  respectively,  give  larger  values  of  F  than 
the  corresponding  equations  (10),  (11),  and  (12). 

For  wrought-iron  bars  it  may  be  assumed,  as  in  Chapter  IV,  that  v^  =v'  =700 
k.  per  sq.  cm.,  and,  ?rei=m'=J. 

The  value  of  A  is  given  by  formula  (5),  but  is  unreliable,  and  varies  in 
practice  from  10,000  to  36,000  for  struts  with  fixed  ends. 

When  the  ends  are.fixed,  S  =4?:',  according  to  theory.    Hence 

t 
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Therefore  if  S  =2,000,000  k.  per  sq.  cm.,  and  <=3300  k.  per  sq.  cm., 
3=23,926,  or  in  round  numbers  23,900;  24,000  is  the  value  usually  adopted 
by  Weyrauch. 

Ex.  15.  The  load  upon  a  wrought-iron  column  360  cm.  long  varies  between 
a  compression  of  50,000  k.  and  a  compression  of  25,000  k.  Calculate  the  sec- 
tional area  of  the  column,  assuming  it  to  be  1st  solid  and  2d  hollow,  allowance 
being  made  for  buckling. 

First.  By  eq.  (1), 

50000  _^0_     , 

'  "700(1 +ixiun)    7    "'■' 

r  being  the  radius  of  the  section. 


Also, 

J    Ttr* 
4  " 

Therefore 

F,      4     11 
/     r'     50  ■ 

Hence,  by 

eq. 

(4), 

ti- 

360X360,^1 

Thus  it>  1,  and  by  eq.  (7)  the  required  sectional  area  is 
2J',X1. 188=1^^^X1.188=67.9  sq.  cm. 

Second.  Fi~^^=7z(r,'~■r^'), 

r,  being  the  external  and  n  the  internal  radius  of  the  section. 

Let  Ti  —■O  cm.  and  rj=7.92  cm.    Then 


Also, 


Therefore 

Hence,  by  eq.  (4), 


7r(n' 

-o= 

=57.43  sq. 

cm. 

/=.(! 

4       * 

F 

4 

4 

/     r,'+r,'    143.7264' 


360X360  4  ,- 

'^       24000       143.7264 


Thus,  in  the  latter    case,  since    /<<1,  there  is  no  tendency  to  buck- 
ling. 
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If  the  area  is  determined  by  equation  (10),  its  value  becomes  1.15X^= 
65  sq.  cm. 

10.  Flexure  of  Columns. — In  Art.  7  the  moment  equation  has 
been  expressed  in  the  form  > 

and  this  is  sufficiently  accurate  if  the  deviation  of  the  axis  of  the 

(dyY 
strut  from  the  vertical  is  so  small  that  \^j  may  be  neglected  with- 
out sensible  error. 

The  more  correct  equation  is 

=M, 

P 

p  being  the  radius  of  curvature. 

Consider,  e.g.,  the  strut  in  Art.  7,  Case  I.     Then 

„  P      1     dd     dd   .    ^ 

-^'y=-Eiy=rd-s^d-y''''^> 

6  being  the  inclination  of  the  tangent  at  M  to  the  axis  of  x,  and  ds 
an  element  of  the  bent  strut  at  M.    Then 

—a?ydy=sm  Odd. 
Integrating,  ^^^^.^^g  _^q^q^^ ^j^ 

6q  being  the  value  of  ^  at  a  strut  end. 

g  g 

Let  sin  -^  =  /i    and    sin  -  =  /z  sin  0.    Then 


or  y  =  —cos^ (2) 
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Let  Y  be  the  maximum  deviation  of  the  axis  of  the  strut  from 
the  vertical,  i.e.,  the  value  of  y  when  ^=0  or  ^=0.    Then 

^=i  =  ^ (3) 

Again,  ds  =  pd0  = .  = . 

Hence,  if  I  is  the  length  of  the  strut, 


'=-af\^^     T_:,,.=^^.(^)>      ....     (4) 


#  _2 


F^(^)  being  an  elliptic  integral  of  the  first  kind. 

Let  P'  be  the  Zeas^  thrust  which  will  make  the  strut  bend.    As 
shown  in  Art.  7, 

"EI~F' 


a?- 


and,  by  eq.  (4),  the  corresponding  value  of  the  modulus  ju  is  given  by 

■        F,<,<^)=\ (5) 

Let  the  actual  thrust  on  the  strut  be 

P=n^P', (6) 

n^  being  a  coefficient  >  unity. 

The  corresponding  value  of  the  modulus  is  given  by 

^''(^)=W^=i"«=^^ (7> 

By  reference  to  Legendre's  Tables  it  is  found  that  a  large  in- 
crease  in  the  value  of  /i,  i.e.,  of  sin  -^  or  do,  is  necessary  in  order  to 
produce  even  a  small  increase  in  the  value  of  Fp,(4>)  and  therefore 
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of  n  I  =     — ).     Hence  as  soon  as  the  thrust  P  exceeds  the  least 


"(=J) 


thrust  which  will  bend  the  column,  viz.,  P',  Oq  rapidly  increases. 

The  total  maximum  intensity  of  stress  in  the  skin  of  the  strut 
at  the  most  deflected  point 

P     Mz     P    PYz     ,    2z   .    do  /-TT- 

z  being  the  distance  of  the  skin  from  the  neutral  axis,  and  /  being 

P 

equal  to  -j. 

The  last  term  of  this  equation  includes  the  product  jE,  which  is; 

ft 
very  large,  knd  also  the  factor  sin  ^,  which  increases  with  ^o  so 

that  the  ultimate  strength  of  the  material  is  rapidly  approached, 
and,  in  fact,  rupture  usually  takes  place  before  the  column  has  as- 
sumed the  position  of  equilibrium  defined  bj'  the  slope  do  at  the 
ends. 

If  there  were  no  limit  to  the  flexure,  the  column  would  take  its 
position  of  equilibrium  only  after  a  number  of  oscillations  about  this 
position,  and  the  maximum  stress  in  the  material  would  be  neces- 
sarily greater  than  that  given  by  eq.  (8). 

Again,  dx=ds  cosd=  — ,  =i=^ . 

^      '  a     \/l-^=^sin2  9!. 

Let  X  be  the  vertical  distance  between  the  strut  ends.     Then 
a  {Jo  ^      '^  ^^  ^    Jo    Vl-fi^smU 

CI 

E^{4>)  being  an  elliptic  integral  of  the  second  kind. 
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Hence  the  diminution  in  the  length  of  the  strut 

=  L-X=^\F,i<l^)-E,{cl>)]. 

If  the  column  has  an  initial  curvature  of  — ,  the  moment  equa- 
tion  may  be  expressed  in  the  form 

-C--s)=-=-KS-^) « 

Po  and  -J—  being  the  values  of  p  and  -p  when  M =0. 

Hinged  Ends. — It  is  assumed  that  the  line  of  action  of  the  thrust 
P  is  at  a  distance  d  from  the  axis  of  the  strut.     Then 

'^i'    '^*-    -„n,+4=-£J (3) 


or 


dx^     dx^ 


P 

where  a^  =  -^q,  p  =  total  stress  at  the  distance  z  froni  the  neutral  axis, 

and  /= stress  due  to  direct  thrust  (  =  0'),  so  that  the  stress  due  to 

bending  =  p  — /. 

It  is  also  assumed  that  the  form  of  the  axis  of  the  column  before 
it  is  acted  upon  by  the  thrust  P  is  a  curve  of  sines  defined  by  the 
equation 

2/0  =  ^  cosy, (4) 

the  origin  being  half-way  between  the  ends  of  the  strut,  and  i  being 
the  maximum  initial  deviation  of  the  axis  from  the  vertical,  i.e.,  the 
"v^alue  of  2/0  when  x  =  0. 

Therefore  -^  =  — ^  cos  y, 
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and  hence,  by  eq.  (3), 

^^=-a^{y+d) -J J  cos-j (51 

A  solution  of  this  equation  is 

C0S-7- 
,     ,cos  ax      _,  L  .„, 

2/+^=^^^^  +  ^—^ ^^) 

cos  2  1-^ 

7 

Now  -^  is  always  small  for  such  values  of  /  as  would  constitute  a 
safe  working  load,  and  therefore 

al  aH^ 

cos  77  =  1  — 5-,  approximately, 
Z  0 

so  that  eq.  (6)  becomes 

y+d  =  d  cos  axil  — -^j      +Jcos-pll j-l     , 

or 

/      aH^\  Ttxl      aH^\ 

y+d=d  cos ax[l+-^]  +J  cos-y-(  1+— ^  I,  approximately.     (7) 

Let  Y  be  the  maximum  value  of  y,  i.e.,  the  value  of  y  when 
x=0.    Then 

Y=aH^(^^+^^+J (8) 

Hence,  by  eq.  (3),  the  total  maximum  intensity  of  stress 

=p=/+a2^S(7+d)=/+/(0'{c.+  6-^(^)'|,     .     .     (9) 


where  «'=i\8+^V     and    c=^-- 

Eq.  (9)  is  a  quadratic  from  which  /  may  be  found  in  terms  of  p. 
As  a  first  approximation,  p  may  be  substituted  for  /  in  the  last  term 
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of  the  portion  within  brackets,  the  error  being  in  the  direction  of 
safety. 

Fixed  Ends. — Let  Mi  be  the  moment  of  fixture. 

Eq.  (3)  now  becomes 

Assuming  again  that  the  initial  form  of  the  axis  is  a  curve  of  sines, 
the  solution  of  the  last  equation  is 

■KX 

^    Ml     /^    MA  cos  ax      /°^  T 
cos  2-       1-^ 

Initially,  2/o  =  ^  cos  y, 

and  -r-  is  equal  to  -j—  when  a; =7:  or  =  — — , 

dx       ^  dx  2  2 


Hence  _j|=  _(d+^) 


a  sin  ^        Aj 

cos  —      1  — 5- 

2,  n^ 


,    Ml         2i  12-;r2 

Again,  the  value  of  y  at  the  point  a;=0  is 

^=('^+T-jx+^ii+^) (13) 

Also,  if  pi,  p2  are  the  total  maximum  intensities  of  stress  at  the 
end  and  at  the  most  deflected  point,  then 

^'=-a<.+^)-etc., (14) 

and  a=/_,(^^,^^).,.„, (,,, 

two  equations  from  which  /  may  be  found  as  before. 
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The  following  conclusions  are  drawn  from  the  above  investi- 
gation : 

First.  The  actual  strength  of  a  column  depends  partly  upon  known 
facts  as  to  dimensions,  material,  etc.,  and  partly  upon  accidental  cir- 
cumstances. 

Second.  Experiments  upon  the  crippUng  or  destruction  of 
columns  cannot  be  expected  to  give  coherent  results  when 
applied  to  the  determination  of  the  constants  in  such  an  equation 
as  (9). 

Third.  It  is  a  question  whether  p  should  be  made  the  elastic 
limit  of  the  material  and  the  working  stress  a  definite  fraction  of  the 
corresponding  value  of  /  derived  from  eq.  (9),  or  whether  p  should 
be  the  allowable  skin  working  stress,  and  the  value  of  /  be  found 
by  means  of  the  same  equation.  The  former  seems  to  be  the  more 
logical  assumption. 

Fourth.  It  would  appear  that  the  strength  of  hinged  columns  is 
likely  to  be  much  more  variable  than  the  strength 'of  columns  with 
fixed  ends,  as  it  depends  upon  two  variable  elements,  d  and  J,  while 
the  end  fixture  eliminates  d. 


First  Elliptic  Integral,  FM)- 


<!> 

^  =  0 

M  =  .l 

M=.2 

^  =  .3 

/i  =  .4 

^  =  .5 

M  =  .6 

P  =  .7 

/,  =  .8 

,.  =  .9 

11  =  1 

0° 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

5° 

0.087 

0.087 

0.087 

0.087 
0.175 

0.087 

0.087 

0.087 

0.087 

0.087 

0.087 

0.087 

IO° 

0.175 

0.175 

0.175 

0.175 

0.176 

0.175 

0.175 

0.175 

0.175 

0.175 

IS° 

0.262 

0.262 

0.262 

0.262 

0.262 

0.263 

0.263 

0.263 

0.264 

0.264 

0.265 

25» 

0.349 

0.349 

0.349 

0.350 

0.350 

0.351 

0.352 

0.353 

0.354 

0.355 

0.356 

35° 

0.436 

0.436 

0.437 

0.4.38 

0.439 

0.440 

0.441 

0.443 

0.445 

0.448 

0.451 

30° 

0.524 

0.524 

0.525 

0.526 

0.527 

0.529 

0.532 

0.536 

0.539 

0.544 

0.549 

35° 

0.611 

0.611 

0.612 

0.614 

0.617 

0.620 

0.624 

0.630 

0.636 

0.644 

0.653 

40° 

0.698 

0.699 

0.700 

0.703 

0.707 

0.712 

0.718 

0.727 

0.736 

0.748 

0.763 

45° 

0.785 

0.786 

0.789 

0.792 

0.798 

0.804 

0.814 

0.826 

0.839 

0.858 

0.881 

S0° 

0.873 

0.874 

0.877 

0.882 

0.889 

0.898 

0.911 

0.928 

0.947 

0.974 

1.011 

ss° 

0.960 

0.961 

0.965 

0.972 

0.981 

0.993 

1.010 

1.034 

1.060 

1.099 

1.154 

l5° 

1.047 

1.049 

1.054 

1.062 

1.074 

1,090 

1.112 

1.142 

1.178 

1.233 

1.317 

65° 

1.134 

1.137 

1.143 

1.153 

1.168 

1.187 

1.215 

1.254 

1.302 

1.377 

1.506 

70° 

1.222 

1.224 

1.232 

1.244 

1.262 

1.285 

1.320 

1.370 

1.431 

1.534 

1.735 

75° 

1.309 

1.312 

1.321 

1.336 

1.357 

1.385 

1.426 

1.488 

1.566 

1.703 

2.028 

s3° 

1.396 

1.400 

1.410 

1.427 

1.452 

1.485 

1.534 

1.608 

1.705 

1.885 

2-436 

85° 

1.484 

1.487 

1.499- 

1.519 

1.547 

1.585 

1.643 

1.731 

1.848 

2.077 

3.131 

«o° 

1.571 

1  575 

1.588 

1.610 

1.643 

.1.686 

1.752 

1.854 

1.993 

2.275 

X 

632 


THEORY  OF  STRUCTURES. 
Second  Elliptic  Integral,  Eii(^). 
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EXAMPLES. 

1.  The  sectional  area  of  a  pillar  is  144  sq.  ins.,  and  the  pillar  carries  a  load 
of  4000  lbs.  Find  the  normal  and  tangential  intensities  of  stress  on  a  plane 
inclined  at  20°  to  the  axis.  Ans.  3.25  lbs.;  8.93  lbs. 

2.  A  short  cast-iron  column  of  6  ins.  external  and  4  ins.  internal  diameter 
carries  a  load  of  20  tons,  the  line  of  action  of  the  resultant  being  12  ins.  from 
axis  of  column.     Find  maximum  and  minimum  stresses. 

Ans.  16.37  and  12.52  tons/sq.  in. 

3.  A  cylindrical  pillar  6  ins.  in  diameter  supports  a  load  of  400  lbs.,  of 
which  the  centre  of  gravity  is  |  in.  from  the  axis.  Determine  the  greatest 
and  least  intensities  of  stress  upon  any  transverse  section  of  the  pillar. 

Ans.  25|f  lbs.;  2iJflbs. 

4.  Calculate  the  breaking  weight  by  Hodgkinson's  formula  of  a  solid 
round  cast-iron  pillar  20  ft.  in  length  and  10  ins.  in  diameter,  (1)  both  ends 
being  securely  fixed;   (2)  both  ends  being  hinged*. 

Ans.  (1)  951.4  tons;  (2)  414.04  tons. 

5.  Determine  by  Hodgkinson's  formula  the  diameter  of  a  solid  wrought- 
iron  piUar  equal  in  length  and  strength  to  that  in  the  preceding  question. 

'     Ans.  7.35  ins. 

6.  Calculate  the  breaking  weight  by  Hodgkinson's  formula  of  a  square- 
bearing  hollow  cast-iron  column  of  4  ins.  external  and  3  ins.  internal  diameter. 

7.  A  square-bearing  timber  post  .18  m.X.18  m.  in  section  is  4  m.  high. 
What  load  will  it  safely  bear?    (Use  Hodgkinson's  formula.)     Ans.  10,594  k. 

8.  Find  by  Hodgkinson's  formula  the  load  which  can  be  carried  by  a  cast- 
iron  column,  with  square  ends,  5  m.  high  and  120  mm.  in  diameter. 

Ans.  16,071  k. 
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9.  Find  by  Hodgkinson's  method  the  breaking  weight  of  a  square- 
bearing  solid  cast-iron  pillar  6  ins.  in  diar.  and  20  diars.  in  length. 

Ans.  177  tons. 

10.  A  hollow  cast-iron  square-bearing  column  of  9  ins.  external  and  7  ins. 
internal  diar.  is  24  ft.  long.  Determine  by  Hodgkinson's  method  the  load 
it  will  safely  carry,  10  being  a  factor  of  safety.  Ans.  32  tons. 

11.  What  is  the  length  of  a  solid  cast-iron  pin-bearing  column  of  3  ins. 
diameter  which  fails  under  a  load  of  12,320  lbs.?  Ans.  19.5  ft. 

12.  With  8  as  a  factor  of  safety,  the  safe  working  load  on  a  solid  square- 
bearing  pillar  10  ft.  long  is  5  tons.     Find  its  diameter.  Ans.  2.8  ins. 

13.  Find  the  breaking  weight  of  a  solid  square-bearing  cast-iron  column 
7i  ins.  in  diameter  and  16  diameters  in  length,  the  crushing  strength  of  the 
iron  being  40  tons.  Ans.  838  tons. 

14.  A  hollow  cast-iron  column  of  8  ins.  external  and  6  ins.  internal  diam- 
eter is  18  diameters  long.  If  10  is  a  factor  of  safety,  find  the  load  it  will 
safely  carry  when  both  ends  are  (a)  square-bearing,  (b)  pin-bearing. 

Ans.  (a)  45.6  tons;  (6) 

15.  Determine  the  breaking  weight  of  a  solid  cast-iron  pillar  9  ft.  in  height 
and  4  ins.  in  diameter  when  the  ends  are  (a)  square-bearing,  (6)  hinged. 

Ans.  (o)  159  tons;  (6) 

16.  Determine  the  breaking  weight  of  a  solid  round  pillar  with  both  ends 
firmly  secured,  10  ft.  in  length  and  2  ins.  in  diameter,  (1)  if  of  cast  iron;  (2) 
if  of  wrought  iron;    (3)  if  of  steel  (mild). 

Ans.  25,142.8  lbs.;  43,516.48  lbs.;  59,136  lbs. 

17.  A  solid  pin-bearing  cast-iron  strut  15  ft.  long  is  to  carry  a  load 
of  20  tons.     If  6  is  a  factor  of  safety,  find  the  diameter  of  the  strut. 

Ans.  6J  ins. 

18.  A  solid  or  hollow  pillar  of  cast  iron,  wrought  iron,  or  mild  steel  is  to 
be  designed  to  carry  a  steady  load  of  30,000  lbs.  Determine  the  necessary 
diameter  in  each  case,  6  being  a  factor  of  safety.  (The  pillar  is  to  be  12  ft, 
high,  and  the  metal  of  the  hollow  pillar  is  to  be  I  in.  thick.)  Determine  the 
load  that  will  produce  a  maximum  stress  of  9000  lbs.  per  square  inch  in  the 
solid  steel  pillar. 

Ans.  Solid:     3.68  ins.;  3.39  ins.;  3  ins.;  24,055  lbs. 
Hollow:  4.96  ins.;  8.5  ins.;  3.9  ins. 
i9>  Design  a  square-bearing  pine  pillar  20  ft.  long  to  carry  a  load  of  6000 
lbs.,  4  being  a  factor  of  safety.  Ans.  Required  area  =35.6  sq.  ins. 

20.  Determine  the  strength  of  a  raild-steel  pillar  7  ins.  in  diameter  and 
20  diameters  in  length,  (a = r^, /  =  60,750  lbs.)  Find  the  diameter  of  each 
of  two  pillars  equivalent  to  the  single  pillar. 

21.  Determine  the  breaking  weight  of  an  oak  pillar  9  ft.  high,  1 1  ins,  wide, 
and  5  ins.  thick.  Ans.  138.160  lbs. 

22.  What  weight  will  be  safely  borne  by  a  pillar  of  dry  oak  subject  to 
vibration,  10  ft.  high  and  6  ins.  square,  10  being  a  factor  of  safety? 

Ans.  9969  lbs. 

23.  Calculate  the  breaking  weight  of  a  solid  cast-iron  pillar  20  ft.  in  length 
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and  10  ins.  in  diameter  when  (a)  both  ends  are  square-bearing,  (6)  one  end 
is  square-bearing  and  the  other  pin-  and  square-bearing. 

Ans.  (a)  1150.05  tons;  (6) 

24.  Find  the  diameter  of  a  wooden  column  20  ft.  long  to  support  a  load 
of  10,000  lbs.,  10  being  a  factor  of  safety  and  both  ends  of  the  column  being 
absolutely  fixed.  Ans.  8.55  ins. 

25.  Find  the  breaking  stress  per  square  inch  of  a  4"X4"  solid  wrought- 
iron  pillar  for  lengths  of  5, 10,  15,  and  20  ft.,  the  two  ends  being  absolutely 
fixed.  Ans.  33,488  lbs.;  27,692  lbs.;  21,492  lbs.;  16,363  lbs. 

26.  Compare  the  breaking  weight  of  a  soUd  square  pillar  of  wrought  iron 
20  ft.  long  and  6  ins.  square  with  that  of  a  solid  rectangular  pillar  of  the  same 
material,  the  section  being  9  ins.  by  4  ins.     Ans.  845,217  lbs.;  589,090  lbs. 

27.  A  solid  round  pillar  of  mild  steel  16  ft.  high  supports  a  steady  load 
of  20,000  lbs.     If  the  factor  of  safety  is  6,  what  is  its  diameter?     Ans.  3  ins. 

28.  Find  the  diameter  of  each  of  four  pillars  of  the  same  material  which 
may  be  substituted  for  the  single  pillar  in  the  preceding  example. 

Ans.  2.04  ins. 

29.  Find  the  breaking  weight  of  a  cyhndrical  strut  of  3  ins.  diameter  and 
40  diameters  in  length,  both  ends  being  hinged.  Ans.  67,430  lbs. 

30.  A  hollow  cast-iron  pillar  with  an  external  diameter  of  9  ins.  is  to 
be  substituted  for  the  solid  pillar  in  the  preceding  example.  Determine  the 
thickness  of  the  metal.  -  Ans.  |  in. 

31.  A  hollow  cast-iron  pillar  12  ft.  in  height  has  to  support  a  steady  load 
of  33,000  lbs.;  its  internal  diameter  is  5^  ins.  Find  the  thickness  of  the 
metal,  the  factor  of  safety  being  6.  Ans.  .28  in. 

32.  A  solid  wrought-iron  pillar  is  to  be  substituted  for  the  pillar  in  the 
preceding  example.     Find  its  diameter.  Ans.  3^  ins. 

33.  The  external  and  internal  diameters  of  a  hollow  cast-iron  column 
12  ft.  in  length  are  D  and  |Z)  respectively;  the  load  upon  the  column  is 
25,000  lbs.  If  the  factor  of  safety  is  4,  find  D,  (a)  when  both  ends  of  the 
column  are  absolutely  fixed;   (6)  when  both  ends  are  hinged. 

Ans.  (a)  4.03  ins. ;  (6)  5.4  ins. 

34.  A  hollow  cast-iron  pillar  of  6  ins.  external  diameter  and  20  diameters 
in  length  has  to  carry  a  load  of  67,200  lbs.  If  8  is  a  factor  of  safety,  find 
the  thickness  of  the  metal?  Ans.  .42  in. 

35.  A  hollow  circular  mild-steel  square-bearing  column  28  ft.  long  and  of 
6  ins.  external  diameter  has  to  carry  a  load  of  50  tons.  Find  the  thickness 
of  the  metal,  4  being  a  factor  of  safety.  Ans.  .9  in. 

36.  A  square-bearing  hollow  wrought-iron  cylindrical  strut  10  ft.  long  and, 
of  li  ins.  external  diameter  fails  under  a  load  of  2.7  tons.  Find  the  thick- 
ness of  the  metal.  Ans.  2.7  tons. 

37.  A  solid  rectangular  wrought-iron  strut  10  ft.  long  and  2  ins.  thick 
fails  under  a  load  of  30  long  tons.  If  the  ends  are  pin-bearing,  what  should 
be  the  width  of  the  strut?  '     Ans.  5.4  ins. 

38.  The  least  breadth  of  an  angle-iron  is  3  ins.,  and  its  length  is  90  ins. 
It  is  fixed  at  both  ends.    What  is  the  safe  load,  6  being  a  factor  of  safety? 

Ans.  3iton3. 
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39.  What  is  the  brealdng  weight  of  a  cast-iron  stanchion  of  a  regular 
cruciform  section  and  15  ft.  in  height,  the  arms  being  24  ins.  by  1  in.? 

Am.  2,811,215  lbs. 

40.  Each  of  the  pillars  supporting  the  lowest  floor  of  a  refinery  is  16J  ft. 
high,  is  of  a  regular  cruciform  section,  and  carries  a  load  of  240,000  lbs. ;  the 
total  length  of  an  arm  is  14  ins.  Determine  its  thickness,  the  factor  of  safety 
being  10.  Ans.  2.598  ins. 

41.  Find  the  load  which  can  be  safely  carried  by  a  column  30  ft.  high 
of  the  section    shown  by  the  figure,  which  consists  of 
two  14" Xf"  side  plates,  four  Z  bars,  each  6"X3i"Xi", 
and  one  web  plate   8"X|".     Use  straight-line  formula 

p  =17,100 -57-.  Ans.  726,000  lbs. 


42.  Find  the  safe  load  on  a  square-bearing  column  20 
ft.  long  composed  of  two  12-in.  X20-lb.  per  lineal  foot  me- 
dium steel  channels  placed  back  to  back  and  10  ins.  apart, 
4  being  a  factor  of  safety.  Sectional  area  of  each  channel 
=11.8  sq.  ins.  Ans.  109,740  lbs.  ^^^-  ^^O- 

43.  Design  a  medium  steel  strut  15  ft.  long  and  consisting  of  four  angles 

to  carry  a  load  of  170,000  lbs.;  use  the  formtila  p=  16,000 -60-. 

Ans.  Try  6"X3i"Xf"  angles  with  the  short  legs  back  to  back  and  spaced 
I  in.  apart  for  lacing.     Section  required  =13.58  sq.  ins. 

44.  What  should  be  the  distance  between  the  faces  of  the  long  legs  of 
the  angles  in  the  preceding  example  so  that  the  moments  of  inertia  with  respect 
to  the  axes  through  the  centre  of  gravity  of  the  section,  parallel  to  the  short 
and  long  legs,  may  be  equal'  Ans.  7.62  ins. 

45.  The  section  of  a  chord  segment  22  ft.  long  consists  of  one  18"  Xj" 
cover  and  two  12-in.  X44-lb.  per  lineal  foot  channels.    If  the  allowable  stress 

p  is  that  given  by  pjl-f-^^^Tjrr;/— I    |- =10,000,  find  the  load  which  may  be 

applied  at  the  centre  of  gravity  of  the  section,  Ans.  304,325  lbs. 

46.  What  would  be  the  additional  stress  if  the  load  were  applied  at  the 
centre  of  the  channels?  Ans.  5410  lbs. 

47.  Determine  the  buckling  strength  of  a  2-in.  round  steel  bar  60  diam- 
eters in  length,  with  pin  ends.  If  the  stress  is  nowhere  to  exceed  12,000 
lbs.  per  square  inch,  find  the  load  for  which  the  maximum  deviation  of  line 
of  load  from  axis  will  not  exceed  .125  in. 

48.  Calculate  the  buckling  load  of  a  piece  of  cast-iron  pipe,  length  24  ins.; 
external  diameter,  4.4  ins. ;  internal  diameter,  3.9  ins. ;  rounded  ends. 

Ans.  158  tons  for  hard  to  98  tons  for  soft  cast  iron. 

49.  A  steel  strut  10  ft.  long  consists  of  two  tees  back  to  back,  each 
4"X4"Xi".  Taking  /=60,000  lbs.,  a^^iaUn,  and  6  as  a  factor  of  safety 
find  the  working  load  (a)  when  the  strut  has, two  pin  ends;  (6)  when  it  has 
two  fixed  ends.     (B  =29,000,000  lbs.)    , 
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Also  find  the  deviation  of  the  axis  of  the  load  from  the  axis  of  the  strut 
so  that  the  maximum  stress  in  the  metal  may  not  exceed  10,000  lbs.  per  square 
inch.  Ans.  (a)  25,019  lbs.;  (6)  50,019  lbs. 

Deviation  =.513  in.  in  (a)  and  .158  in.  in  (6). 

50.  A  solid  wrought-iron  strut  20  ft.  high  and  4  ins.  in  diameter  has  one 
end  fixed  and  the  other  perfectly  free.  Find  the  deviation  of  the  line  of 
action  of  a  load  of  10,000  lbs.  from  the  axis,  so  that  the  stress  may  not  exceed 
10,000  lbs.  per  square  inch,  E  being  27,000,000  lbs.        •  Ans.  1.8  ins. 

51.  Find  the  buckling  load  of  a  pin-bearing  steel  strut  of  3  ins.  solid  square 
section  and  108  ins.  long,  E  being  30,000,000  lbs.  per  square  inch. 

Ans.  By  Euler,  173,600  lbs.;  by  Gordon,  176,000  lbs. 

52.  Find  the  safe  load  on  a  rolled  tee-iron  strut  6"X4"Xi",  10  ft.  long, 
fixed  at  one  end,  free  at  the  other. 

53.  Find  the  strength  of  a  square-bearing  double-tee  section  column 
22  ft.  in  length.  The  equal  25"X.96"  flanges  are  connected  by  a  12" XI" 
web.  If  the  allowable  stress  is  not  to  exceed  10,000  lbs.  per  square  inch,  ^d 
the  greatest  deviation  of  the  axis  of  the  load  from  the  axis  of  the  column. 
(B  =31,500,000  lbs./sq.  in.;   44,000ai=l  and  / =53,770  Ibs./sq.  in.) 

54.  A  round  steel  strut  1  in.  in  diameter  and  100  diameters  in  length 
is  pivoted  at  both  ends.  Find  Euler's  value  for  its  ultimate  strength,  taking 
£=29,400,000  lbs.  per  square  inch. 

If  an  end  load  acting  by  itself  produces  a  maximum  fibre  stress  of  1000  lbs. 
per  square  inch,  and  a  lateral  load  acting  by  itself  produces  a  maximum  fibre 
stress  of  500  lbs.  per  square  inch,  what  will  be  the  maximum  fibre  stress  when 
the  two  loads  act  together? 

55.  A  hollow  cast-iron  column  with  two  pin  ends  is  24  ft.  high  and  has 
a  mean  diameter  of  12  ins.;  it  carries  a  load  of  80,000  lbs.  Find  the  proper 
thickness  of  the  metal,  10  being  a  factor  of  safety.  If  the  deviation  of  the 
line  of  action  of  the  load  from  the  axis  is  1  in.,  find  the  maximum  stress  per 
square  inch  in  the  metal,  E  being  17,000,000  lbs. 

Ans.  1.28  ins.;  2236  lbs.  per  sq.  in. 

56.  Find  the  crushing  load  of  a  solid  wrought-iron  pillar  3  ins.  in  diameter, 
10  ft.  high,  and  fixed  at  both  ends.  Calculate  the  deviation  which  will  produce 
a  maximum  stress  in  the  metal  of  9000  lbs.  per  square  inch  uiider  loads  of 
(o)  15,000  lbs.,  (6)  30,000  lbs.,  E  being  29,000,000  lbs. 

Ans.  148,775  lbs.;  (a)  1.158  ins;;  (fe)  .38  in. 

57.  Solve  the  preceding  example  on  the  assumption  that  the  column  has 
two  pin  ends.  Ans.  66,218  lbs.;  (a)  .985  in.;  (6)  .261  in. 

58.  A  hollow  cast-iron  column  of  19  ins.  external  and  16  ins.  internal 
diameter  has  rounded  ends,  is  80  ft.  in  length,  and  is  stayed  laterally  at  in- 
tervals of  20  ft.    Find  the  least  force  which  will  cause  the  column  to  bend. 

Ans.  2,182,300  lbs.,  E  being  16,000,000  lbs. 

59.  Find  the  breaking  weight  of  a  wrought-iron  column  3  ins.  in  diameter, 
160  ins.  in  length,  and  hinged  at  both  ends. 
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Also  find  the  deviation  for  which  the  stress  in  the  metal  will  not  exceed 
10,000  lbs.  per  square  inch  when  the  load  upon  the  column  is  40,000  lbs. 

Ans.  117,720  lbs.;  .99  in. 

6o.  An  8-in.  channel  section  strut  with  4.02" X. 56"  flanges  and  a  web 
.42  in.  thick  hfis  both  ends  fixed.  Taking  S  =30,000,000  lbs.  per  square  inch, 
and  the  ultimate  stress  at  45,000  lbs.  per  square  inch,  find  the  buckling  strength 
for  lengths  of  8,  10,  12,  and  15  ft.  What  should  the  corresponding  lengths  be 
if  both  ends  are  hinged? 

6i.  Find  the  buckling  strengths  of  the  following  tees: 

(a)  Area  =1.67  sq.  ins.;  —=8.2; 
(&)     "    =1.95  "    "      —=18; 

(c)     "    =2.04  "     "      —  =  19.8. 

Ans.  (o)  26.1  tons;  (b)  21.5  tons;  (c)  20.3  tons. 
62.  The  22-ft.  panel  length  of  the  top  chord  for  a  deck-span  has  to  carry 
a  load  of  350,000  lbs.  in  direct  compression  and  a  uniformly  distributed  load 
of  26,400  lbs.     Design  the  section,  the  allowable  stress  p  in  compression  being 


given  by  pjl+j8^(}) '1=10,000. 


Ans.  Try  a  section  consisting  of  one  24"Xf"  cover,  two  upper  3i"X3J"Xi" 
angles,  two  lower  6"X4"Xi^"  angles,  two  24"  X^"  Webs,  allowing  play  between 
web  ends  and  faces  of  angles.     Section  required  =50  sq.  ins. 

63.  Reinforced  concrete  columns  less  than  25  diameters  in  length,  which  in- 
cludes all  usually  found  in  practice,  fail  by  direct  crushing,  and  the  effect  of  bend- 
ing need  not  therefore  be  considered.  Find  the  safe  load  upon  a  concrete  column 
of  sectional  area  S  reinforced  by  four  steel  rods  each  of  a  square  inch  section,  /c 
being  the  safe  unit  stress  in  the  concrete  and  x  the  ratio  of  elastic  moduli  of  the 
steel  and  concrete.  Ex.  S=8"X8";  a=l  sq.  in.;  E  for  steel  =30,000,000,  and 
for  concrete  =3,000,000  Ibs./sq.  in.;  /c=600  lbs. 

Ans.  fciS+4ra);  60,000  lbs. 

64.  A  bridge  diagonal  10  ft.  long  consists  of  two  6"X3"Xi''  tee  bars  placed 
back  to  back.  Find  the  maximum  allowable  stress,  4  being  a  factor  of  safety, 
(a)  when  the  ends  are  square-bearing,  (6)  when  one  end  is  square-  and  the 
other  pin-bearing.  Ans.  (a)  28  tons;  (6)  14^  tons. 

65.  The  web  members  of  a  Warren  girder  are  bars  of  rectangular  section 
and  10  ft.  in  length.  One  of  the  bars  has  to  carry  loads  varying  between 
a  steady  minimum  tension  of  20.2  tons  and  a  maximum  tension  of  40.4  tons, 
and  another  to  carry  loads  varying  between  a  maximum  compression  of  8.7 
tons  and  a  maximum  tension  of  14.4  tons.  Rnd  the  sectional  area  in  each 
case,  allowance  being  made  for  buckling  in  the  latter. 

66.  Determine  the  sectional  area  of  a  double-tee  strut  which  is  to  carry 
a  load  varying  between  a  maximum  tension  of  80,000*lbs.  and  a  maximum 
compression  of  60,000  lbs.    Each  flange  consists  of  two  6"X6"Xf"  angle- 
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irons  riveted  to  a  12"Xf"  web  plate.    The  length  of  the  strut  is  to  be  (a) 
6ft.;  (6)  12  ft. 

67.  What  safe  load  may  be  borne  by  a  3"X3"Xf"  angle  wrought-iron  strut 
18  ins.  long  when  both  ends  are  (a)  square-bearing,  (6)  pin-bearing,  4  being 
a  factor  of  safety?  Ans.  (a)  9.3  tons;  (6)  7.6  tons. 

68.  The  12i-ft.  column  for  an  elevated  railway  consists  of  a  10"Xf" 
web  riveted  on  each  side  to  two  equal  6"X3i"  Z  bars.  The  total  vertical 
load  due  to  train  and  superstructure  =113,280  lbs.;  the  weight  of  the  column 
and  its  attachments  =1600  lbs.;  the  wind  load  is  the  equivalent  of  two  hori- 
zontal forces  of  6000  and  2400  lbs.  acting  22^  ft.  and  16i  ft.  respectively 
above  the  column's  base.  The  maximum  deviation  of  the  upper  end  from 
the  mean  position  due  to  a  change  of  temperature  =i  in.  The  column  is 
fixed  at  the  base,  and  the  top  is  so  constrained  that  the  axis  is  vertical  at  that 
point.  B  =27,000,000  lbs.  Find  the  maximum  fibre  stresses  due  to  the 
several  forces,  and  also  the  total  maximum  fibre  stress. 

Ans.  5041  lbs.;  890  lbs.;  71  lbs.;_2686  lbs.;  10,100  lbs. 

69.  Calculate  the  strength  of  a  compression-chord  panel  member  362  ins. 
long  and  composed  of  two  18"  X|"  web  plates  13  ins.  apart,  riveted  to  an 
upper  21"  X  A"  cover  by  means  of  two  3i"X3V'X|"  angles,  and  also  riveted 
at  the  bottom  to  two  5"  (horizontal)  X  3^"  X  A"  angles. 

70.  A  brace  hinged  at  both  ends  is  subject  to  stresses  varying  from  a 
maximum  compression  of  58,100  lbs.  to  a  maximum  tension  of  144,900  lbs. 
The  length  is  537  ins.,  and  the  brace  is  composed  of  two  12"X3.173"X.513" 
channels,  back  to  back.     Is  there  a  sufficient  sectional  area  of  metal? 

71.  An    intermediate    bridge    vertical    336    ins.    long    consists    of    two 

1 2"  X  3.05"  X  .39"  channels  kept  1  Of"  apart  by  2"  X  f " 
c  lacing.    What    force  will    such  a  strut  safely  bear? 

(Neglect  the  effect  of  the  lacing.) 


72.   A  column  20  ft.  long  consists  of  two  8-in. 

channels  spaced  6  ins.  back  to  back,  the  flanges  being 

turned  outwards.  The  area  of  one  channel  is  4  sq.  ins. ; 

Fig.  581.  moment  of  inertia  of  one  channel  about  axis  A B  is  36.0; 

moment  of  inertia  about  axis   CD  through  centre  of 

gravity  of  channel  is  1.55;   distance  of  CD   from  back  of  channel  0.6  in. 

Find  the  load  which  the  column  will  safely  carry  if  the  allowable  stress  per 

square  inch  is  given  by  the  formula  p  (l  +  g        J  =10000. 

Ans.  59,040  lbs. 
73.  A  hollow  cylindrical  tower  of  steel  plate  having  an  external  diam- 
eter of  3  ft.,  a  thickness  of  J  in.,  and  a  height  of  60  ft.  carries  a  central  load 
of  50  tons  and  is  subjected  to  a  horizontal  wind  pressure  of  56  lbs.  per  foot 
of  its  height.  Calculate  the  vertical  stresses  at  the  fixed  base  of  the  tower 
on  the  windward  and  on  the  leeward  side.  (Allow  for  the  weight  of  the  tower 
itself.) 
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74.  The  cyiinder  of  an  inverted  engine  is  supported  on  one  vertical  cast- 
iron  column  of  variable  rectangular  section,  the  centre  line  of  the  cylinder 
being  8  ins.  from  the  vertical  face  of  the  column.  Find  the  maximum  stress 
induced  at  a  section  of  the  column  which  is  10  ins.  deep  and  6  ins.  wide,  the 
thickness  of  metal  being  1  in.  all  round  and  the  driving  force  on  the  piston 
being  5  tons. 

75.  Find  the  limiting  ratio  of  length  to  diameter  for  a  steel  pin-bearing 
strut  strained  to  the  elastic  limit  of  25,000  lbs.  per  square  inch,  E  being 
30,000,000  lbs.  per  square  inch.  Ans.  27.2. 

76.  Find  the  limiting  ratio  of  length  to  thickness  for  a  steel  square-bearing 
strut  strained  to  the  elastic  limit  of  25,000  lbs.  per  square  inch,  E  being 
30,000,000  lbs.  per  square  inch.  Ans.  63. 

77.  The  allowable  stress  in  a  square-bearing  timber  strut  is  1000  lbs.  per 
square  inch.  The  strut  is  square  in  section  and  5^  =  1,500,000.  Find  the 
limiting  ratio  of  length  to  side  of  square.  Ans.  70.28. 

78.  Find  the  limiting  length  of  an  I  strut,  fixed  at  both  ends,  24  ins.  deep, 
of  25  sq.  ins.  sectional  area,  and  weighing  85  lbs.  per  lineal  foot,  the  radius 
of  gyration  in  the  plane  of  flexure  being  1.33  ins.  The  metal  may  be  strained 
to  12,000  lbs.  per  square  inch,  and  S  =30,000,000  lbs.  per  square  inch. 

Ans.  418  ins. 

79.  A  72-in.  pin-bearing  steel  T  strut  has  a  3-in.  flange  X2J-in.  stem 
and  weighs  7.2  lbs.  per  lineal  foot.  Taking  E  =29,400,000  lbs.  per  square  inch, 
find  the  greatest  stress  which  can  be  developed  in  the  strut  without  lateral 
bending.  Ans.  29,040  lbs. 

80.  A  7-in.  square-bearing  steel  channel  strut  weighing  9f  lbs.  per  lineal 
foot  and  58.6  ins.  in  length  has  2.09-in.  flanges  and  a  web  .21  in.  thick.  Find 
the  greatest  stress  which  could  be  developed  in  the  strut  without  lateral  bend- 
ing. Ans.  116,160  lbs.,  E  being  29,400,000  Ibs./sq.  in. 

81.  The  ends  of  a  long  strut  are  in  the  same  vertical  line,  one  end  is  fixed 

and  the  other  is  kept  in  position  by  a  horizontal  force.     Show  that  the  buck- 

EI 
ling  load  is  2.0457r^-rj-. 

82.  The  strut  OA  is  fixed  at  0  and  carries  a  load  P  at  the  end  B  of  a  hori- 
zontal arm  AB  (=q)  rigidly  attached  to  the  strut  at  A.  If  the  strut  is  bent 
into  the  form  OA,  the  horizontal  distance  AC  of  A  from  the  vertical  through 
0  being  p,  and  if  it  is  assumed  that  the  difference  in  length  between  OA  ( =1) 
and  OC  is  sufficiently  small  to  be  disregarded,  show  that  q  =  {p+q)  cos  al. 
Also  find  the  buckling  load  when  g  is  small  enough  to  be  neglected. 

Ans.  iEI^. 

83.  In  the  preceding  example,  if  in  addition  to  P  there  is  a  horizontal 
force  H  at  B,  show  that  the  deflection  y  of  any  point  in  OA  at  a  vertical  dis- 
tance X  from  0  is  given  by 

H 

y=p+q  +  -^{l—x)  +b  sin  (ax+c), 
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the  coefficients  6  and  c  being  given  by 

H  H 

0=p  +  g  +  — Z  +  6sinc     and     0=  — -^+a6  cos  c,    where    a^EI==P. 

84.  In  Art.  10,  show  how  equations  (3)  and  (6)  will  be  modified  if  the  line 
of  action  of  P  is  distant  a  +  j3  from  one  end  and  a  —  ^  from  the  other  end  of  the 
column's  axis.    Also,  if  the  coefficient  of  elasticity,  E,  is  variable  and  equal 

to  m±n—  at' a  point  distant  z  from  the  axis,  Zo  being  the  maximum  value  of 
z  and  m  and  n  coefficients,  show  that  y-i must  be  substituted  for  y  in 

TO  2o 

eq.  (3). 

85.  In   one   of   Christie's  experiments   an   angle-bar   2"X2"Xt\",   with 

hinged  ends,  for  which  —  had  the  value  154,  deflected  .01  in.  for  an  increase 
r 

in  the  load  of  3000  lbs.    Show  that  -+—  =  .0048  in. 

8      7:' 

86.  A  long  column  with  pin  ends  is  bent  laterally  until  the  angular  devia- 
tion (6„)  at  the  ends  is  4°-  Find  the  total  maximum  intensity  of  stress,  the 
section  of  the  column  being  (o)  a  circle,  (6)  a  square.  (S  =29,000,000  lbs., 
and  the  stress  due  to  direct  thrust  =1500  lbs.  per  squar  inch.) 

Ans.  (a)  30,615  lbs.;  (6)  26,715  lbs. 

87.  With  the  same  maximum  stress  as  in  the  last  example,  find  the  angular 
deviation  at  the  ends  so  that  the  stress  due  to  direct  thrust  may  be  10,000 
lbs.  per  square  inch.  Ans.  (a)  1°  5';  (b)  1°  33'. 

88.  Show  that  the  load  required  to  produce  an  angular  deviation  of  14° 
at  the  two  pin  ends  of  a  long  column  is  only  one  per  cent  greater  than  that 
which  jicst  produces  flexure. 


CHAPTER  IX. 


TORSION. 


I.  Torsion  is  the  force  with  which  a  thread,  wire,  or  prismatic 
bar  tends  to  recover  its  original  state  after  having  been  twisted,  and 
is  produced  when  the  external  forces  which  act  upon  the  bar  are 
reducible  to  two  equal  and  opposite  couples  (the  ends  of  the  bar 
being  free),  or  to  a  single  couple  (one  end  of  the  bar  being  fixed),  in 
planes  perpendicular  to  the  axis  of  the  bar.  The  effect  upon  the 
bar  is  to  make  any  transverse  section  turn  through  an  angle  in  its 
own  plane,  and  to  cause  originally  straight  fibres,  as  DE,  to  assume 
helicoidal  forms,  as  FG  or  DC.    This  induces  longitudinal  stresse 


P        Pv 


in  the  fibres  and  transverse  sections  become  warped.  It  is  found 
sufficiently  acciu^ate,  however,  in  the  case  of  cylindrical  and  regular 
polygonal  prisms,  to  assume  that  a  transverse  section  which  is  plane 
before  twisting  remains  plane  while  being  twisted.  In  order  that 
the  bar  may  not  be  bent,  its  axis  must  coincide  with  the  axis  of  the 
twisting  couple. 

The  angle  turned  through  by  one  transverse  section  relatively  to 
another  is  called  the  angle  of  torsion  (or  twist),  and  Coulomb,  from 
experiments  upon  wires,  made  the  following  deductions : 

(a)  That  the  angle  of  twist  is  direcUy  proportional  to  the  length  of 
wire  twisted; 

641 
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(h)  That  the  angle  of  twist  is  directly  proportional  to  the  twisting 
moment; 

(c)  That  the  angle  of  twist  is  inversely  proportional  to  the  fourth 
power  of  the  diameter; 

(d)  That  the  angle  of  twist  for  wires  of  the  same  lengths  and  diameters, 
hut  of  different  materiak,  is  inversely  proportional  to  a  certain  coefji- 
cient  G  called  the  coefficient  of  rigidity  of  the  material. 

These  results  may  be  expressed  analytically  by  the  formula 

A  being  the  angle  {in  radians)  through  which  a  wire  of  length  L 
and  diameter  D  is  twisted  by  the  application  of  a  force  P  at  the 
end  of  a  lever-arm  of  length  p.    The  value  of  the  coefficient  C  de- 
.  pends  upon  the  form  of  the  section  only. 

Ex.  1.  A  brass  wire  30  ins.  long  and  0.1  in.  in  diameter  is  twisted  through 
an  angle  of  195°  hy  a  twisting  moment  of  4  in.-lbs.  If- the  coefficient  of  rigidity 
is  3,600,000  lbs.  per  square  inch,  find  C.  Hence  find  the  moment  which  will 
twist  a  bar  of  the  same  material,  300  ins.  in  length  and  1  in.  in  diameter,  through 
an  angle  of  5°. 

195  7c^         30X4 


180         3600000(.l)*" 

143  32 

Therefore  C=— j=10.2=     ,  very  nearly. 


Again, 


5jt^32      300 -Pp 
180^  t:   3600000X1* 


Therefore  Pp  =  102.9  in.-lbs. 

2.  Torsional  Strength  of  Shafts. — Consider  an  elementary  prism 
QR  of  the  shaft  between  two  cross-sections  at  a  unit  distance  {one 
inch)  apart.    Assuming  the  section  on  the  left  to  be  fixed,  the  twist- 

^:\_________„ /  \ — m   ing  moment  moves  the  prism  from  QR 

__\ JTrr/a^    j  W    to   QRi,  the   angle   RORi  being  the 

/'  \  J     )    ^^S^^  of  twist  per  unit  of  length  {in 

Fig.  584.  one  inch). 

Let  6  be  this  angle  measured  in  radians. 
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The  shear  strain  in  the  prism  =  --^  =  ^=a;5,  x  being  the  length 

OR. 

The  shear  stress  at  R  is  therefore  Gxd,  and  if  a  is  the  sectional 
area  of  the  prism,  the  shear  force  at  R  at  right  angles  to  OR=Gxda. 

This  force  is  equivalent  to  a  parallel  force  on  the  axis  and  a 
couple  of  moment  Gx^da. 

There  is  a  similar  force  and  a  similar  moment  for  every  elemen- 
tary area  into  which  the  cross-section  may  be  divided. 

The  forces  must  necessarily  neutralize  each  other  and  the  total 
twisting  moment  (or  torque)  on  the  shaft  =IGx^6a,  the  symbol  J 
denoting  algebraic  sum. 

Now  G  and  6  are  the  same  for  each  elementary  area,  and  if  T 
is  the  total  torque, 

T  =  GdIx^a  =  GdJ=Pp, 

J  being  the  moment  of  inertia  with  respect  to  the  axis,  or  what  is 
called  the  polar  moment  of  inertia. 

For  a  solid  cyUndrical  shaft  of  diameter  D, 

nP* 

for  a  hollow  cylindrical  shaft  of  external  diameter  D  and  internal 
diameter  Di, 


J  =  - 


32 


Again,  the  shear  stress  G6x  increases  with  x  and  is  greatest  at 
the  surface,  i.e.,  when  a;=^. 

Denoting  this  maximum  shear  stress  by  /, 

n 


f-GO-^ 


Hence;  for  the  solid  shaft, 


GdnD*    fTtP^    fPS 
PP-^-    32     -   16  ~5.T 


644  THEORY  OF  STRUCTURES. 

and  for  the  hollow  shaft 

Ge7t(D^-D^     fn  D^-Di*       /     D* -Di* 


Pp  =  T-- 


32  16        D  5.1         D 


If  the  thickness  i(= — ^ — ^j  of  the  hollow  shaft  is  small  as  com- 
pared with  the  diameter  D,  then,  approximately, 

Thus  the  strength  of  the  solid  shaft  is  defined  by  the  value  of  /  and  de- 
pends on  the  cube  of  the  diameter,  while  its  torsional  rigidity,  which  is 

T 
measured  by  the  ratio  -a,  depends  upon  the  fourth  power  of  the 

diameter. 

In  order  to  diminish  the  amount  of  twist,  or  spring,  a  shaft  is 
often  made  much  stronger  than  is  actually  necessary,  and  a  common 
rule  is  to  specify  that  the  twist  is  not  to  exceed  1°  in  20  diameters. 
Then 

'2  180    20D   2      7200' 

Hence 

for  cast  iron,         taking  G  =  6,300,000  Ibs./sq.  in.,  /  =  2750  Ibs./in. sq. 
"  wrought  iron,      "      G  =  10,500,000    "       "       /=4583  "       " 
"  steel,  "      G  =  12,000,000    "       "       /  =  5238  "       " 

In  shafts  in  which  the  spring  is  not  of  so  much  importance,  as, 
e.g.,  when  the  shafting  is  in  short  lengths,  higher  values  of  /  may  be 
used.     Thus 

for  cast  iron,         if/=  4,500  Ibs./sq.  in.,  the  twist  is  1°  in  12.2  diaras. 
"  wroughtiron,  if /=  7,200    "       "        "      "       "'    "  12.7     " 
"  steel,  ifif  =  ll,200    ''       "        "      "       "     "    9.4     " 

Another  rule  in  accordance  with  good  practice  is  that  the  twist 
must  not  exceed  y^  degree  per  lineal  foot  of  length. 
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Again,   let  H.P.  be  the  hopse-power  transmitted  by  a   shaft 
making  N  revolutions  per  minute.     Then,  for  a  solid  shaft, 

e     D3 

T2nN=—r^  2;riV=work  done  in  inch-pounds  per  minute 

=  33000H.P.X12, 
and  therefore 


B  =  4~ 


3528000      3  KP. 

11/     ^N  N  • 


Taking  /=4500,  7200,  and  11,200  lbs.  per  sq.  in.  for  cast  iron, 
wrought  iron,  and  steel  respectively,  then,  approximately, 


D=  4  sj-^T-  for  cast  iron, 

Itt  p 

Z)=3.6\J— rp  "   wrought  iron, 

D=  3  q^  "  steel, 

formulfe  agreeing  with  jihe  best  practice  in  the  case  of  shafts  sub- 
jected to  torsion  only. 

Ex.  2.  A  steel  shaft  20  ft.  in  length  and  3  ins.  in  diameter  makes  200  revo- 
lutions per  minute  and  transmits  50  H.P.     Through  what  angle  is  the  shaft  twistedf 

A  wrought-iron  shaft  of  the  same  length  is  to  do  the  same  work  at  the  sarni 
speed.  Find  its  diameter  so  that  the  stress  at  the  cirmimference  may  not  exceed 
three  fifths  of  that  at  the  circumference  of  the  steel  shaft. 

If  T  is  the  twisting  moment, 

7'X2;tX200  =50X33000X12  in.-lbs. 

Therefore  15750  =  T  =12000000  X  5  x  -^  ^, 

49 
and 


297000 


180 

Therefore  the  total  angle  of  twist  in  degrees=20X12X ^=2°.26. 

7Z 
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Again,  f^=P~W 

ii  D  is  the  diameter  of  the  wrought-iron  shaft. 

Therefore  D'=45    and    D  =3.556  ins. 

Ex.  3.  Show  that  a  hollow  shaft  is  both  stiffer  and  stronger  than  a  solid  i 
of  the  same  material,  weight,  and  length. 

Let  d  be  the  diameter  of  the  soUd  shaft,  and  dj,  d,  the  external  and  internal 
diameters  respectively  of  the  hollow  shaft. 

Let  6i,  ffj  be  the  angles  of  torsion  in  radians  of  the  sohd  and  hollow  shafts 
respectively. 

Then,  for  the  same  twisting  couple  T, 

T 

the  rigidity  of  the  solid  shaft  _  ^  _  ^2 
the  rigidity  of  the  hollow  shaft     T     5, 

Chd*       ^     d' 
G7:(d,*-d2*)     d^+d/ 

since  Tcidi'—di^)  =7rd^ 

But  d,'+d2'>d',  and  therefore  di>e^,  so  that  the  solid  shaft  twists  through 
a  greater  angle  than  the  hollow  shaft. 

Again,  if  Tj  and  T^  are  the  twisting  moments  of  the  solid  and  hollow 
shafts  respectively, 

T^       d'       7:  M'-dA  ^    d,d     _d,(di' -d2')i 
T2~''^'  'l6\     di      /~di'+d2'~     d.'+di'    ' 

Hence  T2>T^,  since  it  is  evident  that  di(di^— d2^)*<(di'+d2'). 

Ex.  4.  In  a  spinning-mill  a  cast-iron  shaft  8J  ins.  in  diameter  makes  27 
revolutions  per  minute.  Find  the  work  transmitted  if  the  angle  of  torsion  is 
not  to  exceed  ti°  per  lineal  foot.  What  will  the  work  he  if  the  maximum  shear 
stress  in  a  section  is  not  to  exceed  4500  lbs.  per  square  inch  ? 

First.  If  T  is  the  twisting  couple, 

r  X  2s  X  27  =  33000  X  H.P. 


Therefore        H.P.  =  ~T  =-^  ^Igs  ^) 
1750       1750  12  V        32/ 


=I750  12X'^300000X-X-X-X32(8i)^ 
=  137.49. 
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Ex.  5.  The  external  diameter  of  a  holUm  shaft  is  p  times  the  internal  diam- 
eter. Compare  its  torsional  strength  with  that  of  a  solid  shaft  of  the  same  mate- 
rial and  weight. 

Let  pd  and  d  be  the  external  and  internal  diameters  of  the  hollow  shaft 


Let  Z)=the  diameter  of  the  solid  shaft. 

Then  ,^  lp*d'-d\ 

Twisting  moment  of  hollow  shaft 
Twisting  moment  of  solid  shaft 


3n  ;r    /p*d^-d^\ 

Twisting  moment  of  hollow  shaft    U6  \     pd    I  ^d^  /p*-l\ 
Twisting  moment  of  solid  shaft  .  't   na  D'\    p    / 


f — D' 
'16 

But  D'^pW-d^'=={p'-l)d\ 

v'  +1 
Therefore  the  moments  are  in  the  rai,io  of  ■    .. 

pVp'-l 

3.  Non-circular  Sections. — The  polar  moment  of  inertia,  J,  of 
any  area  with  respect  to'  an  axis  through  the  centre  of  inertia  per- 
pendicular to  its  plane  is  given  by 

J=Ii+h, 

/i  and  h  being  the  moments  of  inertia  with  respect  to  any  two  axes 
through  the  same  point  at  right  angles  to  each  other.  //  it  is  as- 
sumed that  the  angle  of  torsion  (d)  is  the  same  at  all  .points  of  a  non 
circular  section,  then 

T 
the  torsional  rigidity  =  -v  =  GJ = G(/i  4-/2) 

=the  sum  of  the  flexural  rigidities  in  any  two 
planes  at  right  angles  to  one  another.  . 
St.  Venant  has  shown  that  this  is  in  excess  of  the  torsional  rigid- 
ity derived  from  the  true  theory,  and  it  can  be  easily  shown  that 
the  twisting  couple  produces  a  greater  twist  than  that  based  upon 
Coulomb's  laws  and  also  warps  the  naturally  plane  sections  of  the 
shaft.  Figs.  585,  586,  587,  given  by  St.  Venant,  show  the  appear- 
ances presented  by  elliptic,  square,  and  rectangular  bars  under  ex- 
aggerated torsion  as  may  be  obtained  with  such  substances  as  india- 
rubber.    St.  Venant  also  enunciated  the  important  practical  result 
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that  the  ribs  introduced  to  increase  the  fiexural  rigidity  of  a  bar  or 
beam  has  a  really  detrimental  effect  upon  its  torsional  rigidity.  , 


tI 

BIL^B       ^^^         aWL^A 

Fig.  585;       Fig.  586.         Fig.  587. 

The  following  table  gives  a  few  of  St.  Venant's  principal  results, 
the  third  column  giving  the  fraction  which, the  torsional  rigidity  is 
of  that  of  a  circular  cylinder  of  the  same  sectional  area: 

Section.  Torsional  Rigidity.       Fraction. 

a%^  2ab 

^^11^P«« ^'^^^TF^  ^T^ 

Vs 

An  equilateral  triangle Ga*X-^  .72581 

Asquare Ga^X. 140576      .88362 

A  rectangle Gab^  [^  —  -21-] 

Again,  the  true  torsional  rigidities  of  a  shaft  with  a  square  sec- 
tion having  curved  corners  and  hollow  sides  (Fig.  588),  of  a  shaft  with 


Fig.  588.       Fig.  589.      Fig.  590. 


a  square  section  having  acute  angles  and  hollow  sides  (Yig.  589),  and 
of  a  shaft  with  a  star  section  having  rounded  points  (Fig.  590)  are 
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.8666,  .8276,  and  .6745  times,  respectively,  the  corresponding  tor- 
sional rigidities  based  upon  Coulomb's  laws. 

St.  Venant  was  the  first  to  call  attention  to  the  fact  that  in  non- 
circular  sections  the  stress  is  more  generally  greatest  at  points  in 
the  bounding  surface  which  are  nearest  to  the  axis  and  least  at 
those  points  which  are  farthest  from  the  axis.    Thus  the  surface  shear 

2T      

stress  at  any  point  x,  y  of  an  elliptic  section  is   — ^Vb^x^  +  a^y^, 

2T 


2T 

which  is  greatest  and  equal  to — t^,  when  x=Q,  i.e.,  at  the  end  of  the 


mmor  axis. 

In  the  rectangle  the  shear  is  greatest  at  the  middle  point  of  the 
longest  side,  while  for  squares  and  equilateral  triangles  there  are  lines 
of  maximum  strain  through  the  middle  points  of  the  sides.  It  may 
be  remarked  in  general  that  any  elastic  solid  bounded  by  surfaces 
with  projecting  edges  or  angles,  or  with  re-entrant  edges  or  angles, 
cannot  experience  any  finite  stress  or  strain  near  a  projecting  point 
unless  acted  upon  by  external  forces  at  the  point;  the  strain  near 
an  edge  can  only  be  in  the  direction  of  the  edge,  while  the  stress  and 
strain  are  increased  indefinitely  in  the  neighborhood  of  a  re-entrant 
edge  or  angle.  This  result  is  in  accordance  with  the  important  and 
well-known  practical  rule  that  every  re-entering  edge  or  angle  ought 
to  be  rounded  to  prevent  risk  of  ruptxire  in  solid  pieces  designed  to 
bear  stress. 

Ex.  6.  A  square  wooden  shaft  8  ft.  in  length  is  acted  upon  by  a  force  of  200 
lbs.,  applied  at  the  circumference  of  an  8-ft.  wheel  on  the  shaft.  Find  the  length 
of  the  side  of  the  shaft,  so  that  the  total  torsion  may  not  exceed  2°  (G  =400,000). 
What  shoidd  be  the  diameter  of  a  round  shaft  of  equal  strength  and  of  the  same 
materialf 

_   2° 

First.  200  X4  X 12  =  r  in.-lbs.  =400000  Jgo  96  "* ^  .140576,  and  a  =4.655  ins. 

Second.  If  d  is  the  required  diameter, 

^00000  ^  I  i'=400000j|5  4  a'X.140576. 

7X32 
Therefore  d* — ^  a* X. 140576    and    rf  =5.1  ins. 

4.  Variable  Resistance. — The  formulae  deduced  for  the  twisting 
moment-  of  a  shaft  is  based  on  the  assumption  that  the  power  is 
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transmitted  against  a  constant  resistance.  In  practice  the  resist- 
ance varies  between  a  maximum  and  a  minimum  limit,  which  are 
sometimes  of  widely  different  values,  and  the  shaft  must  be  designed 
for  thei  maximum  moment  to  which  it  may  be  subjected. 

Ex.  7.  The  wrought-iron  screw  shaft  of  a  steamship  is  driven  by  a  pair  of 
cranks  set  at  right  angles  and  21.7  ins.  in  length;  the  horizontal  pvll  upon  each 
crank-pin  is  176,400  lbs.,  and  the  effective  length  of  the  shaft  is  866  ins.  Find 

the  diameter  of  the  shaft  so  that  (a)  the  cireumfer- 
-->  p =176,4*0  lbs.      ential  stress  may  not  exceed   9000   lbs.   per  square 
t^P='^''*^   "■      inch  and  (6)   the  angle  of  torsion  may  not  exceed 

JO 

r^  per  lineal  foot,  G  being  10,000,000  lbs.   The  actual 

_         -.  diameter  of  the  shaft  is  14.9  ins.     What  (c)  is  the 

actual  torsion? 
The  ultimate  tensile  strength  of  the  iron  being  60,000  lbs.  per  square  inch, 
find  (d)  the  actual  ultimate  strength  under  unlimited  repetitions  of  stress. 
What  (e)  is  the  torsion  when  one  of  the  cranks  passes  a  dead  point? 

(a)  Twisting  moment  =  JV(sinfl  +sin  90°  +9)  =2Pr  sin  6+45°  cos  45°,  which 
is  a  maximum  and  =PrV2)  when  d  =45°. 

Then       176400X21.7X^2  =^°°°f/^^'    and    d  =  14.53ins. 

16 

(6)  176400X21.7XV2'  =  10000000  JoJ^B"^ 

and  d=  14.9  ins. 

(c)  If  A°  is  the  total  torsion, 

176400X21.7XV'2"=10000000  ^^q^^-^^ 
and  A.°=5°.5465. 

(d)  The  twisting  moment  =2Pr  sin  (9  +  45°)  cos  45°,  which  is  a  maximum 
when  6  =45°  and  a  minimum  when  5=0.    Therefore 

22  (14  91' 
max.  moment  =PrV2=/max.  -y   =^^^  =176400X21.7 XV^ 

22  (14  91' 
and  mn.  moment  =Pr       =/mm.  y '^—-=176400X21.7, 

BO  that      /max.  =8331.24  Ibs./sq.  in.    and    /min.  =5891.08  Ibs./sq.  in. 
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Using  Unwin's  formula, 

tlie  fluctuation  d  =/max.  — /min.  =2440.16, 

and  therefore 

2440 16         

the  max.  stress/sq.  in. ^  4-^60000(60000-1  X2440.16)  =59361.2  lbs. 

(c)  On  passing  a  dead  point  the  total  torsion  of  A°  is  given  by 

7c    A°22  fl4  91* 
176400X21.7=10000000js53g-gy  ^-3^ 

and  A''=3°.92. 

5.  Distance  Between  Bearings. — The  distance  between  the  bear- 
ings of  a  line  of  shafting  is  limited  by  the  consideration  that  the  stiff- 
ness of  the  shaft  must  be  such  as  will  enable  it  to  resist  excessive 
bending  under  its  own  weight  and  under  any  other  loads  (e.g.,  pul- 
leys, wheels,  etc.)  applied  to  it.  For  this  reason  the  ratio  of  the 
maximum  deviation  of  the  axis  of  the  shaft  from  the  straight  to  the 
corresponding  distance  between  bearings  should  not  exceed  a  certain 
fraction  whose  value  has  been  variously  estimated  by  different 
authorities. 

Let  I  be  the  distance  in  feet  between  bearings,  d  the  diameter  of  the  shaft 
in  inches,  10  the  weight  of  the  material  of  the  shaft  per  cubic  foot,  and  let  the 
applied  load  be  equivalent  to  a  load  per  lineal  unit  of  length  m  times  that 
of  the  shaft.  Assume  a  stiffness  ttst!,  and  that  the  axis  of  the  shaft  is  truly 
in  hne  at  the  bearings.  The  maximum  deflection  of  the  shaft  is  given  by  the 
formula 

1    (to +  1)  (weight  of  shaft)  P  X 1 728 


Z)  = 


Therefore 


384  EI 

1   ,    ^,.7td'   1      ,64Z'xl728 
=i84^'»  +  l)l-144'*^;;d^— B— • 

g_   1      -(m  +  l)w  I' 
I  ~100~      2E      d" 


^  Ed^ 


j50w(m  +  l)' 
For  wrought  iron,  E  =30,000,000  lbs.  and  w  =480  lbs.    Therefore 


Z  =  12.7  3;   '^ 


W.  +  1 
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If  the  applied  load,  instead  of  being  uniformly  distributed  is  concentrated 
at  the  centre,  the  maximum  deflection 

I    (?ra  +  i)  (weight  of  shaft)  Z' XI 728 
=Z)  ms.  =— ^j  . 


and  hence  1  =  a' 


100w(m+i)' 


si   d' 
For  wrought  iron  1=8.5^ ^^Tfl' 


6.  Efficiency  of  Shafting. — Let  it  require  the  whole  of  the  driv- 
ing moment  to  overcome  the  friction  in  the  case  of  a  shaft  of  diam- 
eter d  and  length  L.    The  efficiency  of  a  shaft  of  the  same  diameter 

I 
and  length  I  =  1  —r- 

But  -T^  =  (Pp)  =  moment  of  friction  =  fi—y-Lr^ = — g—  L, 

w  being  the  specific  weight  of  the  material  of  the  shaft  and  /x  the 
coefficient  of  friction.    Hence 

Z  1 

1     „  w 

V  and  the  efficiency  =  l—2/i-r. 

The  efficiency  may  also  be  foimd  as  follows: 
Let  fr,  Vr  be  the  stress  and  velocity  at  any 
point  distant  r  from  the  axis  of  the  shaft  which  is  taken  as  the 
axis  of  X,  the  other  axes  being  as  shown  in  Fig.  592. 

Then,  by  Art.  20,  Chapter  V,  the  work  transmitted  across  a 
small  element  dydz  of  the  section 

=udydz  =  (fxxVx+fxyVy+fxzVi)dydz. 
In  the  present  case 

fxx=0,  fxy  =  -fr  sin  d,  fx,=  fr  COS  6, 

V,  =  0,  Vy=  -Vr  sin  d,  Vi  =  Vr  COS  d. 
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Therefore 

the  total  work  transmitted  =  j  J  vdydz 

=  J  J  (frVr  sin2  6+frVr  cos^  6)dydz  =  J  J  frVydydz 

4/'y   /"/*„,    ,      4/1; ,    fvdh: 
=W  J  r'dydz=^J=-^, 

/  and  V  being  the  stress  and  velocity  at  the  surface.    Again, 

the  work  lost  in  friction  =  /^^j^  Iv. 

Hence 

V(P        wnd^ 

the  efficiency = -^ =  1  —2-^. 

Ex.  8.  The  efficiency  of  an  axle  is  i;  the  working  stress  in  the  shaft  is  9000 
lbs.  per  square  inch;  the  coefficient  of  friction  is  .10.  How  far  may  work  he 
transmitted?    the  shaft  is  of  wrought  iron. 


2  10  17289000' 

and  i  =81000  ins.  =6750  ft. 

Ex.  9.  Determine  (a)  the  profile  of  a  shaft  of  length  I  which  at  every  point  is 
so  proportioned  as  to  be  just  able  to  bear  the  power  it  has  to  transmit  plus  the 
power  required  to  overcome  the  friction  beyond  the  point  under  consideration. 
Find  (b)  the  efficiency  of  such  a  shaft,  and  (c)  the  efficiency  of  a  shaft  made  up 
of  a  series  of  n  divisions  each  of  uniform  diameter. 

(a)  Let  s  be  the  maximum  allowable  skin  stress.     Then 

--r-  is  the  max.  allowable  driving  moment  at  the  driving  end  of  radius  r,  and 

snr' 


"   "      "  "  "  "        at  a;  from  the  driving  end,  the  corre- 


sponding radius  being  y. 

Hence 

fwTzy' ■dx-y=  moment  used  up  in  overcoming  the  friction  for  a  length  dx., 
and 

fwKj'yHx=       "  "       "  "  "       "        '•  the  length  a;. 
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Therefore  A"''/    ydx=s-x — s-^. 

Stts 
Differentiating,  fw7ry'dx=' — n'V^dy, 

dy        2  jw ,  dx 

or  — • 5-  ~dx  =  -5T, 

y         3    s  3L' 

where  L  (  =97" )  is  the  length  of  a  shaft  of  uniform  diameter  for  which  the 
whole  driving  moment  is  required  to  overcome  the  friction.    Integrating, 

loge?/=-3^+c, 

c  being  a  constant  of  integration. 
When  a;=0,  2/=r;  therefore 

loger=c. 


and 

y-=e~L 

is  the  profile  required. 
(6)  Again, 

the  useful  moment  ="9"' 

the  total  moment  =-„-, 

y>        -1 

and  the  efficiency  =  ^^  =  e    L, 

(c)  The  efficiency  of  each  length  = — = —  =  ll  — y)  > 

and  therefore 

/        I  \n 
the  efficiency  of  the  shaft  =11  — j)  , 

7.  Combined  Bending  and  Torsion. — It  was  shown  in  Chapter  V 
that  in  a  shaft  subjected  to  a  bending  moment  Mi,  and  to  a  twisting 
moment  Mt,  acting  simultaneously, 

the  maximum  tensile  or  compressive  stress =|  +.  2!  ,  „2 
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'€ 


and  the  maximum  shear  stress  =  "X  x + 3^: 

Mb  Mt 

where  P"""^     ^^"^    ^^2Z' 

Z  being  the  istrength  modulus  of  the  section. 

For  a  solid  section  of  diameter  d,  Z=^, 

"     hollow  "       "  external  diameter  di,  and  internal  diam- 

Hence 

the  maximum  tensile  or  compressive  stress =^r^( Mb +'s/Mb^  +  M^), 
and 


the  maximum  shear  stress  =  ^'\/Mb'^+Mi^. 

Generally  speaking,  it  is  found  that  the  first  of  these  two  equations 
gives  the  largest  diameter,  and  thus  the  maximum  tensile  or  com- 
pressive stress  is  the  same  as  the  shearing  stress  when  the  shaft  is 
subjected  to  a  twisting  moment  Mb+\/Mb^+Mp. 

Ex.  10.  Power  is  taken  from  a  shaft  by  means  of  a  pulley  24  inches  in  diameter 
wM.ch  is  keyed  on  to  the  shaft  at  a  point  dividing  the  distance  between  two  con- 
secvMve  supports  into  segments  of  20  and  80  ins.;  the  tangential  force  at  the 
circumference  of  the  pulley  is  5500  lbs.  If  the  shaft  is  of  cast  iron,  determine 
its  diameter,  taking  into  account  the  bending  action  to  which  it  is  subjected. 

80  V*?0 
Jlf6=5500  -^- =88,000  in.-lbs. 

M(=5500X12=66.000  in  -iv. 

Therefore  ik 

Hence  if  d  is  th 


and 
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Again,  another  expression  for  the  maximum  stress  in  the  sec- 
tion of  a  shaft  may  be  obtained  as  follows :  The  stresses  at  a  point 
near  the  circumference  are: 

On  a  cross-section,  (a)  a  normal  stress  p(  =^)  j 
(&)ashear        "     g(=2^); 


and  on  a  section  parallel  to  the  axis,  (a)  a  normal  stress  0; 

Ma 


{b)  a  shear  stress  g  ( =  ^4) , 


Z  being  the  strength  modulus  of  the  section. 

Hence,  as  in  Chapter  V,  if  pi,  p2  are  the  principal  stresses  at  the 
point,  • 


and  P2=|-nJ4+2^- 

Let  ei,  62  be  the  strains  in  the  directions  of  the  principal  stresses, 


■r,  P2     po  —  l    ff  +  1    \p^      o 

then  Ee,  =Pi  "^  =|  —  +~Yj+f 

pi      pa-1     a  +  1    (p2 
and  Ee2=p.-^=^—-—'^^+q', 

.b/ 


must  not  exceed 


tl  „  therefore 


i 


a'- 
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A  common  value  of  a  is  4,  and  then 


/=fP  +  l\/p=^+V  =  2(l^6+fv^W+W) 


or  fZ =1^6  +  1  VMi'  +ilf  ^. 

This  formula  is  given  by  Grashof,  Cauchy,  and  others  for  com- 
bined bending  and  twisting. 

Ex.  11.  Solving  Ex.  10  by  the  preceding  method, 
22  d»    3 


5600y  jg  =g  (88000)  +^-^(88000)^  +  (66000)' 

=134,750  in.-lbs., 
and  d'  =  122.5, 

or  d  =4.967  ins. 

8.  Centrifugal  Whirling  of  Shafts. — It  is  known  that  a  shaft, 
however  nearly  balanced,  when  driven  at  a  sufficiently  high  speed 
bends,  or  "whirls,"  as  it  is  termed. 

The  particular  or  "critical"  speed  depends  on  the  manner  in 
which  the  shaft  is  supported,  on  its  dimensions,  its  modulus  of 
elasticity,  and  on  the  manner  of  loading. 

In  an  unloaded  shaft  the  period  of  whirl  coincides  with  the 
natural  period  of  vibration,  as  might  be  expected;  but  generally 
in  a  loaded  shaft  the  period  of  whirl  is  less  than  the  natural  period 
of  vibration.  As  in  the  lateral  vibration,  so  in  whirjing,  there  is  a 
series  of  periods  at  which  the  shaft  whirls. 

This  torsional  vibration  often  occurs  in  very  small  shafting  and 
sometimes  in  long  shafting  of  much  larger  diameter.  If  the  im- 
pulses producing  the  vibration  are  repeated  at  the  proper  intervals, 
the  vibration  may  continually  increase  until  the  torsion  becomes  of 
sufficient  magnitude  to  cause  rupture. 

Consider  the  case  of  a  uniform  shaft  weighing  w  lbs.  per  unit  of 
length,  subjected  to  an  endlong  thrust  F  and  revolving  with  an 
angular  velocity  of  lo  radians  per  second. 
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Take  the  middle  point  of  the  shaft  as  the  origin  and  let  y  be  the 
deviation  from  straightneSs  of  a  point  distant  x  from  the  origin. 
Then  if  m  is  the  B.M.  at  this  point  due  to  the  centrifugal  effect, 

(Pm    w 
dx^  ~  g     ^' 

Also,  -E/v|  =  total  B.M.  at  the  point 

w  ll?       \ 
=  Fy-m+j{^-x^). 

Differentiating  twice, 

„,d%     T^d^V    d^m 

—EI — -  =F — w 

dx^       dx^     dx^       ' 

d*y     F  d^y    w  (o^       w     ^ 

or  — -  + -— ?/ =  0 

dx^^EIdx^     gEF     EI      " 

The  general  solution  of  this  equation  is 

y=A  cos  ax+B  sin  ax+Ce^^'+De'^" — ^, 

where  a^^:^(F  +  sJF^+4EI-aA 

and  ^^  =  ~(^-F  +  ^jF^  +  4EI'^aij. 

Since  y  is  the  same  for  equal  positive  and  negative  values  of 
x,B  =  Oa.ndC  =  D.    Therefore 

y=A  cos  aa; +0(6^^+6-"^)  — ^. 

Again,  assuming  that  the  bearings  do  not  constrain  the  direction 
of  the  axis  of  the  shaft, 

^,  =  0whena;  =  2-. 
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Also,  2/  =  0  when  a;=— . 

al  /SI      _^\ 

Therefore  0=  -Aa^cos  j  +  C/pU^  +e    2  j 

and  0=     Acqs  2-+C(e2+e    ^j— ^. 

Hence 


al 
aP(a^+^^)  cos-^ 


and  r?= 2?i ^=^ 9-^ 


w2(a;2+/?2)(^e2+e     ^j     2 1^  (0,2 +  ^2)  gosh' 


2 
The  B.M.  is  greatest  at  the  middle  point  and  is  the  value  of 

-^/t^  whena;  =  0.     Therefore 

M^,^.~Aa      ^^/^-^(„2+^2)  al         ,  ^0- 

\  cos  -^    cosh  y  / 

The  greatest  stress  at  the  middle  is 

Z    +5' 

Z  being  the  strength  modulus  of  the  section  and  S  its  area. 

Ex.  12.  A  propeller  shaft  13.4  ins.  in  diameter,  98  //.  long,  and  making 
60  revolutions  per  minute  is  subjected  to  an  end  thrust  of  50,000  lbs.  Show 
that  the  centrifugal  force  effect  is  280  tim^s  greater  than  the  effect  due  to  the  end 
thrust. 

Centrifugal  effect  ^w  w^  ^  (  ^  \  ^ 
End-thrust  effect  ~7  EI  '  \2Elj 

_4waj'.E/_  4 X.28(2?c)'X 30000000 X7r(13.4)* 

F^g  (50000)^X32.2X12  -279.85. 
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Suppose  that  there  is  no  end  thrust  (i^=0)  and  that  the  effect 
of  the  shaft's  weight  may  be  disregarded  as  compared  with  the  cen- 
trifugal effect.    The  general  equation  and  its  solution  now  become 


dx*    g  Eiy~^ 


and  2/=Acosaa;, 

[ 
A  being  the  deflection  at  the  middle  and  a^  =  »yj 


~gm- 


Also, 
Therefore 
Hence 


2/=0  when  x=-z. 
0=Acos-^     and     al=n. 


Ex.  13.  A  steel  shaft  of  diameter  d  ins.  and  weighing  .28  Z6.  per  cubic  inch 
makes  n  revolutions  per  second.  Take  £=28,000,000  lbs.  per  square  inch. 
Then 


and 


w  =  .28-^=.22Xd^ 

,       /  32  X 12  X  28000000  X;rd*\*     „,„,/«^\* 
^X.28X(27rn)'X64    '  ^     ' 


Q.  Helical  Springs. — Let  the  figure  represent  a  cylindrical  spiral 
spring  of  length  L  supporting  a  weight  W.  Consider  a  section  of 
the  spring  at  any  point  B. 

At  this  point  there  is  a  shear  W  and  a  torque  Wy, 
y  being  the  distance  of  B  from  the  axis  of  the  spring, 
i.e.,  the  radius  of  the  coil. 

The  effect  of  W  may  generally  be  neglected  as  com- 
pared with  the  effect  of  the  moment  Wy,  and  it  may 
therefore  be  assumed  that  the  spring  is  under  torsion 
at  every  point.     Let  there  be  n  coils.     Theh 


vr 
Fig.  593. 


r  being  the  radius  of  the  spring  and  d  the  twist  in  radians  per  unit 
of  length. 
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Also,  L  =  2nyn,  approximately. 

The  change  of  length  in  the  spring  (i.e.,  the  deflection) 

_  2wj/^L     fLy    2nfny^ 

^       iGnr^  ~  Gr~    Gr    ' 

The  work  stored  up  in  the  spring,  i.e.,  the  work  done  in  stretching 
or  compressing  the  spring, 

Wy        WYL    Pnr^L 
~  2  Gtzt*  ~    4G    ■ 

A  weight  at  the  end  of  the  spring  tends  to  turn  as  well  as  to 
change  the  length  of  the  spring,  and  this  is  due  to  a  slight  bending 
action. 

According  to  Hartnell,  /  =  70,000  lbs.  per  square  inch  for  |-in.  steel, 
/  =  60,000  lbs.  per  square  inch  for  f-in.  steel,  /  =  50,000  lbs.  per  square 
inch  for  ^-in.  steel,  and  G  varies  from  13,000,000  lbs.  for  ^-in.  steel 
to  11,000,000  lbs.  for  f-in.  steel. 

Also,  for  wire  less  than  f  in.  in  diameter  he  takes 

the  safe  load  = ,  and  the  deflection  =  _oo„-^-  .. 

y      '  2880000r-* 

Assuming  that  the  laws  upon  which  the  torsion  of  rectangular  and 
square  sections  is  based  are  the  same  as  for  circular  sections,  then  for  a 
rectangular  section  of  breadth  b  and  depth  h, 

Wy = ^GdhhQ}^ + h^)  =  ifbhVW+W 

and  the  deflection 

2Lyf  JTzyHf  12Wy^L 

~GVb^T¥  "  GV¥+h?  ~  Gbh{b2 + h^y 

For  a  square  section  b=h. 

These  results  must  be  modified  in  accordance  with  the  deductions 
of  Art.  3. 
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Helical  Spring  in  Torsion. 

Let  a  moment  of  Mt  in.-lbs.  twist  the  spring  through  an  angle  0 
(measured  in  radians). 

"   rii,  n2  be  the  number  of  free  coils  before  and  after  twisting. 
'"    2/1,2/2"    "    radii  of  the  spring       "        '':       ": 

Then  27j:yini  =  L  =  2ny2n2 

and  0=2n{ni—n2). 

Therefore         Mt=El(  —  — )  =  —j^  (ni  -m)  — j^. 
The  angle  of  twist  in  degrees = -. 


For  a  round  wire  of  diameter  d,  1=-^. 

d* 
"       square  "    "  sided,  -^""To- 

Open  Coiled  Helical  Spring. — In  the  preceding  discussion  the 
coils  are  assumed  to  be  so  flat  that  the  strain  is  taken  to  be  one 
.y  of  torsion  only.     If  the  obliquity   of  the 

helix  is  large,  the  bending  effect  can  no 
longer  be  disregarded.  In  addition  to  the 
load  W,  applied  axially,  and  tending  to 
elongate  the  spring,  let  a  couple  T,  about 
^^^oQ;prrr~=.-__-^ — X    the  axis,  tend  to  increase  the  number  of 

^^^^^^^^^^^^=;s^        coils. 

~  Consider    the    portion    of    the    spring 

below   a   section   at    0.    For   equilibrium 

the  molecular  forces  developed  in  this  section  must  balance  W  and  T. 

Drawing  OY  parallel  to  the  axis  and  OX  at  right  angles,  the 

]oad  W  produces  a  moment  Wy  about  OX. 

Draw  OY'  at  right  angles  to  OX',  the  axis  of  the  wire.    Then 
Wy  and  T  may  each  be  resolved  into  two  components,  viz., 

Wy  cos  a  and  T  sin  a,  producing  bending  about  OY'. 
Wy  sin  a  and  T  cos  a,         "        twisting  about  OX'. 
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Thus,  taking  as  positive  the  directions  of  closer  winding  and 
axial  elongation, 

the  total  torque  about  0Y'  =  Wy  sin  a  —  T  cos  a 

=GdJ=Bd, 

and  the  total  torque  about  OX'  =  Wy  cos  a  +  T  sin  a 

=EiI=Ai, 

J  being  the  polar  moment  of  inertia  and  A{=EI)  and  B{=GJ)  the 
flexural  and  torsional  rigidities  of  the  wire.    Then 

0  =  angle  of  twist  per  unit  of  length 

Wy  sin  a—T  cos  a 
B  ' 

and  i= angle  of  bending  per  unit  of  length 

Wy  cos  a  +  r  sin  a: 
^^  I  ■ 

Hence  if  (f>  and  x  are  the  total  angular  rotation  and  axial  elonga- 

"  tion, 

S5>     .   .      * 

•^  =  1  sin  a— a  cos  a 

=  Wy  sm  a  cos  a  [j-^J '^^  \Ar^~B~ )' 

X 

and  -^=icosa-f'd  sin  a 

Sy 

„,  /cos^a    sin2  aN  /  1      1\ 

=  Wyi^-^-  +  -^)  +  r  sm  a  cos  a  (;j  -^  j . 

A  positive  value  of  ^  indicates  that  as  the  spring  elongates  the 
winding  increases.  If  the  coils  are  very  flat  and  a  therefore  so 
small  that  it  may  be  taken =0,  then 

<f>     T  ,     X     Wy 
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indicating  that  an  axial  force  does  not  tend  to  produce  rotation,  and 
that  no  axial  elongation  will  be  produced  when  the  spring  is  sub- 
jected to  a  couple  only. 

Ex.  14.  A  2-in.  helical  spring  with  30  coils  is  made  of  \-in.  steel  wire.    Find 
the  defection  under  a  load  of  1  Ih.,  the  coefficient  of  distortion  being  12,000,000  lbs. 

^  „      .         2Wy^L    iWy'n 
Deflection  =  -^^  =~G^  • 

4x1X1  X30 
Therefore  deflection  =  OOOOOOO  (i)  *  ^  •Q'^096  in. 


EXAMPLES. 

1.  A  steel  shaft  4  ins.  in  diameter  is  subjected  to  a  twisting  couple  which 
produces  a  circumferential  stress  of  15,000  lbs.  What  is  the  stress  (shear)  at 
a  point  1  in.  from  the  centre  of  the  shaft?    Determine  the  twisting  couple. 

Ans.  7500  lbs.;  188,571f  lbs. 

2.  A  weight  of  2|  tons  at  the  end  of  a  1-ft.  lever  twists  asunder  a  steel 
shaft  If  ins.  in  diameter.  Find  the  breaking  weight  at  the  end  of  a  2-ft.  lever, 
and  also  the  modulus  of  rupture.  Ans.  li  tons;  23,510  lbs. 

3.  A  couple  of  N  ft.-tons  twists  asunder  a  shaft  of  diameter  d.  Find  the 
couple  which  will  twist  asimder  a  shaft  of  the  same  material  and  diameter 
2d.  Ans.  8N. 

4.  Compare  the  couples  required  to  twist  two  shafts  of  the  same  material 
through  the  same  angle,  the  one  shaft  being  I  ft.  long  and  d  ins.  in  diameter, 
the  other  21  ft.  long  and  2d  in.  in  diameter.  Compare  the  couples,  the  diam- 
eter of  the  latter  shaft  being—.  Ans.  1  to  8;  32  to  1. 

5.  A  shaft  15  ft.  long  and  4^  ins.  in  diameter  is  twisted  through  an  angle 
of  2°  under  a  couple  of  2000  ft.-lbs.  Find  the  couple  which  will  twist  a  shaft 
of  the  same  material  20  ft.  long  and  7i  ins.  in  diameter  through  an  angle  of 
2i°-  Ans.  12,288  ft.-lbs. 

6.  A  wrought-iron  shaft  20  ft.  long  and  5  ins.  in  diameter  is  twisted  through 
an  angle  of  2°.  Find  the  maximum  stress  in  the  material,  G  being  10,500,000 
ft.-lbs.  Ans.  3819.2  lbs.  per  sq.  ins. 

7.  A  shaft  1  in.  in  diameter  can  safely  transmit  a  torque  of  2400  Ib.-ins. 
What  diameter  of  shaft  would  be  required  for  transmitting  15  H.P.  at  200 
revolutions  per  minute?  Ans.  !{  ins. 

8.  The  amount  of  twist  in  a  solid  shaft  is  to  be  limited  to  1°  for  each  10  ft. 
of  length.  Find  the  diameter  for  a  twisting  moment  of  50  in.-tons,  the  modu- 
lus of  torsional  rigidity  being  10,000,000  lbs.  per  sq.  in.  Ans.  5.15  ins. 

9.  A  crane  chain  exerts  a  pull  of  6000  lbs.  tangentially  to  the  drum  upon 
which  it  is  wrapped.  Find  the  diameter  of  a  wrought-iron  axle  which  will 
transmit  the  resulting  couple,  the  effective  radius  of  the  drum  being  7i  ins., 
and  the  safe  working  stress  per  square  inch  7200  lbs.  Ans.  3.17  ins. 
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10.  Find  the  diameter  and  the  total  angle  of  torsion  of  a  12-ft.  wrought- 
iron'  shaft  driven  by  a  water-wheel  of  20  H.P.,  making  25  revolutions  per 
minute,  G  being  10,000,000  lbs.  and  the  working  stress  7200  lbs.  per  square 
inch.  Ans.  3.29  ins.;  3°.6. 

11.  A  brass  wire  20  ins.  long,  0.1  in.  diameter,  twists  through  a  total  angle 
of  130°  when  a  twisting  moment  of  4  in.-lbs.  is  applied.  Find  G  for  the  ma.- 
terial.  What  would  be  the  twist  of  a  shaft  of  the  same  material  with  a  twist- 
ing moment  of  600  in.-lbs.,  20  ft.  long,  1.2  ins.  diameter? 

Ans.  3,600,000  lbs. /sq.  in.;  7°.8. 

12.  A  round  iron  shaft  15  ft.  long  is  acted  upon  by  a  weight  of  2000  lbs. 
applied  at  the  circumference  of  a  24-in.  wheel  on  the  shaft.  Taking 
G  =6,000,000  lbs.,  find  the  diameter  of  the  shaft  so  that  the  total  angle  of 
torsion  may  not  exceed  2°-  Ans.  3.7  ins. 

13.  A  force  of  200  lbs.  at  the  circumference  of  an  8-ft.  wheel  twists  a  round 
wooden  shaft  8  ft.  long.  The  total  angle  of  torsion  is  not  to  exceed  2°.  Find 
the  diameter  of  the  shaft.  Ans.  4.35  ins.,  G  being  750,000  Ibs./sq.  in. 

14.  Calculate  the  diameter  of  a  steel  shaft  to  transmit  4000  H.P.  at  200 
revolutions  per  minute,  when  the  allowable  stress  on  the  metal  is  12,000  lbs. 
per  square  inch. 

15.  Deduce  the  diameter  of  a  shaft  to  transmit  300  H.P.  at  200  revolutions 
per  minute  when  the  allowable  stress  is  10,000  lbs.  per  square  inch. 

1 6.  Find  the  diameter  of  a  solid  steel  shaft  which  is  to  transmit  a  moment 
of  392,700  ft.-lbs.,  the  maximtma  allowable  shear  stress  being  11,200  Ibs./sq. 
inch.  Ans.  12.9  ins. 

17.  Calculate  the  diameter  of  a  hollow  shaft  required  to  transmit  1000 
H.P.  at  50  revolutions  per  minute,  the  skin  stress  being  6,000  lbs.  per  square 
inch,  and  the  internal  diameter  f  of  the  external  diameter. 

18.  In  a  4-in.  shaft  10  ft.  long  the  maximum  shear  stress  is  10,000  Ibs./sq. 
in.  and  G =10,000,000  Ibs./sq.  in.     Find  the  twisting  couple  and  the  torsion. 

Ans.  125,714f -in.-lbs.;  1°.374. 

19.  Determine  the  diameter  of  a  wrought-iron  shaft  for  a  screw  steamer, 
and  the  torsion  per  lineal  foot;  the  indicated  H.P.  =1000,  the  number  of 
revolutions  per  minute  =150,  the  length  of  the  shaft  from  thrust-bearing  to 
screw  =75  ft.j  and  the  safe  working  stress  =7200  lbs.  per  square  inch. 

Ans.  6.67  ins.;  10°.5. 

20.  In  a  spinning-mill  a  cast-iron  shaft  84  ft.  long  makes  50  revolutions 

per  minute  and  transmits  270  H.P.     Find  its  diameter  (1)  if  the  stress  in  the 

metal  is  not  to  exceed  5000  lbs.  per  square  inch;    (2)  if  the  angle  of  torsion 

1° 
per  lineal  foot  is  not  to  exceed  t^.    Also  (3)  in  the  first  case  find  the  total 

torsion.  Ans.  (1)  7.02  ins.;  (2)  10.23  ins.;  (3)  13°.048. 

21.  A  shaft  2  ins.  in  diameter  and  140  ft.  long  is  used  to  transmit  30  H.P. 
at  300  revolutions  per  minute.  Find  the  angle  through  which  the  shaft 
springs  and  the  skin  stress  in  the  material.  Modulus  of  rigidity  =5000  tons 
per  square  inch. 
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22.  A  wrought-iron  shaft  in  a  rolling-mill  is  220  feet  in  length,  makes  95 
revolutions  per  minute,  and  transmits  120  H.P.  to  the  rolls;  the  main  body 
of  the  shaft  is  4  ins.  in  diameter,  and  it  revolves  in  gudgeons  3f  ins.  in  diam- 
eter. Find  the  greatest  shear  stresses  in  the  actual  shaft  and  also  the  necessary 
diameter  of  the  shaft. 

Ans.  6330  and  7682  lbs.;  3.56   ins.   if/=9000  Ibs./sq.   in.;  5.12  ins.  if 

^=13X12. 

23.  A  force  of  5000  lbs.  at  the  end  of  a  6-in.  lever-arm  twists  a  60-in.  shaft 
of  2  ins.  diameter  through  an  angle  of  7°-     Find  the  modulus  of  rigidity, 

Ans.  9,697,000  lbs. 

24.  Determine  the  twisting  moment  and  the  torsion  for  a  4-in.  shaft  10 
ft.  long  and  subjected  to  a  maximum  shear  stress  of  10,000  Ibs./sq.  in.,  G 
being  12,500,000  Ibs./sq.  in. 

25.  A  3-in.  shaft  40  ft.  long  springs  6°  when  transmitting  power  at  150 
revolutions  per  minute.  Find  the  H.P.  transmitted,  taking  G  =  12,000,000 
Ibs./sq.  in. 

26.  A  shaft  transmits  a  given  H.P.  at  N  revolutions  per  minute  without 
bending.     Find  the  weight  of  the  shaft  in  pounds  per  lineal  foot. 


Ans.  32.9 


m'- 


27.  The  shafting  of  the  turbines  at  Niagara  Falls  consists  of  a  steel  tube 
38  ins.  in  diameter  and  |  in.  thick.  Find  what  horse-power  can  be  transmitted 
at  250  revolutions  per  minute  when  the  working  stress  is  limited  to  9000  lbs. 
per  square  inch.  Also  find  the  diameter  of  a  solid  shaft  which  will  be  equiva- 
lent to  the  above. 

28.  A  vertical  cast-iron  axle  in  the  Saltaire  works  makes  92  revolutions 
per  minute  and  transmits  300  H.P. ;  its  diameter  is  10  ins.  Find  the  angle  of 
torsion.  Ans.  .02282°  per  lineal  foot. 

29.  A  solid  shaft  is  subjected  to  a  twisting  moment  of  50  in.-tons,  the 
modulus  of  torsional  rigidity  being  5000  tons /square  inch.  Find  its  diam- 
eter, assuming  (a)  that  the  amount  of  twist  is  limited  to  1°  for  each  10  ft. 
of  length,  (6)  that  the  working  stress  is  nowhere  to  exceed  3i  tons/square 
inch. 

30.  Find  the  diameter  of  a  shaft  which  is  to  transmit  25  H.P.  at  50  revo- 
lutions per  minute,  and  in  which  the  working  stress  is  to  be  7000 -lbs.  per  square 
inch. 

31.  A  line  of  steel  shafting  is  80  ft.  long;  if  a  twisting  moment  of  4000 
Ib.-ins.  is  applied  at  one  end,  what  will  be  the  total  angle  of  twist,  the  diam- 
eter of  the  shaft  being  2i  ins.?  What  horse-power  will  the  shaft  transmit  at 
220  revolutions  per  minute?  Ans.  5°.2-  14  H.P. 

32.  A  turbine  makes  114  revolutions  per  minute,  and  transmits  92  H.P. 
through  the  medium  of  a  shaft  8  ft.  6  ins.  in  length.     What  must  be  the 

diameter  of  the  shaft  so  that  the  total  angle  of  torsion  may  not  exceed  ^, 

G  being  10,500,000  lbs.?  ^.ns.  4.7  ins. 
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Determine  the  side  of  a  square  pine  shaft  that  might  be  substituted  for 
the  iron  shaft.     (G  =525,000  lbs.)  Ans.  8.45  ins. 

33.  Find  the  diameter  of  a  shaft  for  a  winding-drum  which  works  under 
the  following  conditions:  The  load  lifted  is  IJ  tons;  diameter  of  drum,  5  ft.; 
width  of  face  of  drum,  26  ins.;  distance  from  inner  face  of  drum  to  the  middle 
of  the  bearing  of  shaft,  13  ins.;  maximum  stress,  7000  lbs.  per  square  inch. 

Ans.  5.44  ins. 

34.  The  diameter  of  one  shaft  is  double  that  of  another  of  the  same 
material;  the  smaller  gave  way  when  subjected  to  a  twisting  moment  of  2 
ft.-tons.    What  twisting  moment  will  be  required  to  wrench  the  other? 

Ans.  16  ft.-tons. 

35.  An  iron  shaft  of  which  the  working  stress  must  not  exceed  548  k./cm. 
is  acted  upon  by  a  couple  equivalent  to  a  force  of  50  k.  at  the  end  of  a  lever 
0.4  m.  in  length.     Find  the  diameter  of  the  shaft.  Ans.  2.65  cm. 

36.  A  malleable  iron  shaft  20  ft.  long  and  6  ins.  diameter  is  subjected  to 
a  moment  which  twists  the  ends  through  an  angle  of  2°;  taking  G,  the  coefficient 
of  transverse  elasticity,  as  9,000,000,  find  /,  the  stress  at  the  skin. 

37.  Find  the  diameter  of  an  iron  shaft  which  is  to  transmit  120  H.P.  at 
60  revolutions  per  minute,  the  safe  working  strength  being  548  k./cm.'. 

Ans.  11  cm. 

38.  A  water-wheel  of  20  H.P.  makes  5  revolutions  per  minute;  find  the 
diameter  suitable  for  the  maleable  iron  shaft  which  transmits  this  force.  If 
the  shaft  is  12  ft.  long,  what  is  the  angle  of  torsion?  (/  =9000  lbs.,  G  =9,000,000 
Ibs./sq.  in.) 

39.  How  many  H.P.  may  be  transmitted  by  a  shaft  of  150  mm.  diameter 
at  30  revolutions  per  minute,  the  safe  working  strength  being  reduced  by 
shocks  to  400  k./cm.'?  Ans.  118. 

40.  A  shaft  12  ft.  long  and  6  ins.  diameter  is  subjected  to  a  twisting  mo- 
ment of  16  ft.-tons,  and  the  two  ends  are  thus  twisted  through  a  certain  angle; 
a  second  shaft  of  the  same  material,  16  ft.  long  and  9  ins.  diameter,  is  twisted 
so  that  its  angle  of  torsion  is  exactly  the  same  as  that  of  the  first;  find  the 
twisting  moment  required  to  do  this.  Ans.  60J  in.-tons. 

41.  Find  the  maximum  stress  developed  in  a  shaft  of  120  mm.  diameter 
which  transmits  200  H.P.  at  50  revolutions  per  minute.     Ans.  422  k./cm.'. 

■  42.  If  /i  is  the  safe  torsional  working  stress  of  a  shaft,  and  /,  is  the  safe 
working  stress  when  the  shaft  acts  as  a  beam^show  that  the  torsional  resistance 
of  the  shaft  is  to  its  bending,  resistance  in  the  ratio  of  2/,  to  /j. 

43.  A  circular  shaft  is  twisted  beyond  the  limit  of  elasticity.  If  the  equali- 
zation of  stress  is  perfect,  show  that  for  a  given  maximum  stress  the  twisting 
couple  is  greater  in  the  ratio  of  4  to  3  than  it  would  be  if  the  elasticity  were 
perfect. 

44.  Show  that  the  resilience  of  a  tmsted  shaft  is  proportional  to  its  weight. 

Ans.  Resilience  =-^ : . 

G       4 
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45.  If  a  round  bar  of  any  material  is  subjected  to  a  twisting  couple,  show 
that  its  maximum  resilience  is  two  thirds  the  maximum  resilience  of  the 
material. 

46.  A  shaft  moving  with  a  surface  velocity  of  10  ft.  per  second  transmits 
1000  H.P.  Find  the  diameter  if  the  shear  stress  is  not  to  exceed  10,000  lbs. 
per  square  inch.  -^'^s.  3.74  ins. 

47.  A  winding-drum  20  ft.  in  diameter  is  used  to  raise  a  load  of  5  tons.  If 
the  driving-shaft  were  in  pure  torsion,  find  the  diameter  for  a  stress  of  3  tons 
per  square  inch.  Ans.  10.1  ms. 

48.  Find  the  thickness  of  a  hollow  shaft  when  (a)  its  rigidity,  (6)  its 
strength  is  25%  greater  than  that  of  a  solid  shaft  of  diameter  d  of  the  same 
length  and  weight. 

49.  Find  the  percentage  of  weight  saved  by  using  a  hollow  instead  of  a 
solid  shaft. 

Ans.  If  of  equal  stiffness  =    .  _^-.. 


If  of  equal  strength  =100J  1  —iH'l — 2  ,  ■■■,2    f . 


m  being  the  ratio  of  the  external  to  the  internal  diameter 
of  hollow  shaft. 

50.  A  solid  and  a  hollow  cylindrical  shaft  of  equal  length  contain  the 
same  amount  of  the  same  kind  of  metal,  the  solid  one  fitting  the  hollow  of  the 
other.     (Compare  their  torsional  strengths  when  used  separately. 

Ans.  Strength  of  solid  shaft  =.471 X that  of  hoUow  shaft. 

51.  Find  the  diameter  of  a  hollow  shaft  required  to  transmit  5000  H.P.  at 
70  revolutions  per  minute;  stress,  7500  lbs.  per  square  inch;  the  external 
diameter  being  twice  the  inner;  maximimi  twisting  moment=li  times  the  mean. 

52.  A  steel  bar  having  a  diameter  of  .410  in.  and  a  length  under  test  of 
4  ins.  gave  the  following  results  in  the  testing-machine: 

Torque  in  In.-lbs.  Angle  of  Twist.  Torque  in  In.-lbs.  Angle  of  TwLst. 

150  1°  1'  450  3°  5' 

300  2°  3'  600  4°  6' 

Calculate  the  modulus  of  rigidity. 

53.  The  halves  of  a  flange  coupling  for  a  shaft  transmitting  60  H.P.  at 
100  revolutions  per  minute  are  bolted  together  with  six  bolts  at  6  ins.  from  the 
centre.  Find  the  diameter  of  the  bolts,  the  safe  shear  stress  being  8000  lbs. 
per  square  inch.  Ans.  .41  in. 

54.  A  steel  shaft  4  ins.  in  diameter  and  weighing  490  lbs.  per  cubic  foot 
makes  100  revolutions  per  minute.  If  the  working  stress  in  the  metal  is  11,200 
lbs.  per  square  inch,  find  the  twisting  couple  and  the  distance  to  which  the 
work  can  be  transmitted,  the  coefficient  of  friction  being  .05  and  the  effi- 
ciency of  the  shaft  |.  Ans.  140,800  in.-lbs. ;  8228Ht. 

55.  If  the  shaft  is  of  steel,  and  if  the  loss  due  to  friction -is  20  per  cent, 
find  the  distance  to  which  work  may  be  transmitted,  /i  being  .05. 

Ans.  6582f  ft.  , 
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$6.  A  wrought-4ron  shaft  220  ft.  between  bearings  and  4  ins.  in  diameter 
can  safely  transmit  120  H.P.  at  the  rate  of  95  revolutions  per  minute.  What 
is  the  eflSciency  of  the  shaft?    (/i  =tV.)  Ans.  .976. 

57.  The  efficiency  of  a  wrought-iron  shaft  is  i;  the  working  stress  ia  the 
metal  is  7200  lbs.  per  square  inch;  the  coefficient  of  friction  is  .125.  How 
far  can  the  work  be  transmitted?  Ans.  4320  ft. 

58.  The  working  shear  stress  of  a  shaft  is  15,000  lbs.;  how  far  can  work 
be  transmitted  with  an  efficiency  of  .5,  the  coefficient  of  friction  being  .5? 

Ans.  24,545.45  ft. 

59.  Take  a  round  shaft  3  ins.  in  diameter  and  find  the  sizes  of  equivalent 
shafts  of  square,  elliptic,  and  rectangular  sections  if  the  breadth  and  thickness 
of  each  of  these  latter  are  as  1  to  2.  If  these  shafts  are  20  ft.  long,  and  they 
are  transmitting  20  H.P.  at  100  revolutions  per  minute,  what  is  the  total  twist 
of  each  of  them?     ((?  =10,500,000.) 

Ans.  2.73  ins.,  1.78;  2.38  ins.,  1°.05;  2.15  ins.X4.3  ins.,  .93°. 

60.  A  wrought-iron  shaft  200  ft.  in  length  and  weighing  440  lbs.  per  cubic 
foot  is  supported  on  bearings,  the  coefficient  of  friction  being  .05.  The  shaft  is 
subjected  to  a  uniform  twisting  couple  which  developes  a  stress  of  10,000  lbs.  per 
square  inch.     Find  the  efficiency  of  the  shaft.  Ans.  .994. 

61.  An  iron  shaft  of  1  in.  diameter  is  subjected  to  a  turning  effort  of  500 
ft.-lbs.  The  shaft  is  1000  ft.  long;  find  its  efficiency  in  so  far  as  it  is  affected 
by  its  weight. 

62.  A  hollow  cast-iron  shaft  of  12  ins.  external  diameter  is  twisted  by 
a  couple  of  27,000  ft.-lbs.  Find  the  proper  thickness  of  the  metal,  so  that 
the  stress  may  not  exceed  5000  lbs.  per  square  inch.  Ans.  .308  in. 

63.  What  twisting  moment  can  be  transmitted  by  a  hollow  steel  shaft 
of  8  ins.  internal  and  10  ins.  external  diameter,  the  working  stress  being  5 
tons  per  square  inch?  Ans.  579|  in.-tons. 

64.  The  inner  and  outer  diameters  of  a  hollow  steel  shaft  are  10  and  12  ins., 
and  /,  =6  tons  per  square  inch,  is  the  working  value  of  the  resistance  to  shear- 
ing.    What  is  the  twisting  moment  this  shaft  is  capable  of  transmitting? 

6s.  What  thickness  of  metal  is  required  for  a  cast-iron  hollow  shaft  of  10 
ins.  outer  diameter  so  as  to  resist  a  twisting  moment  of  10  ft.-tons? 

66.  A  hollow  shaft,  the  external  and  internal  diameters  of  which  are  20 
ins.  and  8  ins.  respectively,  rtms  at  70  revolutions  per  minute  with  a  surface 
stress  of  6000  lbs.  per  square  inch.  Find  the  twisting  moment,  and  horse- 
power transmitted. 

67.  A  solid  shaft  is  10  ins.  in  diameter,  and  the  internal  diameter  of  a 
hollow  shaft  is  5  ins.,  find  the  external  diameter  and  compare  the  torsional 
strengths,  the  shafts  being  of  the  same  weight  and  material. 

Ans.  5v^ins.;  Vs  to  3. 

68.  A  hollow  steel  shaft  has  an  external  diameter  d  and  an  internal  diam- 
eter — .     Compare  its  torsional  strength  with  that  of  (a)  a  solid  steel  shaft 
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of  diameter  d;  (6)  a  solid  wrought-iron  shaft  of  diameter  d;  the  safe  working 
stresses  of  steel  and  iron  being  5  tons  and  3i  tons  respectively. 

Ans.  (a)  il;  (6)  ||. 

69.  A.  solid  wrought-iron  shaft  is  to  be  replaced  by  a  hollow  steel  shaft 
of  the  same  diameter.  If  the  material  of  the  latter  is  30  per  cent  stronger 
than  that  of  the  former,  what  must  be  the  ratio  of  internal  to  external  diame- 
ter?   What  is  the  percentage  saving  in  weight?  Ans.  1.44;  46%. 

70.  A  square  steel  shaft  is  required  for  transmitting  power  to  a  30-ton 
overhead  travelling-crane.  The  load  is  lifted  at  the  rate  of  4  ft.  per  minute. 
Taking  the  mechanical  efficiency  of  the  crane  gearing  as  35  per  cent,  calcu- 
late the  necessary  size  of  shaft  to  run  at  100  revolutions  per  minute.  The 
twist  must  not  exceed  1°  in  a  length  equal  to  30  times  the  side  of  the  square, 
((?  =  13,000,000.)  Aws.  2  ins.  square. 

71.  A  round  cast-iron  shaft  15  ft.  in  length  is  acted  upon  by  a  weight 
of  2000  lbs.  applied  at  the  circumference  of  a  wheel  on  the  shaft ;  the  diameter 
of  the  wheel  is  2  ft.  Find  the  diameter  of  the  shaft  so  that  the  total  angle  of 
torsion  may  not  exceed  2°.  Ans.  3.76  ins. 

72.  A  wrought-iron  shaft  is  subjected  to  a  twisting  couple  of  12,000  ft.-lbs.; 
the  length  of  the  shaft  between  the  sections  at  which  the  power  is  received 
and  given  off  is  30  ft.;  the  total  admissible  twist  is  4°-  Find  the  diameter 
of  the  shaft,  /«  (Art.  6)  being  |,  and  G  10,000,000  lbs.  Ans.  5.8  ins. 

73.  Find  the  horse-power  which  may  be  transmitted  by  a  shaft  4  ins. 
in  diameter  when  running  at  150  revolutions  per  minute,  if  the  stress  due  to 
twisting  be  limited  to  9000  lbs.  per  square  inch.  Ans.  273. 

74.  The  working  stress  in  a  steel  shaft  subjected  to  a  twisting  couple  of 
1000  in.-tons  is  limited  to  11,200  lbs.  per  square  inch.     Find  its  diameter; 
also  find  the  diameter  of 'the  steel  shaft  which  will  transmit  5000  H.P.  at  66  ~ 
revolutions  per  minute,  /^  being  |.  Ans.  10  ins.;  6.88  ins. 

75-  A  wrought-iron  shaft  is  twisted  by  a  couple  of  10  ft.-tons.  Find 
its  diameter  (a)  if  the  torsion  is  not  to  exceed  1°  per  lineal  foot,  (6)  if  the  safe 
working  stress  is  7200  lbs.  per  square  inch.     (G =10,000,000  lbs.) 

Ans.  (a)  3.7  ins.;  (6)  5.7  ins. 

76.  A  steel  shaft  2  ins.  in  diameter  makes  100  revolutions  per  minute 
and  transmits  25  H.P. '  Find  the  maximum  working  stress  and  the  torsion 
per  lineal  foot,  G  being  10,000,000  lbs.  Also  find  the  diameter  of  a  shaft 
of  the  same  material  which  will  transmit  100  H.P.  with  the  same  maximum 
working  stress.  Aws.  10,022-^  lbs.;  .0574°;  3.17  ins. 

77.  A  steel  shaft  300  ft.  in  length  makes  200  revolutions  per  minute  and 
transmits  10  H.P.  Determine  its  diameter  so  that  the  greatest  stress  in 
the  material  may  be  the  same  as  the  stress  at  the  circumference  of  an  iron 
shaft  1  in.  in  diameter  and  transmitting  500  ft.-lbs.  If  10  is  a  factor  of  safety, 
find  the  coefficient  of  torsional  rupture.  Ans.  .807  in.  (=J  in.);  60,000. 

78.  A  round  bar  of  steel  is  1  in.  in  diameter  and  8  ft.  in  length  (or  Z=48 
ins.).  Take  F  =  1500  lbs.  Show  that  an  endlong  load  only  sufficient  of  itself 
to  produce  a  stress  of  1910  lbs.  per  square  inch,  and  a  bending  moment  which 
by  itself  would  only  produce  a  stress  of  81 6  lbs.  per  square  inch,  if  both  act 
together,  produce  a  stress  of  23,190  lbs.  per  square  inch. 
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79.  A  wooden  shaft  of  d  ins.  diameter  and  I  ins.  length  makes  n  revolutions 
per  second  and  "whirls."  If  the  weight  of  the  wood  is  36  lbs.  per  cubic  foot, 
the  modulus  of   elasticity  being  2,000,000  lbs.  per  square  inch,  show  that 


=274Jl 


80.  A   pulley  is  keyed  truly  to  a  shaft  which  rotates  with  an  angular 

velocity  <n.    If,  when  rotation  takes  place,  the  shaft  bends  slightly,  show  that 

dv 
the  couple  on  the  shaft  is  equal  to  co^{A—B)-r,  in  which  A  and  B  are  the 

moments  of  inertia  of  the   pulley  about  axes  through  its  centre  of  gravity 
perpendicular  to  its  plane  and  perpendicular  to  the  axis  of  the  shaft  respec- 

dv 
tively,  and  -f-  is  the  inclination  of  the  plane  of  the  pulley  to  a  plane  perpen- 
dicular to  the  original  alignment  of  the  shaft. 

81.  If  a  thin  disk  weighing  10  lbs.  and  of  10  ins.  diameter  rotates  at  1000 
revolutions  per  minute  about  an  axis  through  its  centre,  and  if,  instead  of 
being  perpendicular  to  the  shaft,  it  is  out  of  truth  by  ^hs  of  its  radius,  find 
the  couple  on  the  shaft  in  inch-pounds. 

82.  A  wrought-iron  shaft  is  subjected  to  a  twisting  moment  of  36,0C0 
Ib.-ins.  and  a  bending  moment  of  18,000  Ib.-ins.;  find  the  diameter  when  the 
maximum  shear  stress  is  8000  lbs.  per  square  inch.  Find  also  the  twisting 
moment  which  alone  would  produce  a  shear  stress  of  the  same  numerical 
value. 

83.  A  screw  propeller-shaft  10  ins.  in  diameter  is  subjected  to  a  twisting 
moment  of  35  ft.-tons,  and  to  a  bending  moment  of  10  ft.-tons,  due  to  the 
weight  of  the  shaft  and  the  pitching  of  the  ship.  What  is  the  maximum 
compressive  stress  if  the  thrust  of  the  screw  is  10  tons?  Ans.  2.9  tons. 

84.  Find  the  diameter  of  a  wrought-iron  shaft  to  transmit  90  H.P.  at  130 
revolutions  per  minute.  If  there  is  a  bending  moment  equal  to  the  twisting 
moment,  what  ought  to  be  the  diameter?  Ans.  3.54  ins;  4.75  ins. 

85.  A  round  bar  i  in.  in  diameter  and  36  ins.  between  the  supports  de- 
flects .33  in.  under  a  load  of  90  lbs.  in  the  middle  and  twists  through  an  angle 
of  .75°  when  subjected-  to  a  twisting  moment  of  1000  in.-lbs.  on  a  10-in. 
length.    Find  E  and  G. 

86.  A  wrought-iron  shaft  3  ins.  in  diameter  and  making  140  revolutions 
per  minute  is  supported  on  wall-brackets  16  ft.  apart.  There  is  a  pulley  on  the 
shaft  midway  between  the  bearings.  If  the  resultant  side  pull  due  to  the 
weight  of  the  pulley  and  the  pull  of  the  belt  is  210  lbs.,  what  is  the  greatest 
horse-power  the  shaft  will  transmit  with  safety?  Safe  shear  stress  7800  lbs. 
per  square  inch.  Ans.  .66. 

87.  A  shaft  12  ins.  in  diameter  transmitting  a  twisting  moment  of  100 
ft.-tons,  is  also  subject  to  a  bending  moment  of  20  ft-tons.  Find  the  maximum 
stress  induced.  Ans.  4.3  tons /sq.  in. 
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88.  If  a  round  bar  1  in.  in  diameter  and  40  ins.  between  supports  de- 
flects .0936  in,  under  a  load  of  100  lbs.  in  the  middle,  and  twists  through 
an  angle  of  .037  radian  when  subjected  to  a  twisting  moment  of  1000  in.-lbs. 
throughout  its  length  of  40  ins.    find  E,  G,  and  K. 

Ans.  14,510;  5,510,  and  13,125  Ibs./sq.  in. 

89.  A  steel  shaft  carries  a  5-ft.  pulley  midway  between  the  supports  and 
makes  six  revolutions  per  minute,  the  tangential  force  on  the  pulley  being 
500  lbs.  Taking  the  coefficient  of  working  strength  at  11,200  lbs.  per  square 
inch,  find  the  diameter  of  the  shaft  and  the  proper  distance  between  the  bear- 
ings  the  stiffness  of  the  shaft  being  tAj. 

90.  A  countershaft  10  ft.  between  bearings  carries  two  24-in.  pulleys,  the 
one  1  ft.  and  the  other  5  ft.  from  a  bearing.  Assuming  that  the  tight  is  twice 
the  slack  tension,  determine  (a)  the  equivalent  twisting  moment  on  the  shaft, 
(&)  the  diameter  of  the  shaft,  (c)  the  angle  of  torsion  when  one  pulley  receives 
and  the  other  transmits  50  H. P.  at  80  revolutions  per  minute,  the  belts  being 
horizontal  and  on  opposite  sides  of  the  shaft. 

Ans.  (a)  3281.25ft.-lbs.; 

(6)  7.13  ins.,  /  being  10,000  lbs.; 

(c)  2.06  minutes,  G  being  12,000,000  lbs. 

91.  Find  the  greatest  torque  for  a  bar  3  ins.  in  diameter,  if  the  longitudinal 
extension  of  the  material  is  to  be  limited  to  ^  Att,  the  modulus  of  rigidity 
being  5000  Ibs./sq.  in. 

92.  Power  is  taken  from  a  shaft  by  means  of  a  pulley  24  ins.  in  diameter 
which  is  keyed  on  to  the  shaft  at  a  point  dividing  the  distance  between  two 
consecutive  supports  into  segments  of  40  and  60  ins.;  the  tangential  force  at 
the  circumference  of  the  piolley  is  6600  lbs.  If  the  shaft  is  of  steel,  determine 
its  diameter,  taking  into  account  the  bending  action  to  which  it  is  subjected, 
the  working  stress  being  11,200  lbs.  per  sq.  in.  Ans.  5.65  ins. 

93.  A  wrought-iron  shaft  is  subjected  simultaneously  to  a  bending  moment 
of  8000  in.-lbs.,  and  to  a  twisting  moment  of  15,000  in.-lbs.  Find  the  twist- 
ing-moment equivalent  to  these  two  and  the  least  safe  diameter  of  the  shaft, 
the  safe  shear  stress  being  taken  at  8000  lbs.  per  square  inch. 

Ans.  25,000  in.-lbs.;  2.52  ins. 

94.  A  shaft  9  ins.  in  diameter  and  12  ft.  long  is  supported  at  its  two  ends 
and  loaded  at  the  two  points  which  divide  its  length  into  three  equal  parts 
with  4  tons  at  each  point;  a  twisting  moment  of  20  ft.-tons  is  applied  to  one 
end  of  the  shaft,  while  the  other  is  held  fixed.  Find  the  greatest  intensity 
of  the  thrust,  tension,  and  shearing  stress,  and  the  angle  that  the  line  of 
greatest  principal  stress  makes  with  the  axis  of  the  shaft. 

Ans.  3.5  and  2.1  tons/sq.  in.;  25°. 

95.  A  steel  tube  of  10  ins.  external  diameter  and  12  ft.  long  is  supported 
horizontally  at  the  ends.  At  a  point  4  ft.  from  one  end  a  bracket  is  fixed  at 
right  angles  to  the  axis  of  the  tube  and  supports  at  its  end  a  weight  of  SJ  tons, 
the  distance  between  the  centre  of  the  tube  and  the  weight  being  24  ins.  Find 
the  thickness  of  the  tube  so  that  the  stress  may  nowhere  exceed  5  tons  per 
square  inch.  Ans.  .39  in. 
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96.  An  engine-crank  is  12  ins.  long  and  9000  lbs,  is  the  greatest  force 
transmitted  along  the  connecting-rod.  If  the  wrought  iron  of  the  shaft  will 
safely  bear  a  shear  stress  of  9000  lbs.,  find  the  diameter  of  the  shaft,  the  hori- 
zontal distance  of  the  centre  of  the  crank-pin  from  the  centre  of  the  nearest 
bearing  being  10  ins.  Ans.  4.76  ins. 

97.  A  shaft  8  ins.  in  diameter  is  subjected  to  a  thrust  of  100  tons  uniformly 
distributed  over  its  two  ends,  and  a  twisting  moment  of  30  ft.-tons.  Find  the 
greatest  intensity  of  thrust  and  shearing  stress  and  the  angle  made  by  the  line 
of  principal  stress  with  the  axis  of  the  shaft. 

Ans.  4.71  and  3.71  tons/sq.  in.;  37°. 

98.  Find  the  diameter  of  a  malleable-iron  shaft  capable  of  bearing  a  tension 
of  50  tons,  and  a  twisting  couple  whose  moment  is  25  ft.-tons,  the  resistance 
of  the  material  to  tension  and  shearing  being  5  and  4  tons  per  square  inch  respec- 
tively. Ans.  7.28  ins.;  the  diameter  for  maximum  shear  =7.06  ins. 

99.  A  steel  shaft  transmits  a  maximimi  twisting  moment  of  70,000  in.-lbs., 
and  is  at  the  same  time  subject  to  a  bending  moment  of  25,000  in.-lbs.  Find 
the  necessary  diameter  of  the  shaft  if  the  safe  stress  in  the  material  is  4  tons 
per  square  inch. 

100.  A  shaft  upon  bearings  40  ft.  apart  carries  a  pulley  at  a  point  30  ft. 
from  one  bearing.  The  bending  effect  on  the  shaft  at  this  point  is  equivalent 
to  that  produced  by  a  weight  of  75  lbs.  at  the  same  point  when  the  shaft  is 
subjected  to  a  twisting  moment  of  1000  ft.-lbs.  Find  the  proper  diameter  of 
the  shaft,  so  that  the  stress  may  nowhere  exceed  12,000  lbs.  per  square  inch. 

1 01.  An  engine-crank  is  16  ins.  long  and  the  distance  between  the  centres 
of  the  pin  and  the  bearing  is  20  ins.  If  the  force  on  the  crank-pin  centre  is 
5000  lbs.,  find  the  maximum  intensities  of  thrust  (or  tension)  and  shear  and 
also  the  angle  between  the  line  of  greatest  principal  stress  and  the  axis  of  the 
shaft.  Ans.  6530  and  4080  Ibs./sq.  in.;  27°. 

102.  A  3^-in.  steel  shaft  is  subjected  to  a  twisting  couple  of  T  ft.-lbs.  and 

to  a  B.M.  of  f  r  ft.-lbs.     Find  the  value  of  T  so  that  the  maximum  shear  stress 

may  not  exceed  15,000  lbs.  per  inch.    Also  find  the  torsion  of  the  shaft  per 

27° 
lineal  foot  of  length,  G  being  12,000,000  lbs.  Ans.  31,582  in.-lbs.;  ~. 

103.  The  maximum  torque  is  IJ  times  as  great  as  the  mean  torque  and 
there  is  no  bending.     Find  the  maximum  shear  stress. 

Ans.  7536  lbs.,  taking  d!W=64  H.P. 

104.  The  fly-wheel  of  a  direct-driven  generator  has  a  radius  of  gyration 
of  9  ft.,  weighs  100,000  lbs.,  and  runs  at  94  revolutions  per  minute.  The 
crank-shaft  is  22  ins.  diameter  at  the  fly-wheel  seat.  Suppose  an  accident 
forcibly  brings  the  shaft  to  rest  from  Ml  speed  in  five  revolutions,  the  retarda- 
tion being  uniform,  find  the  stress  on  the  shaft  due  to  the  inertia  of  the  fly- 
wheel, acting  along  with  a  torque  of  1,600,000  in.-lbs.  due  to  the  engine,  and 
a  bending  moment  of  3,000,000  in.-lbs.  due  to  the  weight  of  the  fly-wheel  and 
armature.  Ans.  29,200  lbs. 

IDS.  The  main  shaft  of  a  steamship  transmits  1000  H.P.  at  80  revolutions 
per  minute,  and  is  of  mild  steel  9J  ins.  in  diameter.   It  is  subjected  to  a  longi- 
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tudinal  thrust  of  25,000  lbs.  Find  J;he  resultant  simple  tensile  or  compressive 
stress  due  to  the  combined  torsion  and  compression.  Ans.  4858  lbs. 

io6.  A  street-railway  generator  gives  3000  B.H.P.  at  75  revolutions  per 
minute.  The  maximum  bending  moment  on  the  crai^-shaft  is  13,500,000 
in.-lbs.  If  the  maximum  torque  is  1.5  times  the  mean  torque,  find  the  diam- 
eter of  the  shaft  (solid).     (/,=5000.)  Ans.  Uyms. 

107.  The  steam  stop-valve  of  a  vertical  engine  is  worked  by  means  of  a 
hand-wheel  14  ins.  in  diameter  at  the  bottom  end  of  a  vertical  rod  or  shaft  (of 
cir-cular  section)  16  ft.  long.  If  a  couple  of  moment  1400  in.-lbs.  is  applied 
to  the  hand-wheel  find  the  diameter  of  the  shaft  (a)  if  the  relative  twist  of 
the  ends  of  the  shaft  is  not  to  exceed  2  degrees;  (6)  if  the  maximum  shear 
stress  in  the  shaft  is  not  to  exceed  9000  lbs.  per  square  inch.  (Take  G  = 
11,000,000.)  ^ns.  (a)  If  ins.;  (6)  H  in. 

108.  The  hollow  vertical  sleeve  of  a  Weston  centrifugal  of  3^  ins.  external 
and  2  ins.  internal  diameter  makes  1200  revolutions  per  minute  and  carries 
at  its  lower  end  a  weight  of  1000  lbs.  Show  that  the  centrifugal  effect  is 
9104  times  that  of  the  weight.     (Take  E  =30,000,000  lbs.  per  square  inch.) 

109.  If  the  critical  length  of  a  shaft  13.4  ins.  in  diameter,  subjected  to 
endlong  thrust  alone,  is  equal  to  the  critical  length  when  subjected  to  cen- 
trifugal force  alone,  show  that  P=  68,500tt);  also  show  that  if  the  length  is  98 
ft.,  the  critical  P  is  327,600,  and  the  critical  w  is  nearly  4.1  radians  per  second, 
or  46  revolutions  per  minute. 

no.  A  wrought-iron  propeller  shaft  has  a  diameter  of  22J  ins.,  and  the 
pitch  of  the  screw  is  35^  ft.  The  indicated  horse-power  at  53  revolutions  per 
minute  is  10,350,  and  assuming  theoretically  that  the  whole  of  this  is  utilized, 
show  that  the  end  thrust  is  181,530  lbs.  and  that  the  twisting  cduple  is  2,300,- 

000  in.-lbs.  If  E  is  29,000,000  lbs.  per  square  inch,  compare  the  twisting 
and  end-thrust  effects.  Also  find  the  length  of  the  shaft.  If  a  shaft  of  this 
length  and  diameter  is  subject  to  no  end  thrust,  to  no  twisting  moment,  nor 
to  its  own  weight,  show  that  it  will  break  by  centrifugal  force  if  it  revolves  at 
a  greater  speed  than  IJ  revolutions  per  minute.  Ans.  1779;  4454  ins. 

111.  A  4-in.  steel  shaft  (S=3X10''  lbs,,  per  square  inch)  15  ft.  long, 
with  its  ends  supported  but  not  constrained  as  to  direction,  is  subjected  to 
equal  and  opposite  endlong  forces  (like  a  strut)  each  of  200  lbs.;  taking  into 
account  its  inertia  but  neglecting  its  mere  weight,  what  is  its  critical  speed 
of  rotation? 

112.  Taking  the  proof  stress  to  be  140,000  lbs.  and  G  to  be  13,000,000  lbs., 
find  the  axial  proof  load,  the  deflection,  and  the  resilience  of  a  4-in.  spring 
of  coils  48  ins.  in  length  and  1  in.  in  diameter. 

113.  A  spring  is  formed  of  steel  wire;   the  mean  diameter  of  the  coils  is 

1  in.;  the  working  stress  of  the  wire  is  50,000  lbs.  per  square  inch;  the  elonga- 
tion under  a  weight  of  19nr  lbs.  is  2  ins. ;  the  coefficient  of  rigidity  is  12,000,000 
lbs.    Find  the  diameter  of  the  wire  and  the  number  of  coils. 

Ans.  .1  ia.:  15.28. 
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1 14.  Find  the  weight  of  a  helical  spring  which  is  to  bear,  a  safe  load  of 
6  tons  with  a  deflection  of  1  in.,  G  being  12,000,000  lbs.  and  /  60,000  lbs. 

115.  Find  the  time  of  oscillation  of  a  spring,  the  normal  displacement 

under  a  given  load  being  J.  I J 

Ans.  jr .  |  — . 

\g 

117.  Find  the  deflection  under  the  weight  TT  of  a  conical  helical  spring 
(a)  of  circular  section;  (6)  of  rectangular  section,  the  radii  of  ihe  extreme 
coils  being  2/1  and  y^,  and  the  radial  distance  from  the  axis  to  a  point  of  the 
spring  at  an  angular  distance  ^  from  the  commencement  of  the  spiral  being 

given  by  the  relation  — =s — .     (n=  number  of  coils.) 

,  ^  »i(2/i+2/2)(2/i'+2/2')l^/    nyW  ...        „       ,  \ 

Ans.  (a)  i/v^.  ^  _  _|_^  ,f  y^  _0  and  y^  -yj  ; 

(6)  1.8TO(?/,+y2)(2/,''+2//)-p^  ^;  6  and  h  beingthe 

sides  of  the  rectangular  section. 

118.  Find  the  modulus  of  rigidity  (G)  and  the  gravitation  unit  for  a  steel 
spring  from  the  following  observations: 

Load  in  Scale-pan.         Scale  Reading.         No.  of  Vibrations.  Time  in  Sees. 

0  3.0  —  — 

5  3.28  -^  — 

10  3.66  —  — 

15  3.84  —  — 

20  4.12  100  36 

25  4.40 

,     30  4.68 

Diam.  of  wire  =.257  in.;  length  of  coil  =122.59  ins.;  mean  diam.  of  coil 
=3  ins.;   weight  of  pan,  etc.  =2.72  lbs.  Ans.  11,500,000  lbs.;  32.3. 

119.  Find  the  modulus  of  rigidity  (G)  from  the  following  results  of  a  tor- 
sion experiment : 

Left-hand       Load  in  Scale-         Right-hand        Left-hand 
Scale  Reading,     paa  in  Lbs.         Scale  Reading.  Scale  Reading. 

8.0  20  7.58  8.34 

8.18  25  7.72  8.40 

8.28  30  7.85  8.45 

Diam.  =.706  in.;  dist.  between  points  =8  ins.;  load  lever  =25  ins.;  scale- 
arm  =22  ins. 

120.  A  conical  spring  of  round  wire  40  ins.  long  and  .2  in.  in  diameter 
has  coils  varying  from  4  to  2  ins.  in  diameter.  If  the  proof  stress  is  60,000 
lbs.  per  square  inch,  find  the  proof  load  and  the  shortening  due  to  the  load. 

Ans.  47  lbs. ;  .4  in. 

121.  Find  the  length  and  diameter  of  a  round  wire  for  a  spring  of  4  ins. 
diameter,  which  is  to  shorten  .4  in.  under  an  axial  load  of  1800  lbs.  An  axial 
load  of  4800  lbs.  is  the  proof  load  and  develops  a  proof  stress  in  the  wire  of 
140,000  lbs.    Also  G =13,000,000  lbs.  per  square  inch. 


Load  in  Scale- 
pan  in  Lbs. 

5 

Right-hand 
Scale  Reading. 

7.0 

10 

7.26 

15 

7.44 

CHAPTER  X. 

BRIDGES. 

I.  Classification. — Bridges  may  be  divided  into  three  general 
classes,  viz.: 

A.  Bridges  in  which  the  platform  is  carried  by  trxisses  of  different 

types  in  which  the  chords  (flanges)  are  either  horizontal 
or  curved  or  are  composed  of  sloping  members. 

B.  Bridges  in  which    the    platform  is  suspended  from  cables 

passing  over  high  piers. 

C.  Bridges  in  which  the  platform  rests  upon  arched  ribs. 

In  the  present  chapter  it  is  proposed  to  deal  with  the  bridges 
of  Class  A  only. 

Figs.  595-614  are  skeleton  diagrams  of  the  various  types  of 
truss  which  are  commonly  employed  in  bridge  constructiori.  The 
maximum  depth  of  a  truss  is  governed,  to  some  extent,  by  local  con- 
ditions, but  usually  varies  from  one  fifteenth  to  one  seventh  (and 
even  more)  of  the  span.  Girders  and  trusses  may  require  to  be 
designed  to  meet  conditions  of  a  specified  strength,  or  of  a  specified 
stiffness,  or  of  both,  depending  essentially  on  the  ratio  of  span  to 
depth.  If,  for  example,  this  ratio  should  exceed  twelve,  deflection 
becomes  a  serious  consideration,  and  therefore  stiffness  is  then  a 
most  important  consideration.  In  ordinary  practice  it  has  often 
been  the  custom  to  limit  the  maximum  depth  of  a  truss  to  1^  times 
the  width  of  the  bridge,  so  that  the  depth  would  then  be  not  more 
than  24  ft.  for  a  single  and  40  ft.  for  a  double-track  bridge. 

Position  of  Platform.— -The  platform  may  be  supported  either 
at  the  top  or  bottom  flanges,  or  in  some  intermediate  position.  In 
favor  of  the  last  it  is  claimed  that  the  main  girders  may  be  braced 
together  below  the  platform  (Fig.  615),  while  the  upper  portions 
serve  as  parapets  or  guards,  and  also  that  the  vibration  communi- 
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FIG.  S95. 
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cated  by  a  passing  train  is  diminished.  The  position,  however,  is  not 
conducive  to  rigidity,  and  a  large  amount  of  metal  is  required  to 
form  the  connections.  ^ 
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Fig.  615. 


Fig.  616. 


The  method  of  supporting  the  platform  on  the  top  flanges  (Fig. 
616)  renders  the  whole  depth  of  the  girder  available  for  bracing, 
and  is  best  adapted  to  girders  of  shallow  depth.  Heavy  cross- 
girders  may  be  entirely  dispensed  with  in  the  case  of  a  single-track 
bridge,  and  the  load  most  effectively  distributed,  by  laying  the 
rails  directly  upon  the  flanges  and  vertically  above  the  neutral  line- 
Provision  may  be  made  for  side  spaces  by  employing  sufficiently 
long  cross-girders,  or  by  means  of  short  cantilevers  fixed  to  the 
flanges,  the  advantage  of  the  former  arrangement  being  that  it 
increases  the  resistance  to  lateral  flexure  and  gives  the  platform  more 
elasticity. 

Figs.  617,  618,  619  show  the  cross-girders  attached  to  the  bot- 
ivom  flanges,  and  the  desirability  of  this  mode  of  support  increases 
with  the  depth  of  the  main  girders,  of  which  the  centres  of  gravity 
should  be  as  low  as  possible.  If  the  cross-girders  are  suspended 
by  hangers  or  bolts  below  the  flanges  (Fig.  619),  the  depth,  and 
therefore  the  resistance  to  flexure,  is  increased. 

In  order  to  stiffen  the  main  girders,  braces  and  verticals,  con- 
sisting of  angle-  or  tee-iron,  are  introduced  and  connected  with  the 
cross-girders  by  gusset-pieces,  etc.;  also,  for  the  same  purpose,  the 
cross-girders  may  be  prolonged  on  each  side,  and  the  end  joined  to 
the  top  flanges  by  suitable  bars. 

When  the  depth  of  the  main  gu-ders  is  more  than  about  5  ft. 
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the  top  flanges  should  be  braced  together.  But  the  minimum 
clear  headway  over  the  rails  is  16  ft.,  so  that  some  other  method 
should  be  adopted  for  the  support  of  the  platform  when  the  depth 
of  the  main  girders  is  more  than  5  ft.  and  less  than  16  ft. 


Fig.  618. 


Fig.  619. 


Assume  that  the  depth  of  the  platform  below  the  flanges  is 

2  ft.;  and  that  the  depth  of  the  transverse  bracing  at  the  top  is  1  ft.; 

'  the  total  limiting  depths  are  7  ft.  and  19  ft.,  and  if  1  to  8  is  taken  as 

a  mean  ratio  of  the  depth  to  the  span,  the  corresponding  limiting 

spans  are  56  and  152  ft. 

Comparative  Advantages  of  Two,  Three,  and  Four  Main  Girders. 
— A  bridge  is  generally  constructed  with  two  main  girders,  but  if  it 
is  crossed  by  a  double  track  a  third  is  occasionally  added,  and  some- 
times each  track  is  carried  by  two  independent  girders. 

The  employment  of  four  independent  girders  possesses  the  one 
great  advantage  of  facilitating  the  maintenance  of  the  bridge,  as 
one  half  may  be  closed  for  repairs  without  interrupting  the  traffic. 
On  the  other  hand,  the  rails  at  the  approaches  must  deviate  from 
the  main  lines  in  order  to  enter  the  bridge,  so  that  the  width  of  the 
bridge  is  much  increased,  and  far  more  material  is  required  in  its 
construction. 

Few,  if  any,  reasons  can  be  urged  in  favor  of  the  introduction 
of  a  third  intermediate  girder,  since  it  presents  all  the  objectionable 
features  of  the  last  system  without  any  corresponding  recommenda- 
tion. 

The  two-girder  system  is  to  be  preferred,  as  the  rails,  by  such 
an  arrangement,  may  be  continued  over  the  bridge  without  devia- 
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tion  at  the  approaches,  and  a  large  amount  of  material  is  economized, 
even  taking  into  consideration  the  increased  weight  of  long  cross- 
girders. 

The  upper  and  lower  chords  of  a  bridge-truss  are  connected 
together  by  a  web  which  may  be  close,  i.e.,  may  be  made  of  plates 
butting  the  one  against  the  other,  or  may  be  open,  i.e.,  may  be  com- 
posed of  a  number  of  separate  members  in  the  form  of  verticals  and 
diagonals.  These  verticals  and  diagonals  intersect  the  chords  m 
what  are  called  panel-points,  and  the  space  between  two  such  con- 
secutive points  is  a  panel. .  The  whole  of  the  members  may  be  riveted 
together  or  may  be  connected  together  by  means  of  suitably  designed 
pins.  The  former  method  has  the  advantage  of  securing,  a  much 
stiffer  structure  and  of  making  the  separate  members  interdepen- 
dent and  therefore  also  of  distributing  any  weakness  inherent  in  any 
particular  member  over  other  members  with  which  it  is  rigidly  con- 
nected. Thus,  in  the  event  of  the  failure  of  a  tie  or  strut,  the  stress 
it  was  intended  to  carry  is  taken  up  by  adjoining  members  and 
the  bridge  itself  remains  in  working  order.  The  safety  and  strength 
of  a  pin-connected  bridge,  on  the  other  hand,  depends  upon  the 
strength  of  each  individual  member.  Its  construction,  however, 
is  much  simpler,  and  the  determination  of  the  stresses  in  the  several 
members  is  much  more  definite  and  accurate.  Although,  for  this 
purpose,  it  is  necessary  to  assume  that  the  pin-joints  are  friction- 
less,  this  assumption  is  much  nearer  the  truth  than  the  assumption 
that  in  a  riveted  structure  the  total  shear  at  any  vertical  section 
is  equally  divided  between  all  the  members  intersected  by  this  sec- 
tion, which  is  equivalent  to  the  substitution  of  a  mean  stress  for  the 
stresses  in  the  several  bars. 

The  tendency  in  recent  American  practice  has  been  to  extend 
the  use  of  riveted  bridges  to  spans  as  long  as  200  ft.  and  even  beyond. 
Above  this  limit,  however,  the  connections  become  unduly  large,  if 
a  single  web  system  is  used.  Some  riveted  spans  for  heavy  railway 
traffic  have  recently  been  built  whose  length  is  about  230  ft.,  but 
in  these  cases  double  web  systems  have  been  employed. 

Dead  Loads. — The  dead  load  on  a  bridge,  consists  of  the  entire 
weight  of  the  trusses,  floor,  and  track,  less  such  parts  as  the  pedestals, 
end  floor-beams,  and  anchorage  metal,  the  weight  of  which  is  borne 
directly  by  the  piers,  without  causing  any  stresses  in  the  structure 
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as  a  whole.  In  the  case  of  highway  bridges  in  northern  climates,  a 
suitable  allowance  must  be  made  for  snow  and  ice.  In  the  case 
of  steel  railway  bridges  the  following  formulse  give  with  sufficient 
accuracy  the  weight  of  structural  steel.  To  this  amount  must  be 
added  from  350  to  450  lbs.  per  lineal  foot  of  span  for  each  track,  to 
make  allowance  for  the  ties,  rails,  fastenings,  and  guard-rails. 

Let  W  be  the  weight  in  tons  (of  2000  lbs.)  of  one  engine  and 
tender,  when  the  live  load  consists  of  two  coupled  locomotives 
followed  by  a  uniform  train  load. 

Let  w= the  total  weight  of  metal  in  pounds  per  lineal  foot  of  span ; 
"     I  =  length  of  span  in  feet. 

Then  for  deck  plate-girder  spans 

500W+10WI+23001 


w  = 


■iOO-l 


For  half-through  plate-girder  spans 

4mW +  10001 


w—- 


89-    ""' 


1000 
For  through  riveted  Pratt-truss  spans 

w=8.6(i  +  1.251F-112)+4.3{388-(pr+20}, 

the  last  term  being  ignored  if  negative. 

For  through  pin-connected  Pratt-truss  spans  with  parabolic  top 
chords 

w  =  8.63(Z  +  1.3W-140). 

For  double-track  bridges  as  above  add  85  per  cent.. 
For  through  pin-connected  Petit-truss  spans 

w  =  10.9G+l.lTr-190). 

For  double-track  bridges  add  the  following  percentages: 

350  feet  span        add  75  per  cent. 
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In  the  case  of  highway  bridges  there  is  such  a  variety  of  types 
of  flooring  that  general  formtilae  for  the  weights  are  of  little  use. 

Live  Loads. — For  railway  bridges  the  live  load  specified  is  the 
heaviest  locomotive  and  train  load  that  is  likely  to  cross  the  struc- 
ture, or  some  equivalent.  As  both  the  weight  and  the  distribution 
of  the  loads  for  actual  locomotives  change  greatly  from  time  to 
time,  a  typical  engine  and  train  load  is  frequently  adopted.  The 
typical  engine  may  not  correspond  exactly  with  any  engine  in  use, 
but  it  is  so  chosen  as  to  produce  about  the  same  stresses  in  all  mem- 
bers as  the  actual  engines.  Convenience  of  calculation  is  also  borne 
in  mind,   particularly  in  the  wheel  spacings,   in  which  fractional 
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FiG.  620. 

numbers  are  avoided  as  far  as  possible.  Among  the  systems  of 
typical  loads  in  general  use  are  those  of  Cooper  and  Waddell. 
Cooper's  Class  E  40  load,  as  shown  in  Fig.  620,  consists  of  two  con- 
solidation locomotives  carrying  40,000  lbs.  on  each  driving-axle, 
the  engines  being  followed  by  a  uniform  train  load  of  4000  lbs.  per 
lineal  foot.  Class  E  30  would  have  30,000  lbs.  on  each  driving-axle 
and  a  train  load  of  3000  lbs.  per  lineal  foot.  For  all  classes  the 
wheel  spacing  is  the  same,  and  the  pilot  and  tender  axle  loads  bear 
a  constant  ratio  to  the  driving-axle  loads,  viz.,  50  per  cent  in  the 
former  case  and  65  per  cent  in  the  latter. 
Fig.  621  shows  Waddell's  Class  U. 
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Fig.  621. 


The  wheel  spacing  is  the  same  for  all  classes;  and  for  each  con- 
secutive class  above  or  below,  the  driving-axle  load  varies  by  steps 
of  3000  lbs.,  the  pilot  and  tender  axle  loads  by  1000  lbs.,  and  the 
uniform  train  load  by  200  lbs.  per  lineal  foot. 
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When  the  live  load  has  been  selected,  the  maximum  shears  and 
bending  moments  caused  by  the  actual  wheel  concentrations  may- 
be computed  for  any  point  in  a  span,  as  illustrated  in  a  subsequent 
example.  With  a  view  to  reducing  the  labor  of  computation,  several 
conventional  methods  of  treating  the  live  load  haye'been  proposed. 
Of  these  the  Equivalent  Uniform  Load  method  is,  perhaps,  most 
generally  used.  Evidently  no  single  uniform  .load  will  produce 
the  same  shears  and  bending  moments  at  all  points  in  a  structure  as 
the  actual  wheel  loads.  But  a  close  approximation  may  be  arrived 
at  by  computing,  in  the  case  of  plate  girders,  the  uniform  load  which 
will  cause  the  same  bending  moment  at  the  centre  of  the  span  as 
the  actual  wheel  concentrations,  and  by  taking,  in  the  case  of  trusses, 
the  uniform  load  which  will  produce  the  same  B.M.  at  the  quarter- 
points,  or  by  taking  the  average  of  the  uniform  loads  which  will 
produce  the  same  bending  moments  at  all  the  panel-points.  As 
the  span  length  increases,  the  equivalent  uniform  load  grows  smaller, 
since  the  heavy  engine  loads  then  extend  over  a  smaller  fraction 
of  the  span  length. 

The  live  load  for  highway  bridges  is  taken  from  40  to  120  lbs. 
per  square  foot,  according  to  circumstances.  For  floor  systems 
the  concentrations  caused  by  a  road  roller  are  sometimes  specified. 
Loads  arising  from  electric  or  other  tram-cars  may  be  treated  by 
either  of  the  methods  indicated  above  for  railway  structures. 

Ex.  1.  The  liveload  for  the  Saulf'Ste.  Marie  Bridge,  Fig.  623,  is  the  loading 
from  a  standard  consolidation  engine  with  four  drivers  and  one  leading  wheel, 
the  weight  concentrations  being  shown  by  Fig.  622. 
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Fig.  622. 
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Fig.  623. 
Span  =239  ft. 

Length  of  centre  verticals  =40  ft.;  of  end  verticals  =27  ft. 
For  convenience  of  calculation'  assume  the  length  of  each  panel  to  be  24  ft. 
(=288  ins.).     The  error  thus  made  is  sufficiently  small  to  be  disregarded. 
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Five  distribyitions  may  be  considered,  viz. : 

When  the  front  wheels  are  at  a  panel-point; 

"    first  drivers     "      "       " 

"        "   second  "         "       "       " 

"        "    third  '  "         "       "       " 

"        "   fourth    "         "      "       " 

It  maybe  easily  shown  that  the  stresses  in  the  several  members  are  greatest 
when  either  the  second  driver  is  at  a  panel-point  or  the  third  driver  is  at  a 
panel-point,  the   corresponding  panel  loads  in  pounds  for  the  whole  truss 

being 

11,900,  49,500,  38,700,  45,925,  43,750,  36,225,  36,000,  36,000,36,000, 

and 

49,500,  38,700,  45,925,  43,750,   36,225,  36,000,  36,000,   36,000,  36,000. 
These  results  may  be  obtained  analytically  or  graphically. 

Analytically.— For  example  let  A,  B,  C,  D,  Fig.  624,  be  four  consecutive 
panel-points,  and  let  the  third  driver  be  at  B.     Then 

I  ,■   1,        §1       I 
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Panel  load  at  A  =7500^+12000  C^gSS^^)  =^1^23,  say  11,900  lbs, 


Panel  load  at  B  =7500, 


^« +12000  (i?^±^?^t|^^i^T+ 10625  '''^ 


"288 

=49387,  say  49,500  lbs.; 

Panel  load  at  C 

„  „„/'56+28i\      ,„^„    /147+211+284i+220JN      .,^„„118i 
=12000  (-^^)  +10625  ( ^^ ?j  +7500  288 


288 


288 

=38445,  say  38,700  lbs. 
etc. 


etc. 


etc. 


Graphically.  Upon  the  vertical  through  B  (Fig.  624)  take  BM  to  repre- 
sent 7500  lbs.,  and  join  AM.  Let  the  vertical  through  a^  meet  AM  in  b„ 
and  the  horizontal  through  M  in  Cj.  Then  a,&,  represents  the  portion  of 
7500  lbs.  borne  at  B,  and  fciCj  the  portion  borne  at  A. 

Also,  take  BN  to  represent  12,000  lbs.;  join  AN,  CN.  Let  the  verticals 
through  a^,  a,,  a^  meet  AN,  CN  in  6^,  63,  64,  and  the  horizontal  through  N  in 
Cj,  Cj,  Cf.  Then  aja^,  afi^,  ajjt  represent  the  portions  of  each  12,000  lbs.  borne 
at  B,  while  bjCj,  bjCa  represent  the  portions  borne  at  A,  and  hfit  the  portion 
borne  at  C. 
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Finally  take  BO  to  represent  10,625  lbs.,  and  join  CO.  Let  the  verticals 
through  as,  aj  meet  CO  in  \,  b  ,  and  the  horizontal  through  0  in  Cj,  c,.  Then 
0565,  ae&o  are  the  portions  of  each  10,625  lbs.  borne  at  B,  while  fcjCj,  b,Ce  are 
the  portions  borne  at  C.    Thus  the  total  weight  at  B 

= ai&i  +  Oj6j  +  0363  +  BAT  +  O461  +  0565  +  a,6„ 
etc. 

The  distributions  of  live  load,  concentrated  at  the  panel-points,  which  will 
give  the  maximum  stresses  in  the  several  members,  may  be  tabulated  as  below: 


End 

Distribu- 

Reac- 

Load 

Load 

Load 

Load 

Load 

Load 

Load 

Load 

Load 

tions. 

tion 
at  A. 

atpi. 

atpj. 

atp3. 

atP4. 

at  P6. 

atpo. 

atp7. 

at  ps- 

at  Pa. 

Casel 

187990 

49500 

38700 

45925 

43750 

36225 

36000 

36000 

36000 

36000 

"  2 

162920 

11900 

49500 

38700 

45925 

43750 

36225 

36000 

36000 

36000 

"  3 

124230 

6400 

47200 

40200 

43400 

45800 

37100 

36000 

36000 

"  4 

95020 

6400 

47200 

40200 

43400 

46800 

37100 

36000 

"  5 

69410 

6400 

47200 

40200 

43400 

45800 

37100 

"  6 

47400 

6400 

47200 

40200 

43400 

45800 

"  7 

29100 

6400 

47200 

40200 

43400 

"  8 

15380 

6400 

47200 

40200 

Dead  weight 

121500 

27000 

27000 

27000 

27000 

27000 

27000 

27000 

27000 

27000 

The  case  giving  the  maximum  stress  in  any  member  is  indicated  in  Fig.  623. 

2.  Stringers. — Each  length  of  stringer  between  consecutive  floor- 
beams  may  be  regarded  as  an  independent  girder  resting  upon 
supports  at  the  ends,  and  should  be  designed  to  bear  with  safety 
the  absolute  maximum  bending  moment  to  which  it  may  be  sub- 
jected by  the  live  load.  If  the  beams  are  not  too  far  apart,  the 
absolute  maximum  bending  moment  will  be  at  the  centre  when  a 
driver  is  at  that  point.  Again,  in  the  case  of  the  Sault  Ste.  Marie 
Bridge,  Art.  I,  it  may  be  easily  shown  that  the  maximum  bending 
moment  is  produced  when  the  four  pairs  of  drivers  are  between  the 
floor-beams. 

Let  2/=  distance  of  first  driver  from  nearest  point  of  support. 
The  reaction  at  this  support 

=^(824-4,)  =f  (206-,). 

The  bending  moment  is  evidently  a  maximum  at  the  second  or  third  driver, 
and  at  the  second  driver 

=^(206  -y)(,56+y)  -12000  X56 


at  the  third  driver  =-—-(206- 


■y)(108+y)  -12000(52  +  108). 


In  the  first  case  it  is  an  absolute  maximum  when  y=1b"; 
"    '•   second  "      "  "  "  "    j/=49"; 

its  value  in  each  case  being  2,188,166J  in.-lbs. 
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Hence  the  bending  moment  is  an  absolute  maximum  and  equal  to  2,188,- 
166f  in. -lbs.,  at  two  points  distant  75  ins.  from  each  point  of  support. 

Also,  if  /i  is  the  moment  of  inertia  of  the  section  of  the  stringer  at  these 
points,  c,  the  distance  of  the  neutral  axis  from  the  outside  skin,  and  /,  the 
coefficient  of  strength,  then 


and 


f  (21881661)  =/,—  for  the  inner  stringer,    ~ 


i(2188166|)  =/A  for  the  outer  stringer. 


The  continuity  of  the  stringers  adds  considerably  to  their  strength. 

3.  Camber. — Owing  to  the  play  at  the  joints,  a  girder  or  truss 
will  deflect  to  a  much  greater  extent  than  is  indicated  by  theory, 
and  the  material  will  receive  a  permanent  set,  which,  however,  will 
not  prove  detrimental  to  the  stabiUty  of  the  structure  unless  it  is 
increased  by  subsequent  loads.  If  the  chords  were  initially  made 
straight,  they  would  curve  downwards;  and  although  it  does  not 
necessarily  follow  that  the  strength  of  the  truss  would  be  sensibly 
impaired,  the  appearance  would  not  be  pleasing. 

In  practice  it  is  often  specified  that  the  girder  or  truss  is  to  have 
such  a  camber  or  upward  convexity  that  under  ordinary  loads  the 
grade  line  will  be  true  and  straight;  or,  again,  that  a  camber  shall 
be  given  to  the  span  by  making  the  panel  lengths  of  the  top  chord 
greater  than  those  of  the  bottom  chord  by  .125  in.  for  every  10  ft. 

The  lengths  of  the  web  members  in  a  cambered  truss  are  not 
the  same  as  if  the  chords  were  horizontal,  and  must  be  carefully 
calculated  so  as  to  insure  that  the  several  parts  will  fit  together. 

To  find  an  Approximate  Value  for  the  Camber,  etc. 

Let  d  be  the  depth  of  the  truss. 

Let  si,  S2  be  the  lengths  of  the  upper  and  lower  chords  respect- 
ively. 

Let  /i,  /2  be  the  unit  stresses  in  upper  and  lower  chords  respect- 
ively. 

Let  di,  di  be  the  distances  of  the  neutral  axis  from  the  upper  and 
lower  chords  respectively. 

Let  R  be  the  radius  of  curvature  of  the  neutral  axis. 

Let  I  be  the  span  of  the  truss. 
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Then 

di      Si—l       /i  ^2        I—S2        /2  •        .^   1 

^ = ~^  =  ;g    and    -^  =  — ^ —  =  -g,  approximately, 

the  chords  being  assumed  to  be  circular  arcs. 

Hence  the  excess  in  length  of  the  upper  over  the  lower  chord 

=  Sl-S2  =  ^(/l+/2)=Z-^. 

Let  xi,  X2  be  the  cambers  of  the  upper  and  lower  chords  respec- 
tively. R+di  and  R—d2  are  the  radii  of  the  upper  and  lower  chords 
respectively. 

By  similar  triangles, 


the  horizontal  distance  between 
the  ends  of  the  upper  chord 


R+di 


R 

the  horizontal  distance  between  |     R—d2, 
the  ends  of  the  lower  chord     J         R 

Hence  ( -  — r~l  \  =  a;i  X  2  (iZ + di ) ,  approximately, 

and  /- — 5-^n  =a;2X2(Jf2—cZ2),  approximately. 

rx.      ^  ^V,     di\        _,  V  /,     d2  \ 

Therefore  ^^^8^1       S"/  ^^""Sfll      "k"'/ 

4.  Rivet-coniuection  between  Flanges  and  Web. — The  web  is  gener- 
ally riveted  to  angle-irons  forming  part  of  the  flanges. 

The  increment  of  the  flange  stress  transmitted  through  the  web 
from  point  to  point  tends  to  make  the  angle-irons  slide  over  the 
flange  surfaces. 

Denote  the  increment  by  F,  and  let  h  be  the  effective  depth  of 
the  girder  or  triiss. 


688 


THEORY  OF  STRUCTURES. 


Then,  if  S  be  the  shearing  force  at  any  point, 

Fh  =  the  increment  of  the  bending  moment  per  unit  of  length 


_(dM\ 
\dx)" 


■S  in, the  case  of  a  close  web, 


and 


Fh  =  the  increment  of  the  bending  moment 
=  (JM)=Sa  in  the  case  of  an  open  web; 


a  being  the  distance  between  the  two  consecutive  apices  or  panel- 
points  within  which  S  lies. 

Hence,  if  N  be  the  number  of  rivets  per  unit  of  length  for  the 
close  web,  or  the  number  between  the  two  consecutive  apices  for 
the  open  web, 

N—T-f,=F  =  j-  for  the  close  web, 


and 


---r  for  the  open  web, 


d  being  the  diameter  of  a  rivet,  and  /,  the  safe  coefficient  of  shearmg 
strength. 

5.  Eye-bars    and    Pins, — Eye-bars    connected   with   pins   have 
been  commonly  employed  in  the  construction  of  suspension  cables, 


HF?i 


Fig.  625. 


iSl 


^33 EST 


Fig.  626. 


Fig.  627. 


the  tension  chords  of  ordinary  trusses  and  cantilevers,  and  the 
diagonals  of  web  systems.    The  requisite  sectional  area  is  obtained 
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by  placing  a  number  of  bars  side  by  side  on  the  same  pin,  and,  if 
necessary,  by  setting  two  or  more  tiers  of  bars  one  above  another. 

The  figures  represent  groups  of  eye-bars  as  they  often  occur  in 
practice. 

If  two  sets  of  2n  bars  pull  upon  the  pin  in  opposite  directions, 
as  in  Figs.  626  and  627,  the  bending  moment  on  the  pin  will  be  nPp, 
P  being  the  pull  upon  each  bar,  and  p  the  distance  between  the  centre 
lines  of  two  consecutive  bars.      Hence 


nPpJ-I, 


f  being  the  stress  in  the  material  of  the  pin  at  a  distance  c  from  the 
neutral  axis,  and  /  the  moment  of  inertia. 

In  general,  the  bending  action  upon  a  pin  connecting  a  niunber 
of  vertical,  horizontal,  and  inclined  bars  may  be  determined  aa 
follows : 

Consider  one  half  of  the  pin  only. 

Let  V,  Fig.  626,  be  the  resultant  stress  in  the  vertical  bars.  It 
is  necessarily  equal  in  magnitude  but  op- 
posite in  direction  to  the  vertical  com- 
ponent of  the  resultant  of  the  stresses  in  |  I-^-__>.h 
the  inclined  bars.  Let  v  be  the  distance 
between  the  lines  of  action  of  these  two  re- 
sultants. The  corresponding  bending  action 
upon  the  pin  is  that  due  to  a  couple  of 
which  the  moment  is  Vv. 

Let  h  be  the  distance  between  the  lines  of  action  of  the  equal 
resultants  H  of  the  horizontal  stresses  upon  each  side  of  the  pin. 
The  corresponding  bending  action  upon  the  pin  is  that  due  to  a 
couple  of  which  the  moment  is  Hh. 

Hence  the  maximum  bending  action  is  that  due  to  a  couple  of 
which  the  moment  is  the  resultant  of  the  two  moments  Vv  and  Hh, 
viz., 

V(Vv)2  +  (Hh)^. 


1 

■"x 

'fv 

4- 


FiG.  628. 


6.  Determination    of    Stresses. — Stresses   are    developed  in  the 
several  members  of  a  bridge-truss  by 
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(a)  The  dead  load,  i.e.,  the  weight  of  the  bridge-trusses  and 
platform; 

(b)  The  live  load,  i.e.,  the  weight  of  a  passing  train  and  also  the 
pressure  of  the  wind; 

(c)  Changes  of  temperature. 

For  the  present  it  will  be  assumed  that  the  dead  and  live  loads 
are  uniformly  distributed  and  are  equivalent  to  d  and  I  respectively 
at  each  panel-point. 

In  any  panel,  if  a  shear  (s)  developes  a  stress  (d)  in  a  sloping 
member  inclined  at  d  to  the  vertical,  then  evidently 

dcosd=s,    or    d=s  seed. 

Also,  the  corresponding  stress  induced  in  a  horizontal  chord 

=dsin  6=s  tan^. 

Again,  in  the  case  of  a  riveted  bridge-truss  with  horizontal  chords 
it  is  assumed  that  the  total  shear  in  any  panel  is  divided  equally 
between  all  the  members  intersected  by  a  vertical  section  in  that 
panel,  which  is  equivalent  to  the  assumption  that  the  mean  stress, 
in  each  sloping  member  of  the  panel  in  question,  is  the  same. 

Take  the  length  of  panel  to  be  p. 

Ex.  2.  ■  A  through  bridge-truss  of  the  Warren  type,  of  nine  panels  (in  which  the. 
sloping  members  are  inclined  at  30°  to  the  vertical,  so  that  the  truss  is  made  up 
of  equilateral  triangles) .  In  such  a  tru^s  it  is  evident  that  the  maximum  stresses 
are  tensions  in  the  members  sloping  down  towards  the  centre  and  compressions 
in  the  members  which  slope  up  towards  the  centre. 


Fig.  629. 

A.  Dead-load  stresses  in  sloping  members. 

Let  R  be  the  reaction  at  the  left  support.    Then 

RX9p^8dXiip,    or    R=^36. 


Hence  the  shears  in  the  1st,  2d,  3d,  4th,  etc.,  panels  are  R-d,  R-2d, 

^6,  ^27,  ^^18,  ^1 


B-3d,  etc.,  respectively;  i.e.,  5-36,     27,  5-18,  g-Q,  etc 
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J- 
Thus  the  shear  in  any  panel  is  the  product  of  a  constant  quantity  -5 

(  =- 2 i — I  and  a  multiplier,  which  is  36  in  the  first  panel,  and  which. 

in  each  succeeding  panel  is  diminished  by  the  total  number  of  panels. 

The  corresponding  stress  in  the  sloping  member  in  any  panel  is  the  shear 

in  that  panelXsec  6,  6  in  the  present  case  being  30°,  i.e.,  is  the  product  of  a. 

d        „  /    panel  dead  load  A        ,  ,  .  ,.         ,  .  , 

constant  quantity  q-seco  1  = j -, —  Xsec  d\   and  a  multiplier  which. 

is  36  in  the  1st  panel,  and  which  in  each  succeeding  panel  is  diminished  by 
the  number  of  panels  viz.,  9.  These  diagonal  stresses  may  be  tabulated  as 
follows : 


Col.  I. 

Col.  II. 

Col.  III. 

Col.  IV. 

Col.  V. 

Col.  VI 

fi 

/ 

Total  Maxi- 

Member. 

Multiplier. 

4seo9  =  i). 

Multiplier. 

-^  seo  e=L. 

mum  Diagonal 

Stress. 

X,  1=    1,  2 

36 

36D 

8.4i  =  36 

36L 

36D-I-36Z, 

2,  3=   3.  4 

27 

27D 

7.4  =28 

28L 

27fl  +  28L 

4,  5=   5,  6 

18 

18Z) 

6.3i  =  21 

21Z, 

18Z)  +  21Z, 

(J,  7=   7    8 

9 

9i) 

5.3   =15 

15L 

9D  +  1&L 

8,  9=  9,10 

0 

0 

4.2i-10 

lOi 

lOL 

10,11  =  11,12 

-9 

-9D 

3.2   -   6 

&L 

-9D+   &h   • 

12,13  =  13,14 

-18 

-ISD 

2.1i=   3 

SL 

-18D+  ZL 

14,15  =  15,16 

-27 

-27  D 

1.1    =    1 

L 

-27D+     L 

The  first  column  indicates  the  various  sloping  members.  Column  3  gives 
the  stresses  in  the  several  members  due  to  the  dead  loads,  and  these"  are  the 

product  of  a  constant  quantity  5-  sec  8  at  the  head  of  Column  3,  by  the  corre- 
sponding multiplier  in  Column  2. 

B.  Live-load  Stresses  in  the  Sloping  Members. — The  maximum  Kve-load 
stresses  of  the  same  kind  as  those  due  to  the  dead  load  are  produced  when 
the  greater  segment  of  the  truss  on  one  side  of  any  given  panel  is  loaded. 
Thus  the  maximum  live-load  stresses  in  the  sloping  members  of  the  first  panel 
are  due  to  the  concentration  of  I  at  each  of  the  pane'.-points  from  the  first 
to  the  eighth^  in  the  second  panel,  from  the  second  to  the  eighth;  in  the 
third  panel,  from  the  third  to  the  eighth;  etc.    When  all  the  panel-points  are 

loaded   the   reaction   at  the  left '  support  =5-X 8 X4i.     For  each  succeeding 

panel  one  load  leaves  the  truss  and  the  centre  of  gravity  of  the  remainingi 
loads  move  one  half  panel  towards  the  right.     Thus  the  reactions  at  the  left . 

support  are  g-X7X4;  -gXexSi;    gX5X3;    g-X4X2i;    gX3X2;  ^X2xli; 

5-  X 1 X 1 .    'These  are  the  shears  which  develope  the  maximum  live -load  stresses 

in  the  sloping  members  of  the  1st,  2d,  3d,  etc.,  panels  respectively. 

Until  the  middle  of  the  truss  is  reached  the  stresses  are  evidently  of  the 
same  kind  as  those  due  to  the  dead  load,  but  as  soon  as  the  centre  is  passed 
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the  live  load  covers  less  than  one  half  of  the  bridge  and  the  stresses  developed 
immediately  in  front  of  the  load  are  of  the  opposite  kind  to  those  due  to  the 
dead  load.  As  long,  however,  as  these  stresses  are  less  than  those  due  to  the 
dead  load  they  will  not  affect  the  design  of  the  bridge,  but  if  they  are  greater 
than  those  due  to  the  dead  load,  the  members  must  be  strengthened  so  as 
safely  to  bear  stresses  of  the  opposite  kind,  or  else  additional  members,  called 
counter-braces,  must  be  introduced  to  take  up  the  stresses  in  question. 

As  before,  the  stresses  in  the  sloping  members  are  the  product  of  a  con- 
stant quantity 'q-X  sec  9  and  a  multipUer  which  is  8.4 J  in  the  first  panel,  and 

7.4,  6.3i,  5.3,  etc.,  in  the  2d,  3d,  4th,  etc.,  panels. 

These  results  are  tabulated  in  the  above  table.  '  Thus  the  total  maximum 
stress  in  any  given  sloping  member  is  equal  to  the  algebraic  sum  of  the  two 
corresponding  stresses  in  Cols.  3  and  5.  If  the  total  maximum  stresses  in 
the  6th,  7th,  and  8th  panels  are  negative,  no  strengthening  or  counter-braces 
ar  requi'ed,  as  the  stresses  are  less  in  amount  but  of  the  same  kind  as  those 
for  which  the  ordinary  bracing  is  designed.  If,  however,  any  of  these  stresses 
ar<=  positive,  then  counter-braces  must  be  introduced. 

C.  Chord  Stresses. — The  maximum  stresses  in  a  chord  occur  when  the 
live  load  covers  the  whole  bridge,  and  in  the  present  case  this  is  equivalent 
to  assuming  that  a  load  d  +  l  is  concentrated  at  each  panel-point.  Take 
P=d+l.     Then 

P       P       P       P     P 

the  shears  are  -536,  -527,  -5I8,  -^9,  -gO,  in  the  1st,  2d,  3d  4th,  and  5th  panels 

respectively. 

P 
Therefore      Al -^^xt&n  B  X36; 


B3=A1  +  stress  transmitted  through  2d  diagonal 
+    "  "  "        3d       " 

P 

=Al  +  g  tan  0(36+27); 

C5  =B3  +  stress  transmitted  through.  4th  diagonal 
+    "  "  "        5th       " 

P 

=B3+gtanfi(27+18). 

P  P 

Similarly,     D7=C5  +-g  tan  0(18  +9),  and  E9  =D7+-^  tan  0(9  +0). 

So  again,     X2  =-g  tan  0(36  +36),    Z4  =X2  +^  tan  0(27  +  27), 


Z6-X4+  ^  tan  0(18 +18),  Z8=Z6+^  tan  0(9+9). 
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These  results  may  be  tabulated  as  follows: 


Col.  I. 

Col.  II. 

Col.  III. 

Col.  IV. 

p 

Total  Maxi- 

Member. 

Multiplier. 

—  ta.ne=F. 

mum  Chord 

Stress. 

Al 

36 

36F 

36Ji' 

BS 

36  +  27  =  63 

63F 

99i^ 

C5 

27  +  18  =  45 

i5F 

144i<' 

m 

18+  9  =27 

27F 

niF 

E9 

9+0=9 

9F 

l&OF 

X2 

36  +  36  =  72 

72F 

72F 

Xi 

27  +  27  =  54 

5iF 

12&F 

X6 

18  +  18  =  36 

Z&F 

\%2F 

X8 

9+  9 -IS 

l&F 

isaF 

Col.  Ill  gives  the  stress  transmitted  to  the  chord  through  the  sloping 

P 

members  and  is  the  product  of  the  constant  quantity  -5  tan  6  and  the  multi- 
plier in  Col.  II.  The  total  maximum  chord  stress  is  given  by  Col.  IV  and 
is  obtained  by  adding  to  the  stress  in  the  preced'ng  panel  the  stresses  trans- 
mitted through  the  sloping  members  at  a  panel-point. 

Ex.  3.  An  eight-panel  deck  of  the  Pratt  type,  with  toeb  members  sloping 
at  6  to  the  vertical.  These  members  are  designed  to  he  in  tension,  the  verticals 
being  in  compression. 


A 

I  B  2  0  3  D  <  E  I 

F  ( 

G  7H 

1^ 

6\ 

X 

x 

X 

X 

XT 

X       X       X       X      X       X 

Fig.  630. 


A.  Dead-load  Stresses.    Let  R  be  the  reaction  at  the  left  support.    Then 


R8p=7d-4p,    or    R=j28. 

Thus  the  dead-load  shears  in  the  1st,  2d,  3d,  etc.,  panels  are 

R-d,    R-2d,    R-3d,    ...,    etc.,    i.e.,    g-28,    ^20,    gl2,    .^.,    etc., 

the  stresses  in  the  corresponding  diagonals  being 

^ sec  6x28,    ^ sec  5x20,     -sec  9X12,    ....    etc. 
000 

Hence  the  dead-load  stress  in  a  sloping  member  is  the  product  of  a  con- 
d        „  f    panel  dead  load  „\ 

stant  quantity  g  s,ec  d  y — no.  of  panels    '^^^°   /   ^^^   *   ^^''*°'"  '^^^''^  is  28 

for  the  first  panel  and  is  diminished  by  the  number  of  panels,  viz.,  8  for  each 
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succeeding  panel.     These   stresses  may  therefore  at  once  be  tabulated  as 
follows : 


Col.  I. 

ttol.  II. 

Col.  III. 

Col.  IV. 

Col.  V. 

Col.  VI. 

d 

; 

Total  Maxi- 

Member. 

Multiplier. 

.g  sec  9=2). 

Multiplier. 

-^  sec  6  =  L. 

mum  Diagonal 

Stress. 

Xa 

28 

2&D 

7X4   =28 

28L 

281) +  281, 

be 

20 

WD 

6X3i  =  21 

21£, 

20£>  +  21Z, 

de 

12 

12D 

5X3    =15 

15Z, 

12D-t-li;i 

fg 

4 

iD 

4X2J-10 

lOL 

4D  +  10/, 

hk 

-4 

-4Z) 

3X2   =   6 

6£ 

-4£)  +  6i 

Im 

-12 

-12D 

2X1J=   3 

ZL 

-12Z)  +  3L 

no 

-20 

-20I> 

-1X1    =    1 

L 

-20D+L 

Col.  I  indicates- the  member;  Col.  Ill  gives  the  stress  in  the  member,  and 
i  the  product  of  the  constant  quantity  at  the  head  of  Col.  Ill  by  the  corre- 
sponding multiplier  in  Col.  II. 

B.  Live-load  stresses.  The  maximum  live-load  shear  in  any  panel,  of  the 
s.ime  kind  as  that  due  to  the  dead-load  shear,  occurs  when  the  live  load  covers 
tie  greater  segment  of  the  bridge  on  one  side  of  the  panel  in  question.  These 
maximum  live-load  shears  for  the  1st,  2d,  3d,  and  4th  panels  occur  when  L 
is  concentrated  at  the  panel-points  from  1  to  7, 2  to  7, 3  to  7, 4  to  7,  respectively. 

On  passing  the  centre  of  the  bridge,  that  is,  when  the  live  load  covers 
less  than  one  half  of  the  bridge,  the  live-load  shears  are  of  the  opposite  kind 
to  those  due  to  the  dead  load  and  therefore  develope  stresses  of  the  opposite 
kind  to  those  in  the  sloping  members,  for  which  provision  must  therefore  be 
made  either  by  strengthening  these  members  or  by  introducing  counter-braces 
as  shown  by  the  dotted  lines. 

There  is  a  different  end  reaction  for  the  maximum  live-load  shear  in  each 
panel,  and  if  i2„  R^,  R^,  etc.,  are  the  end  reactions  when  I  is  concentrated  at 
the  panel-points  1  to  7,  2  to  7,  3  to  7,  etc.,  respectively,  then 


Ri-8p  =  7l-ip, 


or    i2.=-7x4; 


iJj-8p=6Z-3ip,  or  i?2=-6x3i; 


R,-8p=5l-3p,    or    R,=-5X3; 

o 


etc. 


etc. 


Thus  the  maximum  live-load  shears  in  the  1st,  2d,  3d,  etc.,  panels  are 
R,,  R2,  R3,  etc.,  and  the  maximum  live-load  stresses  in  the  corresponding 
s  oping  members  are  iJ,  sec  d,  R,  sec  8,  R,  sec  6,  etc.,  respectively,  or 


g- sec  9X7X4,     g-secex6x3i,    ^  sec  9x5X3,    ...,    etc. 
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Hence  the  maximum  ILve-load  stresses  in  the  1st,  2d,  3d,  etc.,  panels  are 

the  product  of  a  constant  quantity  —sec  6 1  =-i— ;; r  Xsec  5 )  and 

8  \    number  of  panels  / 

a  multiplier  composed  of  two  factors,  one  of  which  is  the  number  of  loads  on 

the  truss,  while  the  other  is  the  distance  of  the  centre  of  gravity  of  these 

loads  in  number  of  panels  from  the  right  support. 

These  results,  can  be  at  once  tabulated  as  already  shown.  Col.  V  giving 
the  maximum  Uve-lo^d  stresses  in  the  sloping  members,  and  these  stresses 
are  obtained  by  multiplying  the  constant  quantity  at  the  head  of  Col.  V  by 
the  corresponding  multiplier  in  Col.  IV. 

It  will  be  noted  that  for  each  succeeding  panel  one  live  load  leaves  the 
truss,  so  that  the  centre  of  gravity  of  the  remaining  live  loads  moves  one 
half  panel  nearer  to  the  right  support. 

C.  Dead-load  Stresses  in  Verticals.    The  dead-load  stresses  in  the  1st,  2d, 

3d,  etc.,  verticals  are  evidently  the  dead-load  shears  in  the  1st,  2d,  3d,  4th, 

etc.,  panels,  respectively,  these  shears  being  transmitted  through  the  sloping 

members  Xa,  be,  de,  fg,  etc.    The  values  of  these  stresses,  therefore,  which  are 

.,,  .  d„-,d^^d^^d,  ,, 

evidently  compressions,  are  —28,  —20,  —12,  —4,  . .  .  ,  etc.,  and  the  compression 

o         o         o         o 

on  the  middle  vertical  is  d,  the  dead  weight  concentrated  at  its  head. 

The  maximum  live-load  stresses  in  the  same  verticals  evidently  occur  when 

I  is  concentrated  at  the  panel-points  1  to  7,  2  to  7,  3  to  7,  4  to  7,  etc.,  the 

values  being  —  7 X4,  —  6 X3J  — 5  X3,  -4  X2J  etc.,  respectively. 
8  o  o  o 

The  ■  max.  hve-load  stress  upon  the  central  vertical  is  a  compression  due 
to  the  "Weight  I  concentrated  at  its  head.  The  total  maximum  stress  in 
any  vertical,  say  e/,  is  evidently  the  sum  of  the  corresponding  dead-  and 

J  7 

live-load  stresses,  that  is,  —12+—  4x2J. 
8         o 

When  I  is  concentrated  at  6  and  7  the  corresponding  stress  in  kl  is  a  ten- 
sion and  =— 2  Xli,  and  the  tension  in  mn  due  to  I  concentrated  at  7  is  — . 
8  8 

Hence  the  total  resultant  stress  in  fcZ   =  —  .  12  +  — 3 

o  8  ^ 

and  "      "  "  "      "m«=-g20+g 

Chord  Stresses. — The  stresses  in  the  chords  are  greatest  when  the  live  load 
covers  the  whole  bridge,  so  that  there  is  a  panel  load  of  d  +  l  (=P)  at  each 
panel-point.  Then,  remembering  that  the  stress  in  the  chord  is  due  to  the 
shear  transmitted  through  the  sloping  members  and  is  equal  to  the  product 
of  this  shear  by  tan  d,  and  also  remembering  thai;  the  shears  in  the  1st,  2d, 
3d,  and  4th  panels,  etc.,  are 

P         P         P         P 

-28,     -20,    -12,    -4,    .  .  .  ,     etc.,  respectively 
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we  have 

4a=|  tan  0X28,      £C  =  Aa+|  tan  5x20, 

Ce  =  Bc+^  tan  ex  12,     Z)gr=Ce+g- tan  «X4, 

and        Z6=|tanflX28,    Zd=X6+|  tan  5X20,    X/=Zd+|  tan  5x12, 
These  results  may  be  tabulated  as  follows : 


Col.  I. 

Col.  II. 

Co.  III. 

Col.  IV. 

Total  Maxi- 

Member. 

Multiplier. 

^tan«=Ji'. 

mum  Chord 
Stress. 

Aa 

28 

28JP' 

28ii' 

Be 

20 

20ii'    , 

i%F 

Ce 

12 

12Ji' 

60F 

^ 

4 

IF 

MF 

28 

2SF 

2SF 

Xd 

20 

20F 

iSF 

Xf 

12 

12F 

60F 

Note. — If  this  truss  is  inverted,  it  becomes  a  truss  of  the  Howe  type,  the 
sloping  members  being  now  in  compression  and  the  verticals  in  tension.  The 
magnitude  of  the  stresses  remains  the  same  as  above. 

Graphical  Method. — The  stresses  obtained  in  the  above  tables  may  be 
determined  in  a  very  simple  manner  graphically.  Fig.  631  gives  the  stress 
diagram  for  the  dead  loads  on  the  truss,  in  which  XA',  the  reaction  at  the 
left  support,  =3id,  and  Afi=BC  =  CD  =  etc.,  =d,  the  dead  load  concentrated 
at  each  panel-point. 
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m      k 


Fig.  631. 


/      d       6      X 

Fig.  632. 


From  the  same  diagram  can  be  obtained  the  maximum  live-load  stresses 
in  the  chords  by  multiplying  the  corresponding  dead-load  stresses  by  the 

ratio  J,  aa  the  stresses  are  greatest  when  the  live  load  covers  the  whole  bridge. 

Again,  it  has  already  been  shown  that  there  is  a  different  end  reaction  corre- 
sponding to  the  maximum  stress  in  each  diagonal.  Suppose  that  the  only 
force  acting  upon  the  truss  is  a  vertical  reaction  of  1000  units  at  the  left  sup- 
port,   Fig.  632  is  the  corresponding  stress  dagram  and  it  shows  that 
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(a)  the  stress  in  each  diagonal  dtie  to  the  assumed  reaction  =1000  sec  d; 
(jb)    "      "     "     "    vertical    "    "  "        "  '"    =1000. 

Now  the  actual  reaction  at  the  left  support  is 

—7x4    when  I  is  at  panel-points  1  to  7; 
8 


|-6X3J 

2  to  7; 

|5X3 

3  to  7; 

|4x2i 

4  to  7; 

|3X2 

5  to  7; 

|2X1J 

6  to  7; 

I 
8 

{( 

"  "  panel-point  7. 

It  is  also  evident  that 

the  actual  stress  in  a  member  actual  reaction 


the  stress  due  to  assumed  reaction    assumed  reaction 
Hence 

■    ^      1000  sec  ff?„o     I         .^„o 
the  maximum  stress  m  Xa  = — — -— —  —28  =—  sec  oX28, 

1000       o  8 

..     ..  1000secg_[        1 

1000      8         8^^"  • 

"  "  "     .^^.^lOOOsecgj        1 

1000      8         8  ' 

etc.,  etc. 

"'^^I--!^. 

"'-rri^-^. 

•  "  -'-Sl-f-. 

etc.,  etc. 
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Generally  speaking,  in  the  case  of  trusses  with  horizontal  chords,  unless  the 
panels  are  of  unequal  length  or  unless  the  bridges  are  skew  or  are  otherwise 
specially  designed,  the  stresses  are  more  easily  and  rapidly  obtained  by  tabulating 
the  results  as  previously  described. 

Ex.  4.  A  ten-panel  double-intersection  lattice  (trellis)  deck-bridge,  with  mem- 
bers sloping  at  6  to  the  vertical. 

First,  assume  that  the  members  are  riveted  together  and  therefore  that 
in  any  panel  ihe  shear  is  equally  divided  between  the  two  diagonals  met  by 
a  vertical  section. 


b 

n 

d 

6 

I 

T 

h 

9 

I 

_U 

> 

0 

0 

0 

0 

0 

0 

0 

0 

< 

a 

2 

-0 

1 

e 

s 

g 

8 

k 

11) 

m 

Fig.  633. 
A.  Dead-load  Stresses  in  Web.     If  R  is  the  reaction  at  the  left  support, 


R-lQp=9d-5p,     or    -^  =  7^45, 

and  the  dead-load  shears  in  the  1st,  2d,  3d,  ...  ,  panels  are 

R,  R^.—di,    iJ,  — 2d,    Ri—3d,    ...,  respectively,  or 

the  corresponding  stresses  in  each  of  the  diagonals  in  the  1st,  2d,  3d,  , , , , 
panels  being 

L(^sec.X45),    l(^secex35),    i(^sec.X25),    ... 

Thus  the  dead-load  stress  in  a  diagonal  is  the  product  of  a  constant  quantity 
Id         „  /     1    panel  dead  load 


sec  a  I  =- 

2  10  \     5 


Xsec  d\   and  a  multiplier  which  is  45  in  the 


2  number  of  panels 

1st  panel  and  is  diminished  by  the  number  of  panels  in  each  succeeding  pauel. 
These  results  may  be  tabulated  as  follows : 


Col.  I 

Col  11 

Col.  III. 

Col.  IV. 

Col.  V 

Col  VI. 

1  d 

flsec»  =  L. 

Total  Maxi- 

Member 

Multiplier 

sro-^-o- 

Multiplier 

mum  Diagonal 

Stress. 

12  =  ad 

45 

45D 

9  5   =45 

45L 

,  45D-I-45L 

23  =  6c 

35 

35D 

8.4i  =  36 

36£, 

351) +  36/; 

34  =  ai 

25 

25D 

7.4   =28 

28i, 

25D  +  28L 

45  =  de 

15 

150 

6.3i  =  21 

21L 

15D  +  21I, 

56  =  ef 

5 

6D 

5.3   =15 

15Z, 

5D  +  15L 

67  =  ro 

-5 

-5D 

4.2i=10 

lOL 

-5D  +  10L 

78  =  flA 
89~hk 

-15 

-150 

3.2   =   6 

6L 

-15D  +  6L 

-25 

-250 

2  H=  3 

3L 

-25D  +  3L 

9l0  =  kl 

-35 

-35D 

1.1   =   1 

L 

-35D  +  L 
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Col.  I  indicates  the  member;  Col.  Ill  is  the  dead-load  stress  on  the  member 
and  is  obtained  by  multiplying  the  constant  quantity  at  the  head  of  Col.  Ill 
by  the  corresponding  number  in  Col.  IV. 

It  may  be  noted  that  the  stresses  in  the  inclined  members  in  any  panel 
are  necessarily  of  the  same  magnitude  but  are  opposite  in  character,  being 
tensions  when  the  members  slope  in  one  direction  and  compressions  when 
they  slope  in  the  opposite  direction.  It  may  also  be  noted  that  the  riveting 
divides  the  compression  members  into  two  equal  lengths,  so  that  the  ratio 
of  the  length  of  the  strut  to  its  least  radius  of  gyration  is  diminished  one  half 
and  the  rigidity  is  therefore  increased  (Art.  7,  Chap.  VIII). 

B.  Live-load  Stresses  in  Web.  The  maximum  live-load  shear  in  a  panel 
occurs  when  the  live  load  covers  the  greater  segment  of  the  bridge  on  one 
side  of  the  panel.  Thus  for  the  maximum  stresses  in  the  diagonals  in  a  panel 
there  is  a  separate  end  reaction  equal  to  the  maximum  live-load  shear  in  the 
panel  in  question. 

These  reactions  are  evidently  equal  to  the  live-load  shears  just  in  front 
of  the  live  load. 

Let  Rj)  R2,  Ri,  Ri,  etc.,  be  the  end  reaction  when  the  live  load  I  is  con- 
centrated on  each  panel-point  from  b  to  I,  3  to  I,  d  to  I,  5  to  I,  and  /  to  I, 
respectively.     Then 

Rri0p=9l-5p,      or    i?i=— 9x5; 

R^-10p=8l-iip,     or    iJ,=  -^8x4J; 

i?3-10p=7Z-4p,      or    R,=j-7x4:; 
etc.  etc. 

Again,  on  passing  the  middle  of  the  bridge,  that  is,  when  the  live  load 
covers  a  smaller  segment  of  the  bridge,  the  live-load  shears  are  of  the  oppo- 
site kind  to  those  due  to  the  dead  load  and  therefore  develope  stresses  in  the 
sloping  members  of  an  opposite  kind  to  those  due  to  the  dead  load. 

Thus  the  maximum  live-load  stresses  in  each  of  the  diagonals  in  the  1st, 
2d,  3d,  . . . ,  panels  are 

iRi  sec  9,    iRj  sec  B,     ^R^  sec  9,  .  .    . 

respectively,  and  therefore  the  maximum  live-load  stress  in  any  diagonal 

■    ,1  1     i    f  i     i  i.-i.    1    ^         0/1     panel  live  load  A 

is  the  product  of  a  constant  quantity  -  —sec  0 1  =  -  -- — z rX  sec  9) 

2  10         \    2  number  of  panels  / 

and  a  multiplier  composed  of  two  factors,  the  one  being  the  number  of  loads 

on  the  bridge .  and  the  other  the  distance  in  number  of  panels  of  the  centre  of 

gravity  of  these  loads  from  the  right  Support. 

It  may  be  observed  that  for  each  succeeding  panel  one  live  load  leaves 
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the  truss  and  the  centre  of  gravity  therefore  moves  one  half  panel  nearer 
the  right  support. 

Col.  V  of  the  preceding  table  gives  the  maximum  live-load  stress  in  any- 
specified  diagonal.  It  is  the  product  of  the  constant  quantity  at  the  head 
of  Col.  V  by  the  corresponding  multiplier  in  Col.  IV.  The  total  maximum 
stress  i  any  diagonal  is  the  algebraic  sum  of  the  corresponding  stresses  due 
to  the  dead  and  live  loads.  For  example,  the  total  maximum  stress  in 
5=65D  +  15L.  The  total  maximum  stresses  in  67,  78,  89,  and  9,10  are 
~5D  +  10L,  -15D  +  6L.  -25-D+L,  and  -35-D+L,  respectively. 

If  any  one  of  these  last  four  stresses  is  positive,  it  indicates  that  the  live 
load  developes  a  stress  in  the  member  of  an  opposite  kind  to  that  due  to  the  dead 
oad  and  the  membe  must  therefore  be  designed  to  meet  this  change  of  stress. 
In  some  cases  the  members  of  the  truss  receive  a  greater  sectional  area  for 
this  purpose,  while  in  others  any  additional  member,  called  a  counter-brace, 
is  introduced  to  take  up  the  stress  in  question.  If  any  of  the  stresses  are 
negative,  they  are  less  in  amount  but  of  the  same  kind  as  those  for  which  the 
members  are  designed. 

C  Chord  Stresses.  These  stresses  are  greatest  when  the  live  load  covers 
the  whole  bridge,  so  that  at  each  panel-point  there  is  concentrated  a  load 
d+l=P. 

P        P        P       P 

The  shears  in  the  1st,  2d,  3d,  4th,  etc.,  panels  are  45—,  35—,  25  —  ,  15—, 

etc.,  respectively,  and  in  any  given  panel  one  half  of  the  shear  is  transmitted 

to  the  chord  through  each  of  the  sloping  'members.    The  corresponding  jn- 

1  P 
crement  of  chord  stress  is  the  product  of  a  constant  quantity  —  —  tan  6  and 

a  multiplier  which  is  45  for  the  first  panel,  and  for  each  succeeding  panel  is 

diminished  by  the  number  of  panels. 

Hence 

1  P 
16  (  =  —  a2)  =  stress  transmitted  through  12  (or  06)  =^  77,  tan  9X45; 

63  (=  —2c)  =16  +  stress  transmitted  through  ab 

+    "  "  "        he 

=16+^^  tan  5(45+35); 

3d  ( =  —  c4)  =63  +  stress  transmitted  through  23 
+    "  "  "       34 

=63+1^  tan  6(35 +25), 
So, 

d5  (  =  -4e)  =3rf  +^  ^  tan  6(25  +J5)  • 
etc.  etc. 


DETERMINATION  OF  STRESSES. 


701 


These  results  may  be  tabulated  as  follows: 


Col.  I. 
Member. 

Col.  II. 
Multiplier. 

Col.  III. 
|^tan.  =  F. 

Co.  IV. 

Total  Maxi- 
mum Chord 
Stress. 

l!>=-a2 
63= -2c 
3d=-c4 
d5=-ie 
51=  -e6 

45 
45  +  35  =  80 
35  +  25  =  60 
25  +  15  =  40 
15+  5  =  20 

i5F 
WF 
eOF 
iOF 
20F 

45F 
125F 
IZBF 
225F 
2i5F 

It  is  evident  that  the  panel  lengths  in  the  upper  chord  are  in  compression 
and  those  in  the  lower  chord  in  tension. 

Second.     Let  the  truss  be  of  the  pin-connected  type.     Each  system,  abed 
. .  and  1234  .  .  . ,  must  be  regarded  as  being  entirely  independent  of  the  other 
and  as  being  strained  only  by  the  loads  at  the  panel-points  belonging  to  the  par- 
ticular system  under  consideration. 

A.  Dead-load  Stresses  in  Web  Members.  Consider,  first,  the  system 
abed  .  .  .  Im.  A  load  I  is  concentrated  at  each  of  the  panel-points  6,  d,  f,  h,  I, 
.and  the  corresponding  reaction  R  at  the  left  support  is  given  by 

R'-l0p=5d-5p,    or    i2'=— 25. 

The  corresponding  shears  from  1  to  &,  &  to  d,  d  to.  f,  f  to  h,  h  to  I,  and  Z 
to  11  are 

'^   OK  ^   1  K  '^    K  —^  '^   1  K 

so  that  the  dead-load  stresses  are  —  sec  5X25  in  ab,  —  sec  flX15  in  be  and  cd, 

J  J  J 

—  sec  dX5  in  de  and  e},  —  —  sec  flXS  in  fg  and  gh,  — —  sec  6X15  in  hk  and  kl. 

Next,  consider  the  system  1234  .  .  .  10,11.  The  load  I  is  now  concen- 
trated at  each  of  the  panel-points  3,  5,  7,  9,  and  the  corresponding  reaction 
R"  at  the  left  support  is  given  by 


R"-10p=U-5p,     or    R"  =  —-2Q. 


The  corresponding  shears  from  1  to  3,  3  to  5,  5  to  7,  7  to  9,  and  9  to  11  are 

—  20,   —10,  —0,    — -10,  respectively,  so  that  the  dead-load  stresses  are 

—  sec  ex 20  in  12  and  23,  —  sec  6X10  in  34  and  45,  0  in  56  and  67,  -—  sec  6 
X 10  in  78  and  89. 


702 


THEORY  OF  STRUCTURES. 


These  results  may  be  tabulated  as 

follows : 

Col.  I. 

Col.  II. 

Col,  III. 

Col.  IV. 

Col.  V. 

Col.  VI. 

d 

I 

Total  Maxi- 

Member. 

Multiplier. 

jgsec  e-D. 

Multiplier. 

j0Sec«  =  X. 

mum  Diagonal 

Stress. 

ab 

25 

25  D 

5.5  =  25 

25Z, 

25fl  +  25/, 

12  =  23 

20 

20D 

4.5  =  20 

20L 

20Zl  +  20t 

bc-=cd 

15 

15D 

4.4=16 

161, 

15fl  +  16L 

34=45 

10 

lOD 

3.4  =  12 

12L 

100+121, 

de  =  ef 

5 

5D 

3.3=  9 

9L 

50+  SL 

56  =  67 

0 

0 

2.3=   6 

6L 

6L 

U'li 

-5 

-5D 

2.2-  4 

4i 

-5D+  4,L 

-10 

-lOD 

1.2=  2 

2L 

-10O+  2L 

hk=kl 

-15 

-15D 

1.1=   1 

L 

-150+     L 

Col.  I  designates  the  member  and  Col.  Ill  gives  the  corresponding  dead- 
load  stress.  It  is  the  product  of  the  constant  quantity  at  the  head  of  Col.  Ill 
by  the  multiplier  in  Col.  II. 

B.  Live-load  Stresses  in  Web  Members.  Consider,  first,  the  system  abed  .  .  Im. 
The  maximum  live-load  shears  from  1  to  6,  6  to  d,  d  to  j,  f  to  h,  and  hiol 
occur  when  I  is  concentrated  at  the  panel-points  (of  the  system  in  question) 
b  io  l,d  to  I,  f  to  I,  h  to  I,  and  at  I,  respectively.  If  i2„  Ri,  R^,  R„  R^  are 
the  reactions  at  the  left  support  for  these  several  concentrations,  then 

R,-10p=5?-5p,     or    i?,=— 5X5; 


R^-lQp-^U-ip     or    fi,=— 4x4; 


R  -lOp-aZ-Sp,    or    iJ3=— 3X3; 


R,-\0-p=2l-2p,     or    i24=— 2X2; 


R^-\Op=  l-p,      or    i?5=— ixl. 

Similarly  if  iJ/,  R/,  R,',  Rl  are  the  reactions  at  the  left  support  for  the 
system  1234...  10,11, 

B/=^q4x5,  fi5'=^3x4,  i23'  =  ^-^2x3,  and    B/=^lX2. 

Hence  the  maximum  live-load  stresses  -are 


—  sec  flX5X5  in  db,  —  sec  flX4X4  in  bo  and  cd,  —  sec  flX3X3  in  de  and  c]. 
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—  sec  flX2X2  in  /o  and  ah  and-r  sec  5X1X1  in  hk&nd  kl: 
10  '"         "  10 


—  sec  5X4X5  in  12  and  23, 


10 
—  sec  5X2X3  in  56  and  67,  and  — 


sec  5X3X4  in  34  and  45, 
sec  5X1X2  in  78  and  89. 


These  results  are  shown  in  the  preceding  table,  and  Col.  V  gives  the  maxi- 
mum live-load  stresses  in  the  diagonals.    This  stress  is  the  product  of  the 

constant  quantity  —  sec  5  at  the  head  of  Col.  V  and  a  multiplier  composed 

of  two  factors  of  which  one  is  the  number  of  loads  on  the  truss,  while  the 
other  is  the  distance  of  the  centre  of  gravity  of  the  loads  in  panels  from  the 
right  support. 

The  total  maximum  stress  in  any  member  is  given  in  Col.  VI,  and  is  the 
algebraic  sum  of  the  corresponding  stresses  in  Cols.  Ill  and  V.  For  example, 
the  total  maximum  stress  in  de=5D  +  9L.  ' 

Again,  the  total  maximum  stresses  in  fg  (=gh),  78  (=89),  hk  {=kl)  are 

-bD+AL,     -10D+2L,    and     -15D+L,    respectively. 

If  any  one  of  these  results  is  positive,  it  indicates  that  the  stress  of  the  opposite 
kind  to  that  of  the  dead  load  is  developed  and  that  therefore  provision  must 
be  made  for  this  in  designing  the  members  affected.  If  the  results  are  posi- 
tive, it  shows  that  the  members  are  simply  subjected  to  the  same  kind  of 
stress,  but  less  in  amount,  as  those  for  which  they  are  usually  designed.  Again, 
in 'the  two  systems,  members  sloping  in  one  direction  are  in  tension  and  those 
sloping  in  the  opposite  direction  are  in  compression. 

C.  Chord  Stresses. — The  stresses  in  the  chord  lengths  are  greater  when  the 
live  load  covers  the  whole  girder,  so  that  a  load  of  d  +  l=P  is  concentrated 
at  each  panel-point.  Then,  calling  t^,  t^,  t^,  ...  the  tensions  in  a2,  2c,  c4, 
etc.,  and  Cj,  Cj,  Cj,  .  .  .  the  compressions  in  16,  63,  Sd,  .  .  . 

P 

ti  =  stress  transmitted  through  ab=ji:  tan  5  X25, 

"        12 

23  =  — tan  5(20+20), 

"        be 

P 
"       cd=j7^  tan  5(15+15), 

"        34 

"        45  =  — tan  5  10+10), 

"        de 

p 
"         e/  =  - tan  5(5+5), 


t2=ti  + 

+ 

U^U-¥ 

+ 

u=.,+ 

+ 

t,=U  + 

+ 
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c,  =stress  transmitted  through  12  =—  tan  e  X20; 


10 


+ 

C3  ^^  Cj  T 

+ 

+ 


These  results  may  be  tabulated  as  fo! 


ah 


&c=— tan  (9(25+15), 

23 

P 
34=— tan  5(20 +10), 

cd 


j=-  tan  5(15+5), 


45 


56  =  — tan  5(10+0). 


lows : 


Col.  I. 

Col.  II. 

Col.  III. 

Col.  IV. 

p 

Total  Maxi- 

Member. 

Multiplier. 

zr:  tan  g=F. 

mum  Chord 

Stress. 

a2 

25 

25F 

25i!' 

2c 

20  +  20-40 

40F 

65^ 

ci 

15  +  15  =  30 

30i^ 

95F 

ie 

10+10  =  20 

20i!' 

nsF 

e6 

5+   5  =  10 

IQF 

125F 

lb 

20         • 

20F 

20F 

b3 

25  +  15  =  40 

40F 

60F 

3d 

20  +  10  =  30 

30F 

90F 

d5 

15+   5  =  20 

20F 

llOi!" 

5/ 

10+   0  =  10 

lOF 

120i!' 

Col.  I.  indicates  the  chord  member;  Col.  Ill  indicates  the  stress  trans- 
mitted to  any  given  member  through  the  sloping  members,  and  is  the  product 
of  a  constant  quantity  at  the  head  of  Col.  Ill  by  the  corresponding  multi- 
pliers in  Col.  II.  Col.  IV  gives  the  total  maximum  chord  stress  in  any  given 
panel,  and  its  value  is  obtained  by  adding  to  the  stress  in  the  preceding  panel 
the  stresses  transmitted  through  the  diagonals  meeting  at  the  common  panel- 
point. 

Ex.  5.  An  eight-panel  through  lattice  truss  with  horizontal  chords  and  two 
series  of  diagonals  inclined  in  opposite  directions  at  angle  6  to  the  vertical. 


a' 

a" 

fff 
a 

c 

c' 

c" 

c 

e      e 

• 

a 

'^4 

?888?«?«5 

f 

A 

6 

b' 

b" 

b" 

d 

d' 

d" 

Vd 

Fig.  634. 

An  objection  to  this  class  of  girder  is  the  number  of  the  joints. 
First,  consider  the  members  to  be  riveted  together. 
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Precisely  the  same  method  of  analysis  for  the  determination  of  the  stresses 
in  the  several  web  members  is  to  be  adopted  as  in  the  preceding  example.  In 
veery  panel  a  vertical  section  now  intersects  four  members,  and  therefore 

in  the  following  table  the  constant  quantity  is  j  (o  see  9)  =D  at  the  head  of 

Col.  Ill  for  the  dead  load  and  j  i^  sec  ej  =L  at  the  head  of  Col.  Vfor  the  live 
load.    The  total  maximum  diagonal  stresses  are  given  by  Col.  VI  as  indicated : 


Col.  I. 

Col.  II. 

Col.  III. 

.Col.  IV. 

Col.  V. 

Col.  VI. 
Total  Maxi- 

Member. 

Multiplier. 

D. 

Multiplier. 

L. 

mum  DiagOBal 

Stress. 

ab=aa" 

28 

28D 

7.4   =28 

28L 

28D  +  2SL 

Aa"'  =  a'b' 

20 

20D 

6.3i-21 

21L 

20D  +  21L 

bc  =  a"b" 

12 

12D 

5.3   =15 

15L 

12D  +  15L 

b'c'=a"'b"' 

4 

iD 

4.2i  =  10 

lOL 

4D  +  10L 

b"c"  =  cd 

-4 

-4D 

3.2   =  6 

6L 

-4D+  6L 

b"'c"'  =  c'd' 

-12 

-12D 

2.1i=  3 

aL 

-12D+  3L 

de  =c"d" 

-20 

-20Z> 

1.1   =   1 

L 

-20D  +  L 

The  total  stress  in  a  diagonal  is  the  algebraic  sum  of  the  corresponding 
stresses  due  to  the  dead  and  live  loads.     For  example, 

the  total  maximum  stress  in  be  ( =a"b")  =12D  +  15L. 

Again,  the  total  maximum  diagonal  stresses  in  b"c"  {=cd),  6"'c"' (=c'<i'), 
and  de  (=c"d")  are  -4Z)  +  6L,  .-12D+3L,  and  -20D+L,  respectively. 

If  either  of  these  is  negative,  the  result  indicates  that  the  live  load  pro- 
duces a  stress  in  the  web  member  under  consideration  of  a  kind  opposite  to 
that  due  to  the  dead  load,  and  therefore  the  web  member  must  be  designed 
to  carry  this  additional  stress.  If,  however,  the  result  is  positive,  it  indicates 
that  the  stress  is  of  the  same  kind  but  less  in  amount  than  that  due  to  the 
dead  load,  and  the  ordinary  bracing  is  therefore  quite  sufficient. 

It  is  also  evident  that  the  stresses  in  the  members  in  any  panel  sloping 
in  opposite  directions  are  opposite  in  kind. 

For  the  greatest  stresses,  in  the  chord  panel  lengths  the  live  load  I  is  con- 
centrated at  each  panel-point,  and  the  truss  now  carries  what  is  a  uniformly 
distributed  load,  the  load  at  each  panel-point  being  d  +  l.  Thus  the  con- 
stant quantity  at  the  head  of  Col.  Ill  for  the  chords  is  now  —  -—  tan  5=  P. 
Hence  the  table  for  the  chord  stresses  is  as  follows : 


Col.  I. 
Member. 

Col.  II. 
Multiplier. 

Col.  III. 
F. 

Col.  IV. 

Total  Maxi- 
mum Chord 

Stress. 

-  A6=  —a'a" 

W  =  —  a"a"' 
b'b"=  —a"'c 
h"b"' cc' 

28 
28  +  20  =  48 
20  +  12  =  32 
12+  4  =  16 

2SF 
i&F 
32F 
l&F 

28^ 

lOSii" 
124F 
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Second,  let  the  truss  be  pin-connected.    There  are  now  four  systems  of 
bracing,  viz.,  abcdef,  a'b'c'd'e',  aa"b"c"d"f,  Aa"'b"'c"'d"'. 

The  following  table  gives  the  maximum  stresses  in  the  diagonals,  —  sec  Q  =D 

being  the  constant  quantity  for  the  dead  load  at  the  head  of  Col.  Ill  and 

—  sec  6  =L  being  the  constant  quantity  for  the  live  load  at  the  head  of  Col,  V: 


Col.  I. 

Col.  II. 

Col.  III. 

Col.  IV. 

Col.  V. 

Col.  VI. 
Total  Maxi- 

Member. 

Multiplier. 

D. 

Multiplier. 

L. 

mum  Diagonal 

Stress. 

ab 

10 

lOD 

10 

lOL 

lOD  +  lOi 

bc=cd 

2 

2D 

3 

3L 

2D+  3i 

de  =  ef 

-6 

~6D 

0 

0 

-6D 

a'b' 

8 

SO 

8 

SL 

8D+  SL 

h'e=ed' 

0 

0 

2 

2L 

2L 

d'e' 

-8 

-8D 

0 

0 

-8D 

ao"  =  a"6" 

6 

6Z) 

6 

6L 

6D+  6i 

6"c"  =  c"d" 

-2 

-2D 

1 

L 

-2D+L 

d"f 

-10 

-lOZ) 

0 

0 

-WD 

Aa"'  =  a"'b"' 

4 

4D 

4 

iL 

4D+  4i 

b"'c"'  =  c"'d"' 

-4 

-4D 

0 

0 

-4D 

The  following  table  gives  the  maximum  chord  stresses,  the  constant  quan- 
tity for  the  combined  dead  and  hve  load  at  the  head  of  Col.  Ill  being 

^4^tanS=i?': 

O 


Col.  I. 

Col.  II. 

Col.  III. 

Col.  IV. 
Total  Maxi- 

Member. 

Multiplier. 

F. 

mum  Chord 

Stress. 

Ab 

4 

iF 

4^ 

bb' 

10  +  2  =  12 

12F 

16F 

b'b" 

8  +  0=  8 

SF 

24^ 

b"b"' 

6-2=   4 

4F 

28^" 

a'a" 

8 

SF 

SF 

a"a"' 

6-2=   4 

4F 

12F 

a"'c 

4-4=   0 

0 

12F 

cc' 

10  +  2  =  12 

12F 

2iF 

Ex.  6.  The  bracing  of  a  lattice  girder  consists  of  a  single  system  of  triangles 
in  which  one  of  the  sides  is  a  strut  and  the  other  a  tie  inclined  to  the  horizontal 
at  angles  of  a  and  /3  respectively;  in  order  to  give  the  strut  sufflcient  rigidity  its 
section  is  made  k  times  that  indicated  by  theory,  the  coefficient  k  being  >  unity. 
Show  that  the  amount  of  material  in  the  struts  and  ties  is  a 
minimum  when  tan  a=k  tan  p. 

Let  fe=  depth  of  truss.  Also,  let  S  be  the  shear  between 
the  two  consecutive  panel-points  A  and  B.  Take  AC  as  the 
strut  and  BC  as  the  tie.    Then 

stress  in  AG^S  cosec  a    and    in  BC=S  cosec  /3. 


D  B" 

Fig.  635. 
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Therefore,  total  amount  of  material  in  AC  and  BC 

kS  cosec  a  .^    S  cosec  j3„^    S  „  , 

= -, AC  H BC=—(k  cosec  a-ftcosec  a+cosec^S-ft cosec/8) 

oh..  .  .   . 

=— («  cosec*  o;  +cosec'  p)  =    mimmmn, 


so  that 


k  cos  a  ,       cos  B 
-da+—-      - 


(=0. 


Again, 

Therefore 

Hence,  by  (I)  and  (II), 


sm'a  sin'^ 

AB—li{co\  a  +cct  /?)  =a  constant. 


da         dp 

-      •+- 


sin' a     sin'/? 


=0. 


(I) 


(11) 


tan  a=k  tan  p. 


Ex.  7.  Determine  the  maximum  stresses  in  the  members  of  a  through  lattice 
truss  of  40  ft.  span  and  4  ft.  depth,  with  two  systems  of  triangles  (base  =8  ft.), 
(a)  when  riveted  together;  (6)  when  pin-connected.  Dead  load=i  ton  per 
lineal  foot,  live  load=i  ton  per  lineal  foot. 

(a)  Riveted  Truss. — Panel  dead  load  =1  ton;  panel  live  load  =2  tons. 

C[        02       Ca       C|       C; 

'WVtTtTtTir  w 

Fio.  636. 

Diagonal  Stresses.  Constant  for  dead  load  =—  l-zr  sec  45°)  = — -  ; 

2  \10  /       20 

Chord  Stresses.  Constant  for  combined  dead  and  live  loads 


Table  of  Max.  Diagonal  Stresses. 

Col.  I. 
Member. 

Col.  II. 
Multiplier. 

Col.  III. 
20  ■ 

Col.  IV. 
Multiplier.    . 

Col.  V. 
10' 

Col.  VI. 

Total  Maxi- 
mum Diagonal 

Stress. 

d,=  -A 

d2=-D2 

ds-  -Da 
dt=  ~Dt 
d^=-D, 
d,=  -D, 

45 
35 
25 
15 
5 
-5 

2.25V2" 

1.75^2 

I.25V2" 

.75V2 

.25'^2 

-.25V2 

9X5   =45 
8X4i  =  36 
7X4  -28 
6X3i  =  21 
5X3   =15 
4X2}  =  10 

4.5-^2" 
3.6V2 

2.8vT 
2.1VT 

LsVT 

6.75^2" 
5.35V2 
4.05VT 
2.85V2 
I.75VF 
.75vT 
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The  stresses  in  the  remaining  diagonals  are  negative. 
Table  of  Max.  Chord  Stresses. 


Col.  I. 

Member. 

Col.  II. 
Multiplier. 

Col.  III. 
3 
20 

Col.  IV. 

Total  Maxi- 
mum Chord 
Stress. 

«i  =  -ci 

«3=-C3 

ts=-cs 

45 
45  +  35  =  80 
35  +  25  =  60 
25  +  15-40 
15+  5-20 

6.75 
12.00 
9.00 
6.00 
3:00 

6.75 
18.75 
27.75 
33.75 
36.75 

■  (6)  Pin-connected  Truss. — 

Diagonal  Stresses.  Constant  for  dead  load=— -r-; 


live  load  = 


2V2" 
10  ■ 


Chord  Stresses.  Constant  for  combined  dead  and  live  loads 
■^Itan  450  =  1 


Table  of  Max.  Diagonal   Stresses. 

Col.  I. 

Col.  II. 

Col.  III. 

Col.  IV. 

Col.  V. 

Col.  VI. 

V2 

2x^2' 

Total  Mari- 

Member. 

Multiplier. 

10- 

Multiplier. 

.       10   ■ 

mum  Chord 

Stress. 

Di 

25 

2.5^^2" 

5X5  =  25 

5V2" 

7.5VT 

di--D2 

20 

2v'2 

4X5  =  20 

4VT 

6V^ 

d2=  -X>3 

15 

1.6*^2 

4X4-16 

3.2VT 

4.7vT 

ds=  -Di 

10 

vT 

3X4  =  12 

2.W2 

z.Wi 

■  di=  -D5 

5 

.5V2 

3X3=  9 

1.8V2" 

2.3^2 

d5=-D(i 

0 

0 

2X3-   6 

1.2vT 

1.2vT 

^6=  -D7 

-5 

-.5vT 

2X2=  4 

.8v'2 

.3vT 

The  stresses  in  the  remaining  diagonals  are  negative. 
Table  of  Max.  Chord  Stresses. 


Col.  I. 

Col.  II. 

Col.  III. 

Col.  IV. 

3 

Total  Maxi- 

Member. 

Multiplier. 

10 

mum  Chord 
Stress. 

k 

20 

6 

6 

h 

25  +  15  =  40 

12 

IS 

h 

20  +  10  =  30 

g 

27 

h 

15+   5  =  20 

6 

33 

h 

10+   0  =  10 

3 

36 

Cl 

25 

7.5 

7.5 

Oi 

20  +  20  =  40 

12.0 

19.5 

Cs 

15  +  15  =  30 

9.0 

28.5 

C4 

10  +  10  =  20 

6.0 

34.5 

Ci 

5+  5  =  10 

3.0 

37.5 
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Ex.  8.  Determine  the  stresses  in  the  severed  members  of  a  deck-truss  for  a 
double-track  bridge  of  342  ft.  span,  33  ft.  depth,  and  with  eighteen  panels.  The 
panel  engine,  live  and  dead  loads  are  121,000,  65,000,  and  40,000  lbs.,  respect- 
ively, per  truss.     (Single  intersection.) 


A1B2CSD4E5F 

G 

H 

K 

L 

M 

It       lb       16       I 

7 

•1\» 

V 

V 

\ 

\k 

V 

V 

\a 

\ 

\ 

\ 

/e 

/F 

x\ 

6\ 

d\ 

f\ 

'»\ 

1\ 

n\ 

P\ 

A 

t\ 

v\ 

/ 

/ 

^ 

>cxxxxxx^xxx 
Fig.  637. 

sec  «  =1.13393;    tan  5  =|g ;  8°  =29°  56', 


121000 


Dtajr.  Stresses.    CJonstant  for  engine  load  = — r^ —  sec  6  =7757; 


for  train  load=    ..p     sec  g— 4167; 


^       J     J  ,      ,     40000         „    „,„, 
for  dead  load  =     -.p     sec  0  =2565. 


Chord  Stresses.  Constant  for  combined  engine  and  dead  loads 

121000+40000,      „     ^,  ,„ 
= jg tan  5  =51 50; 


for  combined  dead  and  train  loads 
40000  +  65000 


18 


■  tan  fi=3359. 


Diagonal  Stresses. 


Total  Maxi- 

Member. 

Multiplier. 

7757. 

MultipUer. 

4167. 

Multiplier. 

2565. 

mum  Diago- 
nal Stress  in 
Pounds. 

Xa 

17 

131,869 

136 

566,712 

163 

392,445 

1,091,026 

be 

16 

124,112 

120 

500,040 

135 

346,275 

970,427 

de 

15 

116,355 

105 

437,535 

117 

300,105 

853,995 

t 

14 

108,598 

91 

379,197 

99 

253,935 

741,730 

13 

100,841 

78 

325,026 

81 

207,765 

633,632 

Im 

12 

93,084 

66 

275,022 

63 

161,595 

529,701 

no 

11 

85,327 

55 

229,185 

45 

115,425 

429,837 

PQ 

10 

77,570 

45 

187,515 

27 

69  255 

334,340 

ra 

9 

69,813 

36 

150,012 

9 

23,085 

242,910 

tu 

8 

62,056 

28 

116,676 

-9 

-23,085 

155,647 

vw 

7 

54,299 

21 

87,507 

-27 

-69,255 

72,551 

The  stress  in  the  next  diagonal  xy  is  negative,  and  therefore  counter- 
braces  (or  additional  strengthening)  are  required  in  the  two  centre  panels 
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only,  although  it  is  usual  in  practice,  for  the  purpose  of  stiffening  the  truss, 
to  introduce  them  into  other  panels. 

Again,  the  maximum  stresses  in  the  verticals  ab,  cd,  ef,  gh,  kl,  mn,  op,  qr, 
and  st  are  the  vertical  components  of  the  maximum  stresses  in  the  diagonals 
Xa,  be,  de,  fg,  hk,  Im,  no,  pq,  and  rs,  respectively.     Hence  the  maximum  stress 


ab  =1,091,026  cos  6  =945,486  lbs. 
ef  =  853,895  cos  d  =  740,000  lbs. 
kl  =    633,632  cos  d  =549,100  lbs. 

429,837  cos  d  =372,500  lbs. 

242,910  cos  d  =210,500  lbs. 
72,551  cos  e  =  62,874  lbs. 


op  = 


cd  =970,247  cos  d  =840,820  lbs. 
g'A  =741,730  cos  e  =642,800  lbs. 
mn  =529,701  cos  0  =459,050  lbs. 
qr  =334,340  cos  9  =289,740  lbs. 
MV  =  155,647  cos  6  =134,890  lbs. 


Chord  Stresses. 


Sum  of 

Total  Maxi- 

Member. 

Multiplier. 

5150. 

Multiplier. 

3359. 

3d  and  5tli 
Columns. 

mum  Chord 
Stress  in  Lbs. 

Aa-Xb 

17 

87,550 

136 

456,824 

544,374 

544,374 

Bc  =  Xd 

—  1 

-5,150 

136 

456,824 

451,674 

996,048 

Ce^Xf 

—  1 

-5,150 

118 

396,362 

391,212 

1,387,260 

Dg  =  Xh 

Ek  =  Xl 

—  1 

-5,150 

100 

335,900 

330,750 

1,718,010 

—  1 

-5,150 

82 

275,438 

270,288 

1,988,298 

Fm  =  Xn 

—  1 

-5,150 

64 

214,976 

209,826 

2,198,124 

Go  =  Xv 

—  1 

-5,1.50 

46 

154,514 

149,364 

2,347,488      , 

Hq  =  Xr 

—  1 

-5,150 

28 

94,052 

88,902 

2,436,390 

Ks 

~^ 

-5,150 

10 

33,590 

28,440 

2,464,830 

These  results  can  easily  be  checked  by  the  method  of  moments. 
For  instance,  the  reaction  R  at  the  right  support 

=1(56000) +i^><f^. 
Taking  moments  about  the  foot  of  vertical  st. 


KsXS3 


=(- 


56000     17X105000\ 


18 


+ 


and 


2 19X19-9X105000X4X19=81,329,500 

Zs  =2,464,530  lbs. 


As  already  stated  at  the  end  of  Ex.  2,  the  stresses  in  the  several  members 
can  be  more  easily  and  readily  obtained  by  tabulating  them  in  the  manner 
just  described,  but  the  same  results  may  be  found  graphically  as  follows: 

Fig.  638  gives  the  stresses  in  the  several  members  for  a  dead  load  of  40,000 
lbs.  concentrated  at  every  panel-point.  The  greatest  stresses  in  the  chord 
panel  lengths  occur  when  the  live  load  covers  the  whole  bridge,  so  that  the 
total  load  on  the  bridge  is  then  equivalent  to  a  load  of  161,000  lbs.  at  the 
1st  panel-point  and  105,000  lbs.  at  every  other  panel-point.  Then,  at  the 
left  support, 

17  1 

the  reaction  22=— 161000  +— 16xl05000X8JXl9=945,389  lbs. 
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Taking     XA  =  945,389  lbs.,      A5=  161 ,000   lbs.,    and     BC=CD=.. 
=105,000  lbs.,  Fig.  639  gives  the  total  maximum  chord  stresses. 


Fig.  638 


Fig.  639. 
qomkgeca 


ABC 
DEF 
QHKLi 


t       r      p      n  h      f      d       b      K 

Fig.  640. 

For  the  maximum  diagonal  stresses  assume    that  the  only  force  acting 
upon  the  truss  is  a  vertical  reaction  of  1000  units  at  the  left  support.    Then 
Fig.  640,  in  which  ZA=1000  units,  is  the  corresponding  stress  diagram  and 
shows  that 
(a)  the   stress  in  each  diagonal  due  to  the  assumed  reaction 

=1000  sec  0  =  11539.3  units; 

(6)  the  stress  in  each  vertical  due  to  the  assumed  reaction 

=  1000  units. 

The  total  actual  reactions  at  the  left  support  are 

945,389  lbs.  when  the  live  load  covers  1  to  17 
840,889  "       "      "     J 
740,000  "       "      " 
642,723   "       "      " 
549,055  "       "      "     ' 
459,000   "       "      " 
372,556  "       "      " 
289,723   "       "      " 
210,500  "       "      "     ' 
134,889   "       "      " 
62,889  "       "      "     ' 


'      2  to  17 

'      3  to  17 

'      4  to  17 

'      5  to  17 

'      6  to  17 

'      7  to  17 

'      8  to  17 

'      9  to  17 

'    10  to  17 

'    11  to  17 
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Hence 


the  actual  stress  in  any  diagonal,  say  on  _  372556 
the  stress  due  to  the  assuftied  reaction         1000   ' 


1000  sec  6 
or  actual  stress  on  =372556  — ^7:7^^; 429,902  lbs.; 

the  actual  stress  in  any  diagonal,  say  op     289723 
the  stress  due  to  assumed  reaction  1000  ' 

or  actual  stress  op  =289,723  lbs. 

Ex.  9.  The  Schwedler  truss  in  which  the  minimum  stress  in  -every  diagonal 
is  to  be  nil. 

Consider  the  eight-panel  truss.  Fig.  641,  and  let  D  and  L  be  the  panel  dead 
and  Uve  loads  respectively.    Let  a  be  the  panel  length.    Let  2/1,  ^j,  y,,  y,  be  the 

Os O3 


Fig.  641. 


lengths  of  the  verticals.  Let  the  straight  portions  of  the  bow  meet  the  hori- 
zontal through  0  in  Oi,  O2,  Oa,  and  take  00,  =a;j,  002=X2,  00,=X3.  For 
minimum  stress  in  2A,  L  is  at  1  and  the  reaction  at  0  is  then 

3iD+iL. 

The  stress  in  2 A  is  to  be  nil,  and  therefore,  taking  moments  about  Oj, 

-{3iD+iL)x,r\-iD+L)(x,+a)=0,     or    ^=?(^+^) 


Hence 


a     20D-L' 
y^     xi+2a     6(8D+L) 


2/1      Xi+a     7(4D+L)' 
For  minimum  stress  in  36,  L  is  at  1  and  2,  and  the  reaction  at  0  is  then 

3iD  +^L. 
The  stress  in  36  is  to  be  nil,  and  therefore,  taking  moments  about  Oj, 

-{3iD+ii-L)x.+2(D+L){x,+ia)'^0,'  or    ^  =^^^. 

a      4D—L 

Hence  yz_x.+3a     5(4D +L) 

2/5,     z^+2a    2{8D+3Ly 

For  minimum  stress  in  4c,  I,  is  at  1, 2,  and  3.  and  the  reaction  at  0  is  then 

3iD+fL. 
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The  stress  in  4c  is  to  be  nil,  and  therefore,  taking  moments  about  0„ 

-(3iD+^L)x,+3(D+L)(x,+2o)=0,    or    '^=^^Z^- 


Hence 


yt    x,+4:a    4(8Z)+3L) 
y,~x,+3a~15{2D+Ly 


Case  a.  If  L=fD,  a;,  =00,  and  therefore  the  two  central  chord    panel 
lengths  of  the  bow  are  horizontal. 


Also, 


y,      '    V:     6' 


78 
^49- 


If  L>  fD,  x,  is  negative  and  the  depth  of  the  truss  might  be  diminished 
from  3  towards  the  centre. 

So  if  L>  4D,  x^  is  negative  and  the  depth  might  diminish  from  2  towards 
the  centre. 

If  L>  20D,  a;,  is  negative  and  the  depth  might  diminish  from  1  towards  the 
centre. 

It  is  inadvisable,  however,  to  construct  a  truss  in  such  a  manner. 

Case  b.  If  L=D,  Xj—  —  ^,  and  the  three  central  verticals  should  be  each 
made  of  the  same  length,  viz.,  y,.    Also, 


~=22     ^""^ 


y-. 


2/1 


54 
^35" 


The  calculations  will  be  the  same  if  the  truss  is  inverted,  and  also  the 
depths  2/1;  2/^)  •  •  •  nQ3,y  be  plotted  one  half  above  and  one  half  below  the  hori- 
zontal through  0. 

If  the  diagonals  in  Fig.  641  are  made  to  slope  in  the  opposite  direction, 
they  are  necessarily  in  tension. 

Ex.  10.  Pauli's  truss  in  which  each  panel  length  of  the  how  is  to  be  subjected 
to  the  same  stress. 

Consider  an  eight-panel  truss.  Fig.  642,  each 
panel  length  being  a.  Let  Pi,  p^,  p,,  pt  be  the 
perpendiculars  from  2,  3, 4,  5  upon  the  opposite 
chord  length,  inclined  to  the  vertical  at  angles 
"^i  P>  Ti  ^-  The  chord  stresses  are  greatest  when 
the  live  load  covers  the  whole  truss. 

Let  P  {=D+L)  be  the  panel  load;  and  let 
F  be  the  constant  force  in  each  panel  length  of 
the  bow.    The  reaction  at  1  =3^^.    Then 

,._,a      „    3if2a-P-a    3^f-3ffl-2P-fa     3iP-4a-3P-2a( 
Pi  Pi  Pa  Pt 
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or 


Pi~Pi     Pz     Pt     P"' 


defining  the  values  of  p„  p„  pa,  p,. 

Construction. — Through  1  draw  the  tangent  lA  to  the  circle  having  2 
as  centre  and  p,  as  radius  to  meet  the  vertical  through  2  in  A. 

Through  A  draw  the  tangent  Ab  to  the  circle  with  2  as  ceptre  and  p^  as 
radius  to  meet  the  vertical  through  3  in  b. 

Through  6  draw  the  tangent  be  to  the  circle  with  4  as  centre  and  pj  as 
radius  to  meet  the  vertical  through  4  in  c. 

Through  c  draw  the  tangent  cd  to  the  circle  with  5  as  centre  and  p,  as 
radius  to  meet  the  vertical  through  5  in  d. 

Again,  if  j/,,  y,,  y^,  and  yt  are  the  lengths  of  the  verticals, 


— =tan  a  = 


Pi 


Va'-p,''         « 


~- =tan  B  = ^— 


•Pz 


P2 


hi-h2    ^  v^V-P3 

=tan  r= 

a  p. 


hzh^^^sJ"^^^^^^ 


If  in  any  panel,  e.g.,  the  3d,  Pa=a,  then 

ha 


ha    1  /  a     h2\ 
a     2  \h2     a  J' 


If  the  perpendiculars  are  increased  m  times,  then  F  is  diminished  m  times, 
but  remains  unchanged  if  P  is  increased  m  times. 

7.  Single-  and  Double-intersection  Trusses. — Fig.  643  represents 
the  simplest  form  of  single-intersection  (or  Pratt)  truss;  i.e.,  a  truss 


/ 

\          / 

\/ 

\/ 

\ /' 

\/ 

\ 

/ 

/\ 

/\ 

/\: 

./'\ 

/\ 

/\ 

\ 

Fig.  643. 

in  which  a  diagonal  crosses  one  panel  only.  It  may  be  constructed 
entirely  of  iron  or  steel,  or  may  have  the  chords  and  verticals 
of  wood.  The  verticals  are  in  compression  and  the  diagonals  in 
tension.  The  angle-blocks  are  therefore  placed  above  the  top  and 
below  the  bottom  chord.  Coimter-braces,  shown  by  the  dotted 
diagonals,  are  introduced  to  withstand  the  effect  of  a  live  load.  • 
Fig.  644  shows  a  16-panel  deck  truss  of  the  Baltimore  type,  having 
straight  chords  and  subdivided  panels.  The  Petit  truss  is  similar, 
the   only   difference  being   that  one  of  its  chords  is  inclined.    A 
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14-panel  through  truss  of  the  Petit  type  is  represented  by  Fig.  645. 
Both  classes  of  truss  are  standard  forms  for  bridges  of  long  span. 
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Fig.  6i4. 

Ex.  11.  The  stresses  in  a  Baltimore  or  Petit  truss  may  be  easily  obtained 
graphically.  Take,  for  example,  the  truss  represented  by  Fig.  644,  and  let  d 
and  I  be  the  panel  dead  and  live  loads  respectively. 


Fig.  645. 


Chord  Stresses. — The  stresses  in  the  chords  are'  greatest  when  the  Uve 
load  I  is  concentrated  at  each  of  the  panel-points.     Taking  p=d  +  l,  Fig.  646, 


Fig.  646. 

is  the  corresponding  stress  diagram,  in  which  XA  =7ip,  and  AB=BC'=ac=p. 
Then 

Al=52=7iptan«;     C5=D6=12ip  tan  fl;    .B,ll  =ii',12=15ip  tan  (?; 

G,17  =H,l&  =  l&\p  tan  6  =K,2^  =L,24,  for  compression  chord; 
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and  X7=X8=7p  tan  B;  X,13=X,14r=12p  tan  6;  X,19=X,20=15p  tan  d  for 
tension  chord. 
The  corresponding  chord  stresses  due  to  the  dead  and  live  loads  separately 

may  be  obtained  by  multipljdng  these  results  by  the  ratio  —  and  -  respectively. 

'  Diagonal  Stresses. — (a)  Stresses  due  to  dead  load. 
Xl=7idsece;    X3=7dsece;    23  =id  sec  5=69=12,15=18,21  =22,23; 
45=5idsec«;    89=5dsece;    10,11  =3id  sec  S;    14,15  =3d  sec  (?; 

16,17  =l}d  sec  0;    20,21  =d  sec  6. 
(6)  Stresses  due  to  live  load.    Fig.  647  is  the  stress  diagram  for  the  truss 


88:!i<.87      H.lSai       n.18.15        j.M  i.z.a 


«.:«       16.19.20      ioa3.a)        i^S 

Fig.  647. 

on  the  assumption  that  it  is  acted  upon  by  an  arbitrary  vertical  reaction 
at  0  only     Call  this  reaction  R,  so  that  XA  =R. 

On  the  same  scale  the  length  of  each  sloping  member  in  the  diagram  is 
R  sec  6,  and  R  is  the  length  of  each  vertical. 

For  the  live  load  I  concentrated  at  all  the  panel-points,  at  ail  the  panel- 
points  except  the  first,  at  all  the  panel-points  except  the  first  two,  three,  four, 
etc.,  the  corresponding  reactions  at  0  are: 

7¥.  ^-i,  w,  w,  m,  m,  w,  w,  w,  m,  m,  \u,  m  az,  and  a?. 

Hence  the  maximum  live-load  tensile  stresses  in  the  main  diagonals  are: 

Xl=7ilsece;        Z3=-tt«-isecfl;       45=f^isec(?;         89  =Ul  see  0; 
10,11=^2  sec  S;    14,15  =f|Z  sec  fl;    16,17  =^|Z  sec  fl;    20,21  =||/ sec  9; 

and  for  the  counters: 

10,13  =-}ii  sec  (?;    16,19  =HZ  sec  (?;    12,15  H|i  sec  ff;    18,21  =W  sec  fl. 

Also,  4,7  =^Z  sec  d;    6,9  =tW  sec  6. 

Vertical  Stresses. — (o)  Stresses  due  to  dead  load.  It  is  assumed  that 
two  thirds  of  the  dead  load  is  concentrated  at  the  top  panel  and  one  third 
at  the  bottom.    Then,  for  the  mbverticah, 

12=fd=56=H, 12=17,18,  and  are  compressions; 
78=Jd  =  13,14=19,20,  and  are  tensions. 
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For  the  main  verticals, 

34=6fd;    9,10=4Jd;    15,16=2fd;    21,22  =ljd;  and  are  aU  compressions. 

(6)  Stresses  due  to  live  load.    For  the  subverticals, 

12  =Z  =56  =  11,12  =17,18,  and  are  all  compressions. 
78=0  =  13,14=19,20. 

For  the  main  verticals, 

34=-VV-i;    9,10=H«;    15,16=Mi;    21,22  =|fZ,  and  are  all  compressions. 

Again,  when  the  live  load  covers  less  than  half  the  bridge, 

the  total  resultant  stress  in  22,23  =(Zff-}rf)  sec  6; 
"      "  "  "     "  26,27  =  (f^Z -lid)  sec  S; 

"      "  "  "    "  28,29  =  (if  Z-2id)  sec  9; 

"      "  "  "     "  32,23  =  a|Z-3id)  secS; 

The  last  term  in  these  resultant  stresses  is  due  to  the  positive  dead-load 
shear  and  must  be  neutralized  by  the  negative  shear  due  to  the  live  load 
before  the  counters  begin  to  act. 

8.  Bowstring  Truss.  —  The  frame  represented  by  Fig.  648 
rests  upon  supports  at  A  and  B  and  consists  simply  of  a  curved 
member  ACB  with  its  ends  tied  together  by 
a  horizontal  chord  AB.  There  is  no  inter- 
mediate bracing  and  it  is  assumed  that 
deformation  is  prevented  by  the  stiffness  of 
the  bow. 

Let  AB  =  l,  and  let  the  chord  AB  carry  a  imiformly  distributed 
load  of  intensity  w.     Let  k  be  the  central  depth  of  the  frame. 

Consider  the  equilibrium  of  one  half  of  the  frame  between  A 
and  a  vertical  section  MN  immediately  on  the  right  of  the  crown  C. 

Let  H  be  the  horizontal  thrust  at  C,  and  T  the  horizontal  tension 
in  the  tie.    Then  ACD  is  kept  in  equilibrium  by  H,  T,  the  vertical 

reaction  -^  at  A,  and  the  load  is  -„-  on  AD. 

Taking  moments  about  A, 
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Taking  moments  about  C, 


Tk  =  - 


-Hk. 


Thus, 


wP 


^  =  8fc=^' 


and  it  is  evident  that  the  horizontal  component  of  the  thrust  at 
every  point  of  the  bow  is  a  constant  quantity. 

Again,  if  x,  y  are  the  co-ordinates  of  any  point  P  with  respect  to  C, 

the  bending  moment  at  P = y( 'o~y)  ~'o'i'o~y)  ~ ^(* ~^) 


wP  /x    4y^\ 
^T\k~~P'/' 


X    Ay^ 


which  is  nil  if  t=-^,  i.e.,  if  the  axis  of  the  bow  is  a  parabola. 

Fig.  649  represents  an  iV-panel  bowstring  truss  of  span  I  and  cen- 
tral depth  k,  the  axis  of  the  curved  member  being  a  parabola. 


Fig.  649. 


Let  L  be  the  panel  live  load  and  take  a  (  =Trj  to  be  the  length 

of  a  panel. 

The  maximum  stress  in  the  nth  diagonal  is' a  tension  (=d«)  when 
L  is  concentrated  at  each  panel-point  from  n  +  1  to  N —\,  and  a 
compression  (d„')  when  L  is  concentrated  at  each  panel-point  from 
1  to  n. 

For  the  maximum  tension  consider  the  equilibrium  of  the  por- 
tion of  the  truss  between  A  and  a  vertical  section  immediately  on 
the  left  of  n  +  1  (or  Q),  and  Jet  the  tangent  at  P,  the  head  of  the 
vertical  PQ,  meet  the  horizontal  through  A  in  .B  and  the  axis  of  the 
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parabola  in  T.    Let  x,  y  be  the  coordinates  of  P  with  respect  to 
the  vertex  C.    Then,  since 

X     4^2 

''       2 
i5?Q = QP  tan  PrC  =  (A;  -a;)'|- = V"- 

Again,  A£.B0_(l_j,j_V2_!/.^ 

22/ 
|_ 

Therefore  istt  = 


and 


EQ      I  N-n-V 

2+2/ 

I 
BE  ^2'^y_N-n-l 
EQ  "l       ~    n+1    • 

2~y 


The  reaction  Ra.  at  A  is  given  by 


N—n 
BaI-{N  -n-l)L-^a=RA.Na, 

L  (N-n-lXN-n) 
or  Ra=y N • 

Draw  EF  at  right  angles  to  d„,  and  take  moments  about  E,    Then 

'       L  {N-n-l){N-nyAE 
or    d„-2  ^  ^j, 

L  (iV-n-l)(iV-n)A£?          ^      L  (iV-n)(n+l) 
^T^ iV  EQ  ^^^^^  ^""^Y N ^°®^^    "' 

On  being  the  inclination  of  the  nth  diagonal  to  the  horizontal. 
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For  the  maximum  compression  {dn)  in  the  nth  diagonal,  con- 
sider the  equilibrium  of  the  portion  of  the  truss  between  MN  and  B, 
and  take  moments  again  about  E. 

The  reaction  Rb  at  B  is  given  by 

T>    AT         7^  +  1                     p      ^  n{n+l) 
B  BNa=nL—w-0'       or        -^^  =  "2 ju^ — ^• 

Therefore  dn'EQ'  sin  ^„ = y  ^^'^^^'bE, 

,,     Ln(n  +  1)BE            .      L  (JV-n-l)n,  „ 

or        d„'  =  y  — ]y^ —  ;^  cosec  ^» = y ^^ cosec  (?„. 

Hence,  if  every  panel-point  is  loaded,  the  resultant  stress  in  the 
nth  diagonal 

The  vertical  component  of  this  stress =-p-  and  it  follows  that  when 

a  truss  of  this  type  carries  a  uniformly  distributed  load,  the  vertical 
component  of  the  stress  in  any  diagonal  is  a  constant  quantity  equal 
to  one  half  of  the  panel  load,  and  is  a  tension. 

Let  D  be  the  panel  dead  load.    Then 
the  maximum  tensile  stress  in  the  nth  diagonal 


(iV-n)(n  +  l) 
D+L  ^ 


cosec  dn 
2~' 


and  the  maximum  compressive  stress  in  the  nth  diagonal 

^(N—n  —  l)n  ]  cosec  dn 
-D+L         j^  t~~2~- 

If  this  last  result  is  negative,  it  indicates  a  stress  of  the  same 
kind  as  that  due  to  the  dead  load,  but  is  less  in  amoimt  and  is  con- 
sequently provided  for  by  the  ordinary  bracing. 

If,  however,  the  result  is  positive,  it  indicates  that  the  resultant 
stress  is  of  an  opposite  kind  to  that  due  to  the  dead  load  and  must 
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be  provided  for  by  giving  the  members  affected  an  additional  sec- 
tional area  or  by  the  introduction  of  coimter-braces  shown  by  the 
dotted  lines,  which  will  evidently  be  in  tension  and  thus  every 
diagonal  becomes  a  tie.  In  precisely  the  same  manner  as  above 
it  may  be  easily  shown  that  the  stress  d„"  in  the  nth  "dotted" 
diagonal  is  given  by 


,„     L(N-n)(n  +  l)  ^, 

dn  '=-^- ^ cosec  (?„', 


2  N 

6n'  being  the  inclination  of  the  diagonal  to  the  horizontal. 

Again,  the  maximimi  live-load  stress,  y„,  in  the  nth  vertical,  is 
a  compression  and  is  developed  when  L  is  concentrated  at  each 
panel-point  from  n+1  to  iV  — 1.  It  is  evidently  the  vertical  com- 
ponent of  the  corresponding  stress  in  the  (n  — l)th  diagonal.  This 
stress  can  be  determined  by  considering  the  equilibrium  of  the  por- 
tion of  the  truss  between  A  and  a  vertical  section  inmiediately  on 
the  left  of  n.     It  is  at  once  found  that 

L(N-n-l)(N-n)     n              ^         Ln(N-n-l) 
d„_i  =  2 ]y^ JT^  ^^^^^   "-^ ""  2 N ^^^^^     ~^' 

,        .     .          Ln(iV-n-l) 
Hence  'U„=a„_i  sm  c'„_i  =  - j^ . 

The  vertical  component  of  the  dead-load  stress  in  the   (n  — l)th 
diagonal  is  a  tension  — ,  and  therefore  the  total  maximiun  stress  in 

the  nth  vertical  due  to  both  dead  and  live  loads =■«„-!-——  D  =  v„— — 

The  stress  is  consequently  a  compression  or  tension  according 

D 
as  Vn>  or  <-^. 

If  the  truss  now  under  consideration  is  inverted,  the  stresses 
are  reversed  in  kind  but  remain  the  same  in  magnitude.  The 
lenticular  truss  (Fig.  650)  is  a  combination  of  the  two  forms,  and 
the  most  important  example  in  practice  of  such  a  combination  is 
the  bowstring  suspension  bridge  erected  at  Saltash  (Eng.).     The 
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bow  is  a  wrought-iron  tube  of  elliptical  section,  and  is  strengthened 
at  intervals  by  diaphragms.  The  tie  consists  of  a  pair  of  chains. 
The  mathematical  analysis  of  the  stresses  in  the  several  members 
is  precisely  similar  to  that  of  the  simple  bowstring  truss. 


Fig.  650. 


First  assume  that  there  is  no  intermediate  bracing  and  that 

deformation  is  prevented  by  giving  the  bow  sufficient  rigidity.    If 

the  load  is  uniformly  distributed  and  of  intensity  w,  and  if  k  and  k' 

are  the  central  depths  of  the  bow  and  tie  respectively,  then  the 

half  of  the  truss  between  A  and  a  vertical  section  MN  immediately 

on  the  right  of  the  crown  C  is  kept  in  equilibrium  by  the  horizontal 

thrust  H  at  C,  the  horizontal  tension  T  at  D,  the  vertical  reaction 

wl  wl 

-r-  at  A,  and  the  uniformly  distributed  load  -^  between  A  and  MN. 

Taking  moments  about  C  and  D, 

7/1/2 

Tik+k')  =  ~=H(k+k'), 


and  therefore 
If  k  =  k', 


wP 


S{k+k') 


r,=H. 


If  intermediate  bracing  is  introduced,  as  shown  in  Fig.  650,  the 
maximum  tension  (d„)  in  the  nth  diagonal  is  produced  when  the 
panel  live  load  L  is  concentrated  at  each  panel-point  from  n+l 
to  N  —  1,  while  the  maximum  compressive  stress  (d„')  in  the  same 
diagonal  is  due  to  a  panel  load  L  concentrated  at  each  panel-point 
from  1  to  n. . 
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To  find  these  stresses,   consider  as  before  the  equilibriiun  of 

each  of  the  two  portions  of  the  tcuss  made  by  a  vertical  plane  MN 

immediately  on  the  left  of  the   (n  +  l)th  vertical  PQ.    The  two 

tangents  at  P  and  Q  meet  in  a  point  E  in  the  horizontal  through 

p  —4x2 
A,  the  distance  ER  being — ^ — ,  where  x  is  the  horizontal  distance 

of  PQ  from  the  vertex  of  each  parabola. 

Let  p  =  perpendicular  from  E  upon  nth  diagonal. 

For  maximum  tension  in  nth  diagonal,  consider  equilibrium 
of  portion  of  truss  between  A  and' MAT,  and  let'R  be  the  reaction 
at  A.    Then 

BNa={N -n-l)La-^-a,    or    R-^  N '• 

and 

La(iV-n)(iV-n-l)  La  jN -n){N -n-l)in+l)^ 

^"P~  2  N  XAA-  2  N{N-2n-2) 

For  maximum  compression  in  nth  diagonal,  consider  the  equi- 
librium of  the  portion  of  the  truss  between  B  and  MN,  and  let  R' 
be  the  reaction  at  \B. 

^,,x      n(n  +  l)  ^  _,    Ln(n+1) 

Then  R'Na=   \    'ha,    or    R' =^      ^    ', 


\2^^)       ^iN-n--i 


and     .  B^  =  ^2r'="'N-2n-2 


„,  „„    La  n(n  +  l)(iV-n- 1)2 
Therefore         dn'p=R'-BE=-^ N{N-2n-2) 

La(iV-n-l)(n+l) 
Hence     p(d„  -d« )  =  -^ ]<[ -2n-2 
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Let  dn  be  inclination  of  nth  diagonal  to  the  tangent  at  Q,  and 
let  a„  be  the  angle  between  EQ  and  the  vertical. 


Then 
But 


p=EQ  sin  dn  =  ER  sin  a„  sin  ff„. 
EB=AEHn+l)a=a^^^±^^^^^: 


Hence  d„ — dn' = -^  cosec  an  cosec  dn. 

Thus  the  vertical  component  of  the  diagonal  stress 

Lacos(a„-^„)     La  . 

— TT- — ^ — ^-z^="^(cot  a„  cot  dn  +  1). 
2  sm  a„  sin  ^„      2  ^ 

If  a„  =  90°,  this  component =-^,  as  before. 

Bowstring  trusses  of  the  type  just  described  are  now  rarely 
used,  but  it  is  a  common  practice  to  specify  that  the  panel-points 
in  one  of  the  chords  are  to  lie  in  the  arc  of  a  parabola,  the  portions 
of  the  chord  between  consecutive  panel-points  being  straight.  The 
determination  of  the  stresses  in  this  case  is  very  simple  and  is  best 
made  by  the  graphical  method.  With  a  truss  of  this  type  the 
diagonals  are  unstrained  under  a  uniformly  distributed  load,  and 
only  come  into  play  when  a  live  load  crosses  the  bridge.  Take, 
for  example,  a  ten-panel  truss,  Fig.  651,  with  panel  dead  and  live 


Fig.  651. 


loads  of  D  and  L  respectively.  The  upper  ends  of  the  verticals 
are  in  the  arc  of  a  parabola  with  its  vertex  at  the  highest  panel- 
point. 
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Fig.  652  is  the  dead-load  stress  diagram  and  the  diagonal  stresses 
are  evidently  nil.  The  maximum  stresses  in 
the  chords  are  also  produced  when  the  live 
load  covers  the  whole  bridge,  i.e.,  is  uniformly 
distributed,  and  the  magnitude  of  these  live-load 
stresses  may  be  found  from  the  dead-load-stress 
diagram  by  multiplying  the  corresponding  chord 


stress  by  the  ratio  — .   The  total  maximum  chord 


L+D 
D 


Fig.  652. 


stresses  may  be  foimd  by  using  the  ratio 

as  the   multiplier. 

For  each  diagonal  and  vertical  (excepting  the  vertical  next  a 
support)  there  is  a  different  end  reaction.  Assume  that  a  constant 
reaction  of  1000  imits  at  the  left  support  is  the  only  load  on  the 
truss,  then  the  corresponding  stress  diagram  is  that  shown  by  Fig. 
653,  and  the  stress  in  the  diagonals  and  verticals  due  to  the  asstmied 
reactions  can  be  easily  scaled  off. 

Again,   the  reactions  at  the  left   sup- 
port are 

^9X5,  ^8X^,  ^7X4,  ^6x3i,  ^5x3, 

TQ4X2f,  Tq3x2,  Tq2X1i,  TqIXI, 

Fig.  653.  when  L  is  concentrated  at  the  panel-points  2 

to  9,  3  to  9,  4  to  9,  5  to  9,  6  to  9,  7  to  9,  8  to  9,  and  9,  respectively. 
Then 


ABC 


abdf  h  I    n 


the  actual  stress  in  a  member 


the  actual  reaction 


the  stress  due  to  the  assumed  reaction    the  assumed  reaction' 

Again,  it  can  be  easily  shown  analytically  that  the  diagonal  stress 
in  an  i\r-panel  truss  imder  a  uniformly  distributed  panel  load  is  nil.. 

Let  p,  q  be  the  lengths  of  the  nth  and  (n  +  l)th  verticals,  and 
let  X  be  the  horizontal  distance  of  the  latter  from  the  vertex. 

Let  the  sloping  chord  member  in  the  nth  panel  meet  the  hori- 
zontal through  A  m  E,  and  take  AE=z. 


Then 


;=(f-n-l)a, 


726 

and  therefore 
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Hence 

and 
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g=fc(l-|')=^(n  +  l)(i\r-n-l), 


4A; 


z  +  {n  +  l)a     a     (n+l)(iV-n-l) 
z+na     ~p~       n{N-n)        ' 


z=a- 


njn+l) 
'N-2n-r 


Fig.  654. 
If  p  is  the  perpendicular  from  E  upon  d„, 

dnP=Rz  —nPy—^a+z) , 

where  P  is  the  panel  load  and  B  is  the  reaction  at  A  = 
Hence 

N-\  n(n  +  l) 


N-l 


P. 


dnP  =  P 

and  therefore 


2    N-2n- 


)  /n  +  1  n-n  +  1    \] 


dn  =  0. 


Q.  Bowstring  Girder  with  Isosceles  Bracing. 

Diagonal  stresses  due  to  the  dead  load. — Under  a  dead  load  the 
parabolic  bow  is  equilibrated  and  the  tie  is  subjected  to  a  uniform 
tensile  stress  equal  in  amount  to  the  horizontal  thrust  at  the  crown. 
The  braces  merely  serve  to  transmit  the  load  to  the  bow  and  are 
all  ties. 

Let  Ti,  T2  be  the  tensile  stresses  in  the  two  diagonals  meeting 
at  any  panel-point  n.  Let  d„,  dn'  be  the  inclinations  of  the  diagonals 
to  the  horizontal. 
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Let  D  be  the  dead  weight  concentrated  at  each  panel-point. 
Since  the  stress  in  the  tie  ig  the  same  from  end  to  end,  Ti,  T2 
and  D  are  in  equiUbrium. 

„,      ,  „        D  cos  On'  ,     _         Z)cos(?„ 

Therefore     Ti  =  -. — .„    ,  „  .;     and    ^2=- 


sinC^n+enO 


sin  {dn  +  dn'Y 


Diagonal  stress  due  to  the  live  load  (L). — Let  dn,  dn  be  the  diagonal 
stresses  at  the  nth  panel-point.     Let  x  be  the  horizontal  distance  of 


Fig.  655. 

p  from  the  vertex  C,  and  let  the  tangent  at  p  meet  the  horizontal 
AB  in  E.    Then     • 


AE=      „    '      and    BE^- 


8a; 


8a; 


Also, 


a;=2""("~*)]V    and    a;-^=2-(n+i)^; 


dn  is  the  maximum  tensile  stress  when  L  is  concentrated  at  all  the 
panel-points  from  n  to  A''  — 1. 

L(N-n){N-n  +  l) 


The  corresponding  reaction  at  A=-; 


N 


Consider  the  equilibrium  of  the  portion  of  the  truss  between  A 
and  a  vertical'  section  immediately  on  the  right  of  p.  Taking 
moments  about  E, 

dn  ■  En  sm  5„  =--  -  -^ -AE. 


Therefore     d„  = 


L  iN-n){N-n+l)AEcosecdn 


N 


AE+nj^ 
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and  the  angle  d„  is  given  by 

^      ,      2Nkf.      4a;2\ 
tan^„  =  -y-\^l — j2')- 

dn  is  the  maximum  compressive  stress  when  L  is  concentrated  at 

all  the  panel-points  from  1  to  n  —  1. 

r,  ■              L  n(w  — 1) 
The  corresponding  reaction  at  B  is  now=-z- — j;r . 

Consider  the  equilibrium  of  the  portion  of  the  truss  between  B 
and  a  vertical  section  immediately  on  the  right  of  p.  Takmg 
moments  about  E, 

-    „     .    „      L  n(n  — 1)„„ 
dn  ■  En  sin  (9n = -^       ^     BE. 

_       .                  ,      Ln(n  — 1)  BE  cosecdn 
Therefore  dn=-^ — jq j — . 

AE+n-^ 

Again,  dn  is  the  maximum  tensile  stress  when  L  is  concentrated 
at  every  panel-point  from  1  to  n. 

The  corresponding  reaction  at  B=- j^^ — . 

Consider  the  equilibrium  of  the  portion  of  the  truss  between  B 
and  a  vertical  section  immediately  on  the  left  of  q.  Let  the  tangent 
at  q  meet  the  horizontal  AB  in  E'.    Taking  moments  about  E', 

,    L  n(n  +  l).B^^cosecg„^ 

where  AE'-i^.        BE' .<i^. 

Sx      '  8x     ' 

and  a;  =  -_(n+i)- 

The  angle  dn'  is  given  by  tan  (9„'=— pM --|- j. 

dn  is  the  maximum  compressive  stress  when  L  is  concentrated 
at  all  the  panel-points  from  n  +  1  to  iV^  — 1. 
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rrv.                   A-            r        .  A     L  {N-n)(N-n-l) 
The  corresponding  reaction  at  A=-^  ^^ -\j . 

Consider  the  equilibrium  of  the  portion  of  the  truss  between 
A  and  a  vertical  section  immediately  on  the  left  of  q.  Taking 
moments  about  E', 

LiN-n){N-n-l)  AE' cosecd„' 

AE'+nj^ 

It  is  a  common  practice  to  require  that  the  panel-points  in  the 
curved  chord  lie  in  a  parabola  and  that  the  portions  of  the  chord 
between  consecutive  panel-points  are  straight.  The  maximum 
stresses  in  the  several  members  can  then  be  easily  determined  graph- 


FiG.  658. 


ically.  Fig.  657  is  the  stress  diagram  for  the  dead  weight  upon 
the  truss  represented  by  Fig.  656.  The  chord  stresses  are  greatest 
when  the  live  load  covers  the  whole  truss,  and  therefore  the  same 
diagram  gives  the  maximum  chord  stresses  due  to  the  live  load  or 
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the  maximum  chord  stresses  due  to  the  combined  dead  and  live  load 
by  multiplying  the  corresponding  stresses  obtained  from  the  dead 

load  diagram  by  j:  or  — jr~>  respectively. 

Again,  assuming  that  a  single  vertical  reaction  XA,  at  the  lef 
support,  is  the  only  force  acting  upon  the.  truss,  Fig.  658  is  thi 
stress  diagram  from  which  the  maximum  stresses  in  the  diagpnali 
can  at  once  be  foxmd.    Thus 

actual  stress  e/= actual  corresponding  end  reaction Xt rr — j~yJ 

Ex.  12.  Given  a  through  eight-panel  triiss  of  80  ft.  span  and  10  ft.  rise,  wit) 
a  parabolic  compression  chord,  the  panel  live  and  dead  loads  being  10  and  5  torn 
respectively  and  the  bracing  isosceles  as  in  Fig.  656;  find  the  maximum  stressei 
in  the  3d  and  4ih  diagonals. 

L=10tons;    N  =  8;    n=2;    Z=80ft.;    A;=10ft. 

ds  is  a  maximum  tension  when  a;  =25  ft.     Then,  Fig.  655, 

AE  =4i  ft.     and    BE  =  84^  ft. ; 

tan  di  =11 ;    e,  =50°  38';    cosec  e,  =1.2935. 

Therefore 

,,          ^       ,     10  6X7   4^X1.2935     „„, 
diimax.  tens.)  =—  ——  6.24  tons 

,                    ,,                   ,     10  2X1  84iX1.2935     ,  ,„  ^ 
and  d,{max.  comp.)  =—  — —    — =5.58  tons. 

dz' is  a  maximum  tension  when  a;  =15  ft.     Then 

AE'  =^/  ft.,     BE'=i^\s-  ft.; 

tan  B/  =f|;    e^'  =59°  48';    cosec  B/  =1.157. 


Therefore 


10  2X3  J-f^X  1.157 
2      8         \V-l-20 


dn'imax.  tens.)  =—  — ^ '^  ^  ^^—  =10.72  tons 


,  ,  ,.  ,10  6X5  -V/-X1.157     ,, 

and  dn'imax.  comp.)  =  —  -g-      I^^^q    =11.07  tons. 
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For  the  dead  load  stresses 


^     5  cos  59°  48'         ,     ^     5  cos  50°  38' 
^1=   ■    ..^n^>..     and     Ti  =  - 


Therefore 


sin  110°  26' 
r,  =2.684  tons       and 


sin  110°  26' 
Tj  =3.38  tons. 


10.  Three-hinged  Bridge. — Fig.  659  represents  two  bridge-trusses 
hinged  to  the  abutments  at  A  and  B,  and  also  hinged  at  an  inter- 
mediate point  C.  An  objection  to  this  type  of  truss  is  the  large 
deflection  due  to  the  hinge  at  C,  but  on  the  other  hand  it  has  the 
advantage  of  eliminating  temperature  stresses.  If  the  trusses  are 
inverted,  the  bridge  is  then  of  the  suspension  type.  The  stresses 
remain  the  same  in  magnitude,  but  are  reversed  in  kind. 


"< 


Ci^"T"Tj;<feQ      -if 


Fig.  659. 

Any  weight  P  concentrated  as  in  Fig.  659  produces  a  reaction 
at  A  which,  to  prevent  rotation  at  the  hinges  A  and  0,  must  pass 
along  AO,  intersecting  the  direction  of  P  in  M.  Then,  for 
equilibrium,  the  reaction  at  B  must  pass  through  M.     Hence — 

First.  Every  load  on  the  horizontal  member  EF  induces  a  stress 
in  the  sloping  member  AO,  but  has  no  effect  upon  the  horizontal 
member  CD  or  upon  the  bracing  connecting  CD  with  AO. 

So  every  load  on  the  horizontal  member  CD  affects  only  the 
sloping  member  BO. 

Second.  If  P  is  the  resultant  of  a  number  of  loads  on  EF,  then 
BM  is  the  direction  of  the  resultant  reaction  at  B,  and  the  loads 
on  the  left  of  K  tend  to  produce  rotation  from  left  to  right,  while 
those  on  the  right  of  K  tend  to  produced  rotation  from  right  to  left, 
K  being  evidently  the  point  of  no  moment. 
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For  equilibrium  of  left  portion,  taking  moments  about  A, 

Va-Hb^O. 
For  equilibrium  of  right  portion,  taking  moments  about  B, 
Vd+He-Pf=0. 
Also,  7i-7=0    and    Vz  +  V^P- 

These  four  equations  give  H,  V,  Vi,  and  V2. 

Note. — H  and  V  are  horizontal  and  vertical  components  of  reac- 
tion at  0;  H  and  Vi  are  horizontal  and  vertical  components  of  reac- 
tion Sit  A;  H  and  V2  are  horizontal  and  vertical  components  of 
reaction  at  B. 

Ex.  13.  To  find  point  in  CD  at  which  a  weight  Q  must  he  concentrated  to 

make  the  B.M.  at  j  from  C  equal  to  nil. 

The  resultant  reaction  at  A  must  necessarily  pass  through  the  point  in 
question,  and  its  direction  intersects  the  reaction  along  BO,  arising  from  Q, 
in  a  point  N.    Then  Q  must  be  vertically  below  N.    Also, 


6  +  c 


d 


d  r4(6  +  c) 


0  +  c  ,3  a ,    ,   .     a  ('k{b  +  c)        \ 

,=_2,     and     -a-y=-{z+c)==j[—^y+c\, 

an  equation  giving  y.  '- 

Ex.  14.  Three-hinged  bridge-trusses  voith  horizontal  top  chords,  straight  slop- 
ing lower  chords,  of  the  dimensions  and  loaded  as  in  Fig.  660. 

tan6=i;    cota;=f;    cot^=f;    cotr=2;    cot  5  =  6. 

Dead-load  Stresses. — Since  the  dead  load  is  symmetrically  distributed,  the 


1-ton         S-ton3  2-toiis  2-tona  1-ton         ^    Irton  8-t 


Fig.  660. 

vertical   reaction  V  at  each  side  support  is  8  tons,  and  there  is  no  vertical 
shear  at  the  central  hinge. 
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Calling  H  the  horizontal  reaction  at  the  hinges  and  taking  moments  about 
a  side  hinge, 

-£rxl3i+8X20=0,    or    ff =12  tons. 

Fig.  661,  the  stress  diagram  for  the  dead -load  stresses,  can  now  be  drawn. 
The  live  load  is  three  times  the  dead  load,  and  hence,  when  the  live  load  covers 
the  whole  bridge,  the  corresponding 

stresses  in  the   several   members  are     '*  H^^istnns 

three  times  the  stresses  due  to  the  dead 
load. 

Method  of  Sections. — For  the  chords 
and  diagonals  consider,  successively, 
the  equilibrium  of  portions  of  the  truss 
between  the  central  hinge  and  ver- 
tical sections  in  the  1st,  2d,  3d,  and 
4th  panels. 

For  the  verticals  consider,  succes- 
sively, the  equilibrium  of  portions  of 
the  truss  between  the  central  hinge 
and  sloping  sections  between  the  1st  and  2d,  2d  and  3d,  3d  and  4th  diagonals. 
For  horizontal  chord  panel  stresses  take  moments  about  the  foot  of  a  vertical. 
"    sloping         "        "  "  "         "  "       "   top     " 

' '  stresses  in  diagonals  and  verticals  take  moments  about  the  point  S,  the 
point  of  intersection  of  the  two  chords  produced.  If  x  is  the  horizontal  dis- 
tance of  the  point  from  the  central  hinge, 

x+40    15    „ 

=7^=9    and    a; =5  ft. 

X         1^ 


Fig.  661. 


Then,  denoting  tensions  by  T  and  compressions  by  C 
are  given  by 

BL-llJ=fl'-10-2(10+20)-lX30        =  30  and    BL 

iCX-15cose=^-lf+3-2-20+lx40    =180  "  XK 

KL-45sma=-H-l^+3-2-25+lX5    =135  "     KL 

CN -Si  =H -6^ +2X10 -1X20                 =  40  "      CN 

ZMllf cose=fl^-lf+2-2-15+lX30  =110  "  XM  = 

ikfiV-35sin/3=-ir-lf +2-2-20 +1X5=  65  "  MN  = 

DP-5=H-3i-lX10                              =  30  "  DP  = 

XO-8i-cos8=     .ff-l|+2Xl0  +  lX20=  60  "  X0  = 

OP-25    sinr  =-fl'-l|+2X15  +  lX5  =  15  "      0P== 

ER-1^=0  "      ER  =  ,, 

XQ-5coaB=H-li  +  lXlO                     =30  "  XQ=.Qsecd=2 

Qfl-15sin3=-B-U+lX5               =-15  "  Qfl=-cosec5  = 

JWL-85  =  -.ff.lJ+3-2-25+lX5           =135  "  ML=3f(C); 

OiV-25  =  -ff-lf +2-2-20+1X5            =  65  "  OiV=2f(C); 

QP15=-iy-lf+2xl5+lX5              =  15  "  QP  =  1(C); 

RF-5=1X5                                           =     5  "  RF^liC). 


,  the  stresses  in  tons 


12  sec  0  = 
3  cosec  a 

■HiC); 

-V-  sec  e  = 

V-cosec/3= 

6(C); 

-V-sec5=J, 

f  cosec  ;-  = 

0; 


4:\/Tb{C); 
=\/85{T); 

\»-vT0(C); 
4|V61(r); 

^VTO(C); 
=|V5(r); 

VlO(C); 
-\/37(C); 
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II.  Live  Loads. — Every  load  on  the  right  truss  induces  a  stress  alon| 
the  sloping  chord  of  the  left  truss  and  therefore  affects  the  members  of  thii 
chord  only.  For  all  other  members  of  the  left  truss  the  stresses  remain  th( 
same  whether  the  right  truss  is  loaded  or  unloaded. 

The  panel  live  load  is  6  tons,  or  three  times  the  panel  dfead  load.  Th( 
values  of  V  and  H  for  any  distribution  of  the  load  may  be  easily  fotmd  b3 
the  method  already  described. 

Maximum  Stresses  in  Sloping  Chords. — The  moments  of  the  stresses  ii 
XK,  XM,  XO,  and  XQ,  with  reference  to  the  points  1,  2,  3,  and  4  respect 


Fig.  662. 


ively,  are  severally  equal  in  magnitude  to  the  moments  with  reference  tc 
the  same  points  of  the  resultant  reactions  through  a.  If  a  reaction  passes 
through  a  panel-point  in  the  upper  chord,  its  moment  with  respect  to  this 
point  is  nil,  and  therefore  the  resulting  stress  induced  in  the  corresponding 
member  of  the  sloping  chord  is  also  nil. 

Let  ch  produced  meet  a\,  a2,  a3,  a4  produced  in  the  points  n„  n^,  «„  w. 
The  reaction  at  cz  due  to  a  load  vertically  below  n^  evidently  passes  througl 
2  and  has  no  moment  about  2,  so  that  the  corresponding  stress  in  XM  if 
nil.  Similarly  loads  at  1,  c^,  and  Cj,  respectively,  produce  no  correspondinj 
stresses  in  XK,  XO,  and  XQ.  Hence 
all  loads  on  the  ri^ht  of  1  tend  to  produce  rotation  from  left  to  right  anc 

induce  compression  in  XK; 
all  loads  on  the  right  of  Ca  tend  to  produce  rotation  from  left  to  right  anc 

induce  compression  in  XM ; 
all  loads  on  the  right  of  Ca  tend  to  produce  rotation  from  left  to  right  anc 

induce  compression  in  XO ; 
all  loads  on  the  right  of  c^  tend  to  produce  rotation  from  left  to  right  anc 

induce  compression  in  XQ ; 
all  loads  on  the   left  of  1  tend  to  produce   rotation  from  left  to  right  anc 

induce  tension  in  XK ; 
all  loads  on  the  left  of  Cj  tend  to  produce  rotation  from  left  to  right  anc 

induce  tension  in  XM; 
all  loads   on  the  left  of  c^  tend  to  produce  rotation  from  left  to  right  am 

induce  tension  in  XO ; 
all  loads  on  the  left  of  c<  tend  to  produce  rotation  from  left  to  right  anc 

induce  tension  in  XQ. 
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Panel-pointa 

Member. 

Loaded  for 
Max.  Stress. 

Maximum  Stresses. 

XK 

1  tolO 

V  =  0;     H-36: 
XK.15coBj  =  H.li  +  i.6.20 

and 

XiC=12V  10  tons  =  max.  comp. 

XK 

0 

7  =  0;    H-O;      ' 
no  tension  in  XK 

XM 

3  to  10 

V  =  i:     J?-33f; 
Xilf.llJcos_«  =  fl'.li+ 7. 30  +  2. 6. 15  +  3X30 

and 

Xilf  =  %?'^10  tons  =  max.  comp. 

XM 

lto2 

V=-i:     H-2i; 
XJM^.llJcos«=-H.li-F.30 

and 

XM  =  ii^lO  tons  =  max.  tena. 

XO 

4  to  10 

7  =  2i;     if-29i; 
XO. 84  cos  «  =  H.H+7. 20  +  6X10  +  3X20 

and 

XO  =  -ii»  vT;o  tons-max.  comp. 

XO 

1  to  3 

7=-2i;     H  =  6i; 
XO.8icosJ=-H.lJ-y.20 

and 

XO  =  fS'^lO  tons  =  max.  tena. 

XQ 

5  to  10 

F-4i;     H  =  22i; 
XQ. 5  BOS  6  =  H.li+V. 10  +  3X10 

and 

XQ  =  *w- V 10  tons  =  max.  comp. 

XQ 

1  to  4 

7=-4i;    H  =  13i; 
XQ.Scos_9=-H.lf-y.lO 

and 

XQ  =  i^lO  tons  =  max.  tens. 

Hence 

total  maximum  stress  XK  =4v'l0  +  12^10  =  16VlO  tons; 

"     XO  =vVlO+-V/Vlo=W^^    " 
"  "  "     XQ  =  2V10+  -V-v^=¥v'l0"    " 

These  stresses  are  all  compressions  and  there  are  never  any  tensile  stresses 
in  any  member  of  the  sloping  chords. 

Maximum  Live-load  Stresses  in  Members  of  Horizontal  Chord. — The  loads 
at  2,  3,  4  combined,  severally,  with  the  corresponding  reactions  along  cb, 
tend  to  cause  a  rotation  from  right  to  left  with  respect  to  the  points  p,  q,  r, 
respectively,  and  this  tendency  must  be  equilibrated  by  a  tendency  of  the 
stresses  in  the  members  12,  23,  34  to  cause  rotation  from  left  to  right,  with 
respect  to  the  same  points.  The  stresses  in  these  members  are  therefore 
always  compressive  and  are  greatest  when  the  live  load  covers  the  left  truss. 

These  stresses,  again,  are  unaffected,  as  already  shown,  by  loads  on  the 
right  truss  which  produce  reactions  along  ab  only.  It  may  therefore  be 
assumed  that  the  truss  is  loaded  or  unloaded.  Assuming  that  the  live  load 
covers  the  whole  bridge,  the  maximum  compressive  stresses  in  12,  23,  34  are 
three  times  the  corresponding  stresses  due  to  the  dead  load.    Thus 

max.  BL=3X2i=  7^  tons; 
"     CiV=3X4f  =  14f    " 
"     DP=3X6  =18     " 
*'     ER  =0 
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As  a  verification,  find  CN  on  the  assumption  that  the  right  truss  is  un- 
loaded.   Then 

7-40+i5ri3i=4-6-20=480,    or    37+H=36; 

7-40-^13i=0,  or    37-F=0. 

Therefore  7=6  tons    and    i7=18tons. 

Hence  CiV-8J  =  7-20+F-6f-6-10-3-20=120, 

and  CiV  =  W  =14.4  tons. 

Maximum  Live-had  Stresses  in  Diagonals. — Assume  right  truss  imloaded, 
as  the  loads  on  this  truss  produce  reactions  along  ab  only  and  do  not  affect 
the  diagonal  stresses. 

Let  the  horizontal  and  sloping  chords  be  produced  to  meet  in  the  point 
S,  Fig.  660,  which  is  5  ft.  from  the  panel-point  5.  Then  the  stresses  in  the 
several  diagonals  are  obtained  by  taking  moments  about  S.  These  stresses 
are  tabulated  as  follows : 


Table  op 

Maximum  Live-load  Stresses  in  Diagonals. 

Panel-pointa 

Member. 

Loaded  for 
Max.  Stress. 

Maximum  Stresses. 

KL 

2  to  5 

y=6;    H  =  18;      . 
KLA5  sin  a=3.6.25  +  3X5-fl.lJ-F.5 

and 

KL  =  ^"^&5  tons  =  max.  (en«. 

KL 

1 

7  =  0;    H  =  0: 
no  compression  in  KL. 

MN 

3  to  5 

MiV.35sin;8  =  2.6.20  +  3X5-H.lJ-F.5 

and 

MJV  =  ?iV61  tons  =  max.  tens. 

MN 

2 

MN.Z5  sin_^  =  H.lJ+V.5 

and 

Af2\r  =  T'oV'61  tons  =  max..ci>mp. 

OP 

4  to  5 

V  =  3i;    H  =  lli: 
OP. 25  sin  r  =  6.15  +  3X5-H.U-F.5 

and 

OP  =  f3v'5  tons  =  max.  ttna. 

OP 

2  to  3 

OP. 25  sin^  =  H.lJ+ 7. S 

and 

OP  =  i%v'5  tons = max.  comv. 

QB 

5 

V  =  li;    H  =  4i; 
Qie.  15  sin  «  =  3.5-H.lJ-F.5 
QB  =  0. 

and 

QB 

2  to  4 

F=4};    ff  =  13i; 
QB.15  3in*  =  H.lJ+y.5 

and 

Qi2  =  3'v37  tons  =  max.  covip. 

Hence  the  total  maximum  stresses  in  tons  are 

KL  =  -^-v/iS  +  ^V85  =VV85,  a  tension; 
MN^^Vm.  +^V'6r=-VV-v'6r,  a  tension; 
0P=  W^K  +  |V5   =-^^5,  a  tension; 
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and  0P=V(j'^5  -  fVs  =^  v^5,  a  compression; 
Qfi  =3  V^  -  ( -V^)  =4\/37,  a  compression. 

Maximum  Live-load  Stresses  in  Verticals. — It  is  assmned  that  there  are 
no  loads  on  the  right  truss,  as  such  loads  produce  reactions  along  ab  only  and 
do  not  therefore  affect  the  stresses  in  the  verticals.  Thus,  from  the  right 
truss,  7-40-ffl3J=0,  or  H=3V. 

The  sloping  planes  (Method  of  Sections;  p.  733)  divide  the  loads  on  the  left 
truss  into  two  groups.  The  group  on  the  right  combined  with  the  correspond- 
ing reaction  along  ch  tends  to  produce,  with  respect  to  the  point  S,  a  rotation 
from  right  to  left  which  must  be  equilibrated  by  an  equal  tendency  to  rotation 
from  left  to  right  due  to  a  compressive  stress  in  the  vertical  cut  by  the  sloping 
plane.  So  the  stress  in  this  vertical  developed  by  the  group  on  the  left  must 
be  a  tension. 


Table  or  Maximum  Verticai,  Stresses. 

Panel-points 

Member. 

Loaded  for 
Max.  Stress. 

Maximum  Stresses. 

AK 

1  to5 

V=6;    H  =  1S; 
AK. i5  =  i.6.25-H.li 

and 

AK  =  12  tons  =  max.  comp. 

AK 

0 

0 

LM 

2  to  5 

V=6;    H  =  18: 
LM. 35  =  3. 6. 25  +  ^. 5-H.li-r. 5 

and 

LM  =  11^  tons  =  max.  comp. 

LM 

1 

0 

NO 

3  to  5 

F  =  5i;    H  =  15i; 
NO.25  =  2.6.20  +  3. 5- H.H-r. 5 

and 

^0  =  8iV  tons  =  max  comp. 

NO 

2 

V  =  i;    H  =  2i; 
N0.25''H.li  +  V.5 

and 

NO  =  A  tons^max  tens. 

PQ 

4  to  5 

F  =  3i:    ff  =  lli: 
PQ. 15  =  6. 15  +  3. 5- H.H-V. 5 

and 

PQ  =  44- tons  =  max.  comp. 

PQ 

2  to  3 

y  =  2i:    H  =  6i; 
PQ.15  =  H.n+V.5 

and 

PQ  =  1*-  tons  =  max.  tens. 

RF 

5 

7=li:    H=ii; 
RS. 5  =  3. 5 

and 

RS=3  tons  =  max.  comp. 

BF 

2  to  4 

r=ii;    H  =  13i; 
PQ. 5  =  0 

and 

PQ-0. 

Hence  the  total  maximum  stresses  are 

AK=4i  +12    =16  tons,  a  compression ; 
LM  =3f+llf  =  15f 
N0=2i+  8t3s=10t^ 
PQ=1   +  4^=  5i 
and  PQ  =l-li=-     \    "     a  tension; 
RF  =  1   +3=4 

Graphical  Method. — Itis  much  better,  however,  to  use  the  graphical  method 
in  the  determination  of  the  stresses  in  trusses  of  this  type.    The  following 
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Fig.  664. 


Fig.  665. 


EFR 


mp    y'     cdefh 
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Fig.  668. 


Fig.  669. 
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table  and  diagrams  give  the  stresses  corresponding  to  the  different  distribu^ 
tions  of  load : 


Fig.  664. 

Fig.  665. 

Fig.  666. 

Fig.  667. 

Fig.  660. 

Fig.  668. 

Fig.  669. 

Member. 

St  at  5. 

6t  at  4. 

6<  at  3. 

6*  at  2. 

3«  at  1. 

Loads 
6  to  10. 

Loads 
1  to  10. 

V  =  U, 

V  =  2i, 

v=n. 

ff  =  li.     • 

F  =  0, 

V  =  6, 

F  =  24„ 

H  =  ii. 

J/  =  6f 

H-H. 

H  =  0. 

a  =18. 

H  =  36.. 

XK     ■ 

-Iv'lO 

-jVlb 

-i^Tb 

-iVio 

0 

-eVTo 

-I2V10 

XM 

-|vTo 

-IjVib 

-r'ivlo 

i4^^ 

0 

-6Vl6 

-  Vv'lO 

xo 

-|VTo 

-?jVio 

A^^ 

ifir^/lO 

0 

-6^10 

-V-Vio 

XQ 

-iV^ 

i^io 

i^/lO 

iVio 

0 

-6>/l0 

-6^/l0 

BL 

0 

-1? 

-2t 

-3^ 

0 

0 

-7  J 

CN 

0 

-3J 

-7i 

-3i 

0 

0 

-141 

DP 

0 

-9 

-6 

-3 

0    . 

0 

-18 

EB 

0 

0 

0 

0 

0 

0 

0 

KL 

0 

AV^ 

?v^ 

Av^ 

0 

0 

?V85 

UN 

0 

H^61 

U^61 

-V'a'-^l 

0 

0 

aiv'ei 

OP 

0 

IjVs 

-^^/5- 

-ft^5" 

0 

0 

Ks 

QR 

0 

-SV37 

-3V37 

-iv^ 

0 

0 

-3^^37 

AK 

0 

-H 

-3 

=  tt. 

-3 

0 

-12 

LM 

0 

-lii 

-3? 

0 

0 

-m 

NO 

0 

-2/„ 

-5i 

+  .% 

0 

0 

-7S 

PQ 

0 

-4i 

+  1 

+  i 

0 

0 

-a 

BF 

-3 

0 

0 

0 

0 

0 

-3 

II.  Three-hinged  Bridge  (arched  or  suspension)  with  the  panel- 
points  of  the  curved  chord  in  the  arc  of  a  parabola  having  its 
vertex  at  the  central  hinge. 


Fig.  670. 

Let  the  whole  bridge  be  covered  with  a  uniformly  distributed 
load  of  intensity  w.  There  is  no  shear  at  the  central  hinge,  but 
merely  a  horizontal  reaction  H. 

Let  h  be  the  stress  at  any  point  P  in  the  horizontal  chord,  ver- 
tically above  the  point  Q  in  the  bow,  whose  vertical  and  horizontal 
distances  from  the  central  hinger  are  x  and  y  respectively,  a  being 
the  central  depth  of  the  bridge. 

Take  moments  about  Q.    Then 


wv 
h(a+x)=Hx — ^-. 
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But 

Therefore 


j/2  =  — a;    and      Hk  =  -^. 
h{a+x)  =  ^-^jx=0. 


If  the  trusses  are  inverted,  the  bridge  is  one  of  the  ordinary 
suspension  type. 

Thus  under  a  uniformly  distributed  load  h  is  nil  and  ther€  is  no 
stress  in  the  horizontal  chord. 

Ex.  14.  A  three-hinged  eight-panel  truss  of  80  ft.  span,  15  ft.  deep  at  the 
supports,  If  ft.  deep  at  the  centre,  and  with  the  lower-chord  panel-points  lying  in  a 
parabola  having  its  vertex  at  the  central  hinge.  The  panel  dead  and  live  loads 
are  2  and  6  tons  respectively,  Fig.  671 . 

Then  56=lSft.,    4r=5ft.,    3g=2Jft.,    2p=9ift.,    and    la=15ft. 

Also,  cot  a  =-^7,    cot/S=^i'^,    cotr=J,    cot5=.jV. 

Stress  diagram  for  a  uniformly  distributed  load. 


lioa       2  tons    iUma     2  tons       Itpn 


-« 


H-12 


Fig.  671. 

Fig.  672  is  the  stress  diagram  for  a  uniformly  distributed  panel  dead 
load  of  2  tons.  The  stresses  in  similar  members  for  a  panel  live  load  of 
6  tons  are,  of  course,  three  times  the  corresponding  stresses  in  the  diagram,  if 
the  live  load  is  uniformly  distributed. 


1 
BLK 

2 

CNM 

^^ 

OPO 

^"^^^^^^^^ 

2 

^^^rllll 

61« ■ 

ERQ 
1 

F 

Fig.  672. 

The  diagram  also  shows  that  for  uniformly  distributed  loads  the  stresses 
in  the  members  of  the  horizontal  chord  and  in  the  diagonals  are  always  nil. 
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Method  of  Sections. — Maximum  live-load  stresses  in  horizontal  chord.  Loads 
at  the  points  w,,  Wj,  m^  which  are  vertically  below  the  points  n,,  n^,  n,  in  which, 
the  members  dp,  pq,  qr,  produced,  intersect  the  line  of  reaction  ch,  develope 
no  stress  in  the  members  BL,  CN,  DP,  respectively.    Thus 


Fig.  673. 


For  the  left  truss  every  load  on  the  left  of  w,,  combined  with  the  corre- 
sponding reaction  along  cb,  tends  to  produce  a  rotation  from  right  to  left,  witk 
respect  to  the  point  p,  and  must  be  equilibrated  by  an  equal  tendency  to 
rotation  from  left  to  right,  with  respect  to  the  same  point  p,  due  to  a  com- 
pression in  BL,  and  this  compression  is  greatest  when  the  live  load  is  con- 
centrated on  the  panel-points  1,  2,  3.  So,  every  load  from  m^  to  5,  com- 
bined with  the  corresponding  reaction  along  cb,  tends  to  produce  a  rotatioa 
from  left  to  right  with  respect  to  the  point  p,  and  developes  a  tension  in  BL. 

For  the  right  truss  every  load  from  6  to  10  causes  a  reaction  from  6  to  a 
and  tends  to  produce  a  rotation  from  left  to  right  with  respect  to  the  point 
p.  A  tension  is  therefore  developed  in  BL  which  is  greatest  when  every 
panel-point  from  4  to  10  is  loaded. 

Again,  the  compression  in  CN  is  greatest  when  the  live  load  is  concen- 
trated on  panel-points  from  1  to  4. 


Table  OjT  Stresses  Developed   by  a  Uniformly  Distributed  Load. 


Panel-points 

M«mber. 

Loaded  for 
Max.  Stress. 

Maximum  Stresses. 

BL 

1  to  3 

BL. 9i=V.30  +  H.7i-6X10 

and 

BL  =6ii  tons  =  max.  comp. 

BL 

4  to  10 

y  =  2i;     H  =  29i; 
BL.9i=V. 30- H.7i  +  6. 30  +  3X30 
BL  =  6il  tons  =  max.  tens. 

and 

CN 

1  to  4 

CiV.  5  =  F.20  +  i7.3i- 6X10 

and 

CiV=  15  tons  =  max.  coTnv. 
V  =  4i;     B-'22i; 

CN 

5  to  10 

CN  .5  =  V  .20- H  .3i  +  3X20 

and 

CN  =  15  tons  =  max.  tens. 

DP 

1  to  4 

V-ii;     H=13i; 
DP.2i=V.10  +  H.i 

and 

DP  =  22i  tons  =  max.  comp. 

DP 

5  to  10 

7  =  44;     H-22i; 
DP. 2i=V.10-H. ^  +  3X10 

and 

DP  =  22i  tons -max.  (ens. 
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Maximum  live-load  stresses  in  curved  chord. 

cot  a  =^,  cosec  a  =yV'^193; 
cot|9=A,  cosec /?=tI; 
cot  r=J,  cosec  J■=i'^17; 
cot  5=-^  cosec  5=TiFVl45. 


Fig.  674. 

For  the  right  truss  every  load  from  6  to  10  causes  a  reaction  from  6  to  o 
which  tends  to  produce  a  left-handed  rotation  with  respect  to  the  points  1, 
2,  3,  4,  and  5.  This  must  be  equiUbrated  by  a  right-handed  rotation  due  to 
compressive  forces  developed  in  the  members  XK,  XM,  XO,  and  XQ. 

Again,  w,,  nj,  Wj,  W4  are  the  points  in  which  ch  produced  is  intersected  by 
cl,  a2,  aS,  a4  produced,  and  loads  at  1,  m^,  m,,  m^,  vertically  below  the  points, 
produce  no  stress  in  the  members  XK,  XM,  XO,  and  XQ,  respectively.  Hence 
for  the  left  truss  loads  on  the  right  of  1  develope  compressive  stresses  in  XK, 
and  the  stresses  in  XM,  XO,  XQ  are  compressive  or  tensile  according  as  the 
loads  are  on  the  right  or  left  of  TOj,  m,,  to,,  respectively. 

Table   op   Maximum   Live-load    Stresses   in    Members    of    Curved    Chord. 


Panel-points 

Member. 

Loaded  for 
Max.  Stress. 

Maximum  Stresses. 

XK 

2  to  10 

V=0;     ff=.36; 

XiiC.15sina  =  4.6.20  +  H.lJ 

and 

.XX  =  3Vl93  tons  =  max.  comp. 

XK 

0 

0 

XM 

3  to  10 

V  =  i;     H  =  3Zi; 
XM.9isin/3  =  2.6.15  +  3X30  +  ff.lJ+7.30 

and 

XM  =  41i%  tons  =  max.  comp. 

XM 

1  to  2 

V  =  i:     H  =  2i; 
XM.9ism0  =  V.3O-H.li 

and 

XM-=2hi  tons  =  max.  tens. 

XO 

4  to  10 

r  =  2i;     H  =  29i: 
XO.5  8inr  =  6X10  +  3X20  +  ff.lJ+7.20 

and 

XO=\'i^n  tons  =  max.  comp. 

XO 

1  to  3 

V=2i;    J?  =  6J; 
XO.5  3inr  =  V.20-fl'.lJ 

and 

XO  =  \i-^n  tons  =  max.  term. 

XQ 

5  to  10 

V  =  i>,\     H  =  22i; 
XQ.2ismit  =  3Xia  +  H.li+V.10 

and 

XQ  =  V*^145  tons  =  max.  comp. 

XQ. 

1  to  4 

V=H:    H  =  -i3i\ 
XQ.2ismlt-V.10-H.li 

and 

XQ-i^U5  tons  =  max.  iena. 
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Maximum  live-load  stresses  in  diagonals.     Consider  the  equilibrium  of  a 
portion  of  the  left  truss  between  vertical  sections  j/ii/i  and  yy  in  the  first  panel 


Fig.  675. 

and  immediately  on  the  right  of  the  central  hinge.  The  diagonal  stress  KL  is 
found  by  taking  moments  about  the  point  TOi  in  which  ap  produced  intersects 
the  horizontal  chord. 

Every  load  on  the  left  of  Wj  combined  with  the  corresponding  reaction 
along  c6  gives  a  resultant  which  lies  above  the  point  m,  and  whjlch  therefore 
tends  to  produce  a  rotation  from  left  to  right  with  respect  to  mj.  This  must 
be  equilibrated  by  an  equal  tendency  to  rotation  from  right  to  left,  with  respect 
to  the  same  point,  and  must  therefore  be  produced  by  a  tension  in  KL. 

Every  load  from  mj  to  5,  combined  with  the  corresponding  reaction  along 
cb,  gives  a  resultant  which  Ues  below  rtii  and  therefore  tends  to  produce,  \vith 
respect  to  this  point,  a  rotation  from  right  to  left,  developing  a  compression 
in  KL. 

Also,  every  load  on  the  right  truss  causes  a  reaction  from  6  to  o  which 
lies  below  the  point  m^,  and  the  resulting  stress  in  KL  is  therefore  a  com- 
pression. 

Again,  let  pq,  qr,  rb  be  produced  to  meet  the  horizontal  chord  in  the  points 
Wj,  5,  and  m,,  and  let  a;,,  x^,  x^,  and  x^  be  the  distances  of  mi,  m^,  5,  and  m^, 
respectively,  from  1.     Then 

a;, -10     9i      X2-20      5       Xs-SO    2i     j;3-40     If 


and 


Xi        15'    a;,-10      Qf     3:5-20      5'    a;3-30     2i' 
x,=25fft.,       a;2=32ft.,         a;j=40ft.,        X3=60ft. 


Consider  the  equihbrium  of  portions  of  the  truss  between  yy  and  vertical 
sections  i/jj/j,  j/32/3,  y,y,  in  the  2d,  3d,  and  4th  panels,  respectively. 

Every  load  on  the  right  truss  produces  a  reaction  along  6a  which  falls 
below  the  points  Wz  and  5,  and  above  the  point  m^,  so  that  the  tendency  to 
rotation  with  respect  to  the  points  OTz  and  5  is. from  left  to  right,  while  with 
respect  to  m,  it  is  from  right  to  left.  Thus  the  corresponding  stresses  de- 
veloped in  MN  and  QP  must  be  compressions,  while  the  stress  in  GR  must  be 
a  tension. 

Again,  every  load  on  the  left  of  the  points  m^,  5,  m,,  combined  respectively 
with  the  corresponding  reactions  along  cb,  give  resultants  which  fall  above 
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the  points  wis,  5,  and  wis,  and  therefore  the  tendency  to  rotation  with  respect 
to  these  points  is  from  right  to  left  and  the  corresponding  stresses  developed 
in  MN,  OP,  and  QR  are  compressions. 

So,  also,  the  stresses  developed  in  the  diagonals  MN,  OP,  and'QR,  re- 
spectively, by  loads  between  m^  and  5  are  tensile. 

Finally,  when  the  whole  bridge  is  loaded  equably,  the  diagonal  stresses 
are  nil.  Hence,  in  any  diagonal,  the  maximum  Uve-load  compression  must 
be  equal  in  magnitude  to  the  maximum  tensile  load. 

Graphical  Method. — The  stresses  in  the  several  members  may  be  obtained 
more  easily  by  drawing  the  stress  diagram  for  each  distribution  of  the  load 
and  then  superposing  the  results  as  follows : 


Fig.  677. 

Fig.  678. 

Fig.  679. 

Fig.  680. 

Fig.  681. 

Fig.  0. 

Fig.  682. 

Member. 

3(  at  5. 

6«  at  4. 

6(  at  3. 

6«  at  2. 

Loads 
6  to  10. 

3«  at  1. 

Loads 
1  to  10. 

F-li, 

F  =  2}, 

r=ii, 

V~h 

y=6, 

V  =  0, 

7=18, 

H  =  4i. 

H  =  &i. 

H  =  ii. 

H  =  2i. 

H  =  18. 

H  =  0. 

H  =  36. 

XK 
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0 
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0 
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-iVi45 
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iVl45 

j-^ws 

-3VIS5 

0 

-3V^l45 

BL 

lA 

A 
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-4  J 
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0 

0 

CN 

3 
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-9 

_4 

12 

0 

0 
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18 
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Fig.  676. 


Fig.  677. 


Fig.  678, 
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Fig.  679. 


Y'X 


Fig.  681. 


Fig.  682. 


Ex.  16.  Show  how  to  determine  the  maximum  stresses  in  the  verticals  and 
diagonals  of  the  trusses  for  the  Sault  Ste.  Marie  Bridge,  Fig.  624,  Ex.  1. 

As  already  stated,  the  maximum  stresses  in  the  several  members  are  best 
obtained  graphically.     Fig.    683  is  the  stress  j, 
diagram  when  the  only  force  on.  the  truss  is    " 
a  vertical  reaction  at  A  of  100,000  lbs.  =XF. 
Taking  Z7  =  100,  so  that  each  unit   is   1000 
lbs.,  the  stresses   in  the   other  members  are 
indicated  on  the  figure. 

The  load  distribution  for  whict  the  stress 
cd  is  greatest  is  Case  3,  the  actual  reaction  at  A  being  124,230  lbs.    Then 


ai 
Fig.  683. 


and 


So 


actual  stress  cd=TV%(124,230)  =90,688  lbs., 
"      de=-AS(124,230)  =100,627  lbs. 
"      /s'=A\(95,020)  =64,614  lbs., 
etc.,  etc. 


12.  Wind-pressure. — Numerous  experiments  to  determine  the 
pressure  and  velocity  of  the  wind  have  been  made  by  means  ■  of 
feathers,  .cloud-shadows,  anemometers  of  various  kinds,  wind- 
gauges,  pendulum,  tube,  and  spring  instruments.  The  results, 
either  through  errors  of  observation,  errors  of  construction,  or  for 
other  occult  reasons,   are  almost  wholly  unreliable  and  give  the 
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engineer  no  accurate  information  upon  which  to  base  his  calcula- 
tions as  to  the  effect  of  wind  upon  a  structure.  Theoretical  inves- 
tigations on  the  subject  are  equally  unsatisfactory.  The  formulae 
expressing  the  relations  between  the  speed  of  the  anemometer,  the 
velocity  of  the  wind  and  its  pressure,  are  of  a  purely  empu'ical 
character,  and  are  only  applicable  to  a  specific  series  of  recorded 
observations., 

Smeaton  inferred  from  Rouse's  experiments  that  the  average 
pressure  in  povmds  per  square  foot  =  (velocity  in  miles  per  hour)^ 
^-200,  or 

200 
According  to  Dines  the  formula  should  be 

2000' 
The  Wind-pressure  Commission  (Eng.)  recommended  the  formula 

100' 

as  giving  with  tolerable  accuracy  the  maximum  pressure. 

Stokes  considered  that  the  actual  wind  velocities  should  be  about 
four  fifths  of  the  values  recorded  by  anemometers,  so  that  a  velocity 
of  64  miles  per  hour  recorded  as  corresponding  to  a  maximum  pres- 
sure of  40.6  lbs.  per  square  foot  (the  average  of  five  observed  pres- 
sures) would  be  reduced  to  51.2  miles  per  hour.  The  average  pres- 
sure corresponding  to  51.2  miles  per  hour  would  be  13.1  lbs.  per 
square  foot  according  to  Smeaton's  rule  and  only  9.18  lbs.  according 
to   Dines. 

Again,  certain  experiments  at  Greenwich  indicated  that  the 
pressure  was  increased  by  the  stiffness  of  the  copper  wire  connecting 
the  recording  pencil  with  the  pressure  plate,  and  a  flexible  brass 
chain  was  therefore  substituted  for  the  wire.  Thus  modified,  a 
pressure  of  29  lbs.  per  square  foot  was  registered  as  corresponding 
to  a  velocity  of  64  miles  per  hour,  whereas  with  the  copper  wire  a 
pressure  of  49^  lbs.  per  square  foot  had  been  registered  with  a 
velocity  of  only  53  miles  per  hour. 
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These  facts  tend  to  show  that  the  actual  pressure  is  much  less 
than  that  given  by  a  recording  instrument,  and  that  the  very  high 
pressures,  as,  e.g.,  80  lbs.  per  square  foot  and  even  more,  must  be 
due  to  gusts  or  squalls  having  a  purely  local  effect.  This  opinion 
seems  to  be  confirmed  by  Sir  B.  Baker's  experiments  at  the  Forth 
Bridge,  which  also  indicate  that  the  pressure  per  square  foot 
diminishes  as  the  area  acted  upon  increases.  No  engineering  struc- 
ture could  withstand  -a  pressure  to  80  lbs.  per  square  foot  of  surface, 
and  a  pressure  of  28  lbs.  to  32  lbs.  would  overturn  carriages,  drive 
trains  from  the  track,  and  stop  all  traffic. 

It  is,  of  course,  well  known  that  wind-forces  sufficiently  powerful 
to  uproot  huge  trees  and  to  demolish  the  strongest  buildings  are 
occasionally  developed  by  whirlwinds,  tornadoes,  and  cyclones, 
but  these  must  be  classed  as  acta  Dei  and  can  scarcely  be  considered 
by  an  engineer  in  his  calculations. 

Numerous  observations  as  to  the  effect  of  wind  upon  structures 
in  different  localities  must  yet  be  made  before  any  useful  and  reliable 
rules  can  be  enunciated.  In  the  case  of  existing  bridges  the  elonga- 
tion of  the  wind-braces  during  a  storm  can  easily  be  measured  within 
ttiVt  of  an  inch.  Investigations  should  be  made  as  to  the  action 
of  the  wind  upon  surfaces  of  different  forms  and  upon  sheltered 
surfaces,  as,  e.g.,  upon  the  surfaces  behind  the  windward  face  in 
bridge-trusses.  Again,  it  is  quite  possible,  if  not  probable,  that 
many  of  the  recorded  upsets  have  been  due  to  a  combined  lifting 
and  side  action,  requiring  a  much  less  flank  pressure  than  would  be 
necessary  if  there  were  no  upward  force,  and  hence  further  light 
should  be  obtained  on  this  point. 

Under  any  circumstances,  the  wind-stresses  should  be  as  small 
as  possible,  compatible  with  safety,  seeing  how  largely  they  influence 
the  sections  of  the  several  members,  especially  in  bridges  of  long  span.* 

13.  Empirical  Regulations. 

Wind-jpressure  Commission  Rules. — For  railway  bridges  and 
viaducts  assume  a  maximum  pressure  of  56  lbs.  per  square  foot  upon 
an  area  to  be  estimated  as  follows: 

A.  In  cZose-girder  bridges  or  viaducts  the  area 
=  area  of  windward  face  of  girder 
+  area  of  train  surface  above  the  top  of  the  same  girder, 

*  For  most  recent  researches  see  paper  by  Stanton,  Proc.  Inst,  of  C.  E.  (Eng.)  Vol.  156. 
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B.  In  open-girder  bridges  or  viaducts  the  area  for  the  windward 
girder 
=  area  of  windward  face,  assumed  close,  between  rails  and 

top  of  train 
+ calculated  area  of  windward  surface  ahove  the  top  of  the 

train 
+ calculated  area  of  windward  surface  below  the  rails. 
For  the  leeward  girder  or  girders  the  area 

=  calculated  area  of  surface  of  one  girder  above  the  top 
of  the  train  and  below  the  level  of  the  rails,  the  pres- 
sure being  28,  42,  or  56  lbs.  per  square  foot,  according 
as   this   area  <f5,  >-|*S  and  <  IS,  or  >f(S,  where  S 
is  the  total  area  within  the  outline  of  the  girder.    The 
assumed  factor  of  safety  is  to  be  4. 
American  Specifications. — (a)  The  lateral  bracing  in  the  plane 
of  the  roadway  is  to  be  designed  so  as  to  bear  a  pressure  of  30  lbs, 
per  square  foot  upon  the  vertical  surface  of  one  truss  and  upon  the 
surface  of  a  train  averaging  12  sq.  ft.  per  lineal  foot,  i.e.,  360  lbs. 
per  lineal  foot;    this  latter  is  to  be  regarded  as  a  live  load.    The 
lateral  bracing  in  the  plane  of  the  other  chord  is  to  be  designed  so  as 
to  bear  a  pressure  of  50  lbs.  per  square  foot  upon  tvnce  the  vertical 
surface  of  one  truss. 

(b)  The  portal,  vertical,  and  horizontal  bracing  is  to  be  propor- 
tioned for  a  pressure  of  30  lbs.  per  square  foot  upon  twice  the  ver- 
tical surface  of  one  truss  and  upon  the  surface  of  a  train  averaging 
10  sq.  ft.  per  hneal  foot,  i.e.,  300  lbs.  per  lineal  foot,  the  latter  being 
treated  as  a  live  load. 

(c)  Live  load  in  plane  of  roadway  due  to  wind-pressure =300  lbs. 

per  lineal  foot. 
Fixed  load  in  plane  of  roadway  due  to  wind-pressure  =  150  lbs. 

per  lineal  foot. 
Fixed  load  in  plane  of  other  chord  due  to  wind-presure  =  150 
lbs.  per  lineal  foot. 
Lateral  Bracing. — Consider  a  truss-bridge  with  parallel  chords 
and  panels  of  length  p.    Let  A  be  the  area  of  the  vertical  surface 
of  one  truss. 

According  to  (a)  the  lateral  bracing  in  the  plane  of  the  roadway 
is  subjected  to  (1).  a  panel  live  load  of  360p  lbs.  and  (2)  a  pan§l 
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fixed  load  of  30A  lbs.,while  in  the  plane  of  the  other  chord  it  is  sub- 
jected to  a  panel  fixed  load  of 

50  X2A  =  1004  lbs. 

Thus,  if  the  figure  represent  the  bracing  in  the  plane  of  the  road- 
way of  a  ten-panel  truss,  and  if  the  wind  blow  upon  the  side  AB, 


80.A        soA       sojA      sec^P     ae^P     sepP     86^  P     ssoP     sebp 

Fig.  684, 

the  maximum  horizontal  force  for  which  any  diagonal,  e.g.,  CD,  is 
to  be  designed  is 

=  i5A  lbs.  due  to  the  horizontal  force  of  30A  lbs.  at 

each  panel-point 
+756p  lbs.  due  to  the  horizontal  force  of  360p  lbs.  at 

each  panel-point  between  C  and  B. 

The  dotted  lines  show  the  bracing  required  when  the  wind  blows 
on  the  opposite  side. 

It  is  sometimes  maintained  that  the  wind-forces  in  the  plane  of 
the  upper  chords  of  a  through-bridge  or  the  lower  chords  of  a  deck- 
bridge  are  transmitted  to  the  floor-bracing  through  the  posts.  This 
can  hardly  be  correct  in  the  case  of  long  posts,  as  they  do  not  possess 
sufficient  stiffness.  It  has,  however,  been  pointed  out  that,  in 
through-bridges,  the  cumulative  effect  of  the  wind-pressure  at  the 
ends  of  the  bridge  might  produce  a  serious  bending  action  in  the 
end  posts  This  action  would  have  to  be  resisted  by  additional 
plating  on  the  end  posts  below  the  portals,  or  by  an  increase  of 
their  sectional  area. 

Under  wind-pressure  the  floor-beams  act  as  posts;  hence,  if 
the  wind-bracing  is  attached  to  the  top  or  compression  flange  of  a 
floor-beam,  the  flange's  sectional  area  must  be  proportionately 
increased.  If  the  bracing  is  attached  to  the  lower  or  tension  flange, 
the  stresses  in  the  latter  will  be  diminished. 
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14.  Chords. — The  wind-pressure  transmitted  through  the  floor- 
bracing  increases  the  stresses  in  the  several  members,  or  panel  lengths, 
of  the  leeward  chord,  the  greatest  increments  being  due  to  a  hori- 
zontal force  of  (360p-f-307l)  lbs.  at  each  of  the  panel-points  in  AB. 
The  corresponding  chord  stresses  in  the  ten-panel  truss-bridge 
referred  to  above  are: 

Ci=0; 

C2=4i(360p  +  30A)  tan  d  lbs.; 

C3  =  C2  +  3i(360p  +  30A)  tan  6  =  8(360p  +  304)  tan  6  lbs. ; 

C4=C3  +  2i.(360p  +  304)  tan  ^  =  10K360p  +  30A)  tan  6  lbs.; 

Cs = C4 + li(360p  +  30A)  tan  0  =  12(360p  +  30A)  tan  6  lbs., 

90°—^  being  the  angle  between  a  diagonal  and  a  chord. 

Again,  the  wind-pressure  tends  to  capsize  a  train  and  throws 

y 

an  additional  pressure  of  P-r^  lbs.  per  lineal  foot  upon  the  leeward 

rail,  P  being  the  pressure  in  pounds  per  lineal  foot  on  the  train 
surface,  y  the  vertical  distance  between  the  line  of  action  of  P  and 
the  top  of  the  rails,  and  G  the  gauge  of  the  rails. 
Thus,  the  total  pressure  on  leeward  rail 

(V)  1l\ 

^+P-pT  )  lbs.  per  lineal  foot, 

and  the  total  pressure  on  windward  rail 

(w         w  \ 
2"  ~Pn)  lbs.  per  lineal  foot, 

w  being  the  weight  of  the  train  in  pounds  per  lineal  foot. 

Hence  the  total  vertical  pressure  at  a  panel-point  of  the  lee- 
ward truss 


S-G 


w 
"2'' 


rP+pP|^=(2P+pP|jlbs., 
S  being  the  distance  between  the  trusses. 
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15,  Cantilever  Trusses. — A  cantilever  is  a  structure  supported 
at  one  end  only,  and  a  bridge  of  which  such  a  structure  forms  part 
may  be  called  a  cantilever  bridge.    Two  cantilevers  may  project 


^\ 


beudfie_over  st.  lawrence  at  niagara. 
Fig.  685. 


from  the  supports  so  as  to  meet,  or  a  gap  may  be  left  between  them 
which  nrny  be  bridged  by  an  independent  girder  resting  upon  or 
hinged  to  the  ends  of  the  cantilevers.  The  form  of  the  cantilever 
is  subject  to  considerable  variation. 


(m^ 


sukkur  bridge 
Fig.  686. 


forth  bridge. 
Fig.  687. 


Figs.  688  to  693  represent  the  simplest  forms  of  a  cantilever 
frame.    If  the  member  AB  has  to  support  a  imiformly  distributed 


Fig.  688. 


Fig.  689. 


Fig.  690. 


load  as  well  as  a  concentrated  load  at  B,  intermediate  stays  may 
be  introduced  as  shown  by  the  full  or  by  the  dotted  lines  in  Figs. 
690  and  691.    Should  a  live  load  travel  over  AB,  each  stay  must  be 
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designed  to  bear  with  safety  the  maximum  stress  to  which  it  may 
be  subjected. 

Figs.  692  and  693  show  cantilever  trusses  with  parallel  chords. 
If  the  truss  is  of  the  double-intersection  type,  Fig.  693,  the  stresses 
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Fig.  692.  Fig.  693. 

sD 

Fig.  694. 


Fig.  695.  Fig.  696. 

in  the  members  terminating  in  B  become  indeterminate.  They 
may  be  made  determinate  by  introducing  a  short  link  BD,  Fig.  694. 
Thus,  if,  in  DB  produced,  BG  be  taken  to  represent  the  resultant 
stress  along  the  link,  and  if  the  parallelogram  HK  be  completed, 
BK  will  represent  the  stress  along  BE,  and  BH  that  along  BF. 

This  link  device  has  been  employed  to  equalize  the  pressure 
on  the  turntable  TT  of  a  swing-bridge  (Fig.  695).  An  "equalizer  " 
or  a  "rocker-link"  BD,  Fig.  696,  conveys  the  stresses  transmitted 
through  the  members  of  the  truss  terminating  in  D  to  the  centre 
posts  BT. 

Theoretically,  therefore,  the  pressure  over  TT  will  be  evenly 
distributed,  whatever  the  loading  may  be,  if  the  direction  of  BD 
bisects  the  angle   TBT  and  if  friction  is  neglected. 

The  joint  between  the  central  span  and  the  cantilever  requires 
the  most  careful  consideration  and  should  fulfil  the  following  con- 
ditions : 

(a)  The  two  cantilevers  should  be  free  to  expand  and  contract 
imder  changes  of  temperature. 

(6)  The  central  span  should  have  a  longitudinal  support  which 
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will  enable  it  to  withstand  the  effect  of  the  braking  of  a  train  or 
the  pressure  of  a  wind  blowing  longitudinally. 

(c)  The  wind-pressure  on  the  central  span  should  bear  equally 
on  the  two  cantilevers. 

{d)  The  connections  at  both  ends  should  have  sufficient  lateral 
rigidity  to  check  undue  lateral  vibration.  Conditions  (a)  and  (c) 
would  be  fulfilled  by  supporting  the  central  span  like  an  ordinary 
bridge-truss  upon  a  rocker  bolted  down  at  one  end  and  upon  a  rocker 
resting  on  expansion  rollers  at  the  other.  This,  however,  would 
not  satisfy  condition  (&).  It  is  preferable  to  support  the  span  bj' 
means  of  rollers  or  links  at  both  ends,  and  to  secure  it  to  one  canti- 
lever only,  on  the  central  line  of  the  bridge  with  a  large  vertical  pin, 
adapted  to  transmit  all  the  lateral  shearing  force.  A  similar  pin 
at  the  other  end,  free  to  move  in  an  elongated  hole,  or  some  equiva- 
lent arrangement,  as,  e.g.,  a  sleeve-joint  bearing  laterally  and 
with  rollers  in  the  seat,  is  a  satisfactory  method  of  transmitting 
the  shearing  force  at  that  end  also.  (If  there  is  an  end  post,  it 
may  be  made  to  act  like  a  hinge  so  as  to  allow  for  expansion,  etc.) 
The  points  of  contrary  flexure  of  the  whole  bridge  under  wind-pres- 
sure are  thus  fixed,  and  all  uncertainty  as  to  wind-stresses  removed. 

Where  other  spans  have  to  be  built  adjacent  to  a  large  can- 
tilever span,  it  should  not  be  hastily  assumed  that  it  is  necessarily 
best  to  counterbalance  the  cantilever  by  a  contiguous  cantilever 
in  the  opposite  direction.  If  it  is  possible  to  obtain  good  founda- 
tions and  if  piers  are  not  expensive,  it  might  be  cheaper  to  build 
a  number  of  short  independent  side  spans  and  to  secure  the  can- 
tilever to  an  independent  anchorage.  If  this  is  done,  care  must  be 
taken  to  give  the  abutment  sufficient  stability  to  take  up  the  unbal- 
anced thrust  along  the  lower  boom  of  the  cantilever. 

Suppose  that  the  cantilever  is  anchored  back  by  means  of  a 
single  back-stay. 

Let  TF=!=  weight  necessary  to  resist  the  pull  of  the  back-stay; 
A  =  depth  of  end  post  of  cantilever; 

z  =  horizontal  distance  between  foot  of  post  and  anchorage ; 
M  =  bending  moment  at  abutment  =  TF2. 

If  it  is  now  assumed  that  the  sectional  areas  of  the  post  and  back- 
stay are  proportioned  to  the  stresses  they  have  to  bear  (which  is 
never  the  case  in  practice),  the  quantity  of  material  in  these  members 
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must  be  proportional  to 

which  is  a  minimum  when  z=v2/i. 

If  a  horizontal  member  is  introduced  between  the  feet  of  the 
back-stay  and  the  post,  the  quantity  of  material  becomes  propor- 
tional to 

which  is  a  minimum  when  z=h,  i.e.,  when  the  back-stay  slopes  at 
an  angle  of  45°.  By  making  the  angle  between  the  back-stay  and 
the  horizontal  a  little  less  than  45°,  a  certain  amount  of  material 
may  be  saved  in  the  joints  of  the  back-stays  and  also  in  the  anchors, 
which  more  than  compensates  for  the  increased  weight  of  the 
anchors  themselves. 

{Note. — In  these  calculations  it  is  asstimed  that  the  top 
chord  is  horizontal,  and  that  the  feet  of  the  post  and  back-stay 
are  in  the  same  horizontal  plane.  This  is  rarely  the  case  in  prac- 
tice.) 

According  to  the  above  the  weight  of  material  necessary  for 
the  back-stay  is  directly  proportional  to  the  bending  moment  at 
the  abutment  and  inversely  proportional  to  the  depth  of  the  can- 
tilever, other  things  being  equal.  A  double  cantilever  has,  in  general, 
no  anchorage  of  any  great  importance. 

If  the  span  is  very  great,  a  cantilever  bridge  usually  requires 
less  material  than  any  other  rigid  structure  of  equal  strength,  even 
though  anchorage  may  have  to  be  provided.  If  two  large  spans 
are  to  be  built,  a  double  cantilever,  requiring  no  anchorage,  may 
effect  a  very  considerable  saving  in  material,  although  a  double 
pier,  of  sufficient  width  for  stability  imder  all  conditions  of  loading, 
will  be  necessary.  , 

Again,  where  false-works  are  costly  or  impossible,  the  property 
of  the  cantilever  that  it  can  be  made  to  support  itself  during  erection 
gives  it  an  immense  advantage.  If  the  design  of  the  cantilever  is 
such  that  it  can  be  built  out  rapidly  and  cheaply,  it  will  often  be 
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the  most  economical  frame  in  the  end,  even  if  the  total  quantity  of 
material  is  not  so  small  as  that  required  for  some  other  type  of 
bridge.  In  all  engineering  work  quantity  of  material  is  only  ome  of 
the  elements  of  cost,  and  this  should  be  carefully  borne  in  mind 
when  designing  a  cantilever  bridge  because  a  want  of  regard  to 
the  method  of  erection  may  easily  add  to  its  cost  an  amount  much 
greater  than  can  be  saved  by  economizing  material. 

In  ordinary  bridge-trusses  the  amount'  of  the  web  -metal  is 
greatest  at  the  ends  and  least  at  the  centre,  while  the  amount  of 
the  chord  metal  is  least  at  the  ends  and  greatest  at  the  centre.  Thus 
the  assumption  of  a  uniformly  distributed  dead  load  for  such  bridges 
is,  generally  speaking,  sufficiently  accurate  for  practical  purposes. 
In  the  case  of  cantilever  bridges,  however,  the  circumstances  are 
entirely  different.  In  these  the  amount  of  the  metal  both  in  the 
web  and  in  the  chords  is  greatest  at  the  support  and  least  at  the 
end.  For  example,  the  weight  of  the  cantilevers  (exclusive  of  the 
weight  of  platform,  viz.,  ^  ton  per  lineal  foot)  for  the  Indus  Bridge, 
per  lineal  foot,  varies  from  6^  tons  at  the  supports  to  1  ton  at  the 
outer  ends.  Hence  the  hypothesis  of  a  uniformly  distributed  dead 
load  for  such  structures  cannot  hold  good. 

The  weight  of  a  cantilever  for  a  given  span  may  be  approxi- 
mately calculated  in  the  following  manner: 

Determine  the  stresses  in  the  several  members,  panel  by  panel — 

(A)  For  a  load  consisting  of 

(1)  a  given  unit  weight,  say  100  tons,  at  the  outer  end; 

(2)  the  corresponding  dead  weight. 

(B)  For  a  load  consisting  of 

(1)  the  specified  live  load; 

(2)  the  corresponding  panel  dead  weight. 

Thus  the  whole  weight  of  a  p'anel  will  be  the  sum  of  the  weights 
deduced  in  (A)  and  (B),  and  the  total  weight  of  the  cantilever  will 
be  the  sum  of  the  several  panel  weights. 

This  process  evidently  gives  at  the  same  time  the  weights  of 
cantilevers  of  one,  two,  three,  etc.,  panel  lengths,  the  loads  remain- 
ing the  same. 

The  panel  dead  weights  referred  to  in  (A)  and  (B)  must,  in  the 
first  place,  be  assumed.  This  can  be  done  with  a  large  degree  of 
accuracy,  as  the  dead  weight  must  necessarily  gradually  increase 
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towards  the  support,  and  any  error  in  a  particular  panel  may  be 
easily  rectified  by  subsequent  calculations. 

Again,  the  preceding  remarks  indicate  a  method  of  finding  the 
most  economical  cantilever  length  in  any  given  case. 

Take,  e.g.,  an  opening  spanned  by  two  equal  cantilevers  and 
an  intermediate  girder.  Having  selected  the  type  of  bridge  to  be 
employed  for  the  intermediate  span,  estimate,  either  from  existmg 
bridges  or  otherwise,  tte  weights  of  independent  bridges  of  the 
same  type  and  of  different  spans.  Sketch  a  skeleton  diagram  of  the 
cantilever,  extending  over  one  half  of  the  whole  span,  and  apply 
to  it  the  processes  referred  to  in  (A)  and  (B). 

If  L  is  the  length  of  the  cantilever  and  P  that  of  a  panel,  the 
following  table,  in  which  the  intermediate  span  increases  by  two 
panel  lengths  at  a  time,  may  be  prepared: 
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Weight  in  col.  3  =  one  half  of  the  weight  of  the  intermediate  girder 
+one  half  of  the  live  load  it  carries  if  uniformly 
distributed.  (The  proportion  will  be  greater 
than  one  half  for  arbitrarily  distributed  loads, 
and  may  be  -easily  determined  in  the  usual 
manner.) 
Col.  5  gives  the  weights  obtained  as  in  A. 
,  weight  on  end  of  cantilever 


Col.  6  =  col.  5X- 


100 


Col.  7  gives  the  weights  obtained  as  in  B. 
Col.  8  =  col.  2  + col.  6  + col.  7. 

It  is  important  to  bear  in  mind  that  an  increase  in  the  weight 
'Of  the  central  span  necessitates  a  corresponding  increase  in  the 


CANTILEVER  TRUSSES. 


757 


weights  of  the  cantilevers.  Hence,  in  order  that  the  weight  of 
the  structure  may  be  a  minimum,  the  best  material  with  the  highest 
practicable  working  unit  stress  should  be  employed  for  the  centre- 
span. 

The  table  must  of  course  be  modified  to  meet  the  requirements^ 
of  different  sites.  Thus,  if  anchorage  is  needed,  a  column  may  be 
added  for  the  weights  of  the  back-stays,  etc. 

Curve  of  Cantilever  Boom. — Consider  a  cantilever  with  one  horizon- 


FiG.  697. 


Fig.  698. 


tal  boom  OA,  and  let  x,  y  be  the  coordinates  of  any  point  P  in  the 
other  boom,  0  being  the  origin  of  coordinates  and  A  the  abutment 
end  of  the  cantilever. 

Let  W  be  the  portion  of  the  weight  of  an  independent  span  sup- 
ported at  0. 

Let  w  be  the  intensity  of  the  load  at  the  vertical  section  through  P. 

Assume  (1)  that  there  are  no  diagonal  strains,  and,  hence,  that 
the  web  consists  of  vertical  members  only; 

(2)  that  the  stress  H  in  the  horizontal  boom  is  con- 

stant, and  therefore  the  bending  moment  at  P 
=  Hy; 

(3)  that  the  whole  load  is  transmitted  through  the  ver- 

tical members  of  the  web. 

Let  k  be  such  a  factor  that  kTl  is  the  weight  of  a  member  of 
length  I,  subjected  to  a  stress  T. 

(Note. — If  I  is  in  feet  and  T  in  tons,  then  k  for  steel  is  about 
.0003,  allowance  being  made  for  loss  of  section  or  increase  of  weight 
at  connections.) 

w  consists  of  two  partsj  viz.,  a  constant  part  p,  due  to  the  weight 
of  the  platform,  wind-bracing,  etc.,  which  is  assimied  to  be  tmiformly 
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distributed;  and  a  variable  part,  due  to  the  weight  of  the  cantilever, 
■which  may  be  obtained  as  follows: 

Weight  of  element  dx  of  horizontal  hooTO.=kHdx. 
"      "    web  corresponding  to  dx  =  kvyydx. 

"      "    element  of  curved  boom  corresponding  to  dx 

Hence  the  variable  intensity  of  weight 

^IcH+kwy+kHi^^j  , 

/ds\^ 
and  w^p  +  kH+kwy+kHlj-j  . 

Again,  if  M  is  the  bending  moment  and  S  the  shearing  force  at 
the  vertical  section  through  P,  then 

d^^dS^    ^    d?y 
dx^      dx  •  dx^' 

Therefore    H'^=p+kH+kwy  +  kH(^^ 

Integrating  twice, 

Hy^A+Bx  +  (p+2kH)~-+kH^, 
A  and  B  being  constants  of  integration. 

When  x=0,  y=0    and    H^  =  W. 

Thus  A=0    and    B  =  F. 
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Hence  Hy=Wx  +  ip+2kH)^+kH^ 

is  the  equation  to  the  curve  of  the  boom>  and  represents  an  ellipse 

with  its  major  axis  vertical,  and  with  the  lengths  of  the  two  axes 

1  .     fP  +  2kHY 
in  a  ratio  equal  to  I — 777 — I  . 

The  depth  of  the  longest  cantilever  is  determined  by  the  vertical 
tangent  at  the  end  of  the  minor  axis,  and  corresponds  to  the  value 

of  y  given  by  making  j-=0  in  the  preceding  equation,  which  gives 

1 

For  a  given  value  of  H  the  curve  of  the  boom  is  independent 
of  the  span.  Again,  for  a  given  length  of  cantilever  with  a  boom 
of  this  elliptic  form,  a  value  of  H  may  be  found  which  will  make 
the  total  weight  a  minimum,  and  which  will  therefore  give  the  most 
economical  depth.  Such  an  investigation,  however,  can  only  be 
of  interest  to  mathematicians,  as  the  hypotheses  are  far  from  being 
even  approximately  true  in  practice,  and  the  resulting  depth  would 
be  obviously  too  great. 

Assumption  (1)  no  longer  holds  when  a  live  load  has  to  be 
considered.  Diagonal  bracings  must  then  be  introduced,  which 
become  heavier  as  the  depth  increases,  in  consequence  of  their 
increased  length.  The  diagonal  bracings  are  also  largely  affected 
by  the  length  of  the  panels.  If  the  panels  are  short,  and  if  a 
great  depth  of  cantilever,  diminishing  rapidly  away  from  the 
abutment,  is  used,  the  angles  of  the  diagonal  bracing,  near  the 
abutment,  will  be  unfavorable  to  economy.  This  difficulty  may 
be  avoided  by  adopting  a  double  system  of  triangulation  over  the 
deeper  part  of  the  cantilever  only,  or  even  a  treble  system  for  some 
distance  in  a  large  span.  The  objections  justly  urged  against  mul- 
tiple systems  of  triangulation  in  trusses  lose  most  of  their  force  in 
large  cantilevers.  In  the  first  place,  the  method  of  erection  by 
building  out  insures  that  each  diagonal  shall  take  its  proper  share 
of  the  dead  load;  and  in  the  second  place,  it  should  be  remembered  - 
that  only  in  large  spans  could  a  double  system  have  anything  to 
recommend  it,  and  then  only  near  the  abutment  where  the  stresses 
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are  greatest:  in  such  cases  the  moving  load  only  produces  a  small 
portion  of  the  entire  stress  in  the  web.  In  practice  a  compromise 
has  to  be  made  between  different  requirements,  and  the  depth 
must  be  kept  within  such  Umits  as  will  admit  of  reasonable  propor- 
tions in  other  respects,  while  the  diagonal  ties  or  struts  may  be 
allowed  to  vary  in  inclination,  to  some  extent,  from  one  panel  to 
another. 

Again,  in  fixing  the  panel  length,  care  must  be  taken  that  there 
is  no  undue  excess  of  platform  weight,  as  this  will  produce  a  corre- 
sponding increase  in  the  weight  of  the  cantilever. 

An  excessive  depth  of  cantilever  generally  causes  an  increase  in 
the  cost  of  erection. 

Both  theory  and  practice,  however,  indicate  that  it  will  be  more 
advantageous  to  choose  a  greater  depth  for  a  cantilever  than  for 
an  ordinary  girder  bridge. 

An  ordinary  proportion  for  a  large  girder  bridge  would  be  one 
ninth  to  one  seventh  of  the  span,  and  if  for  the  girder  were  substi- 
tuted two  cantilevers  meeting  in  the  middle  of  the  span,  the  depth 
might  with  advantage  be  considerably  increased  beyond  this  pro- 
portion at  the  abutment,  if  it  be  reduced  to  nil  where  the  cantilevers 
meet.  When  a  central  span  is  introduced,  resting  upon  the  ends  of 
the  two  cantilevers,  the  concentrated  load  on  the  end  gives  an  addi- 
tional reason  for  still  further  increasing  the  depth  at  the  abutment 
fwportionally  to  the  length  of  the  cantilever.  The  greatest  economical 
depth  has  probably  been  reached  in  the  Indus  bridge,  in  which  the 
depth  at  the  abutment  =  .54  X  length  of  cantilever.  Probably  the 
proportion  of  one  third  of  the  length  of  the  cantilever  would  be 
ample,  except  where  the  anchorage  causes  a  considerable  part  of  the 
whole  weight,  but  each  case  must  be  considered  on  its  own  merits. 
The  reduction  of  deflection  obtained  by  increasing  the  depth  is  also 
an  appreciable  consideration. 

If  a  depth  be  chosen  not  widely  different  from  that  which  makes 
the  quantity  of  material  a  minimtun,  the  weight  will  be  only  slightly 
increased,  while  it  is  possible  that  great  structural  advantages  may 
be  gained  in  other  directions.  In  recommending  a  great  depth 
for  a  cantilever  at  its  abutment,  it  is  assumed  that  the  depth  will 
be  continuously  reduced  from  the  abutment  outwards.  If  the 
load  were  continuously  distributed,  it  is  by  no  means  certain  that 
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a  cantilever  of  uniform  ■  depth  would  require  mor&  material  than 
one  of  varying  depth,  but  it  has  already  been  pointed  out  to  what 
extent  the  weight  of  the  structure  itself  necessarily  varies,  and  if 
the  concentrated  load  at  the  end  were  separately  considered,  the 
economical  truss  would  be  a  simple  triangular  frame  of  very  great 
depth.  From  economic  considerations,  it  would  be  well  to  reduce 
the  depth  of  the  cantilever  at  the  outer  end  to  nil,  but  in  many 
cases  it  is  thought  advisable  to  maintain  a  depth  at  this  point  equal 
to  that  at  the  end  of  the  central  span,  so  that  the  latter  may  be 
buUt  out  without  false-works,  under  the  same  system  of  erection 
as  is  pursued  in  the  case  of  the  cantilever.  The  post  at  the  ends 
of  the  central  span  and  cantilever  is  sometimes  hinged  to  allow  for 
expansion. 

Deflection. — A  serious  objection  urged  against  cantilever  bridges 
is  the  excessive  and  irregular  deflection  to  which  they  are 
sometimes  subject.  They  usually  deflect  more  than  ordinary  truss- 
bridges,  and  the  deflection  is  proportionately  increased  under  sud- 
denly applied  loads.  In  the  endeavor  to  recover  its  normal  position, 
the  cantilever  springs  back  with  increased  force  and,  owing  to  the 
small  resistance  offered  by  the  weight  and  stiffness  at  the  outer  end, 
there  may  result,  especially  in  light  bridges,  a  kicking  movement. 
It  must,  however,  be  borne  in  mind  that  the  deflection,  of  which 
the  importance  in  connection  with  iron  bridges  has  always  been 
recognized,  is  not  in  itself  necessarily  an  evil,  except  in  so  far  as  it 
is  an  indication  or  a  cause  of  over-strain. 

i6.  The  Statical  Deflection,  due  to  a  quiescent  load,  must  be 
distinguished  from  what  might  be  called  the  d3mamical  deflection, 
i.e.,  the  additional  deflection  due  to  a  load  in  motion.  The  former 
should  not  exceed  the  deflection  corresponding  to  the  statical  stresses 
for  which  the  bridge  is  designed.  The  amoimt  of  the  dynamical 
deflection  depends  both  upon  the  nature  of  the  loads  and  upon 
the  manner  in  which  they  are  applied,  nor  are  there  sufficient  data 
to'  determine  its  value  even  approximately.  It  certainly  largely 
increases  the  statical  stresses  and  produces  other  ill  effects  of  which 
little  is  known. 

Hitherto  the  question  as  to  the  deflection  of  framed  structures 
has  received  but  meagre  attention,  and  formulae  deduced  for  solid 
girders   have   been   employed   with   misleading   results.     It   would 
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seem  to  be  mofe  scientific  and  correct  to  treat  each  member  sepa- 
rately and  to  consider  its  individual  deformation. 

17.  Rollers. — One  end  of  a  bridge  usually  rests  upon  nests  of 
turned  wrought-iron  or  steel  friction  rollers  rurming  between  planed 
surfaces.  The  diameter  of  a  roller  should  not  be  less  than  2  ins., 
and  the  pressure  upon  it  in  pounds  per  lineal  inch  should  not  exceed 
500  V^  if  made  of  wrought  iron,  or  600  Vci  if  made  of  steel,  d  being 
the  diameter  in  inches. 

18.  Eye-bars. — In  England  it  has  been  the  practice  to  roll  bars 
having  enlarged  ends,  and  to  forge  the  eyes  \mder  hydrauUc  pres- 
sure with  suitably  shaped  dies.  In  America  both  hammer-forged 
and  hydraulic-forged  eye-bars  are  made,  the  latter  being  called 
weldless  eye-bars.  Careful  mathematical  and  experimental  inves- 
tigations have  been  carried  out  to  determine  the  proper  dimensions 
of  the  link-head  and  pin,  but  owing  to  the  very  complex  character 
of  the  stresses  developed  in  the  metal  around  the  eye,  an  accurate 
mathematical  solution  is  impossible. 

Let  d  be  the  width  and  t  the  thickness  of  the  shank  of  the  eye- 
bar  represented  in  Fig.  699.  Let 
S  be  the  width  of  the  metal  at 
the  sides  of  the  eye,  and  H  the 
width  at  the  end.  Let  D  be  the 
diameter  of  the  pin. 

The   proportions   of   the   head 
are  governed  by  the  general  con- 
dition that  each  and  every  part 
should  be  at  l^ast  as  strong  as  the  shank. 

When  the  bar  is  subjected  to  a  tensile  stress  the  pin  is  tightly 
embraced,  and  failure  may  arise  from  any  one  of  the  following  causes : 
(a)  The  pin  may  be  shorn  through. 

Hence,  if  the  pin  is  in  double  shear,  its  sectional  area  should 
be  at  least  one  half  that  of  the  shank. 

It  may  happen  that  the  pin  is  bent,  but  that  fracture  is  pre- 
vented by  the  closing  up  of  the  pieces  between  the  pin-head  and 
nut;  the  efficiency,  however,  of  the  connection  is  destroyed,  as  the 
bars  are  no  longer  free  to  turn  on  the  pin. 

In  practice  D  for  flat  bars  varies  from  fd  to  id,  but  usually 
lies  between  f  d  and  ^d. 


N 
Fig.  699. 
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The  diameter  of  the  pin  for  the  end  of  a  round  bar  is  generally 
made  equal  to  IJ  times  the  diameter  of  the  bar. 

The  pin  should  be  turned  so  as  to  fit  the  eye  accurately,  but  the 
best  practice  allows  a  difference  of  from  ^  to  tttt  of  an  inch  in  the 
diameters  of  the  pin  and  eye.. 

(&)  The  link  may  tear  across  MN. 

On  account  of  the  perforation  of  the  head,  the  direct  pull  on 
the  shank  is  bent  out  of  the  straight  and  distributed  over  the  sections 
S.  There  is  no  reason  for  the  assumption  that  the  distribution  is 
uniform,  and  it  is -obviously  probable  that  the  intensity  of  stress 
is  greatest  in  the  metal  next  the  hole.  Hence  the  sectional  area 
of  the  metal  across  MN  must  be  at  least  equal  to  that  of  the  shank, 
and  in  practice  is  always  greater. 

S  usually  varies  from  .55d  to  .625c?. 

The  sectional  area  through  the  sides  of  the  eye  in  the  head  of  a 
round  bar  varies  from  IJ  times  to  twice  that  of  the  bar. 

(c)  The  pin  may  be  torn  through  the  head. 

Theoretically  the  sectional  area  of  the  metal  across  PQ  sliould 
be  one  half  that  of  the  shank.  The  metal  in  front-of  the  pin,  how- 
ever, may  be  likened  to  a  imiformly  loaded  girder  with  both  ends 
fixed,  and  is  subjected  to  a  bending  as  well  as  to  a  shearing  action. 
Hence  the  minimum  value  of  H  has  been  fixed  at  jd,  and  if  i?  is 
made  equal  to  d,  both  kinds  of  action  will  be  amply  provided  for. 

(d)  The  bearing  surface  may  be  insufficient. 

If  such  be  the  case,  the  intensity  of  the  pressure  upon  the  bear- 
ing surface  is  excessive,  the  eye  becomes  oval,  the  metal  is  upset, 
and  a  fracture  takes  place.  Or  again,  as  the  hole  elongates',  the 
metal  in  the  sections  S  next  the  hole  Avill  be  drawn  out,  and  a  crack 
will  commence,  extending  outwards  imtil  fracture  is  produced. 

In  practice  adequate  bearing  surface  may  be  obtained  by 
thickening  the  head  so  as  to  confine  the  maximum  intensity  of  the 
pressure  within  a  given  limit. 

(e)  The  head  may  be  torn' through  the  shoulder  at  XY. 
Hence  XY  is  made  equal  to  d. 

The  radius  of  curvature  R  of  the  shoulder  varies  from  l^d  to  7.6d. 

d         2 
Note. — The  thickness  of  the  shank  should  be  j,  or  ■=d  at  least. 
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The  following  table  gives  the  eye-bar  proportions  common  in 
American  practice: 


Value  of  d. 

Value  of  D. 

Value  of  5. 

Weldless 
Bara. 

Hammered 
Bars. 

1.00 
1.00 
1.00 
l.CO 
1.00 
1.00 
1.00 
1.00 

.67 
.75 
1.00 
1.25 
1.33 
1.50 
1.75 
2.00 

1.5 

1.5 

1.5 

1.6 

1.7 

1.85- 

2.00 

2.25 

1.33 

1.33 
1.50 
1.50 

1.67 
1.67 
1.75 

Also,  in  weldless  bars,  H=S;  in  hammered  bars  H  =  d. 

Steel  Eye-bars. — Hydraulic-forged  steel  eye-bars  are  now  being 
largely  made.  The  steel  has  an  ultimate  tenacity  of  from  60,000 
to  68,000  lbs.  per  square  inch,  an  elastic  limit  of  not  less  than  50  per 
cent,  and  an  elongation  of  from  17  to  20  per  cent  in  a  length  equal 
to  ten  times  the  least  transverse  dimension. 

The  Phoenix  Bridge  Company  and  the  Edge  Moor  Iron  Company 
give  the  tables  on  page  765  of  steel  eye-bar  proportions. 

19.  Rivets.— A  rivet  is  an  iron  or  steel  shank,  slightly  tapered 
at  one  end  (the  tail),  and  surmounted  at  the  other  by  a  cup  or  paiv- 
shaped  head  (Fig.  700).  It  is  used  to  join  steel  or  iron  plates,  bars, 
etc.  For  this  purpose  the  rivet  is  generally  heated  to  a  cherry-red, 
the  shank  or  spindle  is  passed  through  the  hole  prepared  for  it,  and 


J^l 


Fig.  700.       Fig.  701. 


Fig.  702. 


J=L 


Fig.  703. 


Fig.  704. 


the  tail  is  made  into  a  button,  or  point.  The  hollow  cup-tool  gives 
to  the  point  a  nearly  hemispherical  shape,  and  forms  what  is  called 
a  snap-rivet  (Fig.  701).  Snap-rivets,  partly  for  the  sake  of  appear- 
ance, are  commonly  used  in  girder-work,  but  they  are  not  so  tight  as 
comcoZ-pointed  rivets  (sta^-rivets),  which  are  hammered  into  shape 
until  almost  cold  (Fig.  702). 
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Phoenix  Bridge  Co. 

Edge  Moor  Iron  Co. 

Excess  of 

Width 

Diameter 

Diameter 

Width 

Diameter 

Diameter 

Minimum 

Sectional  Area 

of 

of 

of 

of 

of 

of 

Thickness 

of  Head  along 

Bard. 

Pin-hole. 

Head. 

Bard. 

Pin-hole. 

Head. 

of  Bar. 

PP  over  Sec- 
tion of  Bar. 

3 

2^,m 

7 

2 

IJ 

44 

1 

33% 

3 

3A,  m 

8 

2 

2| 

54 

1 

33 

4 

3A 

9 

24 

2i- 

54 

1 

33 

4 

3if ,  4A,  m 

10 

2i 

3J 

64 

1 

33 

5 

3if,4A 

11 

3 

24 

6i 

i 

33 

5 

4ii,  5A 

12 

3 

4 

8 

i 

33 

5 

5JI,  Giffe 

13 

4 

44 

94 

J 

33 

6 

m.a^ 

13 

4 

5 

104 

f 

33 

6 

5^,  5A,  5if 

•14 

5 

4 

11. 

J 

37 

6 

6A,  6H,  6i| 

15 

5 

5 

124 

i 

37 

7 

5:^ 

15 

6 

5- 

13i 

i 

37 

7 

16 

6 

6 

144 

1 

37 

7 

eif!  7^;  7i4 

17 

7 

5 

154 

40 

8 

6^ 

17 

7 

74 

17 

if 

40 

8 

6H,  6M,  7A 

18 

8 

5i 

17 

1 

40 

8 

7ii,8f 

19 

8 

6f 

18 

1 

40 

8 

8h   9f 

20 

9 

7A.  7ft 

20 

9 

Sf,  8J 

21 

10 

8f 

22 

10 

8i,   9f 

23 

10 

10,  lOJ 

24 

In  both  the  Phojnix  and  Edge  Moor  bars  the  thickness  of  the  head  is  the  same 
as  that  of  the  body  of  the  bar,  or  does  not  exceed  it  by  more  than  -fg  inch. 

When  a  smooth  surface  is  required,  the  rivets  are  countersunk 
(Fig.  703).  The  countersinking  is  drilled  and  may  extend  through 
the  plate,  or  a  shoulder  may  be  left  at  the  inner  edge. 

Cold^iveting  is  adopted  for  the  small  rivets  in  boiler-work  and 
also  wherever  heating  is  impracticable,  but  tightly  driven  turned 
bolts  are  sometimes  substituted  for  the  rivets.  In  all  such  cases 
the  material  of  the  rivets  or  bolts  should  be  of  superior  quality. 

Loose  rivets  are  easily  discovered  by  tapping,  and,  if  very  loose, 
should  be  at  once  replaced.  It  must  be  borne  in  mind,  however, 
that  expansions  and  contractions  of  a  complicated  character  inva- 
riably accompany  hot-riveting,  and  it  cannot  be  supposed  that  the 
rivets  will  be  perfectly  tight.  Indeed,  it  is  doubtful  whether  a  rivet 
has  any  hold  in  a  straight  drilled  hole,  except  at  the  ends. 

Riveting  is  accomplished  either  by  hand  or  machine,  the  latter 
being  far  the  more  effective.  A  machine  will  squeeze  a-  rivet, 
at  almost   any  temperature,  into   a  most  Irregular  hole,  but   the 
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exigencies  of  practical  conditions  often  prevent  its  use,  except  for 
ordinary  work,  and  its  advantages  can  rarely  be  obtained  where 
they  would  be  most  appreciated,  as,  e.g.,  in  the  riveting  up  of 'con- 
nections. 

Dimensions  of  Rivets. — The  diameter  (d)  of  a  rivet  in  ordinary 
girder  work  varies  from  f  in.  to  1  in.,  and  rarely  exceeds  1|  ins.  The 
thickness  of  a  plate  in  ordinary  girder-work  should  never  be  less 
than  i  in.,  and  a  thickness  of  |  in.  is  preferable. 

According  to  Fairbairn,  d  should  be  about  2tiit<^  in.,  and  should 
be  about  l^t  if  i>i  in. 

According  to  Unwin,  d  should  lie  between  (fi+i*e)  in.  and 
(|i+f)  in-  when  t  varies  from  i  in.  to  1  in. 

When  the  rivets  join  several  plates,  d  —  (^+-  I  in.,  T  being  tho 

total  plate  thickness. 

According  to  French  practice,  the  diameter  of  a  rivet-head  =  If d, 
and  the  length  of  the  rivet  from  the  head  =  T  +  l§d. 

According  to  Rankine,  the  size  of  the  head  =  fd,  and  the  length 
of  the  rivet  from  the  head  =  T+2^d. 

The  diameter  of  the  rivet-hole  exceeds  that  of  the  shank  by 
from  A  to  ^  in.,  so  as  to  allow  for  the  expansion  of  the  latter  when 
hot. 

There  seems  to  be  no  objection  to  the  use  of  long  rivets  pro- 
vided that  they  are  properly  heated  and  secured. 

Strength  of  Punched  and  Riveted  Plates. — Experiment  shows  that 
the  tenacity  of  iron  and  steel  plates  is  considerably  diminished  by 
punching.  This  deterioration  in  tenacity  seems  to  be  due  to  a 
molecular  change  in  a  narrow  annulus  of  the  metal  around  the  hole. 
The  removal  of  the  annulus  largely  neutralizes  the  effect  of  the 
punching,  and  therefore  the  holes  are  sometimes  punched  ^  in. 
less  in  diameter  than  the  rivets  and  are  subsequently  rimered  or 
drilled  out  to  the  full  size.  The  original  strength  may  also  be  almost 
entirely  restored  by  annealing,  and,  generally,  in  steel-work,  either 
this  process  is  adopted  or  the  annulus  referred  to  above  is  removed. 

Punching  does  not  sensibly  affect  the  strength  of  Landore- 
Siemens  unannealed  plates,  and  only  slightly  diminishes  the  strength 
of  thin  steel  plates,  but  causes  a  considerable  loss  of  tenacity 
in  thick  steel  plates;  the  loss,  however,  is  less  than  for  iron 
plates. 
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The  harder  the  material  the  greater  is  the  loss  of  tenacity. 

Iron  seems  to  suffer  more  from  punching  when  the  holes 
are  near  the  edge  than  when  removed  to  some  distance  from  it, 
while  mild  steel  suffers  less  when  the  hole  is  one  diameter  from 
the  edge  than  when  it  is  so  far  that  there  is  no  bulging  at  the 
edge. 

The  injury  caused  by  pvmching  may  be  avoided  by  drilling  the 
holes.  In  important  girder-work  and  whenever  great  accuracy  of 
workmanship  is  required,  a  uniform  pitch  may  be  insured  and  the 
full  strength  of  the  metal  retained  by  the  use  of  multiple  drills. 
Drilling  is  a  necessity  for  first-class  work  when  the  diameter  of  the 
holes  is  less  than  the  thickness  of  the  plate,  and  also  when  several 
plates  are  piled.  It  is  impossible  to  punch  plates,  bars,  angles,  etc., 
in  spite  of  all  expedients,  in  such  a  manner  that  the  holes  in  any 
two  exactly  correspond,  and  the  irregularity  becomes  intensified  in 
a  pile,  the  passage  of  the  rivet  often  being  completely  blocked.  A 
drift,  or  rimer,  is  then  driven  through  the  hole  by  main  force,  crack- 
ing and  bending  the  plates  in  its  passage,  and  separating  them  one 
from  another. 

The  holes  may  be  punched  for  ordinary  work,  and  in  plates 
of  which  the  thickness  is  less  than  the  diameter  of  the  rivets. 
Whenever  the  metal  is  of  an  inferior  quality  the  holes  should  be 
drilled. 

20.  Riveted  Joints. — In.  Zop-joints  fFigs.  705  and  708)  the 
plates  overlap  and  are  riveted  together  by  one  or  more  rows  of 
rivets  which  are  said  to  be  in  single  shear,  as  each  rivet  has  to  be 
sheared  through  one  section  only. 

In  fish-  (or  butt-)  joints  (Figs.  706  and  707)  the  rivets  are  in  double 
shear,  i.e.,  must  be  each  sheared  through  two  sections.    Thus  they 


Fig.  705. 


Fig.  706. 


Fig.  707. 


Fig.  708. 


are  not  subjected  to  the  one-sided  pull  to  which  rivets  in  single  shear 
are  liable. 

In  /is/i-joints  the  ends  of  the  plates  meet,  and  the  plates  are 
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riveted  t©  a  single  cover  (Fig.  706),  or  to  two  covers  (Fig.  707),  by 
means  of  one  or  more  rows  of  rivets  on  each  side  of  the  jpint. 

A  fish-joint  is  properly  termed  a  butt-]o[nt  when  the  plates  are 
in  compression.  The  plates  should  butt  evenly  against  one  another, 
although  they  seldom  do  so  in  practice.  Indeed,  the  mere  process 
of  riveting  draws  the  plates  slightly  apart,  leaving  a  gap  which 
is  often  concealed  by  calking.  A  much  better  method  is  to  fill 
up  the  space  with  some  such  hard  substance  as  cast  zinc,  but  the 
best  method,  if  the  work  will  allow  of  the  increased  cost,  is  to  form 
a  jump-joint,  i.e.,  to  plane  the  ends  of  the  plates  carefully,  and  then 
bring  them  into  close  contact,  when  a  short  cover  with  one  or  two 
rows  of  rivets  will  suffice  to  hold  them  in  position. 

The  riveting  is  said  to  be  single,  double,  triple,  etc.,  according 
as  the  joint  is  secured  by  one,  two,  three,  or  more  rows  of  rivets. 


o  o  o 

o  o  o 

o  o  o 

O   O   0 

o  o  o 

o  o  o 
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GJdAIN 

Fig.  709. 


ZIGZAQ 

Fig.  710. 


Double,  triple,  etc.,  riveting  may  be  chain  (Fig.  709)  or  zigzag 
(Fig.  710).  In  the  former  case  the  rivets  form  straight  lines  longi- 
tudinally and  transversely,  while  in  the  latter  the  rivets  in  each 
row  divide  the  space  between  the  rivets  in  adjacent  rows.  Experi- 
ments indicate  that  chain  is  somewhat  stronger  than  zigzag  riveting. 

Figs.  711  to  713  show  forms  of  joint  usually  adopted  for  bridge- 
work.     In  boiler-work  the  rivets  are  necessarily  very  close  together, 


Fig.  711. 
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Fig.  713. 


and  if  the  strength  of  the  solid  plate  be  assumed  to  be   100,  the 
strength  of  a  single-riveted  joint  hardly  exceeds  50,  while  double- 
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riveting  will  only  increase  it  to  60  or  70.  Fairbairn  proposed  to 
make  the  joint  and  unpunched  plate  equally  strong  by  increasing 
the  thickness  of  the  punched  portion  of  the  plate,  but  this  is  some- 
what difficult  in  practice. 

The  stresses  developed  in  a  riveted  joint  are  of  a  most  complex 
character  and  can  hardly  be  subjected  to  exact  mathematical 
analysis.  For  example,  the  distribution  of  stress  will  be  necessarily 
irregular  (a)  if  the  pull  upon  the  joint  is  one-sided;  (6)  when  local 
action  exists,  or  the  plates  stretch,  or  internal  strains  are  in  the 
metal  before  punching;  (c)  if  there  is  a  lack  of  symmetry  in  the 
arrangement  of  the  rivets,  so  that  one  rivet  is  more  severely  strained 
than  another;    (d)  when  the  workmanship  is  defective. 

The  joint  may  fail  in  any  one  of  the  following  ways: 

(1)  The  rivets  may  shear. 

(2)  The  rivets  may  be  forced  into  and  crush  the  plate. 

(3)  The  rivets  may  be  torn  out  of  the  plate. 

(4)  The  plate  niay  tear  in  a  direction  transverse  to  that  of  the 
stress. 

The  resistance  to  rupture  should  be  the  same  in  each  of  the  four 
cases,  and  always  as  great  as  possible. 

The  shearing  and  tensile  strengths  of  plate-iron  are  very  nearly 
equal.  Thus  iron  with  a  tenacity  of  20  tons  per  square  inch  has 
a  shearing  strength  of  18  to  20  tons  per  square  inch.  Rivet-iron 
is  usually  somewhat  stronger  than  plate-iron. 

Again,  the  shearing  strength  of  steel  per  square  inch  varies  from 
about  24  tons  for  steel,  with  a  tenacity  of  about  30  tons,  to  about 
33  tons  for  steel,  with  a  tenacity  of  about  50  tons;  an  average  value 
for  rivet-steel  with  a  tenacity  of  30  tons  being  24  tons. 

Hence,  if  4  be  a  factor  of  safety,  the  working  coefficients  become 
_  ,     .        I  5  tons  per  square  inch  in  shear,  and 

For  wrought  iron  j^    "      "        "        "     "tension. 

■p,       ,     ,  (  6  tons  per  square  inch  in  shear,  and 

^^       l7i  "      "        "        "     "  tension. 

Allowance,  however,  must  be  made  for  irregularity  in  the  distribu- 
tion of  stress  and  for  defective  workmanship,  and  in  riveting  wrought- 
iron  plates  together  it  is  a  common  practice  to  make  the  aggregate 
section  of  the  rivets  at  least  equal  to  and  sometimes  20  per  cent 
greater  than  the  net  section  of  the  plate  through  the  rivet-holes. 
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Hence,  the  working  coefficients  are  reduced  to 

4  or  4^  tons  per  square  inch  for  wrought  iron, 
and 

5or5i    "      "        "■      "      "  steel, 

according  to  the  character  of  the  joint. 

There  is  very  little  reliable  information  respecting  the  indenta- 
tion of  plates  by  rivets  and  bolts,  and  it  is  most  uncertain  to  what 
extent  the  tenacity  of  the  plates  is  affected  by  such  indentation. 
Further  experiments  are  required  to  show  the  effect  of  the  crushing 
pressure  upon  the  bearing  area  (i.e.,  the  diameter  of  the  rivet  multiplied 
by  the  thickness  of  the  plate),  although  a  few  indicate  that  the  shear- 
ing strength  of  the  rivet  diminishes  after  the  intensity  of  the  bearing 
pressure  exceeds  a  certain  maximum  limit. 

21.  Theoretical  Deductions. 

Let  S  be  the  total  stress  at  a  riveted  joint; 

/-J  /s!  A)  /»  be  the  safe  tensile,  shearing,  compressive,  and  bearing  unit 
stresses,  respectively; 

t  be  the  thickness  of  a  plate,  and  w  its  width; 

N  be  the  total  number  of  rivets  on  one  side  of  a  joint; 

n  be  the  total  number  of  rivets  in  one  row; 

p  be  the  pitch  of  the  rivets,  i.e.,  the  distance  centre  to  centre; 

d  be  the  diameter  of  the  rivets; 

X  be  the  distance  between  the  centre  line  of  the  nearest  row  of  rivets 
and  the  edge  of  the  plate. 

Value  of  X. — It  has  been  found  that  the  minimum  safe  value  of  x  is  d, 
and  this  in  most  cases  gives  a  sufficient  overlap  ( =2a;),  while  x  =  |d  is  a  maxi- 
mum limit  which  amply  provides  for  the  bending  and  shearing  to  which  the 
joint  may  be  subjected.    Thus  the  overlap  will  vary  from  2d  to  3d. 

X  may  be  supposed  to  consist  of  a  length  a;,  to  resist  the  shearing  action, 
and  a  length  x^  to  resist  the  bending  action.  It  is  impossible  to  determine 
theoretically  the  exact  value  of  X2,  as  the  straining  at  the  joint  is  very  com- 
plex, but  the  metal  in  front  of  each  rivet  (the  rivets  at  the  ends  of  the  joint 

d 
excepted)  may  be  likened  to  a  uniformly  loaded  beam  of  length  d,  depth  Xi—^, 

and  breadth  t,  with  both  ends  fixed.     Its  moment  of  resistance  is  therefore 

f  /       d\' 

■^tlxa—Kj  ,  f  being  the  maximum  unit  stress  due  to  the  bending.    Also,  if 

P  is  the  load  upon  the  rivet,  the  mean  of  the  bending  moments  at  the  end 

P 
and  centre  is  s-d. 
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Hence,  approximately, 

It  will  be  assumed  that  the  shearing  strength  of  the  rivet  is  equal  to  the 
strength  of  a  beam  to  resist  cross-breaking. 

Single-riveted  lap  and  single-cover  joints  (Figs.  705  and  706). 

—rh  =  \p-d)tfi=dtfi;   2xitfi^—U;      therefore  a;,  =^--.    .....      (1) 


ill 
3 


2(»-f)'.f,,    .h,.„„,.4,Lj3/;t. 


(2) 


As  already  pointed  out,  these  joints  are  weakened  by  the  bending  action, 
developed,  and  possibly  also  by  the  concentration  of  the  stress  towards  the 
inner  faces  of  the  plates. 

Single-riveted  double-cover  joints  (Fig.  707). 

2^f,=(p-d)tfi^dtft;   therefore       2x^tU  =  2^f,.     a;=|-  — .    ,     .     .     (3) 


VI 
3  d 


(..-|)'4f;.;the„.„.    ..4*\^\.^ (4, 


These  joints  are  much  stronger  than  joints  with  single  covers.  Also, 
eauation  (3)  shows  that  the  bearing  unit  stress  in  a  double-cover  joint  is  twice 
as  great  {theoretically)  as  in  a  single-cover  joint  (eq.  1),  so  that  rivets  of  a 
larger  diameter  may  be  employed  in  the  latter  than  is  possible  in  the  former 

for  corresponding  values  of  — . 

Chain-riveted  joints  (Fig.  709). 

f,{w-nd):  =S=f,Ndt; (5) 

/S=iV^-j-/2  when  there  is  owe  cover  only; (6) 

red' 
(S=iV-^/2  when  there  are  too  covers (7) 

This  class  of  joint  is  employed  for  the  flanges  of  bridge  girders,  the  plates 
being  piled  as  in  Figs.  714,  715,  716,  and  n  being  usually  3,  4,  or  5. 

In  Fig.  715  the  plates  are  grouped  so  as  to  hreak  joint,  and  opinions  differ 
as  to  whether  this  arrangement  is  superior  to  the  full  butt  shown  in  Fig.  716. 
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Ths  advantages  of  the  latter  are  that  the  plates  may  be  cut  in  uniform  lengths, 
and  the  flanges  built  up  with  a  degree  of  accuracy  which  cannot  be  otherwise 
attained,  while  the  short  and  awkward  pieces  accompanying  broken  joints  are 
dispensed  with. 

A  good  practical  rule,  and  one  saving  much  labor  and  expense,  is  to  make 
the  lengths  of  the  plates,  bars,  etc.,  multiples  of  the  pitch,  and  to  design  the 


^r 


Fig.  714. 

r\  ,^  r\  r\  /^  r^  /^  /-\  /^  r^  ,^  ^^ 


,  1_^  |r->f-\riri^'-^^^ 


'^^  ^  <J  <J  <J  <J  <J  ^  ^  J  <J  <J  ^ 


'•  i 


Fig.  715.  Fig.  716. 

covers,  connections,  etc.,  so  as  to  interfere  with  the  pitch  as  little  as  possible. 

The  distance  between  two  consecutive  joints  of  a  group  (Fig.  713)  is  genet- 
ally  made  equal  to  tioice  the  pitch. 

An  excellent  plan  for  lap  and  single-cover  joints  is  to  arrange  the  rivet 
as  shown  in  Figs.  709  to  713. 

I    I    I    .  The  strength  of  the  plate  at  the  joint  is  only  weak- 

a|    I    I    I       ened    by   one   rivet-hole,  for  the  plate  cannot  tear  at 

p|r-{ — I — f—    its  weakest  section,  i.e.,  along  the  central  row  of  rivets 

O^InC)  '    i        ^'^'^^'  ™'til  the  rivets  between  it  and  the  edge  are  shorn 

O    (4)     O I  Let   there   be   m   rows    of    rivets,  11,  2  2,  3  3,... 

OJOf   I        (Fig.  717). 

■ 1 — I — 1 — I —         The  total  number  of  rivets  is  evidently  m'. 

I    j    j    j  Let  /i,  92,  ga,  g,,  ...  be  the  unit  tensile  stresses  in 

Fig   717  *^®  plate  along  the  lines  1  1,  2  2,  3  3,  ... ,  respectively. 

Then 

nd'' 
S=(w—  d)ifi=—r-m'f2,  for  the  line  1  1 ; 

=  {w-2d)tq,  =  '^{m'-i)f,/'     "      "    2  2; 

=  (w-3d)tq,=~(m'-3)f„"     "     "    3  3; 

=(w;-4d)ig,=^(m'-6)/2,"     "     "4  4; 


Therefore  S=(w-d)tfi  ={w-2d)— tq2=. 
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Assume  that  /,  =^2.     Then  w  =  (m"  +  l)d. 

Hence,  by  substituting  this  value  of  w  in  the  first  of  the  above  relations,. 

—  =—  T'     Since  q^,  ^4,  •  ■  •  are  each  less  than  /,,  the  assumption  is  justifiable- 
i      11/2 

Covers. — In  tension  joints  the  strength  of  the  covers  must  not  be  less  than 
that  of  the  plates  to  be  united.  Hence  a  single  cover  should  be  at  least  as 
thick  as  a  single  plate;  and  if  there  are  two  covers,  each  should  be  at  least 
half  as  thick. 

When  two  covers  are  used  in  a  tension  pile  it  often  happens  that  a  joint 
occurs  in  the  top  or  bottom  plate,  so  that  the  greater  portion  of  the  stress 
in  that  plate  may  have  to  be  borne  by  the  nearest  cover.  It  is,  therefore, 
considered  advisable  to  make  its  thickness  five  eighths  that  of  the  plate. 

The  number  of  the  joints  should  be  reduced  to  a  minimum,  as  the  intro- 
duction of  covers  adds  a  large  percentage  to  the  dead  weight  of  the  pile. 

Covers  might  be  wholly  dispensed  with  in  perfect-jump  joints,  and  a  great 
economy  of  material  effected,  if  the  difficulty  of  forming  such  joints  and  the 
increased  cost  did  not  render  them  impracticable.  Hence  it  may  be  said 
that  covers  are  required  for  all  compression  joints,  and  that  they  must  be  as 
strong  as  the  plates;  for,  unless  the  plates  butt  closely,  the  whole  of  the  thrust 
will  be  transmitted  through  the  covers.  In  some  of  the  best  examples  of 
bridge  construction  the  tension  and  compression  joints  are  identical. 

22.   EfSciency  of  Riveted  Joints.— The  efficiency  of  a  riveted  joint  is  the 
ratio  of  the  maximum  stress  which  can  be  transmitted  to  the  plates  through  the 
joint  to  the  strength  of  the  solid  plates. 
Denote  this  maximum  efficiency  by  i). 
Let  p  be  the  pitch  of  the  rivets; 
d      ' '      diameter  of  the  rivets ; 
t       "      thickness  of  the  plates; 
/(     ' '      tenacity  of  the  solid  plate ; 
m/.  "  "        "    "    riveted  plate; 

/s      ' '      shearing  strength  of  the  rivets ; 
N     "      number  of  rivets  in  a  pitch  length; 

e      ' '      ratio  of  the  strength  of  a  rivet  in  double  shear  to  its  strength 
in  single  shear. 

r.,1                           ,Y.  •                        1     ,       ,            (p—d)tmft 
Then  iji  =  efficiency  as  regards  the  plate  >  = 


ptft 

m(p  —  d) 
P 


(1) 


eN-d'fs 
4 


i?2 = efficiency  as  regards  the  rivets  = — (2) 

The  efficiency  of  the  joint  is,  of  course,  the  smaller  of  these  two  values;, 
and  the  joint  is  one  of  maximum  efficiency  when  iji  =  1)2  =  1?;  that  is,  when 
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p-d         4 

m- —  = ; — , 

P  Ptjt 

or  (p-d)tmft  =  eN^d'f, (3) 

In  this  expression  the  quantities  m,  ft,  N,  and  e  are  constants  for  any- 
given  joint,  being  of  necessity  known,  or  having  been  fixed  beforehand;  and 
Ihe  equation  thus  expresses  one  condition  governing  the  relations  of  the  three 
variables,  p,  d,  and  t  to  each  other.  It  is  obvious,  however,  that,  in  order 
to  determine  the  values  of  any  two  of  these  variables  in  terms  of  the  third, 
another  relation  between  them  must  be  postulated.    In  short,  in  designing 

p    p  d 

a  joint,  the  value  of  one  of  the  three  ratios  J-,  y,  and  —  must  be  fixed. 

at  t 

p 

Case  I. — Suppose  that  the  ratio  j-  has  a  certain  value.  This  is  very  fre- 
quently the  quantity  predetermined;  but  it  is  most  usually  done  by  fixing 
ihe  value  of  5,  ij  very  obviously  involving  -j;  in  fact  i;  =m  ( 1 j  . 

Equation  (3)  may  be  written 

^^TC  d'     fa     ,    , 

'^  i    t  mff      ' 

jiz  d  f, 

f\jt  art  —  W  I  j^  l\l '. 


"-"Kll;") <*' 


If  the  ratio  —  be  denoted  by  k,  then 
t 


£=eN'jkJ!L  +  i (5) 

d         4  mfi  ^  ' 


.  m(p  -d) 

But  smce  5  = — , 

'  p      ' 


d-m-7, W 


Therefore,  substituting  in  (5), 


and,  ultimately, 


-^^eNjk-^- (7) 

TO  — ij         4   mft'  ^  ' 


4   mft     1) 

k jrp^ — '~ (8) 

eNn  fs  m  —  Tj  ^  ' 
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The  process  of  designing  a  joint  of  maximum  efficiency  for  a  boiler  of 

given  diameter  and  pressure  of  steam,  when  i;  (or  the  ratio  4)  is  fixed,  is  then 

as  follows:   Settle  the  number  of  rivets  per  pitch  (i.e.,  N);  the  value  to  be 
allowed  for  e  (depending  on  the  nature  of  the  shearing  stress  on  the  rivets); 
and  the  values  of  m,  ft,  and  /».    Then  k  is  known  from  equation  (8) . 
But  t  may  be  found  from  the  relation 

pressure  X  diameter  =  5  X  2tft, 

.    pressure  X  diameter 

*- 2W, (') 

Hence,  since  k-=-r  is  known,  d  may  be  found:  and  since -7=' is  known, 

t  <  ./  ^     m  —  tj 

p  is  also  fixed. 

P 
Case  II. — When  j,  the  ratio  of  rivet  pitch  to  plate  thickness,  is  given, 

equation  (5)  must  be  otherwise  manipulated. 

Multiplying  it  by  — ,  and  substituting  for  d  its  value  kt,  we  have 

,^^.^ik'-^^lk (10) 

4   p    mft     p 

Putting  this  in  the  form  of  a  quadratic  equation  in  k, 

k^^-^rfk-4-^P-^o (11) 

4  fTlft  7) 

For  brevity,  substituting  A  for  — rr-,  T  for  -r-,  and  R  for  -f,  and  solving  the 

cNtz  fa  t 

quadratic, 

k-=-^±WAJW+lATR (12) 

The  method  of  designing  the  joint  is,  then,  as  follows: 
A,  T  and  R  being  known,  k  may  be  found  by  substituting  their  values 
in  equation  (12),  the  positive  sign  of  the  second  term  being  taken. 

Now,  ,  =m  (1  -^)  =m  (l  -^^  =m  (l  -|)  ; 

and  since  both  k  and  R  are  now  known,  the  thickness  of  plate  (<)  may  be  found, 
as  in  Case  I,  by  equation  (9).  The  values  of  the  diameter  and  pitch  of  rivets 
follow  at  once  from  the  known  values  of  k  and  R. 

This  method  of  designing  a  joint  appears  to  be  the  most  rational  of  the 
three.    For  the  greatest  pitch  for  which  a  joint  will  remain  steam-tight  de- 
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pends  mainly  on  the  relation  of  pitch  of  rivets  to  thickness  of  plates;  although 
it  is  also  affected  by  the  relative  size  of  rivets  and  of  rivet-heads. 

Case  III. — If  -,  or  ^,  be  predetermined,  the  value  of  p  must  first  be  obtained 

in  order  that  the  plate  thickness  may  be  found  by  means  of  equation  (9). 

"D  — d 
Now,  1)  ==in- may  be  put  into  the  form 

md 

j3= ■; 

m  —  1) 

and  if  this  value  is  substituted  for  p  in  equation  (4), 

TO  — 1)      \    4     m;t      I 
From  this  is  finally  deduced 

'=™^i^;^+i^, (i3> 

The  plate  thickness  may  now  be  found  by  equation  (9) ;  the  diameter  of 

rt„.  ,„„  ,.U.  „d  ..e  pi.eh  ,„.  ,  =  i^.     In  .h,  .bove  inv»«^.i.. 

no  account  has  been  taken  of  the  effect  of  the  bearing  pressure  on  the  rivets 
or  plate. 

If  /c  be  the  allowable  bearing  pressure  per  projected  square  inch  of  rivet 
surface,  the  following  relation  must  obtain ; 

{p-d)tmfi=Ndtfc (14) 

This  may  be  written 

(p-d)mf, 
f'-       Nd       ^^^) 

Then  if  fc  be  estimated  by  this  equation,  and  if  it  should  be  greater  than 
43  tons  per  square  inch  in  a  lap-joint,  or  45  to  50  tons  in  a  butt-joint,  sucb 
joint  will  fail  by  the  rivets  shearing  before  the  full  strength  of  the  plate  is 
exerted,  as  Kennedy's  experiments  show  that  with  these  values  of  /c  the  rivets 
do  not  attain  their  natural  ultimate  shearing  strength  (viz.,  f,),  but  fail  at 
shearing  stresses  much  below  this. 

Again,  the  maximum  allowable  ratio  —  (i.e.,  k)  as  the  preliminary  datum 

for  the  design  of  a  joint,  may  be  fixed  by  using  the  expression 

7=-^ (16) 

deduced  from  the  obvious  relation — similar  to  (14) — 

eN'^d^U^Ndtfc. 

(Uhwin  suggests  the  relation  d=|v7y 
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In  designing  the  joint  by  any  of  the  methods  given  above,  any  value 
obtained  for  k  greater  than  that  suppUed  by  (16)  should  be  rejected. 

Note  on  Friction  of  Riveted  Joints. — Elaborate  experiments  on  the  small 
displacements  produced  by  loads  on  riveted  joints  of  all  kinds  have  recently 
been  made  by  Considere  (Annales  des  Fonts  et  Chauss^es,  1886),  Bach.  (Zeit. 
d.  Ver.,  1892,  1894,  1895),  Dupuy  (Annales  des  Fonts  et  Chaussfies,  1895), 
and  by  Van  der  Kolk  (Zeit  d.  Ver.,  June  1897). 

These  show  that  the  frictional  resistance  produced  by  the  great  pressure 
pf  the  riveting  is,  in  a  well-made  joint,  sufficient  to  transmit  the  required 
amount  of  force  across  the  joint.  In  fact  the  stanchness  and  durability 
of  the  joint  depend  upon  the  plate  friction,  and  not  upon  the  shearing  strength 
of  the  rivets  or  the  tearing  strength  of  the  plates.  When  the  rivet  cools  it 
contracts  lengthwise,  and  the  longitudinal  tension  thereby  produced  induces 
a  cross-contraction  which,  added  to  the  diametral  contraction  due  to  cooling, 
makes  the  rivet  in  the  finished  j  oint  a  loose  fit  in  its  hole.  The  shearing  strength 
of  the  rivet  does  not,  therefore,  come  into  play  until  the  plates  have  moved 
sufficiently  to  cause  the  rivets  again  to  bear  against  the  sides  of  the  hole. 
Even  when  this  does  happen,  it  is  evident  that,  at  first,  only  a  few  of  the  rivets 
in  a  given  joint  will  bear,  and  these  must  be  deformed,  or  must  give  way  more 
or  less,  before  the  rest  of  the  rivets  can  come  into  action.  Hence  it  is  the 
frictional  grip  of  the  plates  upon  each  other  which  prevents  this  slipping,  and 
which  is  the  true  criterion  of  the  strength  of  the  joint.  When  once  the  plates 
slip,  a  slackness  of  the  whole  joint  will  be  produced  by  a  reversal  of  load, 
and  in  the  case  of  a  joint  which  is  required  to  retain  a  fluid  under  pressure 
leakage  will  take  place. 

The  latest  experiments  by  Van  der  Kolk  were  made  on  the  joints  of  bridge 
struts  and  ties  with  double-butt  straps.  The  breaking  load  was  not  deter- 
mined in  these  experiments,  as  it  was  not  considered  of  sufficient  importance. 
As  a  rule  the  stresses  in  riveted  joints  of  bridges  are  much  less  than  the  break- 
ing loads  of  plates  of  even  the  lowest  tenacity.  The  question  is  not  which 
kind  of  joint  has  the  greatest  statical  strength,  but  which  joint  is  least  likely 
to  become  slack  under  the  action  of  reversed  loading. 

The  displacements  observed  in  the  joints  under  load  were  of  two  kinds — 
elastic  (or  disappearing)  and  permanent.  The  former  were  considered  the 
more  crucial  in  defining  the  best  forjn  of  joint,  as  the  permanent  set,  once 
taken,  is  hardly  increased  by  repeated  loading. 

The  elastic  extensions  were  smallest  (1)  in  the  case  of  hand-riveting,  and 
with  holes  somewhat  too  large  for  the  rivets,  and  (2)  in  the  case  of  machine- 
riveting  when  the  pressure  on  the  dies  was  much  greater  than  is  usual  in  prac- 
tice. 

It  is  very  remarkable  that  hand-riveted  joints,  with  rivets  a  good  fit  in 
their  holes,  allowed  large  elastic  displacements  under  comparatively  small 
loads.  Riveting  with  the  machine  causes  the  rivets  to  fill  the  holes,  and,  unless 
a  very  great  pressure  is  applied  and  maintained,  produces  the  same  bad  results 
as  to  elastic  movement. 
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Ex.    17. — Design  of  127-ft.  thrcmgh  riveted  span. 

Divide  the  span  into  five  panels  of  25.4  ft.  each.  Take  depth  centre  to 
centre  of  chords  =28  ft.  and  width  centre  to  centre  of  trusses  =  17  ft.  The 
live  load  will  consist  of  two  consolidation  engines  followed  by  a  imiform  train 
load  of  3400  lbs.  per  lineal  foot  of  track  as  shown  in  Fig.  718.    In  this  figure, 


648,000>l 
tl3— 7-0,000^ 


^IM-OOOJ 

201,000>l 

281,000^ 


-238;000!' 

-269iM0>l 

SOOMOil 

331:000-9' 

362;000:s' 


M%000^ 
i22:0 


-IQjA 


l<2j00O)> 


Fig    718. 


to  facilitate  calculation,  there  is  written  under  each  wheel  the  B.M.  of  all 
preceding  wheels  up  to  that  point. 

Also,  on  the  horizontal  lines  is  shown  the  distance  from  the  front  of  the 
engine  up  to  each  wheel,  and  the  siun  of  the  loads  up  to  and  including  the 
wheel  in  question  is  given. 

Cooper's  specifications  will  be  used  and  all  bending  moments  and  shears 
will  be  computed  from  the  actual  wheel  concentrations. 

B.M.  at  Panel-point  1,  Fig.  719. — Consider  the  load  as  coming  upon  the 
span  from  the  right.    According  to  the  criterion  deduced  in  Art.  8,  Chapter  II, 


.4- 


d 


m/ 


iff            I  2  8  * 

K 6  pnneto  @  !5.4'=-1M'o-- 


F^ 


5  Xr-lV-' 


Fig.  719. 


the  B.M.  at  panel-point  1  will  be  a  maximum  when  the  average  load  on  the 
left  is  equal  to  the  average  load  on  the  whole  span,'  Place  the  3d  driver  of 
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the  first  engine  at  1.  TKen  x,  the  length  of  span  covered  by  the  uniform  load, 
=  15.6  ft.,  so  that  total  load  on  span =442,000 +3400 +  15.6  =  495,040  lbs. 

The  average  load  per  panel = 495,040 -h  5  =  99,008  lbs. 

With  the  3d  driver  on  the  right  of  1,  load  in  panel  01  =  79,000  lbs.  <  99,008. 
When  3d  driver  is  on  the  left  of  1,  load  in  panel  01  =  110,000  lbs.>  99,008  lbs. 
so  that  the  criterion  is  satisfied  with  the  3d  driver  at  point  1.    Hence 

i2  =  j|-,(24,030,000+442,OOOXl5.6+  3^X1^!)  =31^2  ^^^^ 

and  B.M.  =25.4/2-771,000=5,496,782  ft.-lbs. 

Panel-point  (2)  .-^Criterion  is  satisfied  with  3d  tender  wheel  of  1st  engine 
at  2.    Then  a;  =13.2  ft.    Therefore 

1    /                                                 3400X13.2^      30160608,, 
i^  (24,010,000+442,000  X  13.2  + ^ j  =      ^^^     lbs., 

and  B.M.=60.8ii-4,159,000  =  7,905,242  ft.-lbs. 

Panel-point  (3).— Try  2d  driver  of  2d  engine  at  3.     Then  a;  =  13.8  ft. 

1    /  ,_ „    3400X13.8^\      30453348,, 

and         fi  =  j^  (24,030,000 +442,000X13.8+ ^ J j27~  ^^^■' 

and  B.M.  =  76.2iJ- 10,181,000  =  8,091,010  ft.-lbs. 

The  B.M.  at  3  is  larger  than  at  2.  We  should,  however,  obtain  the  same 
moment  at  2  by  letting  the  train  advance  from  the  left,  and  hence  we  must 
use  the  larger  moment,  8,091,010,  in  computing  the  stresses  for  the  members 
whose  centres  of  moments  are  at  panel-point  2. 

Maximum  Shears  for  Truss  Members. — By  Art.  8,  Chapter  II,  the  maximum 
shear  in  any  panel  will  occur  when  the  load  in  that  panel  is  equal  to  the  aver- 
age load  per  panel  on  the  whole  span.  For  panel-point  1  this  occurs  when 
the  3d  driver  is  at  the  panel-point.    Then  a;  =  15.6  ft.  and,  as  above. 

Therefore  ^^^_  17000Xl8+31000X(10+_5)  ^^^^^^^  ^^^^ 

Panel-point  2. — 3d  driver  at  panel-point  2. 

B  =  74^(18,142,000+402,000X4.2)  =  156,145  lbs., 
and  therefor  5  =  125,791  lbs. 
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Panel-point  3. — 2d- driver  at  3. 

i2  =  j|^(8,836,000+269,000xl.8)  =73,387  lbs., 

and  therefore  /S= 58,584  lbs. 

B.M.  for  stringers,  the  length  being  25.4  ft. 

The  greatest  B.M.  wiU  occur  when  four  drivers  are  on  the  stringer,  as  shown 
in  Fig.  720.     (Art.  8,  Chapter  II.)     Then 


|«-5-->  *  #  J^-5-->|<3.9S> 


Fig.  720. 


iE=25^(31,000X45.8)  =55,897  lbs., 


■"     and        B.M.=55,897X11.45-31,000X5 
=  485,020  ft.-lbs. 


The  greatest  floor-beam  concentration  will 
occur  with  the  loads  so  placed  as  to  give  the  max.  B.M.  at  the  centre  of  a 
span  of  two  panel  lengths.  Place  3d  driver  at  panel-point.  Then  load  on 
floor-beam 


=2g4 (31,000 X81.6  + 17,000 X 7.4  +20,000 X22.2)  =  122,023  lbs. 
For  greatest  end  shear  on  stringer  place  1st  driver  at  panel-point.    Then 


i2=»S  =  2g4{20,OOOX2.4+31,000(10.4  +  15.4+20.4+25.4)i  =89,276  lbs. 


Table  of  Moments  and  Shears  for  Live  Loads. 


Panel- 
points. 

Moments  for 
Span. 

Shears.for 
Span. 

Moments  for 

Truss. 

Shears  for 
Truss. 

1 
2 
3 

5,496,782  ft.-lbs 
8,091,010      " 
8,091,010      " 

216,409  lbs. 

125,791    " 

58,584    " 

2,748,391  ft-.lbs. 
4,045,505      " 
4,045,505      " 

108,205  ft.-lbs. 
62,895    " 
29,292    " 

Max.  B.M.  for  stringer =485,020-^2=242,510  ft.-lbs. 
"      concentration  for  floor-beam  =  122,023  lbs.,  or  61,012  lbs.  at  each  end. 
• '     end  shear  for  stringer = 89,276  -h  2  =  44,638  lbs. 

Allowable  stresses: 

Timber  (extreme  fibre) 1,000  lbs.  per  sq.  in. 

Medium  steel,  tensile  stresses: 

Lateral  sway-bracing  for  wind  strains 18,000  "     "    "    " 

Bottom  flanges,  riveted  floor-beams  and  stringers.  . .  10,000   "     "    "    " 

Live  Load.     Dead  Load. 
Bottom  chords,  main  diagonals,  and  long  verticals.  .  10,000  20,000 
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Compressive  stresses: 


Live  Load. 


Chord  segments 10,000-45— 


of  through-bridges 8,500—45 — 


Dead  Load. 


20,000-90- 
r 


17,000-90 


I 


Lateral  struts  and  rigid  bracing  (wind  strains) . . 


13,000-60-. 
'  r 

Rivets  9000  Ibs./sq.  in.  in  shear,  15,000  lbs.  in  bearing;  80  per  cent  of 
above  for  floor  system;    reduce  one-third  for  field  rivets. 

Ties  and  Guard-raik. — Spacing  the  stringers  7  ft.  centre  to  centre,  we 
may  use  the  same  ties  and  guard-rails  as  for  the  plate-girder  span  Example  44, 
Chapter  VII. 

Stringers. — Assume  dead  load,  including  weight  of  stringer,  as  700  lbs. 
per  foot  of  span  or  350  lbs,  per  foot  of  stringer. 


Then 


B.M.  (dead  load)  =iX350x25.42=  28,225  ft.-ll 
"      (live      "   )=  242,510      " 


Total    "  270,735     " 

Take  a  38"  X|"  web.    The  effective  depth =36"  or  3  ft. 
Then  flange  stress = 270,735  -  3  =  90,245  lbs. 

and  "     area   =  90,245 -h  10,000  =  9.02  sq.  in.  net. 

-Use  two  6"X4"XrV'  angles  =  10.62  sq.  in.  gross  area  =  9.5  sq.  in.  net 
area  for  each  flange,  the  flanges  being  assumed,  under  the  specifications,  to 
carry  the  entire  bending  action. 

Use  3i"X3i"Xj"  angles  for  intermediate  stiffeners,  spaced  3  ft.  centres, 
and  3J"X3i"Xi"  angles  for  end  stiffeners.  For  stringer  bracing  use 
3F'X3i"Xf"  angles,  as  shown  in  Fig.  721. 


«-6^t 


-17— 


Fig.  721. 


Fig.  722 


Floor-beams. — Dead-load  concentr.  per  stringer=350X25.4=  8,890  : 
Live     "  "  "       "  =61,012: 


Total  "  "       "  =69,902] 

Assume  weight  of  floor-beam =2600  lbs.    Then,  Fig.  722, 

B.M.  due  to  weight  of  floor-beam  =  i  X2600  X 17      ^     5,525  ft.-lbs. 
"       "         concentration  =69,902X5  =349,510     " 


Total  B.M 355,035 
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Assume  a  48"  X|"  web.     The  effective  depth=3.84  ft.,  so  that 


and 


the  flange  stress  =  355,035-^  3.84  =  92,457  lbs. 

"     area   =  92,457  - 10,000  =  9.25  sq.  in. 


Use  two  6"X4"Xt^"  angles  =  10.62  sq.  in.  gross  area  =  9.5  sq.  in.  net  area. 
End    stiffeners    3i"X3i"Xi";     intermediate    stiffeners    3J"X3i"X|", 
spaced  about  4  ft.  centre  to  centre. 

Stringer  Details. — The  end  shear  in  the  stringer  must  be  transmitted  from 
the  web  of  the  stringer  through  the  end  stiffening  angles  to  the  floor-beam 
and  thence  in  a  similar  way  to  the  post.  The  rivets  connecting  the  end  stiffeners 
to  the  stringer  web  are  in  double  shear,  hence  their  bearing  value  on  the  f-inch 
web  plate  will  govern. 

The  bearing  value  of  a  f-in.  rivet  on  a  |-in.  plate  is  15,000 Xfx. 8  for 
floor  system  (see  specification)  =3938  lbs.  for  shop  riveting,  and=2619  lbs.  for 
field  riveting. 

End  shear  on  stringer  =  44,638  lbs. 

Hence  the  required  number  of  rivets 
=  44,638 -^  3938  =  11+,  say  12. 

These  may  be  placed  partly  in  the 
angles  A  and  partly  in  the  fillers  B, 
Fig.  723. 

Value  of  |-in.  rivet  in  single  shear 
=  .6013X9000X0.8  =  4329  lbs.  for  shop 
riveting  or  2886  lbs.  for  field  riveting. 

In  the  connection  of  the  stringers  to 
the  floor-beams,  bearing  will  govern;  and 
since  the  riveting  is  done  in  the  field  the  bearing  value  per  rivet  is  only 
2619  lbs.  The  concentration  from  two  stringers  =  69,902  lbs.  Hence  the 
number  of  rivets  required  =  69,902^2619=26  +  ,  say  28. 

The  rivet  spacing  in  the  flanges  may  be  determined  as  in  the  case  of  the 
plate-girder  Ex.  44,  Chapter  VII. 

Connection  of  End  Stiff ener  to  Web. — 
The  load=  69,902-^1300  =  71,202  lbs.  and 
the  required  number  of  rivets  =71 ,202 -j- 
3938  =  18  +  ,  say  19.  Put  10  in  row  C,  9 
in  row  D,  Fig.  724. 

End  Stiffeners  to  Post. — Single  shear 
will  govern.  The  value  of  each  rivet  = 
2886  lbs.  and  the  required  number  of 
rivets  =  71, 202-^2886  =  24  +  , 'say  26. 

Dead-load  Stresses  Fig.  719. — Assume 
a  dead  load  of  900  lbs.  per  lineal  foot 
of  truss.  Let  D  =  panel  dead  load.  Then 
Z>  =  900X25.4=22,860  lbs. 


Fig.  723. 


Also,     tan  e  =  . 907  sec  0  =  1.35 

D  tan  5=20,734    D  sec  5  =  30,860. 


Fig.  724. 
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Assume  J  of  the  load  concentrated  at  the  top  chord. 


Then,  stress  in  01-12  =  2D  tan  5  =  41 ,468  1 

"  "     2-3   =  3D  tan  fl  =  62,202 

"  "  ab,  6c  =  3D  tan  6  =  62,202 

"  "      Oa    =2D  sec  e  =  61,720 

"  "      a2    =  Dsec  6  =  30,860 

"  "      al    =jD  =15,240 

"  "      62    =iD  =  7,620 

Live-load  Stresses. 

Stress  in  01-12  =2,748,391-^28=  98,157  T. 
"  2,3  =4,045,505-28  =  144,482  T. 
"  ab,  6c  =  4,045,505-;- 28  =  144,482  0. 
"  Oa  =  108,205  sec6i  =  146,076  0. 
"  a2  =  62,895  sec6=  84,910  T. 
"      63    =      29,292  sec6=  39,544  T.  or  0 


bs.  T. 

( t       rp 

■'    0. 
"    0. 

C  (      rp 
t  (      rp 

•■    0. 

Equivalent  Live-Load 
Method  (for  comparison), 

96,760  T. 
145,014  T. 
145,140  0. 
144,020  0. 

86,412  T. 

43,206  T.  or  0. 


"      al    =floor-beam  concentration  =  61,012  T.       61,295  T. 
"      62    =  (shear  at  panel-point  2)  =29,292  0.      29,028  0. 

Wind-load  Stresses. — Specification. — "To  provide  for  wind  strains  and 
vibrations  from  high-speed  trains,  the  bottom  lateral  bracing  in  through 
bridges  will  be  proportioned  to  resist  a  lateral  force  of  600  lbs.  for  each  foot 
of  the  span;  450  lbs.  of  this  being  treated  as  a  moving  load,  and  as  acting 
on  a  train  of  cars,  at  a  line  6  feet  above  the  base  of  rail. 

The  top  lateral  bracing  in  through-bridges  will  be  proportioned  to  resist 
a  lateral  force  of  150  lbs.  per  lineal  foot  for  spans  up  to  300  ft. 

The  stresses  in  truss  members  from  assumed  wind  forces  need  not  be 
considered  except  (a)  when  the  wind  stresses  eiceed  30  per  cent  of  the 
maximum  stresses  due  to  the  dead  and  live  loads  upon  the  same  member 
and  the  section  is  then  to  be  increased  until  the  total  stress  per  square  inch 
does  not  exceed  by  more  than  30  per  cent  the  maximum  fixed  for  dead  and 
live  loads  only,  and  (6)  when  the  wind  stress  can  neutralize  or  reverse  the 
stress  in  any  member." 

Lower  Lateral  System. — We  shall  use  a  double  system  of  rigid  lower  lateral 
bracing  (Fig.  725)  capable  of  carrying  either  compression  or  tension. 

Dead  wind  load  =  150  lbs.  per  hneal  foot,  so  that  the  panel  load  =  150X25.4 
=3810  lbs.  We  shall  assume  one  half  of  this  load  or  1905  lbs.  (  =  w)  lbs.  to 
be  carried  by  each  of  the  systems  Figs,  726  and  727,  and  superpose  the 
results  to  obtain  the  total  stresses  shown  in  Fig.  725.     We  have 


wtan  6  =  2846 
tan  6  =  1.494 


wsec  6  =  3423 
sec  6  =  1.797 


Then,  Fig.  726      Stress  in  01  =ab        =2w  tan  6  =  5692  lbs. 
"      "  12=23  =  6c  =  3m)  tan  6  =  8538  " 
"      "  Oa  =2«;sec  6  =  6846   " 

"      "  16  .=  w    sec  6  =  3423   " 
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Similarly  the  stresses  in  Fig.  727  may  be  found  and  hence  combined  as 
in  Fig.  725.     To  find  the  chord  stresses  from  the  moving  wind  load  of  450 

lbs.  per  foot  run  we  have  only 

Fig  725       ^fe^*  "S5>^    "s^    N^   N/'  a    *°  multiply  the  dead  load  wind 
"^  stresses  by  3.     Thus 

the  panel  load  w' 

=450X25.4  =  11,430  lbs. 

Suppose  this  moving  load  to 
come  upon  the  span  from  the 
right,  Fig.  728.  The  shear  and 
hence  the  diagonal  stress  in  each 
panel  will  be  greatest  when  the 
load  covers  the  span  to  the  right 
of  that  panel.  We  shall  assume 
that  the  shear  is  divided  equally  between  the  two  diagonals  in  each  panel. 

Hence  in  panel  1  diagonal  stress  =^X—^  sec  5=20,540  lbs. 


Fig.  726. 


Pig.  727. 


=i-X-Y- sec  0  =  12,324  " 


1       3w' 

=7rX-r"  sec  5  = 
z       o 


6,162   " 


The  combined  wind  loads  in  diagonals  of  the  lower   lateral   system   are 
shown  in  Fig.  729. 
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J20BO  T 

51228  T 
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X 
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'42690  C 

■61228    C 

Fig.  728.  Fig.  729. 

Upper  Lateral  System. — The  stresses  in  the  upper  lateral  system.  Fig.  730, 
due  to  a  load  of  150  lbs.  per  lineal  foot  may  be  found  similarly.  The  chord 
stresses  need  not  be  computed  as  they  will  be  much  less  than  30  per  cent  of 
the  combined  Uve  and  dead  load  stresses  and  will  be  further  reduced  by  the 
effect  of  the  overturning  moment  of  the  wind. 

Qverturning  Moment  Due  to  Wind. — (a)  On  Upper  Chord. — The  wind  load 

carried  by  the  upper  lateral  system  to  each  hip  =  2X3810  =  7620  lbs.    This 

will  increase  the  reaction  at  the  ends  of  the  leeward  truss  by  an  amount 

28 
i?  =  7,620  Xj^  =  12,550  lbs.     (Fig.  731.) 


IXIXIXK 


P^ 


Fig.  730. 
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Fig.  731. 
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Fig.  732. 
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The  corresponding  compressive  stress  in  the  inclined  end  post  =  12,550  sec  6  = 
16,942  lbs.  (Fig.  732.)  The  corresponding  tensile  stress  in  the  bottom 
chord  =  12,550  tan  fl  =  11,393  lbs.,  the  latter  being  constant  throughout  the 
length  of  the  bottom  chord.  We  shall  have  a  compressive  stress  of  the  same 
magnitude  throughout  the  leeward  top  chord,  but  as  the  direct  effect  of  the 
wind  is  to  cause  tension  in  that  chord,  the  two  will  tend  to  neutralize  each 
other  and  need  not  be  considered. 

(6)  On  Train.-^-The  wind  load  on  the  train  (450  lbs.  per  ft.)  is  assumed 
to  act  6  ft.  above  the  base  of  rail  or,  say,  11  ft.  above  the  plane  of  the  bottom 
laterals,  Fig.  733. 

Panel  load  P=25.4X450  =  11,430. 

Hence  B,  the  reaction  at  leeward  end  of  fioor-beam  = r= — -  =  7396  lbs. 

Thus  the  overturning  moment  of   the  wind  on  the  train  produces  a  load  of 
7396  lbs.  per  panel  on  leeward  truss. 
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Fig.  733. 


Fig.  734. 


Fig.  734  shows  the  corresponding  stresses  in  the  end  post  and  bottom 
chord.  For  reasons  already  mentioned  we  need  not  consider  the  effect  on 
the  top  chord,  while  the  resulting  stresses  in  the  web  members  are  sufficiently 
small  to  be  disregarded. 

Table  or  Stresses. 


Member. 

Dead 
Load. 

1. 

Live 
Load. 

2. 

Fixed 
Wind 
Load. 

3. 

Moving 
Wind 
Load. 

4. 

Over- 
turning 
Moment 
Due  to 
W.  L.  on 

Top 

Chord. 

5. 

Over- 
turning 
Moment 
Due  to 
W.  L.  on 
Train. 

6. 

Maximum 
Combined 
Stresses. 

Oa 

61720C 
41468T 
41468T 
62202T 

41468T 
41468T 
62202C 
30860T 

0 
15240T 
7620C 

146076C 
98157T 
98157T 

144482T 

98157T 
98157T 
144482C 
84910T 
39544T 
61012T 
29292C 

16942C 
11393T 
11393T 
11393T 

11393C 
11393C 

19970C 
13416T 
13416T 
20124T 

(13416C) 
(13416C) 

244708C 

01  leeward 

12        "       .... 
23        "       .... 

01  windward. .  . 

12 

ab-bc 

5692T 
14230T 
17076T 

5692C 
14230C 

17076T 
42690T 
51228T 

(17076C) 
(42690C) 

1S7202T 
221354T 
306505T 
Minimum, 
24383T 
15845T 

a2 

63   

ly  obtained  by  •combining  columns  1,3,  and  5. 
As  there  is  no  approach  to  reversal  of  stress,  no 

ol 

62 

Main,  Truss  Sedions.— Bottom  chord  01,   12.    We  shall  use  the  same 
section  in  these  two  panels. 
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Section  for  dead  load  stress    41,468      -i- 20,000      =  2.07  sq.  ins. 
"live      "        "        98,157      .4-10,000      =  9.82 


ic      te 


Total  load  139,625;  total  section  =  11.89  "     " 

Average    unit   stress   for   dead   and   live    load    139,625-^11.89  =  11,743   lbs. 

Section  required  for  combined  load =221,354 
-H  (11,743X1.3)  =  14.5  sq.  in.  net.  Hence  com- 
bined load  governs.  Use  four  6"X4"Xi' 
angles  =  19  sq.  ins.  gross  area.  Deducting 
8  rivet-holes,  each  J  sq.  in.,  we  have  19—4 
=  15  sq.  ins.  net  area.  Fig.  735. 

The  angles  will  be  connected  by  stay- 
FiQ.  735.  plates  spaced  about  3  ft.  0  in.  centre  to  centre. 

BoUom  Chord  23. 

Section  for  dead  load     62,202-^20,000  =  3.11  sq.  ins. 

"live      "      144,482-^10,000  =14.45  "     " 


B 


Total  load =206,684;     total  section  =  17.^6  "     " 

Average  unit  stress  for  dead  and  live  loads  206,684h- 17.56=  11,770  lbs.  Sec- 
tion required  for  combined  loads =306,505  -^  (11,770  X  1.3)  =20.0  sq.  ins.  Use 
four  6"X4"xH"  angles =25.64  sq.  ins.  gross  area  =20.14  sq.  ins.  net  area. 

Diagonals.    a2.    Section  for  dead  load    30,860-^  20,000  =  1.54  sq.  ins. 
"live      "       84,910 -^  10,000  =  8.49  "    " 
Total  section  =  10.03  "     " 

Use  two  12" — 25-lb.  channels  =  15  sq.  ins   gross  area  =  12.75  sq.  ins.  net 
area. 

bm-2m.  -  Dead  load = 0. 

Live      "     39,544-4-10,000=3.95  sq.  ins. 

Use  four  3J''X2i"Xi"  angles=8.44  sq.  ins.  gross  area  =  6.94 
sq.  ins.  net. 

This  section  is  much  larger  than  is   actually  required,  but 
cannot  well  be  reduced  without  using  sections  below  the  specified       j-j(j_  735 
limits. 


ol.    Section  for  dead  load  15,240 -*- 20,000  =  0.76.  sq.  ins. 
"      "live      ".    61,012  H- 10,000  =  6.10  "   " 


Total  section  =  6.86  "   " 

Use  fovir  5"X3"X|"  angles  =  11.44  sq.  ins.  gross  area  =  8.44  sq.  ins.  net 
area 
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Top  Chord. — The  same  section  is  required  throughout. 
Try  two   15"— 40-lb.   channels,  Fig.   737,   laced  top  and    bottom =23.52 
sq.  ins.    r  about  axis  AB  =  5.43  ins.   (Carnegie).    1=25  ft.  =300  ins.,  and 
I 


-=66.    Hence 


and 


20,000-90—  =  14,960  lbs. 


10,000-45—=   7,480  " 
r 


Fig.  737. 


The  section  for  dead  load  =  62,202 -h  14,960=  4.15  sq.  ins. 
live     "    =14,482-H  7,480  =  19.32  "     " 


tt  it  t  ( 


Total  section  =23.47  "    " 


Hence  the  assumed  section  is  satisfactory. 

Vertical  Post  62. — The  lightest  convenient  section  we  can  use  under  the 

specifications  will  be  two   12" — 25-lb.   channels,  which 

will  be   found  to    exceed   the    requirements    for    mere 

strength. 

End  Post  oa.   Fig.   738. — In  addition  to  the   com- 
pressive stresses  in  the  end  post,  there  is  a  bending 

moment  due  to  the  wind  pressure  on  the  top  chord. 

The  wind  load  carried  to  each  hip,  as  already  shown, 

is  7620  lbs.,  of  which  we  may  assume  that  one-half,  or, 

3810  lbs.,  will  be  carried  to  the  pier  by  each  post.      It 

may  also  be  assum  d  that  the  post    is    fixed   at   A, 

Fig.  738,  by  the  portal  bracing,  and  at  B  by  the  anchorage,  so 
that  there  is  a  point  of  inflection  at  C  and  the  B.M.  on  the 

I 
post  is  3810X2=3810X180  =  685,800  in.-lbs.,  as  I  is  about 

30  ft.  or  360  ins.    The  extreme  fibre  stress   caused  by  this 
B.M.,  added   to  that  caused  by  the  compressive  stress,  must 
not  exceed  the  specified  limits. 

Try  the  following  sections,  Fig.  739: 


Fig.  738. 


One  cover  plate  20"  Xi"  =10.00  sq.  ins. 
Two  15"— 50-lb.  channels =29.42  "     " 
Four  flats  4"  X|"  =10.00"    " 


Total  section  =  49.42 


The  cover  plate  is  used  to  make  the  section  capable  of  resisting  bending 
in  a  transverse  direction.  The  flats  are  riveted  to  the  bottom  of  the  channels, 
to  balance  the  cover-plate  and  keep  the  centre  of  gravity  of  the  section  at 
the  centre  of  the  channels,  so  that  the  centre-of-gravity  line  of  the  end  posts; 
will  intersect  that  of  the  other  members  at  connecting  points. 
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Moment  of  Inertia  about  AB. 

Cover-plate  =  Ax  20  X(i)'+ 10X7.75'  =  601.9 

Channels      =2X402.7  -  =  805.4 

Flats  =2XtVx4x1.25'  +  10x8.125^=  661.5 


Total  moment  of  inertia =2068.2 
Moment  of  Inertia  about  CD. 

Cover-plate  =  iS  X  i  X  20'  =  333.3 

Channels      =2x11.22 +29.42  X  (6.87)=       =1412.4 
Flats  =tVX-|'X2x4' +  10X8.25'        =  693.9 

Total  moment  of  inertia =2439.6 
or  about  2200,  allowing  for  rivet-holes. 


2068  2 
About   AB,   r  =  -Y  4040  =6.47  ins.;    I   (unsupported   length  in  vertical 

plane)  =453  ins.    Hence  — =70  so  that 
r 

17,000-90— =  10,700  lbs. 


and  8,500-45—=  5,350 


Section  for  dead  load  =  61,720  -h  10,700  =  5.77  sq.  ins. 

"live      "    =  146,076 -^   5,350  =27.30  "     " 


Total  load  =  207, 796    Total  section  =  33.87  "     " 

Allowable  stress  for  dead  and  live  loads 

=  207,796  -^  33.05  =  6283  lbs. 

Allowable  stress  for  combined  loads  =  6283  X  1.30  =  8168  lbs. 

rt^v,    £u       .        J      .    ,.     J-         685800X10.25  „,„^   ,, 

The  fibre  stress  due  to  bendmg  = ^^^r^j =3195 

'The  stress  due  to  combined  compression  loads  =4952   " 

Total  fibre  stress    8147  " 

And  as  this  is  slightly  less  than  the  allowable  intensity  (8168  lbs.)  the  sec- 
tion is  satisfactory. 

Chord  Splices. — In  the  top  chord,  for  convenience  in  erection,  only  one 
splice  will  be  used,  placed  in  the  middle  panel.  The  abutting  ends  should 
be  planed  so  as  to  insure  perfect  contact,  and  in  that  ease  fuU  reliance  may 
be  placed  on  their  bearing  against  each  other,  the  function  of  the  splice-plates 
being  to  hold  the  two  sections  in  place.  The  bottom  chord  will  be  spliced 
in  the  second  panel  from  each  end.  The  rivets  may  be  arranged  in  double 
shear,  so  that  their  bearing  will  limit  their  value.  •  Bearing  value  of  a  J-in. 
livet  on  i-in.  angle  =  15,000 X|Xi  =  6562  for  shop  rivets  or  4375  for  field 
rivets.    Thirty  per  cent  extra  where  wind  loads  are  included  gives  the  value 
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Bottom  Cliord 

Fig.  740. 

151-^1.26  =  120.    Allowable,  stress  = 
so    that    the    section    required    is 


Fig.  741. 


of  a  field  rivet  =  5688  lbs.     Hence  221,354-^5688  =  40,  which  is  the  number 
of  rivets  required  in  the  sphce. 

Lower  Lateral  Bracing. — The  lower  lateral  bracing  (Fig.  740)  will  be  riveted 
to  the  bottom  flanges  of  the  stringers  at  A,  B,  C,  and  D,  the  points  of  inter- 
section; so  that  the  greatest  unsup- 
ported length  in  a  vertical  plane  will 
be  AC  or  BD,  that  is,  about  151  ins. 
The  greatest  stress  in  a  diagonal  is 
27,386    lbs.    compression    or    tension. 

The  ratio  — must  not  exceed   120"  and 
r 

we  shall  therefore  use  two  4"x3"Xf" 

angles  (=4.9  sq.  ins.)   with  the  4-in. 

legs  riveted  back  to  back  at  intervals 

of  1  ft.  (Fig.  741.)     r  =  126,  therefore 

13,000-60 5800    lbs., 

'  r  ' 

27,386 -^  5800  =  4.7  sq.  ins.,  or  slightly  less  than  the  section 
used.     This  section  will  of  course  be  larger  than  is  necessary 
for  the  panels  nearer  the  centre  of  the  span ;  but  any  reduction  would  make 

—  too  great,  so  that  the  same  section  will  be 
r 

used  for  all  bottom  laterals.    Transverse  angles 

AD  and  BC  should  also  be  used,  to  provide  for 

the   longitudinal    thrusts    arising  from   braked  j-j-^ 

trains.    At  the  intersection  0  one  of  the  diagonals  j  /  » 

must  be  spliced  as  shown  in  Fig.  742,  and  a 

sufficient  number  of  rivets  should  be  used  here 

as  well  as  in  the  end  connections  not  only  to 

carry  the  maximum  stress  but  to  develope  the 

full  strength  of  the  diagonal. 

Upper  Lateral  Bracing. — The  stresses  in  the  upper  laterals  are  very  light, 

I 
and  the  ratio  —  will  be  the  governing  consideration. 

The  distance  between  the  outer  rivets  in  the  connecting  plates  may  be 
taken  as  153  ins.    If  two  angles  4"  X3"  Xf "  are  used,  arranged  as  m  Fig.  743,. 

r-  =  1.2  and  —  =  121. 


Fig.  742. 


o   o    o  o 


12'i  15"i  %' 


I 


o   o    o   o 


-^ 


The  distance  back  to  back  of  the  angles  is 
15  ins.,  the  same  as  the  depth  of  the  top  chord. 
For  the  transverse  struts  use  four  angles 
3"X2i"X|",  with  a  single  line  of  lacing. 

Portals. — The  total  wind  load  at  each  hip 
is  7620  lbs.  Assuming  that  the  end  posts  are 
fixed  at  the  lower  end,  there  will  be  a  point  of  contraflexure  at  A,  Fig.  744. 
Each  post  may  be  assumed  to  transfer  to  the  pier  one  half  of  the  wind  load 
at  the  hip,  and  therefore  H,  the  horizontal  reaction  at  A,  =  3810  lbs. 


Fig.  743. 
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Also,  taking  moments  about  A,  7= r-_—^— =13,962  lbs.     Stress  in 

OY=V  sec  45°=  19,742  lbs.     Or  the  stress  in  OF  may  be  obtained  by  taking 
moments  about  U,,  whence 


stress  in  0Y= 5-?-^ —  sec  45°  =  19,742  lbs.  C. 

8.0 


H=3810 

X~*'  Taking  moments  about  0  of  the  forces  to  the  left, 


.     ^^    3810X31.15-13,962X8.5 
Fig,  744.  stress  mZZ= ^^ =0. 


Hence  XX  and,  consequently,  U^X  have  no  stress.    Taking  moments  about  Y, 


stress  in  V.O^-^^^^^^^^^^  13,962  lbs.  T. 


The  same  section  may  be  used  for  all  the  portal  members  as  for  the  upper 
laterals. 

(Problem. — Check  the  strength  of  the  portal  members  and  design  the  con- 
nections.) 

The  stresses  in  the  sway-bracing  at  the  centre  panel-points  are  indeter- 
minate. These  braces  make  the  structure  more  rigid  and  diminish  vibra- 
tion.    Beyond  securing  a  satisfactory  value  for  the  ratio  — ,  their  design  is  a 

inatter  of  judgment.  At  the  point  of  their  connection  with  the  post  a  dia- 
phragm must  be  inserted  between  the  two  channels  of  the  post,  to  avoid  undue 
bending  stresses. 

Shoes. — The  total  weight  of  the  span,  including  the  track,  will  be  about 
225,000  lbs.,  of  which  112,500  will  be  carried  at  each  end.  The  greatest  reac- 
tion due  to  the  live  load  at  either  end  will  be  282,000  lbs.  Hence  the  total 
load  to  be  carried  by  each  shoe  will  be 


i(112,500-H 282,000)  or  197,000  lbs.,  nearly. 

The  allowable  pressure  on  the  masonry  is  250  lbs.  per  square  inch.  Hence 
bearing  area  required  =  197,000-^250  =  788  sq.  ins. 

The  base-plate  will  be  made  27"X30"  =  810  sq.  ins. 

The  shoe  at  one  end  must  rest  upon  rollers,  so  as  to  provide  for  expansion. 
The  roller  shoe  is  shown  in  Figs.  745,  746,  the  angles  and  vertical  plates  being 
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of  f-in.  metal,  and  the  horizontal  plates  J-in.  thick.  A  5i-in.  pin  may  be 
used,  the  method  of  designing  this  pin  will  be  shown  in  a  subsequent  example. 
The  allowable  bearing  pressure  for  this  pin  per  inch  of  length  =  5iX  15,000 


Fig.  745. 


Fig.  746: 


='78,750  lbs.,  so  that  the  length  of  bearing  required  on  the  vertical  plates  is 
197,000-^78,750=2.5  ins.,  while  the  four  i-in.  plates  provide  3  ins.  The 
strength  of  the  vertical  plates  should  also  be  checked  as  columns.  These 
plates  must  transfer  the  wind  pressure  to  the  pier.  The  wind  pressure  on 
the  span  is  150  +  600  =  750  lbs.  per  Uneal  foot,  so  that  the  horizontal  pressure 
at  each  pedestal  =  i(127X 750)  =23,810  lbs.,  half  of  which,  or  say  12,000  lbs., 
must  be  carried  by  each  web.  The  weakest  section  will  be  at  B,  and  the 
B.M.  at  5  =  12,000  X7J  =  90,000  in.-lbs. 

Hence  fibre  stress  *=  04  y  /i  g\  a  ^  10,000  lbs.  per  square  inch. 

As  this  combined  with  the  direct  compression  would  be  somewhat  large, 
a  diaphragm  should  be  provided.  The  smallest  diameter  permissible  for 
the  friction  rollers  for  a  127-ft.  span  is  3J  ins.  and  the  allowable  pressure  per 
lineal  inch  is  3^^X300  =  937.5  lbs.  Hence  the  total  length  of  roller  required 
■for  one  shoe  is  197,000-^937.5=210  ins.  We  shall  use  eight  rollers  26i  ins. 
long. 

Provision  should  be  made  for  a  change  of  length  of  about  If  ins.  in  either 
direction,  or  3J  ins.  in  all. 

The  best  detail  for  a  roller  bearing  is  a  cast-steel  box  in  which  the  rollers 
may  be  placed.  The  box  is  then  filled  with  oil  to  protect  the  rollers 
against  rust  and  accumulations  of  dirt.  For  the  fixed  shoe  a  cast-steel  grid- 
iron may  be  used,  the  spaces  between  the  ribs  being  filled  with  cement.  Each 
shoe  should  be  fastened  to  the  masonry  by  means  of  anchor-bolts  IJ  ins.  in 
diameter. 

Camber. — Sufficient  camber  may  be  provided  by  lengthening  the  top 
chord  i  in.  in  every  10  ft.  In  one  panel  length  this  will  amount  to  A  in., 
so  that  the  length  of  the  panel  at  the  top  chord  will  be  25'  iW  +^" =25'  5i". 
The  diagonals  must  of  course  be  lengthened  in  proportion.  The  make  up  of 
the  members  and  a  general  elevation  of  the  span  are  shown  in  Fig.  790,  page 
812. 
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Ex.  18.  Design  of  a  520-ft.  swing  span. 

The  span  will  be  designed  to  carry  a  double  track  railway  between  the 
trusses,  while  on  cantilevers  outside  of  the  trusses  provision  will  be  made 
for  combined  highway  and  motorway  traffic,  and  for  pedestrians.  The  fol- 
lowing live  loads  will  be  used: 

For  railway  stringers,  Waddell's  Class  "  R"; 

For  railway  floor-beams,  hangers,  and  subdiagonals,  Waddell's  Class  "  S  " 
combined  with  the  effects  of  the  loads  from  the  cantilevers; 


s 


LUISILl 


IKl 


■26^— 4s>|aoyB+— -25^ — >S! 


JlQloiwa;  Axle  ConcentratfoDS . 

Fig.  747. 


For  main  truss  members,  Waddell's  Class  "  V  "  combined  with  the  effects 
of  cantilever  loads; 

For  the  roadway  portion  of  the  cantilever  brackets.  Class  "  B"; 

For  each  motorway  track,  the  live  load  shown  in  Fig.  747. 

Figs.   748  and  749  give   the  curves  of  Equivalent  Uniform  load  for  this 


30         10         60         00  70         SO        91 

Span  In  Feet 

E.U.  MOTORWAY  LOADS  FOR  PLATE  GIRDERS 

Fig.  748. 


last.  The  equivalent  uniform  loads  for  other  classes  may  be  found  in 
Waddell's  "  De  Pontibus"; 

For  the  sidewalks.  Class  "  C." 

The  span.  Fig.  791,  p.  813,  will  consist  of  one  tower  panel  of  30  ft.  8  ins. 
and  fourteen  panels  of  34  ft.  lltV  ins.,  or  altogether  520  ft.  i  in.  In  com- 
puting the  loads  the  panels  will  be  assumed  35  ft.  long,  the  distance  from  centre 
to  centre  of  trusses  being  31  ft.  8  ins. 
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The  details  of  the  floor  and  handrails  are  in  part  governed  by  the  specifica- 
tions. The  ties  may  be  computed  as  in  previous  examples.  The  general 
arrangement  of  the  floor  is  as  shown  in  Fig.  750. 


too    no 


300      310 
Span  in  feet 

&U.  M0T0RWAY~La«D8  FOR  TRDBS  6CXNB 

Fig.  749. 


Stringers. — (a)  Sidewalk  Stringer. — Referring  to  Fig.  750  it  will  be  seer 
that  the  sidewalk  stringer  will  carry  one  half  of  the  sidewalk.    The  deac 


Fig.  750. 

load  will  consist  of  the  handrail,  one  haK  the  floor  and  the  weight  of  the  girde 
itself,  say  139  lbs.  per  lineal  foot  of  girder. 

Live  load.  Class  "  C,"  for  35-ft.  span  =  76.5  lbs.  per  square  foot.    Henc 
we  have 

Dead  load =139  lbs.  per  linear  foot  of  stringer 

Live      "    =76.5X2.5 =191    "     "       "       "    "       " 

Impact  (35-ft.  span)  =54%. .    =103    "     "       "       "    "       " 

Totalload =433    "     "       "       "    "       " 


The  max.  B.M.  =  i  X  433  X  35'  =  66,400  ft.-lbs. 

The  stringer  may  be  designed  as  in  previous  examples.    We  shall  us 
a  30"XA"  web;    four  angles  3"X2i"xA"  for  flanges,  and  the  usual  en 
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stiffeners  and  fillers,  the  total  weight  being  2130  lbs.,  or  about  60  lbs.  per 
lineal  foot  of  stringer. 

(6)  Motorway  Stringers. — Outer  stringer.    The  dead  load  will  be  as  follows: 


Handrail 

Floor-timber 

Rail  and  spUces 

Weight  of  stringer  (say). 


60  lbs.  per  foot  of  stringer 
204 

30 
125 


Total  dead  load =419 

Live  load  from  sidewalk 191 

Impact  load  from  sidewalk  (54%). . . .  103 

Live  load  from  motorway 1020 

Impact  load  from  motorway  (74.8%).  761 


Total  load. 


=2494 


The  max.  B.M.=iX2494X35'  =  382,000  ft.-lbs. 

We  shall  use  a  36 


Fig.  751. 


X^"  web  and 
6"X3i"Xi"  angles  for  flanges,  the 
total  weight  of  the  stringer  with 
details  being  4157  lbs.,  or  119  lbs. 
per  hneal  foot  of  span.  The  inner 
stringer  will  carry  the  same  load, 
less  that  due  to  the  sidewalk.  The 
flange  angles  may  be  reduced  to 
5"X3i"Xi",  the  total  weight  being 
3915  lbs. 

Intermediate  Cantilever  Brackets. — 
Concentration  from  sidewalk  stringer 
at  A,  Fig.  751. 


Dead  load  =  139X35 =    4865  lbs. 

Cantilever  and  laterals  (say) =      735    " 

Total  dead  load =    5600    " 

Live  load  (70-ft.  span)  73X2.5X35 =    6388    " 

Impact  (70-ft.  span)  45.4% =    2900    " 

Total  load =14,888    " 


Similarly  assuming  that  the  portions  of  the  weights  of  the  cantilevers 
and  laterals  concentrated  at  B  and  C  are  1600  lbs.  and  4500  lbs.  respectively, 
we  have  the  total  concentration  at  B  =  68,175  lbs.  and  at  C= 61,975  lbs. 

The  stresses  may  now  be  determined  graphically  and  the  sections  and 
details  designed  in  the  usual  way.  The  weight  of  each  intermediate  canti- 
lever will  be  about  510  lbs.  The  general  dimensions  for  the  cantilevers  at 
each  end  of  the  span  will  be  the  same,  but  as  they  have  to  carry  only  the  load 
upon  half  of  one  panel,  instead  of  half  of  two  panels,  they  may  be  made  hghter. 
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The  weight  of  each  will  be  about  4350  lbs.  Hence  the  total  weight  of  meti 
in  the  cantilevers  will  be  5100X28+4350X4  =  160,200  lbs.,  or  310  lbs.  p< 
lineal  foot  of  span. 

(c)  Railway  stringers: 

Equivalent  live  load,  Class  "R  "  (35-ft.  span).  .  .  =  8450  Iba. 

Impact  74.77% =  6320    " 

Dead  load  (including  floor) =  1100    " 

Total  load =  15,870  " 

per  lineal  foot  of  track,  or  7935  lbs.  per  lineal  foot  of  stringer. 
B.M.  =1X7935X35^  =  1,215,000  ft.-lbs. 
Assume  a  web  of  62"  Xf";  the  effective  depth  =  4.87  ft. 

Flange  stress  =  l,2l5,000-H  4.87=250,000  lbs.  (about). 
"       area   =250,000^  14,000 -(i  of  web)  =  17.8-2.9 
=  14.9  sq.  ins. 

Use  two  6"X6"X|"  angles  =  16.88  sq.  ins.  gross  area  =  15.38  sq.  ins.  ne 
area. 

The  weight  of  one  stringer  will  be  8637  lbs.  or  (say)  250  lbs.  per  linei 
foot  of  stringer.  The  tower  span  is  only  30  ft.  8  ins.  in  length,  so  that  th 
stringers  will  weigh  about  6250  lbs.,  each. 

The  stringer  bracing  will  consist  of  4"x4"X|"  angles,  attached  to  th 
top  flanges  and  arranged  as  shown  in  Fig.  752,  with  a  cross-frame  at  the  centr 

Bottom  Chord 


H 


Bottom  Chord 

Fig.  752. 


Fig.  753. 


of  each  panel.  Fig.  753.  Including  the  necessary  connecting  plates  and  rivets 
it  will  weigh  80  lbs.  per  lineal  foot  of  span.  Hence  the  total  weight  of  stringei 
will  be  8750X56  +  6250X4  =  515,000  lbs.  =  990  lbs.  per  lineal  foot  of  spar 
Or,  total  weight  for  stringers  and  bracing  =  990 +80  =  1070  lbs.  per  hues 
foot  of  span. 

Intermediate  Floor-beams. — Concentration  from  railway  stringers: 

Equivalent  live  load  (70-ft.  span).  Class  "  S  ". .  .   =    6320  lbs.  per  lineal  foo 

Impact  70.18% =    4450    "     "       "       " 

Dead  load  (not  including  flooring) =      900    "     "       "       " 


Total  load • =11,670 
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Hence  the  dead-load  concentration  for  each  stringer  is  -5- X  35  =  15,750  lbs., 

10770 
and  the  corresponding  live-load  concentration  =  — sp— X  35  =  188,500  lbs. 

The  floor-beam  and  its  cantilevers  will  then  be  loaded  as  shown  in  Fig.  754, 
to  which  must  be  added  the  weight  of  the  floor-beam  itself,  which  will  be 
assumed  as  18,500  lbs.  uniformly  distributed. 


Fig.   754. 


The  maximimi  positive  B.M.  will  occur  in  the  floor-beam  when  the  latter 
carries  its  full  load  and  the  cantilevers  carry  only  the  dead  load.  The  mini- 
mum positive,  or  maximum  negative  B.M.  (should  reversal  take  place)  will 
occur  when  the  cantilevers  are  fully  loaded,  and  the  floor-beam  carries  only 
the  dead  load. 

The  B.M.  at  centre  of  floor-beam  due  to  full  load  on  same 

=  408,500X12.33-204,250X7+^X18,500X30.67=  +3,678,000  ft.-lbs. 

Neg.  B.M.  due  to  dead  load  on  cantilevers 

=  19,375X3+16,300X12+5,600X18.25=-    356,000      " 


Maximum  positive  B.M =  +3,322,000 

Pos.  B.M.  due  to  dead  load  on  floor-beam 

=  31,500  X  12.33- 15,750  X  7 +iX  18,500X30.67..  =+    349,000 

Neg.  B.M.  due  to  full  load  on  cantilevers 

=  1,975X3+68,175X12  +  14,875X18.25= -1,275,500 


Maximum  negative  B.M =  -    926,500      " 

The  flange  stress  will  reverse,  and  hence  (Waddell's  Specifications,  p.  17) 
we  must  add  to  the  sectional  area  required  for  the  greater  stress  three  fourths 
of  that  required  for  the  less.  Or  we  may  add  three  fourths  of  the  smaller 
B.M.  to  the  larger,  and  design  the  section  for  the  sum,  viz., 

3,322,000+1x926,500=4,017,000  ft.-lbs. 

Assume  a  web  of  96" X J";  the  effective  depth  =  8  ft.;  then  flange  stress 
=4,017,000-^8  =  502,125  lbs.,  and  flange  area  =  502,125 -^  14,000 -(i  of  web) 
=35.87-6.0  =  29.87  sq.  ins. 


DESIGN  OF  A  520-FOOT  SWING-SPAN. 


797 


Use  two  angles,  8"  X  8"  X A" =  17.52  sq.  ins, 

"    one  cover-plate,  16"  X A" =9.00   "     " 

"    one  plate,  16"xj" ='8.00   "     " 


Total  area =  34.52 


gross  section 


=34.52—4.37=30.15  sq.  ins.  net  section,  which  is  sufficient. 

It  wiU  be  found  that  the  outer  cover-plate  must  extend  to  about  the  outer 
stringer  as  shown.  Fig.  755. 

The  floor-beam  must  be  cut 
away  at  the  lower  corner  to  make 
room  for  the  bottom  chord  and 
pin.  The  web  will  be  reinforced  by 
two  plates  55"  X  A"  X  5'5"  as  shown. 

The  floor-beam  will  weigh  17,500 
lbs.  (assumed  weight  18,500).  Total 
weight  of  floor-beams  =  17,500X14 
^245,000,  or  470  lbs.  per  linear  foot 
of  span. 

(N.B.  The  weights  of  the  two  floor-beams  at  the  tower  will  not  be  con- 
sidered now,  since  they  will  be  carried  to  the  pier  without  inducing  stress  in 
the  trusses.) 

Lower  Laterals. — Three  cases  must  be  considered  for  the  wind  stresses 
In  the  lower  lateral  system. 

(o)  A  dead  load  of  30  lbs.  pej  square  foot  of  exposed  surface  when  the 
span  is  open.  This,  from  a  rough  computation,  will  amount  to  670  lbs. 
per  lineal  foot  of  span. 

Hence  panel  load  =  w  =  670X35 =23,450  lbs.;  sec  0  =  1.516; 


Fig.  755. 


tan  5  =  1.139; 


w  sec  d 


=  17,800;  t«tan  5=26,700. 


The  stresses  will  be  as  shown  in  Fig.  756,  the  stresses  in  the  diagonals 
beginning  at  the  left  being  successively  i,  1^,  2^ 


6J  times  — ^ —    and 


the  chord  stresses  in  the  same  way  being  J,  1^,  3i,  6i,  lOJ,  15i,  21^,  28i  times 
w  tan  6. 


1 

1 

Si 

L      Si 

L      1 

1, 

Si 

§ 

a' 

X 

X 

y^ 

X 

X 

X 

X 

6,700  C 

33,400  C 

86,800  C 

160,800  0 

373,600  0 

106,500  C 

667,000  C 

•663,0000 

Fig.  756. 


(6)  The  span  closed,  and  a  moving  load  of  1100  lbs.  per  lineal  foot  on 
one  arm  only;  w  =  panel  load  =  1100X35 =38,500.  The  stresses,  Fig.  757, 
may  be  found  as  in  the  riveted  truss,  Ex.  17. 
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(c)  The  span  closed,  and  a  moving  load  of  1100  lbs.  covering  both  arms. 
In  this  case  we  have  a  girder  continuous  over  four  supports. 
Panel  load  =  1100X35  =  38,500  lbs 


10,500      202,500      210,500      175,000 

Fig.  757. 


The  following  table  gives  the  reactions  in  pounds  at  the  end  and  centre 
for  loads  at  each  panel-point  of  one  arm,  and  at  the  corresponding  panel-point 
of  the  other  arm,  Fig.  760. 


Points 

Reaction  at 

Reaction  at 

Loaded. 

End  in  Lba. 

Centre  in  Lbs 

1-1 

30,800 

7,700 

2-2 

23,500 

15,000 

3-3 

16,200 

22,300 

4-4 

10,400 

28,100 

5-5 

5,400 

33,100 

6-6 

1,900 

36,600 

The  stresses  for  each  panel  load  may  readily  be  obtained  either  analjrtically 
or  graphically.  For  example,  consider  a  load  at  panel  point  3;  iS  =  16,200  lbs. 
Hence  the  shear  in  the  first  three  panels  is  16,200  lbs.  and  the  corresponding 
stress  in  each  diagonal 


16200  sec  e 


=  12,290  lbs. 


The  shear  in  the  remaining  panels  is  16,200-38,500=  -22,300  lbs. 

22300 
Hence  diagonal  stress  =  — ■ — s—  sec  0=  —17,570  lbs. 


Fig.  758. 

Fig.  758  shows  the  stresses  found  by  combining  the  effects  of  the  several 
loads. 
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The  greatest  stress  in  the  lower  laterals  is  thus  115,700  lbs.  T  or  C,  in  the 
panel  next  the  tower. 

We    shall    use    four    angles    con- 
nected by  angle  lacing,  Fig.  759. 

The  top  angles  will  be  riveted  to 

the  stringers  at  their  intersections,  but 

the  lower  angles  will  be  unsupported 

in  a  horizontal  plane  for  nearly  half  Fig.  759. 

their  length,  or  say  240  ins.  '  Try  four 

angles  each  5"X3J"X|",  arranged  as  shown,  Fig.  761;    area  =  12.2  sq.  ins.; 

I     240 
r=2.4  ins.;  — =-7r-r  =  100.     Hence 

'    r      2.4 


allowable  stress  per  sq.  in.  =  16,000 -60 10,000 


and  the  section  required  =  115,700-^10,000  =  11.57  sq.  ins.,  so  that  the  above 
section  is  ample.  For  the  sake  of  rigidity,  and  to  avoid  the  use  of  a  large 
number  of  different  sections,  we  shall  use  the  above  for  all  lower  laterals. 

The  total  weight  of  the  lower  lateral  system  will  be  about  84,000  lbs.  or, 
say,  160  lbs.  per  lineal  foot  of  span. 

The  loads  on  the  upper  laterals  will  be  much  lighter,  but  the  sections  will 

be  determined  by  the  ratio  — ,  which  for  wind  bracing  must  not  exceed  140. 

The  section  may  be  similar  to  that  for  the  lower  laterals,  using,  however, 
4"X3"Xf"  angles,  and  2i"xj"  bars  instead  of  angles  for  lacing,  in  the 
diagonal  members  UiU^,  etc.,  and  5"X3i"  angles  for  the  transverse  struts 
U,U„  etc..  Fig.  762.    ' 

Instead  of  making  the  upper  lateral  bracing  Continuous  throughout  the  entire 
length  of  the  span,  it  is  omitted  in  the  panels  UJI^  and  17,  f/,.  Bracing  shown 
by  the  dotted  lines,  Fig.  760,  is  inserted  in  the  plane  of  C/jMo  (Fig.  761), 


Lq  U,  U.         Ua  u«  "s         ".  "7        "7 


EKM 


u, 


U3  U,  Us 

Fig.  760. 


and  a  portal  similar  to  that  in  the  plane  of  C/jLj  is  introduced  in  the  plane 
MfLj.  The  object  of  this  is  to  transfer  the  wind  load  on  the  top  chord  to 
the  pier  ifi  the  most  direct  manner  possible,  which  tends  to  secure  both  economy 
and  rigidity.  The  bracing  in  the  tower  panel  U^U^  consists  of  adjustable 
rods,  simply  intended  to  keep  the  tower  posts  in  position.  The  portals  in 
panels  i7,L(,  and  M0L7  may  be  designed  as  in  the  riveted  span  Ex  17.  All 
the  portal  struts  consist  of  four  angles,  5"X3i"X|",  arranged  as  in  the  laterals. 
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The  total  weight  of  metal  in  the  portals  and  upper  laterals  will  be  about 
104,000  lbs.,  or  200  lbs.  per  lineal  foot  of  span. 


Ut 


Us_ 


u« 


Fig.  762. 


Fig.  763. 


The  stresses  in  the  vertical  sway  bracing  between  the  trusses  are  indeter- 
minate, and  the  ratio  —  will  be  the  governing  consideration  in  their  design. 

We  shall  use  struts  of  the  same  section  as 
the  diagonals  of  the  upper  lateral  system, 
the  general  arrangement  being  as  shown  in 
Figs.  762-766.  The  horizontal  transverse 
UaM  UjWM  strut  is  brought  to  within  23  ft.  (the 
specified  clearance)  of  the  base  of  rail. 
The  total  weight  of  metal  in  sway- 

1  bracing    will    be    about    75,400    lbs.,    or 

.  Lj*4    LwM        ]^4g  iijg    pgj.  lineal  foot  of  span.    Hence 

Fig.  764.        the    total    weight    of    upper    and   lower 

laterals,    portals,   and   sway-bracing  will 

be  160+200  +  145  =  505  lbs.  per  Uneal  foot  of  span,  of  which  about  460  lbs. 

will  be  carried  by  the  trusses. 

The  dead  load  carried  by  the  trusses  may  now  be  in  part  computed  and 
in  part  assumed. 
Dead  Loads. 

Tracks  and  flooring 1910  lbs.  per  lineal  foot 

Sidewalk  stringers,  2  at  60  lbs 120    " 

Motorway       "        2  at  119  lbs 238    " 

2  at  112  lbs 224    " 

Cantilevers 100    " 

' '  lateral  bracing  for 100    ' ' 

Railway  stringers  and  bracing 1070    ' ' 

Floor-beams 470    " 

Handrails 300    " 

Bolts  for  floor 48    " 

Lateral  system 460    ' ' 

Trusses  and  operating  machinery  (assumed) 3700    " 


Total  dead  load 

or  4475  lbs.  per  lineal  foot  of  each  truss. 


=  8950 
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The  average  panel  load  would  be  4475X35  =  156,600  lbs..,  but  the  panel 
load  will  evidently  increase  from  the  ends  toward  the  tower,  so  that  we  shall 
assume  the  loading  given  in  Fig.  765. 


"         '         i         i 

i    '     i         I         i         t 

g  S  ^  M  -  Si  M  S 

Fig.  765. 

When  the  span  is  open  the  entire  weight  rests  on  the  centre  pier,  and  we 
have  two  cantilever  arms  balancing  each  other.  When  the  span  is  closed 
the  same  is  true,  except  in  so  far  as  provision  is  made  for  lifting  the  ends 
and  giving  them  a  firm  bearing  by  means  of  wedges  or  equivalent  devices. 
The  end-lifting  gear  will  be  designed  to  exert  an  uplift  of  120,000  lbs.  at 
each  end  of  each  truss. 

The  stresses  will  be  considered  under  four  conditions  of  loading. 

(1)  Span  open,  dead  load  only  acting.  The  resulting  stresses  are  readily 
obtained  graphically,  Fig.  766^  and  are  shown  in  Fig.  765. 


Fig.  766. 


(2)  An  uplift  of  120,000  lbs.  at  the  end  of  the  truss.  The  resulting  stresses, 
also  found  graphically,  are  indicated  in  Fig.  767.  As  this  uplift  may  not 
always  act,  the  resulting  stresses  are  considered  only  when  they  increase  the 
stresses  due  to  other  conditions  of  loading. 
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(3)  Live  load  on  one  arm  only,  which  is  then  assumed  to  act  as  a  siagle 
span. 


Lo'Tuo.oooT  Li  i.2j)4,«»TL8     358,000  T      Le     352,000  T      UT 

Fig.  767. 


Equivalent  live  load,  Class  "V,"  245-ft.   span =4525  lbs.  lin.  ft.  of  truss 
"      "      motorway  "         "    =  775    "     "    "   "     " 

"  "      "      sidewalks  "         "    =  290    "     "    "  "     " 

Total  live  load =5590    "     "    ""     " 

Referring  to  Fig.  754  it  will  be  seen  that  the  most  unfavorable  loading 
on  a  truss  will  occur  when  the  motorways  and  sidewalks  outside  of  that  truss 
and  the  railway  tracks  between  the  trusses  all  carry  their  maximum  load, 
while  the  motorway  and  sidewalk  on  the  other  side  are  empty.  This  condi- 
tion of  loading  may  readily  prevail  over  one  or  two  panels,  but  is  quite  unlikely 
to  do  so  over  the  whole  span.  Its  effect  will  therefore  be  considered  in  com- 
puting the  stresses  in  the  floor-beam  hangers  and  sub-diagonals,  but  will 
be  ignored  in  proportioning  the  main  truss  members. 

Panel  hve  load  =  5590  X35  =  195,650  lbs. 

The  chord  stresses  will  be  greatest  when  the  live  load  covers  the  whole  span. 
The  reaction  at  each  end  is  then  195,650X3  =  586,950  lbs.,  and  a  single  stress 
diagram  (Fig.  768)  gives  all  the  chord  stresses. 

To  find  the  stresses  in  UiLi,  UJLi,   VJj,,  assume  a  reaction  of  100,000 


Fig.  768. 


Fig.  769. 


lbs.  at  the  left  end  of  the  truss.  .  Fig.  769  gives  the  resulting  stresses,  viz., 
99,000,  70,000,  and  79,400  lbs.,  respectively.    Now  the  stress  in  C/jLa  is  a 
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maximum  when  L^  and  all  the  panel-points  to  the  right  of  it  carry,  the  full  live 
panel  load.  The  corresponding  reaction  at  L^isiX  195,650 X (1  +2  +3  +4 +5) 
=419,250  lbs.     Hence  the  stress  in 

^^^      419250X99000     .,,„„„,,      ,        ,, 
'   ' 100000 =415,000  lbs.  (nearly). 

t/jLj  and  U^Lg  will  have  a  maximum  stress  when  the  live  load  extends 
from  the  right  to  L,. 

Correspon4ing  reaction  at  L„=|X195,650X(1 +2+3+4)  =279,500  lbs., 

.     ,,  ^      279500X70000     ,„^„„„„ 
so  that  stress  m  U2L,  = 1 nnnnn ^  195,000  lbs.. 


and 


stress  in  UJ^,  = 


100000 

279500X79400 
100000 


=222,000  lbs. 


Similarly  the  tensile-  stress  in  LzMt  will  be  a  maximum  when  the  live  load 
extends  from  the  left  end  of  the  span  up  to  L^.  Reaction  at  L,  =  167,700. 
From  Fig.  770  the  stress  in  LsM*  due  to  a  reaction  of  100,000  lbs.  at  L,  is 

235,000  lbs.     Hence  the  maximum  tensile  stress  in  LaMt  =  235,000  X  i  qqqoo 

=394,000  lbs. 

When  the  hve  load  advances  to  Lt,  it  will  be  best,  on  account  of  the 


Fig.  770. 


Fig.  771. 


secondary   members,  to    make  a   special   diagram,   Fig.   771.     Reaction   at 
L, =279,500  lbs.,  whence  stress  in  M^U^  =  465,Q00  lbs. 

The  stresses  in  the  hangers  UiLi,  MtLt,  and  MJj^  will  be  greatest  when 
the  live  load  covers  two  panels. 


M'C-^S-W.^ 


^|«  8-10^^ 


Ri^- 


-30-8 

Fig.  772. 

Equivalent  live  load  for  sidewalk  (70-ft.  span,  Class  "  C  ")  =73  X5  =  365  lbs. 
per  Uneal  foot  of  sidewalk. 

Concentration  on  floor-beam =365X35  =  12,775  lbs. 
Equivalent  hve  load  for  motorway  =  1430  lbs.  per  foot  of  track. 
Concentration  from  one  track  on  floor-beam  =  1430x35  =  50,050  lbs. 
Equivalent  live  load  for  railway  (Class  "  S  ")  =  6235  lbs.  per  foot  of  track. 
Concentration  from  one  track  on  floor-beam  =  6325x35 =221,375  lbs. 
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Assuming  one  sidewalk  and  motorway  unloaded,  we  have  the  floor-beam 
and  cantilevers  loaded  as  in  Fig.  774,  where  R  is  the  reaction  on  the  hanger, 
the  concentration  from  each  track  being  placed  at  the  centre  hne  of  the  track. 

Hence  iBx30.67=221,375X30.67  +  50,050X38.17  +  12,775x45.79,  or  ij  = 
303,000  lbs.  (nearly)  =  stress  in  UiL^,  M^Lf,  and  M^L^.  The  subndiagonals 
-M4L5,  ilffiLs  will  each  transfer  one  half  of  the  load  in  the  hanger.  Hence 
stress  in  each  is  ^X  303,000  sec  0=233,000  lbs.  C. 

The  stress  in  the  hanger  C/'sLj  will  be  greatest  when  the  live  load 
extends  from  L,  to  L,.  Taking  the  equivalent  uniform  loads  for  a  span 
of  140  ft.  in  the  same  way  as  above,  we  find  the  stress  to  be  '535,500  lbs.  T. 
Fig.  773  shows  the  stresses  in  all  members  for  a  live  load  covering  one  arm  only. 


L„        587,000  T  830.000  T  Lj  687  000  T lJ 

Fig.  773. 

(4)  Live  load  covering  both  arms,  which  then  form  a  girder  continuous 
over  four  supports. 

Equivalent  live  loads  520-ft.  span: 

Sidewalks,  43.5  X  5 =  218  lbs.  per  hneal  foot  of  truss 

Motorway =425    "     "       "       "    "     " 

Railway  (Class  "  V  ") =  4190    "     " 


a         ({  i(      it       (c 


Total  load =4833 


C  t  t  t  i  I  I C        II  II 


Panel  load  =  4833  X  35  =  169,155  lbs.  =  w.     It  will  be  assumed  that  a  panel 
load  is  placed  successively  at  panel-points  1-1,  2-2,  etc..  Fig.  774. 


The  reactions  in  pounds  for  each  position  of  the  live  load  may  be  com* 
puted  by  the  Theorem  of  Three  Moments,  as  follows: 


Live  Load  at 
Panel-point. 

Ki  =Ri. 

Bi'^Bt. 

Stress  Diagram. 

1-1 

135,300 

33,800 

Fig.  768 

2-2 

102,800 

66,300 

"    769 

3-3 

71,500 

97,600 

"    770 

4-4 

45,100 

124,000 

"    771 

6-5 

24,000 

145,100 

"    772 

6-6 

9,000 

160,100 

"    773 
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A  separate  stress  diagram  is  required  to  give  the  stresses  for  each  positioa 
of  the  load,  Figs.  778-83.    The  stresses  in  lbs.  are  as  follows : 


Mem- 

Panel Load  at 

Total 
Tension. 

Total 

ber. 

Panel- 
point  1-1. 

Panel- 
point  2-2. 

Panel- 
point  3-3. 

Panel- 
point  4-4. 

Panel- 
point  5-5. 

Panel- 
point  6-6. 

Com- 
pression. 

U2U, 

U2L2 

UJL, 
MJJ, 

190000C 

135000T 

84000T 

'85666c 
48000C 
29000T 
70000C 
49000T 
56000C 
65000T 
65000T 
32000C 
32000C 
25000T 
13000C 

144000C 

W3000T 

162000T 

4000T 

4000T 

175000C 

102000c 

54000T 

lOOOOOT 

98000T 

112000C 

130000T 

130000T 

66000C 

65000C 

46000T 

24000C 

lOOOOOC 

715  OT 

119000T 

llOOOT 

llOOOT 

121000C 

157000C 

75000T 

70000T 

49000C 

55000T 

194000T 

194000T 

97000C 

97000C 

65000T 

34500C 

64000C 
4S000T 
77000T 

132000T 
35000T 
77000C 

102000c 
78000T 
45000T 
31000C 
35000T 
41000T 
87000T 

136000C 

136000C 
70500T 
3S000C 

34000C 
24000T 
410C0T 
71000T 
71000T 
42000C 
54000C 
70000T 
24000T 
17000C 
20000T 
22000C 
22000c 
174000C 
174000C 
63000T 
32000C 

13000C 

9000T 

16000T 

27000T 

124000T 

15000C 

21000c 

45000T 

9000T 

6000C 

7000T 

9000C 

9000C 

86000C 

215000C 

39000T 

20000C 

387566T 
499000T 
245000T 
245000T 

35i666T 
248000T 
147000T 
117000T 
389000T 
476000T 

369666t' 

545000C 

515000C 
484000C 

70000C 
103000O 
168000C 
720000 
31000C 
590000C 
719000C 

158000C 

To  allow  for  impact  a  percentage  /  is  to  be  added  to  the  live  loads.  For 
railway  and  motorway  loads  /  = .  .^^,  and  for  sidewalk  loads  /  =  7TTc?\>  ^  being 
the  length  of  span  which  must  be  covered  to  produce  the  maximum  stress 


Fig.  778. 


Fig.  779. 


Fig.  780. 


in  the  member  under  consideration.     In  the  present  case  the  following  aver- 
age values  may  be  taken: 
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No.  of  Panels  Loaded.  /. 

1 73.0    per  cent. 

2 68.1     "       " 

3 64.1      "      " 

4 60.25   "      " 

5 57.6     "      " 

6 54.8     "      " 

7 51.2     "      " 

Both  arms 36.8     "       " 

The  various  stresses  may  now  be  combined  as  in  the  following  table: 
Combined  Steesses. 


Mem- 

Casel, 
Dead 
Load, 

in  Lbs. 

Oase  2, 
Uplift 
Load, 
in  Lbs. 

Case  3, 

Live 

Load, 

One  Arm, 

in  Lbs. 

Case  4, 
Live 
Load, 
Both 
Arms, 
in  Lbs. 

No.of 

Panels 

Loadec 

for 

Max. 

Im- 
pact 
Fac- 
tor: 

Impact, 
in  Lbs. 

Total. 

ber. 

Tension, 
in  Lbs. 

Com- 
pression, 
in  Lbs. 

if 2  A 

127,000T 
90,000C 
275,0000 
1,045,0000 
280,000T 
531,000T 
HO.GOOT 
262,0000 

302,000T 

382,0000 

35,0000 

170,0000 
120,000T 
204,000T 
352,000T 
208,0000 
271,0000 

•830,0000 
587,000T 
830,000T 
687,000T 
845,0000 
830,0000 
303,000T 
415, COOT 

195,0000 

222,000T 

(545,0000) 
(387,500T) 
(499,000T) 
(245,000T) 
(515,0000) 
(484,0000) 

■     7 
7 
7 
7 
7 
7 
2 

15 

15 
4 

15 
4 

15 

.512 

.512 

.512 

.512 

.512 

.512 

.681 

.576 

.368 

.6025 

.368 

.6025 

.368 

425,0000 
301,000T 
425,000T 
352,000T 
433,0000 
450,0000 
206,000T 
239,000T 

26,000C 
117,5000 

54,000T 
133,500T 

62,OO0C 

127,000 
918,000 
1,184,000 
346,000 
280,000 
531,000 
619,000 
511,000 

1,298,000 
90,000 
275,000 
1,045,000 
1,206,000 
1,070,000 

UiL, 

119,000T 
84,000C 
95,000T 

(248,000T) 

70,0000 

(103,0000) 

147,000T 
(117,000T) 

168,0000 

358,000 
945,000 

612,000 
35,000 

35,000 

'  503, 666' 
68,500 

UJLs 

689,000T 
814,000T 
35,0000 
127,000T 
126,0000 
302,000T 
378,0000 
35,0000 
139,000T 
512,0000 

1,425,000T 
713,0000 

1,596,000T 

112,0000 
112,0000 

394,000T 
465,000T 

(389,000T) 
(476,000T) 

3 

4 

.641 
.6025 

253,000T 
280.000T 

1,336,000 
1,559,000 

303,OO0T 
233,0000 
535,000T 
754,0000 

2 
2 
4 

7 

.681 
.681 
.6025 
.512 

206,000T 
158,0000 
323,000T 
386,0000 

636,000 

517,000 

u^l! 

(590-,666c) 

1,160,500 

Ur,Me 

54,0000 

1,572,000 

^I" 

35,000 

303,000T 
896,0000 

(719,666o 
311,000T 
156,0000 
347,000T 

2 

7 
15 
15 
15 

.681 
.512 
.368 
.368 
.368 

206,000T 

459,0000 

114,500T 

57  500C 

648,000 
1,850,566' 

A 

54,0000 

1,921,000 

v-,U 

926,500 

U,Vj 

347,0000 

128,000T 

2,071,000 

N.B. — Figures  in  parentheses  (  )  are  not  included  in  totals. 

The  "wind  stresses  in  the  chords  will  not  affect  the  section  required,  and  are  therefore  not  con- 
sidered in  this  table. 

Where  a  member  carries  stresses  of  opposite  kinds  the  area  of  section 
required  must  be  computed  for  tension  and  compression  separately,  and 
three  fourths  of  the  smaller  area  added  to  the  greater.  Thus,  for  the  top 
ichord.  try  the  following  section : 

IQ  One  cover-plate  36"  X  A" 20.25  sq   ins. 

Four  top  angles  3 J"  X  3 J"  X  I".       9.92   "     " 

Two  webs  30" Xif" 48.75   ''     " 

Two  bottom  angles  6"  X 6"  Xf ".    16.88   "     " 


w 


J 


^ 


IL 


Fig.  781. 


Total  section 95.80   "     " 

Unsupported  length,  i=35'-6Jf",  say  427  ins. 
Moment  of  inertia  about  axis  Cj5  =  18,117, 
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=^1^  =  11.8    and    -=36.2. 

Hence  the  allowable  stress  per  sq.  in.  =  18,000 -70—  =  16,470  lbs. 

r 

Thus  the  section  required  for  compression  U^U^ 

=  1,206,000-^15,470  =  78.0  sq.  ins.; 
the  section  required  for  tension  U^  U^ 

=  280,000^16,000  =  17.5  sq.  ins., 
and  the  total  section  required 

=  78.0+1x17.5  =  91.1  sq.  ins. 
The  section  required  for  compression  U^U^ 

=  1,070,000-^15,470  =  69.3  sq.  ins.; 
the  section  required  for  tension  U^Ug 

=  531  000-^16,000  =  33.2  sq.  ins., 
and  the  total  section 

=  69.3+1x33.2  =  94.2  sq.  ms. 

The  above  section  may  be  used  for  the  entire  top  chord. 

Top  ctord  section  U^Ue  carries  tension  only,  and  eye-bars  may  be  used. 

Section  required =2,071,000  -h  18,000  =  115.1  sq.  ins.  Use  four  bars  12"  X  If" 
and  two  bars  12"  XlA"=  115.5  sq.  ins. 

All  other  members  may  be  designed  in  a  similar  manner.  Taking,  for 
example,  the  members  which  meet  at  U^,  we  may  use  for  M^U^  four  bars 
12" X lit" =87.0  sq.  ins.;  for  U,L,  four  bars  10"Xllf"  =  72.5  sq.  ins.;  and 
for  [/jMe  the  following  section,  Fig.  782: 

One  cover-plate  36"  X  A" 20.25  sq.  ins. 

Four  top  angles  SrxSr'XA" 11.48   "     " 

Four  webs  (in  pairs)  30"  Xi" 60.00   "     " 

Two  bottom  angles  6"X6"Xf" 16.88   "     " 

Total  section =108.61   "     " 

The  stresses  from  all  these  members  are  transmitted  through  the  pin  at  U^. 
The  allowable  bearing  on  the  pin  is  22,000  lbs.  per 
square  inch  of  the  surface  obtained  by  multiplying 
together  the  diameter  of  the  pin  and  the  length  over 
which  the  member  bears  upon  it.  Assume  10  ins.  as 
the  diameter  of  pin  U,.  Then  allowable  bearing  per 
inch  of  length  =  22,000X10  =  220,000  lbs.  The  largest 
eye-bars  are  12  ins.  wide,  so  that  they  can  safely  carry 
12X18,000  =  216,000  lbs.   per  inch  of  thickness.     The  Fig.  782. 

220,000   lbs.   in  bearing  afforded  by  a   10-in.   pin  is 
accordingly  ample  for  the  eye-bars. 
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The  length  of  bearing  on  the  pin  required  for  I7silfe  =  1,572,000-^220,000 
=  7.15  ins.,  of  which  the  webs  provide  2  ins.,  so  that  5.15  ins.  in  the  whole 
member  or  2.57  (say  2|)  in.  on  each  side  must  be  made  up  by  means  of  pin- 
plates.  We  shall  reinforce  each  web  with  six  plates  A"  thick  arranged  as  in 
Figs.  783-4.     These   plates  should  be  of  sufficient  length  and  width  to  dis- 


FiG.  784. 

tribute  the  pressure  from  the  pin  uniformly  over  the  entire  section  of  the 
member.  The  two  inside  plates  in  this  member  are  extended  so  as  to 
form  a  hinge.     Plates  of  the  following  dimensions  may  be  used: 

Two  plates  26"   XA"X6'0"    inside 

"      29"   XA"X6'H"     " 

"      25}"XA"X3'6"       " 
"        "      20J"  X A"  X2'  8i"  hinge-plates 
"        "      20i"xA"X3'6"    outside 

"      23i"XA"X3'7i"     " 

The  pressure  on  each  plate  will  be  :fex220,000  =  96,000  lbs.    Hence  the 
nimiber  of  rivets  required  to  transfer  the  stress  in  plate  A  across  plane  CB 


Fig.  785. 

=96,000-^  6013,  say  16,  and  at  least  sixteen  additional  rivets  will  be  required 
at  each  successive  plate  until  the  web  is  reached. 


DESIGN  OF  A   6S0-FOOT  SWING-SPAN. 
Figs.  785^6  show  the  joint  at  Us  in  plan  and  elevation. 
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Fig.  786. 

The  greatest  stress  in  the  pin  U^  will  evidently  occur  when  both  arms 
of  the  span  are  fully  loaded.  The  stresses  in  the  various  members  will  then 
be  as  shown  m  Fig.  787. 

Following  are  the  horizontal  and  vertical  components  H  and  V: 

H  V 

U,U, +    128,900  +  23,100 

U,U^ +1,851,500  +925,700 

U,M, -1,080,000  -926,400 

U,M^ -    899,400  +771,400 

C^sis -764,000 

Positive  stresses  are  supposed  to  act  to  the  right  and  upward;  negative 
to  the  left  and  downward.  Distributing  the  stress  in  each  member  among 
its  components  in  proportion  to  their  sectional  areas,  Figs.  788  and  789  show 


etBoo 


^,000 


270.000  i 


CL.oi 


2J5' 


-»-soo,soo 


-5>-31i!,500 
-5>-312,500 


Ini» 


Fig.  787. 


Pig.  788. 


til  "  u!^  rl  »a  Vi  E* 

s  °i  ^|s  3  hi  Is  s 

4.  4-  r      +•••!• 

if      i 
Fig.  789. 


the  loading  of  the  pin  in  horizontal  and  vertical  planes  respectively.  Only 
one  half  of  the  pin  is  shown,  as  the  arrangement  of  the  members  is  symmet- 
rical about  the  centre  line  of  the  truss.  The  load  from  each  piece  is  also 
assumed  to  be  concentrated  at  the  centre  of  its  bearing  upon  the  pin.  The 
assumed  dead  load  of  35,000  lbs.  at  U^  may  be  distributed  over  the  pin,  reducing 
each  upward  component  and  increasing  each  downward  one  by  about  2000 
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lbs.     The  bending  nioments  in  a  horizontal  and  vertical  plane  may  now  be 
computed  for  each  point  in  the  pin. 

Bending  Moments  in  Horizontal  Plane  {Mh). 


Point. 

Load. 

Shear. 

Lever-arm. 

Increment  of 
B.M. 

Total  B.M. 

1 

2 
3 

4- 
5 
6 

7 

+    64,500 

-449,700 
+  300,500 
-270,000 
+  312,500 
+  312,500 
-270,000 

0 
+  64,500 
-385,200 

-  84,700 
-354,700 

-  42,200 
+270,300 

1.68  ins. 
2.82  " 
1.75  " 
3.28  " 
2.5     " 
1.78  " 

+     108,360 

-1,086,264 

-  148,225 
-1,163,416 

-  105,500 
+    481,134 

+    108,360  in.-lbs 
-    977,904      " 
-1,126,129      " 
-2,289,545      " 
-2,395,045      "■ 
-1,913,911      " 

Bending  Moments  in  Vertical  Plane  (Jlf  f). 


-191,000 
+  9,600 
+384,000 
+  148,000 
-234,000 
-191,000 
+  154,000 
+  154,000 
-234,000 


-191,000 
-181,400 
+202,600 
+  350,600 
+  116,600 
-  74,400 
+  79,600 
+233,600 


,  44  ins. 

.68  " 

.82  " 

.75  " 

.87  " 

.21  " 

.5  " 


3 
1 
2 
1 
1 
1 
2 
1.78 


657,040 
304,752 
571,332 
613,550 
218,042 
90,024 
199,000 
415,808 


— 

667,040  in.- 

— 

961,792      ' 

— 

390,460      ' 

+ 

223,040      ' 

+ 

441,132      ' 

+ 

351,108      ' 

+ 

550,108      ' 

+ 

965,916      ' 

■lbs. 


The  greatest  resultant  B.M.  will  evidently  be  at  6,  where  B.M. = VMh^  -\-Mv'' 
=\/(2,395,0452 +550,1080  =2,457,000  in.-lbs. 

Allowable  fibre  stress  in  pin  is  27,000  lbs.  per  square  inch. 

Hence  2,457,000  =  — - — /= j — ,  where  r  is  the    radius  of  the  pin, 

and  therefore  r=4.87  ins.  and  diameter  of  pin  =  9.74  ins.,  so  that  the  assumed 
diameter,  10  ins.,  is  on  the  safe  side. 

Other  joints  and  members  may  be  designed  in  the  same  way. 

It  will  be  necessary  to  determine  the  deflection  of  the  ends  of  the  span 
due  to  its  own  weight  and  other  causes,  to  ascertain  how  much  the  eye-bars 
in  panels  VJJ^,  UJJ.,  must  be  shortened  in  order  to  bring  the  centre  of  the 
pins  at  the  ends  of  the  span  to  the  same  elevation  as  those  near  the  centre. 

The  deflection  A  oi  a.  given  point  due  to  the  distortion  of  any  member 
is  given  by  the  formula 

where  p  is  the  stre"Ss  per  square  inch  in  the  member;         » 
I     "     length  of  the  member; 
u     "     stress  in  the  member  due  to  a  unit  load  placed  at  the  point 

whose  deflection  is  sought; 
.B=the  coefficient  of  elasticity  (Young's  modulus). 
Downward   deflections  and  tensile   stresses   will  be   considered  positive; 
upward  deflections  and  compressive  stresses,  negative. 
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Deflection  at  End  of  Span  Due  to  Dead  Load. — p  is  obtained  by  dividing 
the  dead-load  stress  in  each  member  by  the  sectional  area  of  the  member; 
u  can  be  obtained  graphically  by  placing  a  unit  load  at  the  end  of  the  span; 
.B= 29,000,000  lbs.     The  following  Table  can  now  be  prepared: 


Mem- 
ber. 

Stress. 

Area. 

p 

I 

^ 

u 

pul 

E 

LJj! 

-      90,000 

71.095 

-   1,226 

838.4 

.0367 

-1.000 

+ 

.0367 

L,L, 

-    275,000 

104.095 

-  2,642 

419.4 

-.0382 

-1.695 

+ 

.0649 

LA 

-1,045,000 

99.97 

-10,453 

838.4 

.3020 

-2.912 

+ 

.8800 

lIl, 

-1,039,500 

99.97 

-10,398 

838.4 

.3000 

-2.912 

+ 

.8736 

LA 

-1,425,000 

470.40 

-  3,030 

184.0    • 

.0193 

-2.579 

+ 

.0496 

U.U, 

+    280,000 

95.8 

+  2,921 

426.06 

.0430 

+  1.723 

+ 

.0742 

rJ,u, 

+    531,000 

95.8 

+  5,539 

1278.18 

.2442 

+2.238 

+ 

.5465 

Ufl, 

+  1,596,000 

115.5 

+  13,818 

938.13 

.4480 

+2.879 

+  1.2900 

u,u. 

+  1,425,000 

103.5 

+  13,780 

184.00 

.0875 

+2.5735 

+ 

.2252 

L.U, 

+    127,000 

99.55 

+   1,276 

593.53 

.0262 

+  1.414 

+ 

.0369 

-    378,000 

108.61 

-  3,483 

552.75 

.0664 

+    .445 

— 

.0300 

-    512,000 

142.38 

-  3,596 

552.75 

.0686 

+    .445 

— 

.0305 

u,u 

-    262,000 

68.43 

-  3,835 

593.53 

.0784 

-    .984 

+ 

.0784 

L,M. 

-    382,000 

65.18 

-   5,830 

648.81 

.1315 

-    .790 

+ 

.1040 

+    689,000 

75.00 

+  9,187 

552.75 

.1749 

+    .928 

+ 

.1630 

MJJ, 

+    814,000 

87.00 

+  9,356 

552.75 

.1784 

+    .928 

+ 

.1660 

U.U 

+    302,000 

46.98 

+  6,440 

495.0 

.110 

+    .695 

+ 

.0764 

UA 

-    713,000 

70.44 

-10,150 

1140.0 

.399 

-1.228 

+ 

.5150 

Hence  total  deflection  due  to  dead  load  =  5.1199  ins. 


(-2t')- 


Similarly  the  deflection  due  to  the  uplift  at  the  ends  may  be  obtained. 
The  amount  is  —1.6662  ins. 

The  pin-holes  will  be  about  ^  in.  larger  than  the  pins,  and  hence  there 
will  be  a  play  at  each  end  of  a  pin-connected  member = A  or  .0156  in. 

Considering  this  play  as  a  distortion  of  the  member,  corresponding  to 

^  in  the  above  table,  it  may  be  shown  that  the  deflection  at  the  end  due 

to  this  cause  is  +0.5419  in. 

The  temperature  of  the  top  chords  and  web  members  will  often  exceed 
that  of  the  bottom  chords.  Assuming  a  mean  difference  of  15°  F.  for  the 
top  chords  and  7J°  F.  for  the  posts  and  diagonals,  the  elongation  of  the  former 
per  unit  of  length  will  be  15X0.00000667=0.0001  in.  and  of  the  latter  0.00005 
in.    This  will  cause  a  deflection  of  the  ends=  +0.6831  in. 

Similarly  the  lengthening  of  the  top  chords  and  diagonals  on  account 
of  camber  will  cause  a  deflection  at  the  ends  =  3.1964  ins.  Hence  the  total 
deflection  at  the  ends  will  be 

5.1199  - 1.6662  +0.5419+0.6831  +3.1964=  7.8751  ins. 

This  will  be  taken  up  by  shortening  the  eye-bars  in  17^11^  and  U^U,.  The 
value  of  u  for  f/jfj,  =2.879;  hence  the  amount  each  panel  must  be  shortened 
=i(7.8751  -  2.879)  =1.368  =  IJi  ins. 
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Table  of  Loads  tor  Highway  Bkidges. 


Span  in  Feet. 


City  and  Suburban 

Bridges  Liable  to 

Heavy  Traffic 


Bridges  in  Manu- 
facturing Districts. 
Ballasted  Roads. 


Bridges  in  Country 

Districts. 
Unballasted  Hoads, 


100  and  under 
100  to  200 
200  to  300 
300  to  400 
above  400 


100  lbs.  per  sq.  ft. 
80   "      "       " 

60  "     "      " 
50  "     "      " 


90  lbs.  per  sq.  ft. 
60   "      "       " 
50   "      "       " 
50   "      "       " 
50   "      "       " 


70  lbs.  per  sq.  ft. 

60   "  '-'      " 

50   "  "       " 

45  "  "      " 

45  "  "      " 


EXAMPLES. 

I.  A  bridge  of  N  equal  spans  crosses  a  span  of  L  feet;  the  weights  in  tons 
per  lineal  foot  of  the  main  girders  of  the  platform,  pfermanent  way,  etc.,  and 
of  the  live  load  are  Wi,  w,,  w^,  respectively.    Show  that 


W)l  = 


LA 
N-LB' 


where 


A  =  w,{pk  +  ?•)  +  w^ipk  +  q)     and     B  =pk  +  r, 


k  being  the  ratio  of  span  to  depth,  and  p,  g,  r  numerical  coefficients.    Hence 
also  determine  the  limiting  span  of  a  girder. 

If  X  is  the  cost  of  a  pier  and  if  Y  is  the  cost  per  ton  of  the  superstructure, 
find  the  value  of  N  which  will  make  the  total  cost  per  lineal  foot  a  minimum, 
and  prove  that  this  is  approximately  the  case  when  the  spans  are  so  arranged 
that  the  cost  of  one  span  of  the  bridge  structure  is  equal  to  the  cost  of  a  pier. 


Ans.  A  span   < 


1 


pk+r 


Cost  is  a  minimum  when  N~LB '=L 


4 


AY 
X  ' 


and 


(T  R\ 
1  — jT^  1  =X,  approximately. 

2.  The  platform  of  a  single-track  bridge  is  supported  upon  the  top  chords 
of  two  Warren  girders;  each  girder  is  100  ft.  long,  and  its  bracing  is  formed 
of  ten  equilateral  triangles  (base  10  ft.) ;  the  dead  weight  of  the  bridge  is 
900  lbs.  per  Uneal  foot;  the  greatest  total  stress  in  the  seventh  sloping  member 
from  one  end  when  a  train  crosses  the  bridge  is  41,394.8  lbs.  Determine 
the  weight  of  the  live  load  per  hneal  foot.  Prepare  a  table  showing  the  greatest 
stress  in  each  bar  and  bay  when  a  single  load  of  15,000  lbs.  crosses  the  girder. 

Ans,  ca    ca    C8    ca    gg 

■'K;^V\AAA/\/V\A7  277H  lbs.  per  lin.  ft. 

ti    h    h    U 

Fig.  799. 


Stresses  in  diagonals : 


dB=d,  =3\V3;    d,=dg=3V3; 
dg=d,o='2iV3toTia. 
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c. 


C5  =  lliy3  tons. 

<2  =  8V3;    i3  =  10ivT; 


Stresses  in  compression  chord :  c^  =  2iv^- 

Ci  =  lOiVs) 
Stresses  in  tension  chord :  t^  =  4 J  Vs  ■ 

<4  =  12  V3"tons. 

3.  A  Warren  girder  composed  of  eight  equilateral  triangles  has  its  upper 
chord  in  compression  and  has  every  joint  loaded  with  a  weight  of  2  tons, 
the  loads  being  transmitted  to  the  joints  in  the  lower  chord  by  means  of  ver- 
tical struts.    The  span  =  80  ft.     Find  the  stresses  in  all  the  members. 

Ans.  Bays  in  compression  chord :  1st  =   5^3;        2d  =13^3"; 

3d  =  18^V3^;    4th=21  V3|  tons. 
Bays  in  tension  chord :  lst=   Q^VS;      2d  =  16^/3; 

3d=20V3";      4th  =2liV3' tons. 
Stresses  in  verticals:  In  each  vertical  =2  tons. 
Stresses  in  diagonals :  lst  =  10V3;      2d=8|V3"; 

3d  =  7^V^;  4th=6v^37 
5th  =  4t\/3 ;  6th  =  3  Ja^; 
7th  =  2^3;     8th  =  fV3  tons. 

4.  A  Warren  girder,  with  a  platform  on  the  lower  boom,  carries  a  load 
of  20  tons  at  the  centre.  Find  the  stress  in  each  member,  and  also  find  the 
weight  at  each  joint  of  lower  boom  which  will  give  the  same  stresses  in  the 
centre  bays.     There  are  six  bays  in  the  lower  chord. 

Ans.  Stress  in  each  diagonal  =^°-V^ tons. 

Tens,  chord:  stress  in  1st  bay-^aVj;  2d  =  10V^;  3d=Y-V^tons. 
Comp.  chord:  stress  in  1st  bay=V-'>/3';  2d=¥\/3';  3d=20V^tons. 
Weight  at  each  joint  =5if  tons. 

5.  A  Warren  girder  for  a  single-track  railway  bridge  consists  of  eight 
equilateral  triangles  and  has  to  cross  a  span  of  96  ft. ;  the  platform  is  on  the 
bottom  chord;  the  loads  per  lineal  foot  for  which  the  truss  is  to  be  designed 
are  2250  lbs.  due  to  engine,  1500  lbs.  due  to  train,  and  450  lbs.  due  to  bridge. 
Determine  the  maximum  stresses  (both  tensile  and  compressive)  in  the  members- 
met  by  vertical  planes  immediately  on  the  right  of  the  second,  third,  and 
fourth  apices  in  the  compression  chord.  Also,  find  how  many  J-in.  rivets 
are  required  to  connect  the  diagonals  met  by  these  planes  with  the  chords 
and  to  prevent  any  tendency  to  longitudinal  slip  between  the  support  and 
the  first  apex,  and  between  the  first  and  second  apices  in  the  tension  chord. 
(Shear  strength  of  rivets  being  10,000  lbs.  per  square  inch.) 

6.  A  Warren  girder  with  its  bracing  formed  of  nine  equilateral  triangles 
(base -10  ft.)  is  90  ft.  long,  and  its  dead  weight  is  500  lbs.  per  lineal  foot. 
Determine  the  maximum  stresses  in  each  member  when  a  live  load  of  1350 
lbs.  per  lineal  foot,  preceded  by  a  concentrated  load  of  18,000  lbs.,  crosses 
the  girder,  assuming  that  every  joint  is  loaded.  The  diagonals  and  verticals 
are  riveted  to  angle-irons  forming  part  of  the  flanges. 

How  many  f-in.  rivets  are  required  for  the  connection  of  the  several  mem- 
bers meeting  at  the  third  apex  in  the  upper  chord?     (23,  6,  and  13.)     How 
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many  are  required  in  the  first  bay  of  each  chord  to  prevent  longitudinal  slip? 
(15  in  tension  chord  and  18  in  compression  chord.) 


Ans. 


*1  *a'3  '**5  'O  '7  'a    ^8  'JC 


Cj  =  1 54,590  lbs. ;  C3  =  1 96,590  lbs. 


Fig.  800. 

f.  =  <2  =  51 ,529  lbs. ;  «  =  t,  =  123,280  lbs. ;    t,  =  <„  =  178,260  lbs. ; 
t,=t,=  209,580  lbs. ;  t,  =  i^o  =  21 9,540  lbs. ; 
Ci=  91,222  lbs.: 
Ci  =  21 7,230  lbs.; 

rfi=  103,060  lbs.;  d^  =  92,088  lbs. ;  ^3  =  81 ,551  lbs. 

dt=  71,447  lbs.;  ^5  =  61,777  lbs.;  de  =  52,539  lbs, 

d,  =  43,735  lbs.;  d,  =35,363  lbs.;  rf,  =  27,424  lbs. 

'd,„=   19,919  lbs.;  d,i  =12,846  lbs.;  'd,,=    6,207  lbs. 

The  stresses  dm,  dn,  and  d^^  are  of  an  opposite  kind  to  those  due  to  the 
dead  load.     The  maximum  load  on  each  vertical  =20,500  lbs. 

7.  If  a  force  of  5000  lbs.  strike  the  bottom  chord  of  the  girder  in  the  pre- 
ceding question  at  20  ft.  from  one  end  and  in  a  direction  inclined  at  30°  to 
the  horizontal,  determine  its  effect  upon  the  several  members. 


X  \3K''  z 

Fig.  801. 


Xa 


Xc    Xe 


Xo     5OOOV3 


3.     5 


13 


27 


lbs.; 


,„     Yd     Yf  Yp    lOOOOv^,^ 

^'=1-    3=---=T  =  — ^^^^^•' 

lOOOOVs"  „ 
Ya^ab  =  bc==. .  .=no  =  op  = — lbs.; 

35OOOV3"  ,^ 
Ys^sr  =  rq  =  qp  = — lbs.; 

„      SSOOOVs",,          „      40000VT,, 
Zs  = ;;;; —  Ibs. ;     Zq  = — Ibs. ; 


Yr 


27  '       ^  27 

35OOOV3" ,,  ..^      7OOOOV3" ,. 

=  — z:z lbs. ;  Yp  = —  lbs. 

27  '      ^  27 


8.  A  lattice  girder  200  ft.  long  and  20  ft.  deep,  with  two  systems  of  right- 
angle  triangles,  carries  a  dead  load  of  800  lbs.  per  Uneal  foot.  Determine 
the  greatest  stresses  in  the  diagonals  and  chords  of  the  fourth  bay  from  one 
end  when  a  live  load  of  1200  lbs.  per  Uneal  foot  passes  over  the  girder. 
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Ans.  Ji  riveted:  Diagonal  stress  =  37,200\/2'lbs.; 

Chord  stress      =450,000  lbs. 
If  pm-coranecterf;  Diagonal  stress  =  44,800  v^  and  29,600  V2"lbs. ; 
Chord  stress      =460,000  lbs.  in  compression  and 
=440,000  lbs.  in  tension. 

9.  A  iattice  girder  80  ft.  long  and  8  ft.  deep  carries  a  uniformly  distributed 
load  of  144,000  lbs.  Find  the  flange  inch-stresses  at  the  centre,  the  sectional 
area  of  the  top  flange  being  56^  sq.  ins.  gross,  and -of  the  bottom  flange  45 
sq.  ins.  net. 

What  should  be  the  camber  of  the  girder,  and  what  extra  length  should 
be  given  to  the  top  flange,  so  that  the  bottom  flange  of  the  loaded  girder  may 
be  truly  horizontal  ?     (E  =  29,000 ,000  lbs.) 
Ans.  3185.8  lbs.;    4000  lbs. 

Xi  =  .29735  in. ;    x^  =  .2987  in. ;    s,  -Sj  =tVAV  ft- 

10.  A  lattice  girder  80  ft.  long  and  10  ft.  deep,  with  four  systems  of  right- 
angle  triangles,  carries  a  dead  load  of  1000  lbs.  per  lineal  foot.  Determine 
the  greatest  stresses  in  the  diagonals  met  by  a  vertical  plane  in  the  seventh 
bay  from  one  end  when  a  live  load  of  2600  lbs.  per  lineal  foot  passes,  over 
the  girder.     Design  the  flanges,  which  are  to  consist  of  plates  riveted  together. 

The  lattice  bars  are  riveted  to  angle-irons.     Find  the  number  of  f-in. 
rivets  required  to  connect  the  angle-irons  with  the  flanges  in  the  first  bay, 
10,000  lbs.  per  square  inch  being  the  safe  shearing  strength  of  the  rivets. 
Ans.  If  riveted:  Diagonal  stress  =  10,664^v^2  lbs. 

li  pin-connected:       "  "     =9062^^2";  _6250V2";    15,468i\/2; 

11,875^2  lbs. 

11.  A  lattice  girder  of  40  ft.  span,  5  ft.  depth,  and  with  horizontal  chords 
has  a  web  composed  of  two  systems  of  right-angle  triangles  and  is  designed 
to  support  a  dead  and  a  live  load,  each  of  i  ton  per  lineal  foot,  upon  the  bottom 
chord.  Determine  the  maximum  stresses  in  the  members  of  the  third  bay 
from  one  end  met  by  a  vertical  plane.  _ 

Ans.  li  riveted:  Diagonal  stress  =-V¥ "^2  tons; 

Chord  stress       =33 J  tons. 
If  pm-connecfed.-  Diagonal  stress  =f  1^/2    and    ffV^tons; 
Chord  stress       =  32^  tons  in  tension, 

35  tons  in  compression. 

12.  A  lattice  truss  of  100  ft.  span  and  10  ft.  depth  has  a  web  composed 
of  four  systems  of  right-angle  triangles.  The  maximum  stress  in  the  diago- 
nal joining  the  sixth  apex  in  the  upper  chord  to  the  fourth  apex  in  the  lower 
is  16  tons.  Find  the  dead  load,  the  live  load  being  1  ton  per  lineal  foot,  assum- 
ing the  truss  to  be  (a)  riveted,  (b)  pin-connected. 

Ans.  (a)  .554  ton;     (6)  1.062  tons. 

13.  A  lattice  girder  of  40  ft.  span  has  a  w:eb  composed  of  two  systems 
of  triangles  (base  =  10  ft.)  and  is  designed  to  carry  a  live  load  of  1600  lbs. 
per  Uneal  foot  and  a  dead  load  of  1200  lbs.  per  lineal  foot.  Defining  the  stress- 
length  of  a  member  to  be  the  product  of  its  length  into  the  stress  to  which 
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it  is  subjected,  find  the  depth  of  the  truss  so  that  its  total  stress-length  may 
be  a  minimum.  Ans.  Riveted,  11.94  ft.;     pin-connected,  11.9  ft. 

14.  Prepare  a  table  giving  the  stresses  in  the  several  members  of  a  single- 
intersection  deck-truss  for  a  double-track  bridge  of  342  ft.  span,  33  ft.  depth, 
and  with  eighteen  panels.  The  panel  engine,  live,  and  dead  loads  are 
121,000,  65,000,  and  40,000  lbs.,  respectively,  per  truss. 

15.  Prepare  a  table  giving  the  stresses  in  the  several  members  of  a  double- 
intersection  through-truss  of  342  ft.  span,  33  ft.  depth,  with  eighteen  panels 
and  a  double  track.  The  panel  engine,  train,  and  dead  load  are  121,000, 
65,000,  and  40,000  lbs.,  respectively,  per  truss. 

16.  Prepare  a  table  giving  the  stresses  of  the  several  members  of  a  double- 
intersection  through-truss  of  154  ft.  span,  20  ft.  depth,  and  with  eleven  panels. 
The  panel  engine,  live,  and  bridge  loads  are  91,000,  48,000,  and  23,000  lbs., 
respectively,  per  truss. 

17.  Prepare  a  table  giving  the  stresses  in  the  several  members  of  a  through- 
truss  for  .a  double-intersection  double-track  bridge  of  342  ft.  span,  40  ft. 
depth,  and  with  nineteen  panels.  The  panel  engine,  live,  and  dead  loads 
are  96,000,  53,000,  and  43,200  lbs.,  respectively. 

18.  A  horizontal  eye-bar  of  length  I  in.  and  weighing  w  pounds  per  lineal 
inch,  carries  a  force  of  P  pounds.     Taking 

Afo=  moment  of  resistance  of  section  Mi— Jlf2=— ; 

e 

Ml  =  bending  moment  at  centre  of  eye-bar  due  to  its  own  weight  =^wP; 

3^2  =  bending  moment  from  direct  stress  P  into  the  lever-arm  d=Pd; 

/i  =  unit  stress  on  extreme  fibre  at  centre  of  span  due  to  Mi  and  M, 

acting  together;  ' 

e=  distance  from  neutral  axis  to  extreme  fibre; 

d= maximum  deflection  due  to  all  forces  acting  together; 

/=momejit  of  inertia  of  bar; 

i?=  modulus  of  elasticity; 

/j  =  unit  stress  uniformly  distributed  due  to  P, 

(5  PP\ 
/H-To-et)  =Mie. 

19.  A  horizontal  eye-bar  2"Xl2"is50  ft.  long  centre  to  centre  of  pin- 
holes. The  direct  tensile  stress  /z  on  the  bar  is  18,000  lbs.,  or  P =432,000  lbs. 
The  material  is  of  steel  and  the  weight  of  the  bar  is  81.6  lbs.  per  lineal  foot. 

(a)  Find  /,  by  the  formula  of  .the  preceding  problem,  and  obtain  the 
maximum  fibre  stresses. 

(6)  Assuming  that  the  direct  bending  and  the  tension  stresses  act  inde- 
pendently, find  the  extreme  fibre  stresses  in  tension  and  compression. 

Ans.  (a)  20,168 and  15,832 Ibs./sq. in.  (T.);  (6)  24,375 and  11,625 Ibs./sq. in. 

20.  A  round  lateral  rod  1  in.  in  diameter  is  64  ft.  long  between  end  sup- 
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ports,  and  is  subjected  to  a  tensile  stress  of  8000  lbs.     Find  /,  by  the  method 
of  Problem  18,  and  also  find  the  total  maximum  and  minimum  fibre  stresses. 
Ans.  471  Ibs./sq.  in.;     10,682  lbs.  and' 9718  Ibs./sq.  in. 

21.  By  comparing  the  two  preceding  problems  it  will  be  seen  that  the 
bending  stress  for  the  2"X12"  eye-bar  is  much  greater  than  that  of  the  1-in. 
round  bar,  although  the  unsupported  length  of  the  rod  is  the  greater.  It 
is  evident  that  for  any  given  fibre  stress  f^  there  is  a  certain  ratio  of  depth 
to  length  that  will  give  a  maximum  value  for  f^.  Determine  this  ratio  for 
/j  =  16,000  lbs.  Ans.  1  to  38. 

22.  A-member  of  a  truss  10  ins.  long,  measured  on  the  chord  joining  the 
two  panel-points,  is  curved  to  a  radius  of  20  ft.,  and  carries  a  direct  com- 
pression stress  of  300,000  lbs.  What  is  the  bending  moment  in  inch-pounds 
due  to  the  curvature?  Ans.  2,287,500  in. -lbs. 

23.  The  end  pin  of  a  riveted  span  is  placed  24  ins.  below  the  centre. of  the 
bottom  chord.  Find  the  bending  effect  produced  by  a  traction  load  of 
100,000  lbs.  on  the  truss.     Is  this  a  faulty  detail?    Why? 

Ans.  2,400,000  in.-lbs. 

24.  The  total  reaction  on  a  roller  (cylindrical)  shoe  of  a  span  is  1,500,000 
lbs.  The  allowable  bearing  on  the  hmestone  masonry  is  300  lbs.  per  square 
inch,  and  the  bearing  intensity  on  steel  rollers  is  p  =  600(i  where  p  =  pressure 
per  Uneal  inch  of  roller  and  d=the  diameter.  Find  the  size  of  base  and  the 
number  and  dimensions 'of  rollers  required.  {N.B.  The  rollers  should  be  so 
proportioned  that  the  distance  from  the  edge  of  the  spaces  they  occupy  to  the 
extremity  of  the  area  required  for  bearing  on  the  masonry  is  not  less  than 
6  ins.  at  any  point.) 

Taking  the  same  loading,  but,  instead  of  limestone  using  granite  for  the 
coping,  the  granite  having  a  safe  bearing  strength  of  550  lbs.  per  square  inch, 
determine  the  size  of  base  and  the  number  and  dimensions  of  segmental  rollers 
required,  the  rollers  to  occupy  a  space  lOi  ins.  less  in  each  direction  than  the 
area  required  for  bearing  on  the  masonry. 

Ans.  5000  sq.  ins.;  eleven  rollers  4  ins.  diam. X57  ins.  long  =2727  sq.  ins., 
eight  rollers  7i  ins.  diam.  X  42  ins.  long. 

25.  The  total  load  on  the  rollers  of  a  rim-bearing  draw-span  is  3,000,000 
lbs.  The  diameter  of  drum  is  18  ft.  Allowing  the  same  intensity  on  the 
rollers  as  in  the  preceding  example,  determine  the  size  and  number  required. 

Ans.  40;  1 6  ins.  diam.  X 7.81  ins.  face. 

26.  A  drum  of  a  draw-span  is  20  ft.  in  diameter.  A  load  of  4,000,000 
lbs.  from  the  span  is  equally  distributed  over  eight  points  of  support  on  the 
drum.     Find  the  moment  on  the  drum  by  the  formula  M=-^^Wl. 

Ans.  392,700  ft.-lbs. 

27.  A  bent  for  a  viaduct  is  30  ft.  high  from  top  of  masonry  to  base  of  rail. 
The  columns  are  spaced  at  15  ft.  centres,  and  are  subject  to  transverse  bend- 
ing due  to  a  wind  load  of  20,000  lbs.  The  total  vertical  load  on  each  column 
is  80,000  lbs.  The  base  of  column  is  2  ft.  square,  and  the  anchor-bolts  are 
spaced  3  ins.  from  the  edges  of  shoes.  Required  the  pull  on  the  anchor-bolts 
to  fix  the  bottoms  of  columns,  supposing  the  columns  to  be  supported  trans- 
versely by  a  floor-beam  5  ft.  deep.  Ans.  39,000  lbs. 
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28.  The  train  load  on  an  elevated  steel  structure  is  5000  lbs.  per  lineal 
foot;  the  structure  is  divided  into  bays,  each  consisting  of  six  45-ft.  spans 
and  one  30-ft.  tower-span.  All  of  the  traction  load  is  carried  by  the  longi- 
tudinal diagonal  braces  of  the  towers,  the  diagonals  being  placed  on  an  angle 
of  45  degrees.  Assuming  the  coefficient  of  friction  between  the  wheels  and 
rails  to  be  0.20,  find  the  greatest  stress  on  the  tower  diagonals.  There  is  an 
expansion  joint  between  each  bay.  The  diagonals  are  to  be  rigid  sections 
capable  of  carrjdng  either  tension  or  compression. 

If,  instead  of  using  to'wer  bracing  to  provide  for  the  longitudinal  thrust 
from  traction  load,  the  columns  are  made  rigid  enough  to  resist  the  effect  of 
same,  determine  the  bending  moment  on  each  column,  assuming  the  same  load- 
ing and  that  the  structure  is  divided  into  50-ft.  panels.  The  expansion  joints 
are  300  ft.  apart,  the  unsupported  length  of  columns  is  30  ft.,  and  the  columns 
are  fixed  top  and  bottom.        Ans.  106,050  lbs.  (T.  or  C.) ;  4,500,000  in.-lbs. 

29.  Prepare   a  table  giving  the   stresses  in  the  several  members  of  a 
C3  CI  06 „        single-intersection  through-truss  of  154  ft. 


h/^  \(s  V3  V4  ^  ^  \  \  \  \      span,  20  ft.  depth,  and  with  eleven  panels. 
f.t  t) V t/^tc    ^1  ^  ^  ^  ^    The    panel    engine,    live,    and   dead    (or 


Fig.  802. 


bridge)  loads  are  27,500,  17,600,  and  8470 
lbs.,  respectively. 


Ans. 


Diag. 

Mult. 

2500 

Mult. 

1600 

Sum. 

Mult. 

770 

Siuu. 

sec. 

Total  Max. 
Stress. 

10 
9 

8 
7 
6 
5 
4 

25,000 
22,500 
20,000 
17,500 
15,000 
12,600 
10,000 

45 
36 
28 
21 
15 
10 
6 

72,000 
57,600 
44,800 
33,600 
24,000 
16,000 
9,600 

97,000 
80,100 
64,800 
51,100 
39,000 
28,500 
19,600 

55 
44 
33 
22 
11 
0 
-11 

42,350 
33,880 
25,410 
16,940 
8,470 

-8,'47d 

139,350 
113,980 
90,210 
68,040 
47,470 
28,500 
11,130 

1.22 
1.22 
1.22 
1.22 
1.22 
1.22 
1.22 

170,007 
139,056 
110,057 
83,009 
57,914 
34,770 
13,579 

Panel. 

Mult. 

3270 

Mult. 

2370 

Sum. 

tan. 

Panel 

Stress. 

Total  Panel 

Stress. 

h 
k 

k 

10 
-1 
-1 
-1 

-1 

32,700 
-3,270 
-3,270 
-3,270 
-3,270 

45 
45 
34 
23 
12 

106,650 

106,650 

80,580 

54,510 

28,440 

139,350 

103,380 

77,310 

51,240 

25,170 

f? 

97,545 
72,366 
54,117 
35,868 
17,619 

97,545 
169,911 
224,028 
259,896 
277,515 

30.  A  seven-panel  single-intersection  truss  for  a  single-track  bridge  has 
a  length  of  105  ft.  and  a  depth  of  20  ft.,  the  load  being  on  the  lower  chord. 
Find  the  stresses  in  the  several  members  (a)  when  the  apex  five  load  is  12 
tons,  (&)  when  the  live  load  is  produced  by  concentrated  loads  of  8,  8,  20, 
20,  8,  8,  8,  8,  and  a  uniformly  distributed  load  of  1.5  tons  per  lineal  foot, 
following  each  other  in  order  over  the  bridge  at  the  distances  of  5.5,  9,  8, 
8,  9.5,  5,  5.5,  5,  and  3  ft.  apart. 

31.  The  two  trusses  for  a  16-ft.  roadway  are   each  100  ft.  in  the  clear, 
17  ft.  3  ins.  deep,  and  of  the  type  repre-  A     C 
sented  in  the  figure;    under  a  live  load  of 
1120  lbs.  per  lineal  foot  the  greatest  total      '^ 
stress  in  AB  is  35,400  lbs.    Determine  the 
permanent  load. 


Fig.  803. 
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The  diagonals  and  verticals  are  riveted  to  angle-irons  forming  part  of  the 
flanges.  How  many  |-in.  rivets  are  required  for  the  connection  of  AB  and 
BC  B,t  B  ?  Also,  how  many  are  required  between  A  and  C  to  resist  the 
tendency  of  the  angle-irons  to  sUp  longitudinally?  Working-shear  stress  = 
10,000  lbs.  per  square  mch.  Ans.  708.6  lbs.;  8,  4,  7. 

32.  A  Pratt  truss  with  sloping  end  posts  has  a  length  of  150  ft.  centre 
to  centre,  and  a  height  of  30  ft.  centre  to  centre,  with  panels  15  ft.  long;  the 
dead  load  is  3000  lbs.  per  lineal  foot,  and  the  live  load  12,000  lbs.  Determine 
the  maximum  stresses  in  the  end  posts,  in  the  third  post  from  one  end,  in 
the  middle  of  the  bottom  chord,  and  in  the  members  of  the  third  panel  met 
by  a  vertical  plane.       Ans.  158.48;  81.45;  196.875;  126;  91;  165.875  tons. 

33.  A  ten-panel  single-intersection  through-bridge  of  170  ft.  span  is  25  ft. 
6  ins.  in  height,  and  has  floor-beams  13  ft.  in  length.  How  many  1-in.  rivets 
a,re  required  in  the  third  panel  from  one  end  to  connect  the  web  with  the 
chords,  assuming  the  panel  live  load  to  be  30,000  lbs.  and  the  panel  dead 
load  to  be  10,000  lbs.? 

•   Ans.  10  and  13,  the  shearing  strength  of  the  rivets  being  10,000  Ibs./sq.  in. 

34.  Each  of  the  two  Pratt  single-intersection  five-panel  trusses  for  a  single- 
track  deck-bridge  is  55  ft.  centre  to  centre  of  end  pins  and  11  ft.  6  ins.  deep. 
Timber  floor-beams  are  laid  upon  the  upper  chords  2f  ft.  centre  to  centre; 
the  width  between  the  chords  =  10  ft.  Find  the  proper  scantling  of  the  floor- 
beams  for  the  loading  given  in  Fig.  622,  p.  683.  Also  determine  the  maxi- 
mum chord  and  diagonal  stresses  in  the  centre  panel  due  to  the  same  live  load. 

Ans.  10  in.  X  10.4  in.;  max.  chord  stresses  =  30.68  and  32.41  tons;  max. 
diagonal  stress  =  8.99  tons. 

35.  Loads  of  31,  6,  6,  6,  and  6  tons  follow  each  other  in  order  over  a  ten- 
panel  Single-intersection  truss  at  distances  of  8,  51,  4J,  and  4J  ft.  apart.  Deter- 
mine the  position  of  the  loads  which  will  give  the  maximum  diagonal  and 
chord  stresses  in  the  third  and  fourth  panels.     Span  =  120  ft.  and  depth  =  1 2  f t. 

Ans.  The  max.  shears  in  the  3d  and  4th  panels  are  16.2-875  and  13.5125 
tons,  respectively,  and  occur  when  the  3|-ton  wheel  is  first  a,t  the  third  panel- 
point,  and  second  at  the  fourth  panel-point;  the  maximum  chord  streisses  in 
the  3d  and  4th  panels  are  33.775  tons  and  43.5875  tons  respectively,  and 
occur  when  first  the  3|-ton  wheel  is  at  a  panel-point,  and  second  when  the 
first  6-ton  wheel  is  at  a  panel-point. 

36.  Determine  the  moment  of  resistance  of  a  floor-beam  for  the  Sault 
Ste.  Marie  bridge  from  the  following  data:  Floor-beams,  16  ft.  6  ins.  long 
and  23  ft.  lOf  ins.  apart;  the  dead  weight  of  the  flooring,  stringers,  etc.  = 
800  lbs.  per  lineal  foot  of  floor-beam;  the  live  load  as  given  in  Fig.  622, 
p.  683;  the  load  is  transmitted  to  the  floor-beam  by  four  lines  of  stringers 
so  spaced  as  to  throw  two  thirds  of  the  load  upon  the  inner  pair,  which  are 
3  ft.  centre  to  centre.  Ans.  296.294  ft.-tons. 

37.  In  a  truss-bridge  the  panels  are  17  ft.  ai?^  the  floor-beams  13  ft.  in 
length.  Loads  of  8,  12,  12,  12,  12,  10,  10,  10,  and  10  tons  follow  each  other 
in  order  over  the  bridge  at  the  distances  of  7^,  4^,  4i,  4^,  7i,  5^,  6i,  and  5J  ft. 
apart.  Determine  the  moment  of  resistance  of  the  beam,  taking  the  load 
due  to  the  platform,  etc.,  to  be  500  lbs.  per  lineal  foot.    Ans.  82.2225  ft.-tons. 
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38.  With  the  loading  given  by  Fig.  804  design  a  floor-beam  for  a  single 
track  bridge  with  panels  22  ft.  long,  the  weight  of  the  platform  being  450  lbs. 
per  square  yard,  and  of  each  longitudinal  200  lbs.  per  hneal  yard. 


Fig.  804. 


Ans.  The  B.M.  in  cross-tie  is  greatest  when  the  3d  22,000-lb.  load  is  at  a 
panel-point,  and  total  max.  B.M.  =  139.883  ft.-tons. 

39.  Design  a  cross-girder  for  a  five-panel  through-truss  bridge,  120  ft. 
long,  for  Cooper's  standard  loading  E  50.  The  span  of  the  girder  is  17  ft.  6  ins. 
back  to  back,  of  connection  angles,  and  there  are  two  lines  of  stringers  8  ft. 
apart.  The  dead  load  of  the  stringers  and  floor  system  may  be  taken  as 
700  lbs.  per  foot  run  of  bridge,  and  the  estimated  weight  of  the  cross-girder 
is  3000  lbs. 

40.  Design  the  central  cross-section  of  a  plate  girder  having  an  effective 
span  of  50  ft.  and  a  depth  of  5  ft.  6  ins.  centre  to  centre  of  the  flanges,  for 
Cooper 's  standard  loading  E  50 ;  the  dead  load  may  be  assumed  to  be  650  lbs. 
per  foot  run  of  girder. 

41 .  The  stringers  for  a  railroad  span  are  spaced  8  ft.  centres.  The  ties  are  to 
be  spaced  5  ins.  apart  in  the  clear.  Assuming  that  the  rails  are  strong  enough 
to  distribute  each  wheel  concentration  equally  over  three  ties,  and  that  the 
timber  will  carry  safely  an  extreme  fibre  stress  of  2000  lbs.  per  square  inch, 
including  impact;  determine  the  size  of  tie  required  for  a  wheel  load  of  25,000 
lbs.  Distance  centre  to  centre  of  rails =4  ft.  11  ins.;  impact  80  per  cent  of 
the  live  load.  Ans.  8^"X10". 

42.  Design  the  central  section  of  a  plate  girder  of  45  ft.  span  and  5  ft. 
deep  to  carry  a  dead  load  of  500  lbs.  per  foot  run,  a  live  load  of  3200  lbs.  per 
foot  run,  and  an  impact  load  of  2400  lbs.  per  foot  run;  also  determine  the 
lengths  of  the  flange  plates. 

43.  Design  a  cross-tie  for  a  double-track  open-web  bridge,  the  ties  being 
18  ft.  5  ins.  centre  to  centre  and  the  live  load  for  the  floor  system  being, 
8000  lbs.  per  lineal  foot. 

44.  Design  a  stringer  for  a  Pratt-truss  bridge  20  ft.  long  and  3  ft.  9  ins., 
back  to  back  of  angles.  The  hve  load  is  3200  lbs.  per  foot  run  of  stringer, 
and  the  estimated  weight  of  the  dead  load,  including  the  weight  of  the  stringer, 
is  400  lbs.  per  foot  run. 

45.  Design  the  section  ofrfihe  top  chord  member  of  a  bridge  for  a  total  dead,, 
live,  and  impact  load  of  620,000  lbs.     The  length  of  the  member  is  25  ft. 

and  the  inside  width  is  15  ins.     Use  the  column  formula  » ( 1  +,,^„^  ,1  = 

^  \      llOOOrV 

17,000  lbs.  per  square  inch. 
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46.  A  panel  of  the  top  chord  of  a  deck-span  is  20  ft.  in  length;  the  direct 
compressive -stress  is  320,000  lbs.;   the  top  chord  is  subjected    4,        «^ 
to  a  bending  moment  due  to  a  uniform  load   of  4000  lbs.  per 

lineal  foot.    The  allowable  extreme  fibre  stress  in  either  tension 
or  compression  for  the  combined  loading  is  16,000  lbs.  per  square  J        ili= 
inch.  Determine  the  bending  moment  by  the  formula  M=-^^wl^.    Fig.  805. 
Find  the  section  required  by  the  form  shown  in  the  diagram. 

Ans.  One  18"  X I"  cover;  tootop  3"X3"Xf"X7.2  lb.  angles;  <w;o20"Xi" 
webs ;  two  bottom  6"  X  4"  X  A"  X 18. 1  lb.  angles. 

47.  The  figure  represents  a   counterbalanced  swing-bridge,   16  ft.  deep 
E  and    wholly  supported   upon    the    turntable    at   A 

and  B]    the  dead  weight  is  650  lbs.  per  lineal  foot 
of  bridge;   the  counterpoise  is  hung  from  C  and  D. 
Find  its  weight,  assuming  (a)  that  the  whole  of  it 
is  transmitted  to  B;    (6)  that  a  portion  of  it  sufficient 
to  make  the  reactions  at  A  and  B  equal  is  transmitted  to  A  through  a  mem- 
ber BE.     Also,  determine  the  stresses  in  the  several  members  of  the  truss. 
Ans.  Counterpoise  in  case  (a)  =26,162^  lbs.; 
in  case  (6)  =22,186|-i  lbs. 
Stress  transmitted  through  BE  in  case  (&)  =  6962  lbs. 

48.  The  figure  represents  a  counterbalanced  swing-bridge ;  the  dead  load 
upon  the  bridge  is  650  lbs.  per  lineal  foot ; 
the  counterpoise  is  suspended  from  CD.  Find 
its  value,  the  joint  at  E  being  so  designed  that 
the  whole  of  the  load  upon  the  bridge  is  always 
transmitted  through  the  main  posts  EA,  EB, 
and  is  evenly  distributed  between  the  points  of  support  at  A  and  B.  Find 
the  stresses  in  the  several  members  of  the  truss  in  the  preceding  question  (a) 
when  the  bridge  is  open;  (6)  when  the  bridge  is  closed  and  is  subjected  to  a 
live  load  of  3000  lbs.  per  lineal  foot.    Height  of  truss  at  .0  =  16  ft.,  at  i^  =  8  ft. 

Ans.  20,694.3  lbs. 

49.  A  swing-bridge  truss  of  the  form  and  dimensions  shown  by  Fig.  808 
has  a  panel  dead  load  of  2  tons.  Find  the  counterweight  C  and  draw  the 
stress  diagram  when  the  bridge  is  open.  Also  find  the  reactions  and  draw 
the  stress  diagram  when  the  bridge  is  closed.  Determine  the  effect  of  a  panel 
live  load  of  4  tons.  Ans.  C  =  6|i. 

50.  A  draw-span  having  equal  arms  of  100  ft.  length,  divided  into  four 


Fig.  807. 
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Fig.  808. 


Fig.  809. 


equal  panels,  Fig.  809,  is  subjected  to  a  live  load  of  2600  lbs.  per  lineal  foot 
of  truss.  The  dead  load  is  1200  lbs.  per  lineal  foot  of  truss.  Determine 
the  stresses  in  the  members  (a)  when  the  bridge  is  open,  (6)  when  the  live 
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load  is  concentrated  at  the  first,  second,  and  third  panel-points.  Also  find  the 
stress  in  X  when  the  bridge  is  open. 

51.  The  wedges  beneath  the  ends  of  a  draw-span  are  each  required  to 
exert  an  uplift  of  100,000  lbs.  The  slope  of  the  wedges  is  1  in.  vertical  to 
5  ins.  horizontal.  The  coefiicient  of  friction  on  the  two  surfaces  of  the  wedges 
is  0.30.  Required  the  horizontal  force  necessary  to  drive  and  draw  each 
wedge. 

Ans.  50,000  lbs.;  10,000  lbs.  In  practice,  however,  it  usually  takes  as 
much  to  draw  as  to  drive  the  wedge  if  operated  only  at  long  intervals. 

52.  A  draw-span  320  ft.  in  length  is  divided  into  one  centre  panel  of  20  ft. 
and  twelve  ordinary  panels  of  25  ft.  each.  One  arm  of  the  span  is  subjected 
to  an  unbalanced  wind  load  of  5  lbs.  per  square  foot  of  exposed  area,  or  100 
lbs.  per  lineal  foot  of  arm.  The  diameter  of  the  pitch-circle  of  the  rack  is 
25  ft.  There  are  two  main  driving-pinions  gearing  into  the  rack.  Find  (a)  the 
tooth  pressure  on  each  necessary  to  overcome  the  unbalanced  wind  load; 
also  (6)  the  power  required  to  turn  the  span  against  this  load  through  one 
fourth  revolution  in  two  minutes. 

The  total  weight  of  the  draw-span  is  1,000,000  lbs.  Find  (c)  the  power 
required  to  turn  the  span  through  one  fourth  revolution  in  one  half  min- 
ute under  ordinary  conditions;  also  (d)  against  the  unbalanced  wind  load 

.0125TF'w 
in  two  minutes.     Use  the  formula  H.P.  =^ — ~r —  for  determining  the  power 

oou 

required  to   overcome  friction,  accelerate  motion,  etc.,  where  TF  =  weight  of 

span  and  i;  =  velocity  of  pitch-circle  on  rack  in  feet  per  second. 

Determine  the  size  of  main  pinions  for  the  power  required  in  Case 
(c) ,  assuming  that  the  gears  are  to  be  made  of  cast  steel  capable  of  a  safe 
extreme  fibre  stress  of  16,000  lbs.  per  square  inch.  Make  the  face  of  pinions 
two  and  one  half  times  the  pitch  and  use  the  formula  p=  0.025 VjP,  where 
p  =  pitch  required  and  P  the  tooth  pressure  on  each  pinion. 

The  shafts  supporting  the  main  driving-pinions'  have  boxes  located  so 
that  the  bending  and  torsional  moments  are  equal;  determine  the  size  of 
shaft  required,  assuming  for  such  conditions  that  steel  shafting  will  carry 
safely  an  extreme  fibre  stress  of  24,000  lbs.  per  square  inch. 

Take  the  draw-span  to  be  moving  at  the  rate  of  one  revolution  in  four 
minutes.  Required  the  force  at  each  of  the  two  ends  necessary  to  bring  the 
span  to  rest  in  a  space  of  6  ins.  Assume  the  1,000,000  lbs.  of  weight  to  be 
equally  distributed  throughout  the  span.  Find  the  size  ef  latch  required 
for  stopping  the  span  under  the  conditions  named,  assuming  the  latch  is  of 
a  rectangular  section  of  steel,  and  that  the  resistance  is  obtained  by  bend- 
ing on  same,  the  unsupported  length  or  lever-arm  being  20  ins.  Working 
stress  on  extreme  fibre  =  16,000  lbs.  per  square  inch. 

Ans.  51,200  lbs.;  30.5,  14.8,  3.7,  34.2  H.P.;  ^  ins.  pitch X8i  ins.  faceX 
17.8  ins.  diam. X16  teeth;  diam.  =6.4  ins.;  68,200  lbs.,  assuming  the  weight 
of  the  draw-span  to  be  uniformly  distributed;  the  latch  to  be  10  ins.  wide 
X5.115  ins.  thick,  which  presupposes  that  the  latch  is  caught  in  such  a  way 
as  to  exert  the  pressure  of  68,200  lbs.  throughout  the  distance  of  6  ins. 
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53.  A  bent  for  an  elevated  structure  consists  of  two  columns  spaced  20  ft. 
apart.  Between  the  two  columns  is  a  cross-girder  AB  which  must  carry  a 
dead  load  of  4000  lbs.  per  foot  of  its  length  and  a  live  load  of  6000  lbs.  per  foot. 
Outside  of  each  column  are  cantilever  brackets  AC  and  BD,  which  support 
the  same  live  and  dead  loads  per  foot.  Find  the  greatest  upward  and  down- 
ward moments  on  the  cross-girder;  the  moment  in  each  cantilever  at  the 
columns;  the  total  moment  for  which  the  cross-girder  should  be  proportioned, 
and  the  maximum  and  minimum  loads  which  each  column  will  receive.  The 
cross-girder  should  be  designed  to  carry  the  greater  moment  plus  three  fourths 
of  the  lesser. 

Ans.  (a)  L.L.  on  AC  and  BD,  net  upward  moment  =  300, 000  ft.-lbs.;  (6) 
L.L.  on  AB,  net  dovonward  moment  =300,000  ft.-lbs.;  (c)  L.L.  on  CB,  max, 
load  on  column  =215,000  lbs.;  (d)  max.  B.M.  on  cross-girder  =  525,000  ft.-lbs.; 
(e)  L.L.  on  BD  min.  load  on  column  =  65,000  lbs. 

54.  Find  the  maximum  stresses  in  the  several  members 
of  the  compound  A  bridge  truss  of  160  ft.  span  and  40  ft. 
depth  shown  by  diagram,  the  panel  dead  and  live  loads 
being  2  and  4  tons  respectively.  Fig.  810. 


55.  In  a  seven-panel  Pegram  truss  for  a  span  of  200  ft.,  the  upper  panel- 
'  "^r7C7vTyT9V7v-x     points  lie  in  a  circular  arc,  with  a  chord  of  160  ft.  and  a 

AWA/AIA-VVS   y^j.^^^  sine  of  15  ft.     Taking  the   dead  load  at  900  lbs. 
Fig.  811.  and  the  live  load  at  1800  lbs.  per  Uneal  foot  per  truss,  deter- 

mine the  stresses  in  every  member  of  the  truss.     (See  Ex.  6,  p.  706.) 

56.  The  figure  represents  the  half  of  one  of  the  trusses  for  a  bridge  of 
]  20  ft.  span,  the  panel  dead  and  hve  loads  being  6  and 
4  tons  respectively.  Determine  the  lengths  of  the  ver- 
ticals and  the  stresses  in  the  several  members  (o)  so 
that  the  stress  in  each  member  of  the  lower  chord  may 
be  80  tons;  (6)  so  that  the  minimum  stress  in  each 
diagonal  may  be  zero. 


16'     16'     16'     16' 
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Fig.  812. 


57.  Determine  the  live-load  stresses  in  the  members 'of  the  cantilever 
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Fig.  813. 


truss  shown  by  Fig.  813  when  subjected  to  a  panel  live  load  of  55  tons, 

58.  The  accompanying  truss  of  240  ft.  span  and  30  ft.  deep  is  to  be  de- 
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Fig.  814. 


signed  for  a  panel  engine  load  of  24,000  lbs.,  a  panel  train  load  of  18,000  lbs. 

and  a  panel  bridge  load  of  12,000  lbs.     Deter- 
mine   graphically    the    maximum     stresses    in 
'''^r^l>KI>^l>^^'"^  the  members  met  by  the  vertical  MN.     Also, 

draw  a  stress  diagram  for  the  whole  truss 
when  it  is  covered  with  a  uniformly  distributed 
live  load  of  180,000  lbs. 
SQ.  The  compression  chord  of  a  bowstring  truss  is  a  circular  arc  of  80  ft. 
span  and  10  ft.  rise;  the  bracing  is  of  the  isosceles  type,  the  bases  of  the 
isosceles  triangles  dividing  the  tension  chord  into  eight  equal  lengths.  Deter- 
mine the  maximum  stresses  in  the  members  met  by  a  vertical  plane  28  ft. 
from  one  end.     The  live  and  dead  loads  are  each  ^  ton  per  lineal  foot. 

Ans.  Chord  tension    =77.39  tons;  chord  compression  =80.3  tons; 

Diagonal  stress  =   7.95  tons. 

6o.  Design  a  parabolic  bowstring  truss  of  80  ft.  span  and  10  ft.  rise  for 

a  dead  load  of  i  ton  and  a  live  load  of  1  ton  per  lineal  foot.     The  joints  between 

the  web  and  the  tension  chord  are  to  divide  the  latter  into  eight  equal  divisions. 

6i.  The  compression  chord  of  a  bowstring  truss  is  a  circular  arc.  The 
depth  of  the  truss  is  14  ft.  at  the  centre  and  5  ft.  at  each  end ;  the  span  =100  ft. ; 
the  load  upon  the  truss  =  840  lbs.  per  lineal  foot.  Find  the  stresses  in  all 
the  members.  Determine  also  the  maximum  stresses  in  the  members  met 
by  a  vertical  25  ft.  from  one  end  when  a  live  load  of  1000  lbs.  per  lineal  foot 
crosses  the  girder.    What  counterbraces  are  required? 

62.  A  bowstring  truss  of  120  ft.  span  and  15  ft.  rise  is  of  the  isosceles 
braced  type,  the  bases  of  the  isosceles  triangles  dividing  the  tension  chord 
into  twelve  equal  divisions;  the  dead  and  live  loads  are  ^  ton  and  1  ton  per 
lineal  foot  respectively.  Find  the  maximum,  stresses  in  the  members  met 
by  vertical  planes  immediately  on  the  right  of  the  second  and  fourth  joints 
in  the  tension  chord. 

63.  Fig.  815A  represents  the  riveted  truss  for  a  span  of  126  ft.  centre-to- 
centre  end  pins.  The  trusses  are  17  ft.  centre  to  centre,  28  ft.  deep,  and  are 
each  divided  into  six  panels.  Figs.  815B 
and  C  show  the  lower  and  upper  lateral 
systems,  the  wind  load  on  the  former  being 
450  lbs.  per  lineal  foot  when  the  span  is 
loaded  and  200  lbs.  per  lineal  foot  when 
the  span  is  empty.  The  wind  load  on  the 
upper  system  is  150  lbs.  per  lineal  foot. 
The  live  and  dead  loads  are  2  tons  and  f 
ton  respectively  per  lineal  foot  of  span.  (a)  Prepare  tables  of  maximum 
stresses.  (6)  Find  maximum  wind  stresses  in  bottom  chords  and  diagonals 
of  lateral  systems,  (c)  Will  there  be  reversion  in  the  end  panels  of  the 
bottom  chord,  assuming  the  diagonals  to  be  in  tension?  {d)  Find  the  effect 
of  the  transferred  wind  load  on  the  inclined  end  posts  and  bottom  chords, 
(e)  Discuss  the  wind  effect  on  the  portal  bracing,  Fig.  815D. 
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64.  Determine  the  direct  and  transferred  wind 
loads  on  the  lower  chords  of  the  pin-connected 
truss-bridge  shown  by  Fig.  816,  when  the  wind 
load  per  foot  run  on  the  upper  chord  is  200 
lbs.  and  on  the  lower  chord  is  500  lbs.  per 
foot  run.  The  dead-load  stresses  in  the  panels 
of  the  lower  chord  are  84,000,  84,000,  114,000, 
and  125,000  lbs.,  as  indicated.  Is  there  any 
tendency  to  reversion  in  the  lower-chord  mem- 
bers? 

The  end  post  of  the  truss  is  subjected  to  a  total  direct  stress  of  750,000 
Ibs.'due  to  the  dead,  live,  and  impact  loads,  and  the  wind  load  on  the  upper- 
chord  members  is  estimated  at  200  lbs.  per  foot  run.  Determine  the  section 
of  the  member  on  the  assumption  that  there  is  a  point  of  inflection  at  N, 

65.  The  dead  and  live  loads  for  the  truss  shown  by  Fig.  817  are  6500 
and  5500  lbs.  per  foot  run  respectively,  and  the  wind  load  per  foot  run  is 
2000  lbs.  for  the  upper  and  500  lbs.  for  the  lower  chord.  Will  there  be  any 
reversion  of  stress  in  the  lower  chord?    Determine  the  wind-bracing  stresses. 

66.  A  200-ft.  single-track  railway  span  is  divided  into  eight  panels  of 
25  ft.  each.  The  trusses  are  33  ft.  deep,  centre  to  centre  of  chords,  and  are 
spaced  18  ft.  centre  to  centre.  The  wind  load  on  the  upper  lateral  system 
is  200  lbs.  per  lineal  foot  of  span.  Find  (a)  the  maximum  bending  moment 
in  inch-pounds  on  each  inchned  end  post  or  batter-brace  due  to  the  transverse 


mh 


D      X^. 


Fig.  817. 


Fig.  818. 


wind,  with  portals  as  shown  on  Fig.  818.  Also  find  (6)  the  transferred  wind- 
load  stress  on  the  leeward  batter-brace  and  the  stresses  in  the  different  members 
of  the  portal  bracing. 

Ans.  (a)  1,522,500  in.-lbs.;  (6)  26,100  lbs.,  assuming  foot  of  brace  fixed; 
(c)  AS  =  32,400  lbs.  (T.);  DE  =  32,400  lbs.  (C);  BE  =27,850  lbs.  (C;); 
CE  =  10,350  lbs.  (T.)  ■,FG=0,  BF=0,  and  CG  =0. 


iw^owSffl. 


m/m  275,000  .iis.ooO'  «s,ooo  isiflm 

Fig.  819. 


67,  Fig.  819  is  a  skeleton  diagram  of  the  Sault  Ste.  Marie  bridge  (C.  P.  R.). 
Span  =239  ft.;  there  are  ten  panels,  each  of  23.9  ft.,  say  24  ft.;  the  length 
of  the  end  verticals  =27  ft.,  of  the  centre  verticals  =40  ft.;   width  of  truss 
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centres  =  17J  ft.  The  bridge  is  designed  to  bear  the  loading  given  by  Fig. 
622,  p.  683.    Show  that 

(o)  The  stresses  in  every  panel  length  of  each  chord  are  greatest  when 
the  third  driver  is  at  a  panel-point;  and  find  the  value  of  the  several  stresses. 

(6)  The  stresses  in  the  verticals  a  and  the  diagonals  6  are  greatest  when 
the  third  driver  is  at  a  panel-point;  and  find  their  values. 

(c)  The  stresses  in  the  remaining  members  of  the  truss  are  greatest  when 
the  second  driver  is  at  a  panel-point;  and  find  their  values. 

(d)  The  maximum  stresses  in  the  verticals  d  vary  from  a  tension  of  64,000 
lbs.  to  a  compression  of  11,000  lbs. 

(e)  The  stress  in  the  counterbrace  c  is  nil. 

Ans.  The  values  of  the  stresses  in  the  several  members  are  marked  on 
the  diagram.  They  are  deduced  from  the  distributions  given  in  the  table 
on  p.  685,  and  are  correct  within  a  very  small  percentage. 

68.  An  eight-panel  bridge,  Fig.  820, 
of  200  ft.  span  and  39|  ft.  rise  at  the 
centre  has  two  main  trusses  18  ft.  apart. 
The  dead  load  is  estimated  at  2000  lbs. 
and  the  live  load  at  4700  lbs.  per  foot 
run  of  bridge. 

Determine  the  stresses  in  one  of  the 

trusses  due  to  the  dead  load  and  the 

reversion  stresses  in  the  web  members 

due  to  the  live  load. 

Calculate  the  stresses  in  the  lower  lateral  bracing  and  the  reversion  stresses 

in  the  lower  chord  for  a  wind  load  on  the  upper  chord  of  200  lbs.  and  on 

the  lower  chord  of  480  lbs.  per  foot  run  of  bridge. 

69.  Determine  all  the  stresses  in  the  Baltimore  truss  shown  by  Fig.  821  for 


IVMVIXIXIXIXI^ 


Fig.  820. 


Fig.  821. 

a  dead  load  of  600  lbs.  and  a  live  load  of  800  lbs.  per  linear  foot  of  truss.  In 
determining  the  stresses  in  the  verticals  it  may  be  assumed  that  6000  lbs. 
of  the  panel  dead  load  is  concentrated  at  each  of  the  bottom-chord  panel- 
points. 

70.  The  figure  represents  one  of  the  trusses  for  the  Jefferson  City  440-ft. 
draw-span,  the  dimensions  and  dead  loads  in 
tons  being  as  indicated.  In  determining  the  stresses 
in  the  verticals  it  may  be  assumed  that  2J  tons 
of  the  dead  load  is  appUed  at  the  top-chord  panel- 
Points.  Pj^   g22 

(o)  Find  the  dead-load  stresses  in  the  several 
members  when  the  span  is  open.     (6)  Find  the  stresses  in  the  several  members 
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due  to  a  live  load  of  0.6  ton  per  lineal  foot  per  truss,  assuming  that  one  arm 
only  is  loaded  and  that  the  cantilever  acts  like  a  simple  girder  on  two  sup- 
ports, (c)  Find  the  stresses  in  the  several  members  due  to  an  assumed  uplift 
of  12i  tons  at  the  end  of  each  truss,  assuming  each  arm  to  act  as  a  cantilever 
resisting  said  uplift,  {d)  Determine  the  maximum  stresses  in  the  several 
members  for  a  live  load  of  0.6  ton  per  lineal  foot  of  span,  assuming  the  span 
continuous  over  the  four  points  of  support. 

The  fixed  spans  for  the  bridge  are  of  the  Petit  type  and  of  dimensions 
as  shown.  The  live  and  dead  loads  are 
600  and  800  lbs.  per  lineal  foot  per  truss. 
In  determining  the  stresses  in  the  verti- 
cals it  may  be  assumed  that  6000  lbs.  of 
the  panel  dead  load  are  concentrated  at 
each  of  the  top-chord  panel-points.  Find 
(e)  the  maximum  dead-  and  live-load  stresses. 


Fig.  823. 


71.  Figure  824  represents  one  half  of  a  truss  of  a  cantilever  bridge  span- 
ning the  river  Agarno.  The  dead  load  for  suspended  span  is  940  lbs.  and 
the  live  load  is  1678  lbs.  per  Uneal  foot  per  truss,  (a)  Find  the  dead-  and 
live-load  stresses  in  the  members  of  the  suspended  span.      (b)  Find  the  erec- 
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tion  stresses  produced  by  cantilevering  out  the  suspended  span,  the  erection 
loads  being  indicated  in  tons  on  the  figure,  (c)  Determine  the  dead-load 
stresses  in  members  of  cantilever  proper  due  to  total  weight  of  suspended 
span,  namely,  108  tons. 

72.  In  a  through-span  510  ft.  in  length  the  stringers  are  riveted  together 
throughout  the  entire  length  of  span.  Assuming  that  the  stringers  are  manu- 
factured the  exact  length  for  span  with  no  load  thereon,  that  the  dead  load 
on  span  strains  the  metal  in  the  bottom  chords  8000  lbs.  per  square  inch, 
and  the  live  load  10,000  lbs.  per  square  inch,  find  the  effect  on  the  stringer 
connections  when  the  span  is  swung,  and  when  the  live  load  is  on  the  struc- 
ture.   The  span  is  divided  into  seventeen  panels  of  30  ft.  each. 

Ans.  Each  additional  application  of  the  Uve  load  produces  an  additional 
distortion  of  I  in.  for  each  panel.     How  can  this  be  remedied? 

73.  In  a  riveted  joint  the  rivets  are  spaced  eccentrically  to  the  line  of  stress 
as  shown  in  Fig.  825.  The  stress  P  =48,000  lbs.  The  value  of  each  rivet 
is  6000  lbs.,  and  eight  are  used  in  the  connection.  Find  the  stress  in  each 
rivet. 

Ans.  Total  stress  in  1=  -2000  lbs.,  in  2=2000  lbs.,  in  3=2000  lbs.,  in 
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4  =  6000  lbs.,  in  5=6000  lbs.,  in  6=10,000  lbs.,m  7  =  10,0001bs.,  in  8  =  14,000 

lbs.  per  inch,  showing  an  unequal  distribution 
of  stress  and  that  such  eccentric  connections 
should  be  avoided. 

74.  Given  an  elevated  structure  the  columns 

52"  of  which  are  unsupported  for  a  distance  of  20 

ft.,  and  are  fixed  at  each  end,  the  dimensions 

and  arrangement  of   longitudinal   girders  and 

towers  being  as  shown  in  Fig.  826.     Find  the 

maximum  fibre   stress   due  to  bending  caused  by   a  maximum   variation 


Fig.  825. 
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Fig.  827. 


in  temperature  of  100°,  assuming  the  coefficient  of  expansion  for  100°F  to  be 
.0.0006,  and  taking  the  distance  from  centre  of  gravity  of  column  to  extreme 
fibre  in  a  longitudinal  direction  as  7^  ins.  Ans.  7550  Ibs./sq.  in. 

75.  At  a  top-chord  panel-point  of  a  riveted  truss-span  the  gravity  lines 
of  the  three  members  assembling  at  this  point  do  not 
have   a   common  point  of    intersection.     Find    the 
bending  moment  about  the  panel-point  for  the  con- 
ditions shown  in  Fig.  827. 

Ans.  1,600,000  in.-lbs.  Such  intersections  should 
be  avoided,  as  the  extreme  fibre  stress  from  the  bending 
moments  is  frequently  greater  than  those  produced  by 
the  actual  loads.  The  gravity  lines  should  all  intersect 
in  a  common  point. 

76.  Determine  the  stresses  in  the  several  members  of  the  three-hinged 

truss  represented  by  Fig.  828  and 
having  a  panel  dead  load  of  2  tons.  If 
a  weight  of  4  tons  is  concentrated  at  each 
of  the  points  A  and  B,  find  the  stresses 
developed  in  the  members  x.  Also  find 
the  positions  of  the  load  which  will  pro- 
duce no  stress  in  the  members  y  and  2. 

77.  A  three-pin  arch  of  the  form  and  dimensions  shown  by  Fig.  829,  and 
having  a  span  of  180  ft.  and  a  rise  of 
40  ft.,  is  loaded  over  one  half  its  span 
with  a  uniformly  distributed  load  of 
1200  lbs.  per  linear  foot  of  truss.  De- 
termine the  stresses  in  the  members 
cut  by  the  planes  AB  and  CD. 

78.  A  three-pin  arch  of  160  ft.  span 
has  a  rise  of  32  ft.  and  is  divided  into  eight  panels.    The  live  load  per  foot 


Fig.  829. 
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run  of  truss  is  3000  lbs.  Determine  the  stress  in  each  member  when  the 
span  is  fully  loaded.  Also  determine, 
graphically,  the  line  of  resistance  of  the 
arch  span  for  a  live  load  covering  three 
fourths  of  the  span,  and  find  the  hori- 
zontal thrust  of  the  arch  for  the  given 
system  of  loading. 


2 
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\/ 

Fig.  830. 


79.  Figure  831  is  a  skeleton  diagram  for  one  of  the  main  trusses  of  a  bridge 
of  120  ft.  span,  15  ft.  deep  at  ends,  and  If  ft.  deep  at  centre,  pivoted  at  the 
ends  and  centre,  and  of  the  dimensions  shown.     Where  must  the  load  be 
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Fig.  831. 


placed  between  A  and  B  so  that  it  may  produce  no  stress  in  X?  Find  the 
maximum  stresses  in  the  several  members,  the  panel  dead  and  live  loads 
being  2  and  4  tons  respectively. 

Show  how  the  stresses  are  modified  if  the  lower  boom,  instead  of  being 
straight,  is  a  parabola  of  the  same  rise  as  the  arch. 

8o.  The  figure  represents  a  half  bridge  of  128  ft.  span,  suspended  from 
po,  the   point  P  and  hinged  at  0.     The  depth  at  P  is 

20  ft.  and  at  0  4  ft.'    The  upper  ends  of  the  verticals 
gl-^^O  lie  in  an  arc  of  parabola,  the  point  0  being  the  vertex. 
-A     The  bridge  and  train  panel  loads  are  6  and  4  tons 
■  respectively.     Find  the  stresses  in  all  the  members. 


Fig, 
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8i.  The  accompanjdng  figure  represents  a  portion  of  a  cantilever  truss, 
the  horizontal  distances  of  the  points  A,  B,  C  from  — ^A 
the  free  end  being  l^,  l^,  I3,  respectively.  The  boom 
ABC  is  inclined  at  an  angle  a,  and  the  boom  XYZ 
at  an  angle  ,8,  to  the  horizon.  Find  the  defiections 
at  the  end  of  the  cantilever  due  to  (a)  an  increase 
kiAB  in  the  length  of  AB;  (2)  an  increase  k^BY  in 
the  length  of  BY;  (3)  a  decrease  k^XY  in  the  length 
of  XY;   (4)  a  decrease  kfBX  in  the  length  of  BX. 


Ans.  (1) 
(2) 
(3) 


kMB 
BXsin  ABX' 
j  .BY  cos/? 
^sm  BYX 

k,XYk.    . 
BX  sin  BXY' 


-Z,(cot  FBC-cot 


BYX)\; 
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(4)  kA  ^^  """  "  -2.(cot  BXY  -  cot  ABX)  I. 
[  sin  AtSX  I 


If  ki=h^k3  =  kt'=k,  and  ii  AW  is  parallel  to  BX,  and  AX  to  BF,  show 
that  the  angle  between  WX  and  XY  after  deformation 

=  2ik(cot  ABZ  +cot  BYX). 

Hence,  also,  if  the  truss  is  of  uniform  depth  d,  show  that  the  "deviation" 

2k 
of  the  boom  per  unit  of  length  is  constant  and  equal  to  — . 

82.  Determine  the  diameter  of  a  steel  bridge  pin  subjected  to  the  stresses 
of  which  the  horizontal  and  vertical  components  are  shown  by  Figs.  834, 
and  835,  the  working  coefficient  of  strength  being  25,000  lbs.  per  square  inch. 
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83.  Calculate  the  size  of  the  pin  subjected  to  the  stresses  shown  by  Figs. 
836  and  837,  the  extreme  fibre  stress  is  not  to  exceed  23,000  lbs.  per  square 
inch. 

84.  The  figures  show  the  magnitude  and  directions  of  the  stresses  con- 
centrated at  a  pin-connected  joint.  The 
stresses  are  distributed  along  the  pin  in 
vertical  and  horizontal  planes  as  indi- 
cated. Find  the  maximum  bending  mo- 
ment to  which  the  pin  is  subjected.    What 

Fig.  840.    should  be  its  diameter  with  a  fibre  stress 
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85.  We  have  a  bottom  cTiord  point  L<  at  which  the  stresses  and  sections 
are  as  shown  in  tables  and  sketches  below.    Find  the  maximum  bending 
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moments  in  the  pin  for  these  conditions:   (o)  when  bottom  chord  stresses  are 
greatest;  (6)  when  diagonal  stress  is  a  maximum. 
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Assume  the  packing  as  follows : 


Member. 

Out  to  Out. 

In  to  In. 

C.  to  C. 

C.  toC.of 
Adjacent 
Members. 

1-h"  bar,     L^Li 

32i" 

29i" 

31A" 

14"     "       LO.^ 

29^' 

26i" 

28i" 

m" 

IJ"     ■'        L,U 

25i" 

22" 

234" 

24" 

1-h"    "        L^i 

2ir 

19" 

20A" 

1»" 

li"   plates,  UiLi 

18i" 

15i" 

174" 

134" 

IW      •'      Ud'i 

144" 

Hi" 

12H" 

2A" 

li"   bar,     Lai,, 

104" 

74" 

9i" 

IJI" 

H"     "        LJ^^s 

7i" 

4}" 

5t" 

14" 

Ans.  345,000  in.-lbs.;  464,000  in.-lbs. 
86.  A  seven-panel  pin-connected  truss  of  200  ft.  span  has  a  depth  of 
37i  ft.  at  the  centre  panel  and  of  28  ft.  at  the  hips,  the  upper-chord  points 
lying  in  the  arc  of  a  parabola.  The  dead  and  live  loads  are  945  and  2360 
lbs.  per  hneal  foot  of  truss  respectively.  The  percentage  by  which  the  live- 
load  stresses  are  increased  to  allow  for  impact  is  given  by  the  formula  per- 
centage =-z^r^ — r'  ^  being  the  length  of  bridge  covered  by  the  live  load  when 
500  +h 

the  stress  in  any  given  member  is  greatest.     Verify  the  total  maximum  stresses 
indicated  on  the  several  members  of  Fig.  843.     If  the  stresses  in  the  members 


o^  Fig.  843. 


Fig.  844. 


Fig.  845. 


161,373 
Lower  Lateral  System 


of  the  upper  lateral  system  are  as  indicated  show  that  the  wind  load  is  taken 
at  200  lbs.  per  lineal  foot  of  span,  and  find  (a)  the  stress  along  the  bottom 
chord  due  to  the  transferred  wind  load.  Assuming  a  wind  load  on  the  lower 
lateral  system  of  490  lbs.  per  lineal  foot  of  span  when  a  train  is  crossing  the 
bridge,  verify  the  total  maximum  stresses  indicated  in  the  diagram.  Assum- 
ing that  the  wind  load,  when  the  bridge  is  empty,  is  one  half  of  that  when  the 
bridge  is  loaded,  discuss  .(6)  the  tendency  to  reversion  of  stress  in  the  lower 
chord. 

Ans.  (o)  34,243  lbs.;    (6)  in  second  panel  total  stress  due  to  direct  and 
transferred  wind  loads  is  81,563  lbs.,  while  the  dead-load  stress  is  82,654  lbs.. 
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so  that  reversion  almost  takes  place,  and  it  is  therefore  advisable  to  make 
the  two  end-chord  panel  lengths  rigid  members. 

87.  In  the  preceding  example,  the  unsupported  lengths  of  batter-braces 
is  30  ft.,  and  the  batter-braces  may  be  considered  as  fixed  at  the  lower  ends. 
Find  (a)  the  moment  of  resistance  at  the  foot  of  such  a  brace.  If  the  work- 
ing stress  is  estimated  by  the  formula,  working  stress  in  pounds  per  square  inch 

=  18,000—70—,  determine  (6)  whether  it  is  safe  to  use  a  section  made  up 

of  one  21"XA"  cover,  two  3i"x3i"X24-lb.  angles,  two  bottom  5"X3i''X54- 
Ib.  angles,  and  two  18"  Xf"  side  plates. 

Ans.  (a)  1.542,858  in.-lbs.;  (6)  gross  7  =  2557.7,  r  =  7,  ne<  7=2300,  max. 
bending  Stress  in  brace  =  7857  Ibs./sq.  in.;  required  area  =50.6  sq.  ins.,  and 
therefore  section  is  ample. 

88.  The  dead  and  live  loads  of  a  five-panel  riveted  truss  28  ft.  deep  and 
of  127  ft.  span  are  800  and  2100  lbs.  per  lineal  foot  of  truss  respectively.    The 

impact  effect  increases  the  live-load  stresses  by  the  factor  ~ — — -  ,  L  being 

i/  "r  uUU 

the  length  of  bridge  in  feet  which  is  loaded  when  any  given  member  is  sub- 
jected to  a  maximum  live-load  stress.  Verify  the  total  maximum  stresses 
indicated  on  the  several  members  in  Fig.  846.     The  wind  loads  per  lineal 

foot  are  150  and  450  lbs.  for  the 
upper  and  lower  lateral  systems 
respectively.  Verify  the  stresses 
in  the  several  members  of  these 
systems  as  indicated  in  Figs.  847 
and  848,  and  (a)  remark  upon 
the  method  of  designing  the  wind 
diagonals.  Also  find  (6)  the  chord 
stress  due  to  the  transferred 
wind  load.  Will  there  (c)  be  a 
reversion  of  stress  in  the  chord 
panels? 

Ans.  The  chord  and  diagonal 
wind  stresses  are  too  small  to 
have  any  appreciable  effect  upon 
the  sections  of  the  upper  lateral 
members,  which  are  governed  by 

the  hmiting  value  of  -;  the  —  for  the  transverse  struts  should  be    <120: 
r  r  ' 

(b)  11,384  lbs.;    (c)  in  the  most  unfavorable  case,  i.e.,  when  the  bridge  is 

empty,  the  combined  transferred  and  direct  wind-load  stresses  are  less  than 

the  corresponding  dead-load  stresses,  and  there  is  therefore  no  tendency 

to  reversion  in  the  lower  chords. 

89.  An  A  truss,  Fig.  849,  is  100  ft.  centre  to  centre  of  end  pins,  and  has 
a  depth  of  40  ft.  at  the  centre,  the  trusses  are  spaced  17  ft.  centre  to  centre; 
the  live  and  dead  loads  are  4000  and  1400  lbs.  per  lineal  foot  of  span  re- 
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spectively;   each  truss  has  four  panels  of  25  ft.  length.    Verify  the  maxi- 
mum stresses  indicated  on  the  members  of  the  truss. 


Fig.  849. 


Fia.  850. 


go.  A  four-panel  A  truss,  Fig.  850,  has  a  central  depth  of  40  ft.  and  its  length 
from  centre  to  centre  of  end  pins  is  100  ft. ;  the  dead  and  live  loads  per  lineal 
foot  per  truss  are  750 'and  2450  lbs.  respectively.  The  percentage  of  increase 
in  the  live-load  stresses  for  impact  may  be  taken  at  400 -^  (500  +L)  when  the 
live  load  covers  a  length  of  L  feet.  Verify  the  total  maximum  stresses  indicated 
on  the  several  members  of  the  truss.  The  wind  load  on  the  upper  lateral 
bracing  between  B  and  C  is  150  lbs.  per  lineal  foot;  find  (a)  the  transferred 
wind  load.  Fig.  850  shows  the  sloping  end  members  and  the  portal  bracing. 
Assuming  that  there  is  a  point  of  inflection  at  the  middle  point  of  the  un- 
supported length  DE,  find  (6)  the  moment  of  resistance  at  the  foot  of  the  brace. 
If  the  section  of  the  brace  is  made  up  of  two  15"X99-lb.  channels  and  one 
18'' X  I"  cover,  find  (c)  the  maximum  bending  stress  per  square,  inch,  and  (d) 
the  maximum  stress  per  square  inch  due  to  the  transferred  wind  load.     If  the 

safe    working  stress   is  ( 18,000— 80  —  1  lbs.  per  square  inch,  determine  (a) 

whether  the  section  has  sufficient  area. 

Ans.  (a)  5625  lbs;  (6)  540,192  in.-lbs.;  (c)  5402  lbs.;  (d)  533  lbs.;  (e) 
the  greatest  area  required  is  23.8  sq.  ins. 


CHAPTER  XI. 
SUSPENSION  BRIDGES. 

I,  Cables. — The  modern  suspension  bridge  consists  of  two  or 
more  cables  from  which  the  platform  is  suspended  by  iron  or  steel 
rods.  The  cables  pass  over  lofty  supports  (piers),  and  are  secured 
to  anchorages  upon  which  they  exert  a  direct  pull. 

Chain  or  link  cables  are  the  most  common  in  England  and  Europe, 
and  consist  of  iron  or  steel  links  set  on  edge  and  pinned  together. 
Formerly  the  links  were  made  by  welding  the  heads  to  a  flat  bar, 
but  they  are  now  invariably  rolled  in  one  piece,  and  the  proportional 
dimensions  of  the  head,  which  in  the  old  bridges  are  very  imperfect, 
have  been  much  improved. 

Hoop-iron  cables  have  been  used  in  a  few  cases,  but  the  practice 
is  now  abandoned,  on  accoimt  of  the  difficulty  attending  the  manu- 
facture of  endless  hoop  iron.. 

Wir,e-rope  cables  are  the  most  common  in  America,  and  form 
the  strongest  ties  in  proportion  to  their  weight.  They  consist  of  a 
number  of  parallel  wire  ropes  or  strands  compactly  bound  together 
in  a  cylindrical  bundle  by  a  wire  wound  round  the  outside.  There 
are  usually  seven  strands,  one  forming  a  core  round  which  are  placed 
the  remaining  six.  It  was  foimd  impossible  to  employ  a  seven- 
strand  cable  in  the  construction  of  the  Brooklyn  Bridge,  as  the 
individual  strands  would  have  been  far  too  bulky  to  manipulate. 
The  same  objection  held  against  a  thirteen-strand  cable  (thirteen 
is  the  next  number  giving  an  approximately  cylindrical  shape), 
and  it  was  finally  decided  to  make  the  cable  with  nineteen  strands. 
Seven  of  these  are  pressed  together  so  as  to  form  a  centre  core, 
around  which  are  placed  the  remaining  twelve,  the  whole  being  con- 
tinuously wrapped  with  wire. 

In  lajdng  up  a  cable  great  care  is  required  to  distribute  the  ten- 
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sion  uniformly  amongst  the  wires.  This  may  be  effected  either  by 
giving  each  wire  the  same  deflection  or  by  using  straight  wire,  i.e., 
wire  which  when  vuirolled  upon  the  floor  from  a  coil  remains  straight 
and  shows  no  tendency  to  spring  back.  The  distribution  of  stress 
is  practically  uniform  in  untwisted-wire  ropes.  Such  ropes  are 
spun  from  the  wires  and  strands  without  giving  any  twist  to  individ- 
ual wires. 

The  back-stay  is  the  portion  of  the  cable  extending  from  an 
anchorage  to  the  nearest  pier. 

The  elevation  of  the  cables  should  be  sufficient  to  allow  for  settling, 
which  chiefly  arises  from  the  deflection  due  to  the  load  and  from 
changes  of  temperature. 

The  cables  may  be  protected  from  atmospheric  influence  by 
giviag  them  a  thorough  coating  of  paint,  oil,  or  varnish,  but  wher- 
ever they  are  subject  to  saline  influence,  zinc  seems  to  be  the  only 
certain  safeguard. 

2.  Anchorage,  Anchorage-chains,  Saddles. — The  anchorage,  or 
abutment,  is  a  heavy  mass  of  masonry  or  natm-al/ock  to  which  the 
end  of  a  cable  is  made  fast,  and  which  resists  by  its  dead  weight  the 
pull  upon  the  cable. 

The  cable  traverses  the  anchorage  as  in  Figs.  851  to  852, 
passes  through  a  strong,  heavy  cast-iron  anchor-plate,  and,  if  made 


Fig.  851. 


Fig.  852. 


Fig.  853. 


of  wire  rope,  has  its  end  effectively  secured  by  turning  it  round  a 
dead-eye  and  splicing  it  to  itself.  Much  care,  however,  is  required 
to  prevent  a  wire-rope  cable  from  rusting  on  account  of  the  great 
extent  of  its  surface,  and  it  is  considered  advisable  that  the  wire 
portion  of  the  cable  should  always  terminate  at  the  entrance  to 
the  anchorage  and  there  be  attached  to  a  massive  chain  of  bars, 
which  is  continued  to  the  anchor-plate  or  plates  and  secured  by 
bolts,  wedges,  or  keys. 
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In  order  to  reduce  as  much  as  possible  the  depth  to  which  it  is 
necessary  to  sink  the  anchor-plates,  the  anchor-chains  are  frequently 
curved  as  in  Fig.  852.  This  gives  rise  to  an  oblique  force,  and  the 
masonry  in  the  part  of  the  abutment  subjected  to  such  force  should 
be  laid  with  its  beds  perpendicular  to  the  line  of  thrust. 

The  anchor-chains  are  made  of  compound  links  consisting  alter- 
nately of  an  odd  and  an  even  number  of  bars.  The  friction  of  the 
link-heads  on  the  knuckle-plates  considerably  lessens  the  stress 
in  a  chain,  and  it  is  therefore  usual  to  diminish  its  sectional  area 
gradually  from  the  entrance  E  to  the  anchor.  This  is  effected  in 
the  Niagara  Suspension  Bridge  by  varying  the  section  of  the  bars, 
and  in  the  Brookljm  Bridge  by  varying  both  the  section  and  the 
number  of  the  bars. 

The  necessity  for  preserving  the  anchor-chains  from  rust  is  of 
such  importance  that  many  engineers  consider  it  most  essential 
that  the  passages  and  channels  containing  the  chains  and  fasteipngs 
should  be  accessible  for  periodical  examination,  painting,  and  repairs. 
This  is  unnecessary  if  the  chains  are  first  chemically  cleaned  and 
then  embedded  in  good  hydraulic  cement,  as  they  will  thus  be  per- 
fectly protected  from  all  ^  atmospheric  influence. 

The  direction  of  an  anchor-chain  is  changed  by  means  of  a  saddle 
or  knuckle-plate,  which  should  be  capable  of  sliding  to  an  extent 
sufficient  to  allow  for  the  expansion  and  contraction  of  the  chain. 
This  may  be  accomplished  without  the  aid  of  rollers  by  bedding 
the  saddle  upon -a  four-  or  five-inch  thickness  of  asphalted  felt. 

The  chain,  where  it  passes  over  the  piers,  rests  on  saddles,  the 

object   of   which   is   to   furnish   bearings 

with    easy    vertical    curves.     Either    the 

saddle  may  be  constructed  as  in  Fig.  854, 

„     or.  so  as  to  allow  the  cable  to  slip  over  it 

Fig.  854.  .  '^ 

With  comparatively  little  friction,  or  the 

chain  may  be  secm-ed  to  the  saddle  and  the  saddle  supported  upon 

rollers  which  work  over  a  perfectly  true  and  horizontal  bed  formed 

by  a  saddle-plate  fixed  to  the  pier. 

3.  Suspenders. — The  suspenders  are  the  vertical  or  inclined 
rods  which  carry  the  platform. 

In  Fig.  855  the  suspender  rests  in  the  groove  of  a  cast-iron  yoke 
which  straddles  the  cable.    Fig.  856  shows  the  suspender  bolted  to 
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a  wrought-iron  or  steel  ring  which  embraces  the  cable.  When  there 
are  more  than  two  cables  in  the  same  vertical  plane,  various  methods 
are  adopted  to  insure  the  imiform  distribution  of  the  load  amongst 
the  set.    In  Fig.  857,  for  example,  the  suspender  is  fastened  to  the 


Fig.  855. 


Fig.  856. 


Fig.  857. 


Fig.  858. 


centre  of  a  small  wrought-iron  lever  PQ,  and  the  ends  of  the  lever 
are  connected  with  the  cables  by  the  equally  strained  rods  PR  and 
QS.  In  the  Chelsea  bridge  the  distribution  is  made  by  means  of  an 
irregularly  shaped  plate  (Fig.  858) ,  one  angle  of  which  is  supported 
by  a  joint-pin,  while  a  pin  also  passes  through  another  angle  and 
rests  upon  one  of  the  chains. 

The  suspenders  carry  the  ends  of  the  cross-girders  (floor-beams) 
md  are  spaced  from  5  to  20  ft.  apart.  They  should  be  provided 
with  wrought-iron  screw-boxes  for  purposes  of  adjustment. 

4.  Curve  of  Cable. — Case  A. — An  arbitrarily  loaded  flexible  cable 
;akes  the  shape  of  one  of  the  catenaries,  but  the  true  catenary  is 
;he  curve  in  which  a  cable  of  uniform  section  and  material  hangs 
uider  its  own  weight  only. 

Let  A  be  the  lowest  point  of  the  cable,  Fig.  859,  and  take  the 
vertical  through  A  as  the  axis  of  y. 

Take  the  horizontal  through  0  as  the  axis  of  x,  the  origin  0  being 
ihosen  so  that 

pAO=H=mp, (1) 

)  being  the  weight  of  a  unit  of  length  of  the  cable  and  H  the  hor- 
;ontal  pull  at  ^. 

m  or  AO  is  the  parameter,  or  modulus,  of  the  catenary,  and 
)(?  is  the  directrix. 

Let  X,  y  be  the  co-ordinates  of  any  point  P,  the  length  of  the 
Tc  AP  being  s. 

Draw  the  tangent  PT  and  the  ordinate  PN,  and  let  the  angle 
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The  triangle  PNT  is  evidently  a  triangle  of  forces  for  the  portion 
AP,  PN  representing  the  weight  of  AP  (viz.,  ps),  PT  the  tangential 


pull  T  at  P,  and  NT  the  horizontal  pull  H  at  A. 
Therefore 


dy    ,  „.    PN    ps     s 


which  gives  the  differential  equation  to  the  catenary. 
It  may  be  easily  integrated  as  follows: 


I'Utr-^ 


1+-^=— x/s^+m^  . 


or 


ds  dx 


Therefore 


\og(s+\/'s^+m^)  = — he, 


c  being  a  constant  of  integration. 

When  z  =  0,  s=0,  and  log  m=c.    Hence 


-log- 


TO 


to' 


or 


Therefore,  also, 


s  +  V  §2  +in^  =me»». 
/ -— 


(2) 


^3; 
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m/  L       -^\        dv 
Hence  s=— ^e™-e    '^j=m~, (4) 

and  integrating  between  0  and  x, 

y=— (^e"+e~™j  =Vs2+m2 (5) 

Eq.  (5)  is  the  equation  to  the  true  catenary  and  eq.  (4)  gives  the 
length  of  the  arc  AP. 

Draw  NM  perpendicular  to  PT,  and  let  the  angle  PTN=PNM 
=6.    Then 

PM=PNsme=y-jJ==.=s, (6) 

vn 

and  MN^PN  cos  d=y--j===m (7) 

Thus,  the  triangle  PMN  possesses  the  property  that  the  side  PM  is 
equal  to  the  length  of  the  arc  AP,  and  the  side  MN  is  equal  to  the 
modulus  m(=AO). 

The  area  APNO 

=  /     ydx  =-^\e^—e  ^y  =ms  =2 X triangle  PMN. 
The  radius  of  curvature,  p,  at  P 

=l^^pi'=^=^=re (9) 

d^y  y        m         '  ^ 


2 


dx^  m 

PG  being  perpendicular  to  PT. 

At  A,  2/ =m,  and  the  radius  of  curvature  is  also  m.     .    .    .    (10) 

T     PT  y 

Therefore  T=py; (ii) 

and  H=pm=pjOo;    ....:*    s    (12) 

(Oo  being  the  radius  of  curvature  at  A. 
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These  catenary  formulffi  are  of  little  if  any  use  in  the  design 
and  construction  of  suspension  bridges,  as  they  are  based  upon  the 
assumption  of  a  purely  theoretical  load  which  never  occurs  in  prac- 
tice, viz.,  the  weight  of  a  chain  of  uniform  section  and  density. 

Ex.  1.  A  floating  landing  stage  is  held  in  position  by  a  number  of  i-4n.  steel- 
wire  cables  anchored  to  the  shore,  a  shoreward  movement  being  prevented  by  rigid 
iron  booms,  pivoted  at  the  ends  and  stretching  from  shore  to  stage.  The  differ- 
ence of  level  between  the  shore  and  stage  attachments  of 
the  cables  is  50  ft.,  and  the  horizontal  distance  between 
these  points  is  150  ft.  The  ^horizontal  pull  upon,  each 
cable  is  1360  lbs.  Find  the  length  of  the  cable  and 
the  tensions  at  the  points  of  attachment.  (Weight  of 
cable  =490  lbs.  per  cubic  foot;  form  of  cable  a  cornmon 


catenary.) 


Therefore 


1360=4&-y--Tir' 
TO  =31.8. 


490 -TO. 


Again, 


Vi 


to/21,    . 


and 


Therefore  50=yi—y3^-^[e™+e    m—gm     — e 


150 -JA 


which  reduces  to 


150 

?B     100     em       51         i^o 

«"*  ~^    "ISO e'»=+e»«- 

e"»  -1 


150 


But  e™  ^=112^,  and  the  last  equation  becomes 


and 

so  that 


2t, 
gm_ 

-3.173e"'  =  112.5 

=  12.31, 

^=2.511, 

Again, 


Xi  =  79.85  ft.    and    Xj  =  150  -Xj  =  70.15  ft. 

m  /  ^       -2i\ 
gj=     /gm-e    m\  =194.46  ft. 
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Also, 
Therefore 


em=e»-'»=9.08. 
«j=  2'(e™-e    »•)  =142.64  ft., 


and  total  length  of  cable  =337.1  ft. 

Also  50(2/, +2/j)  =s,»-V  =51.82X337.1, 

or  2/1+^2  =349.38  ft. 

Hence  j/,  =  199.69  ft.    and    3/2  =  149.69  ft. 

Then,  if  Ti  and  Tj  are  the  shore  and  stage  tensions  on  the  cables, 


1360     m 


=  6.28,    or    ri=854i: 


and 


^=1=4.71,    or    r,  =6402  lbs. 


Case  B.  Let  the  platform  be  suspended  from  chains  composed 
of  a  number  of  links,  and  let  W  be  the  whole  weight  between  the 


0  E 

Fig.  861. 


N     O 


lowest  point  0,  Fig.  861,  of  the  chain  and  the  upper  end  P  of  any 
?iven  link.  Let  the  direction  of  this  link  intersect  that  of  the 
lorizontal  pull  {H)  at  0  in  E.  Drop  the  perpendicular  PN.  The 
;riangle  PNE  is  evidently  a  triangle  of  forces;  and  if  the  angle 
?EN^d, 

PN    W 


md  hence 


tan  ^  oc  W. 
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Thus,  by  treating  each  link  separately,  commencing  with  the  lowest, 
the  exact  profile  of  the  chain  may  be  easily  traced. 


Ex.  2.  A  light  suspension  bridge  carries  a  footbath  8  ft.  wide  over  a  river 
90  ft.  vnde  by  means  of  eight  equidistant  suspending  rods,  the  dip  being  10  ft. 
Each  cable  consists  of  nine  straight  links.  Find  their  several  lengths.  If  the 
load  upon  the  platform  is  120  lbs.  per  square  foot,  and  if  one  sixth  of  the  load 
is  borne  by  the  piers,  find  the  sectional  areas  of  the  several  links,  allowing  10,000 
lbs.  per  square  inch. 

Load  concentrated  at  each  of  the  points  E,  F,  G,  and  H=4500  lbs.    The 
f^  three  Unks  BC,  CD,  DE  are  kept  in  equi- 

librium by  the  horizontal  pull  H  at  E, 
by  the  pull  T^  along  BA,  and"  by  the  uni- 
formly distributed  load  between  E  and  H. 
Hence  L^,  the  intersection  of  EL  and  AB 
produced,  is  the  middle  point  of  EH,  and 
ALK  is  a  triangle  of  forces  foiH,  Ti  and 
Therefore 


i    M    F    u    0      _H 

l<_10.'-^-10i-5(«-40-'-!K— 10-'-5 

Fig.  862. 


the  weight  4x4500  =  18,000  lbs. 


/?  =  18000 


LK 
AK 


25 
■18000X^=45,000  lbs. 


and 


Ti  =  18000^  =  18000  V725  =4500^116  lbs. 


The  two  links  CD,  DE  are  kept  in  equilibrium  by  the  horizontal  pull  H 
at  E,  by  the  pull  T2  along  DC,  and  by  the  uniformly  distributed  load  between 
E  and  G.  Hence  the  directions  of  H  and  T^  must  intersect  in  P  the  middle 
point  of  EG,  and  BFH  is  a  triangle  of  forces  for  H,  T^  and  the  weight  3  X  4500 
=  13,500  lbs. 


Also 


BH 

10  " 


15 
25 


or    BH  =  Qli. 


Therefore 


BF 


=  13500  ~  =  2250V20^  +  6^  =  4500N 
BH 


The  link  DE  is  kept  in  equilibrium  by  the  horizontal  pull  H  at  E,  by  the-pull 
y,  along  DC,  and  by  the  uniformly  distributed  load  between  E  and  F.  Hence 
the  directions  of  H  and  T,  must  intersect  in  M  the  middle  point  of  EF,  and 
CMG  is  a  triangle  of  forces  for  H,T,,  and  the  weight  2X4500  =  9000  lbs. 


But 
Therefore 


CG    ^ 

10  "20' 


or    CG=3ft. 


^3  =9000^=3000  V234=4500Vl04, 
CO- 
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Finally,  the  weight  of  4500  lbs.  at  E  is  equilibrated  by  the  pull  H  and  by 
he  pull  Ti  along  ED.    Hence  DEF  is  a  triangle  of  forces. 


5ut 


'herefore 


DF      3 

5   ~15' 


or    DF  =  1  ft. 


T,  =4500^  =  4500v/l0i. 
DF 


The  sectional  areas  of  the  several  links  in  square  inches  are 
T  T  T  T  H 

0000'  Toooo'  10000'  ioooo'  ioooo'  '•^•'  ^•^^^'  ^•^^^'  *-^^'  ^-^^^^  ^"<^  *-^- 

Case  C. — Generally  speaking,  the  distribution'  of  the  load  may 
le  assumed  to  be  approximately  imiform  per  horizontal  unit  of 
3ngth,  the  load  being  suspended  from  a  number  of  points  along 
ach  chain  or  cable  by  means  of  rods.  The  weight  upon  the  cable 
letween  the  lowest  point  A,  Fig.  863,  and  any  other  point  P  is  equili- 
rated  by  the  horizontal  pull  at  A  and  by  the  tangential  pull  at  P. 


e/ 

D 

4" 

--^  — 

_^ lA 

'■4 

^ 

X ^n" 

a-, 

--- 

Fig.  863. 


he  directions  of  these  two  tensions  intersect  in  the  point  T,  which 
necessarily  the  middle  point  of  AN,  since  the  weight  is  uniformly 

istributed  over  AN.    This  is  a  characteristic  property  of  the  para- 

ala. 

If  X,  y  are  the  co-ordinates  of  P  with  respect  to  A,  then  PTN 
a  triangle  of  force§,  for  the  horizontal  tension  H  at  A,  the  tangential 

all  T  at  P,  and  the  weight  wx  tmiformly  distributed  over  AN,  w 

jing  the  intensity  of  the  load.    Hence, 


X 

H     2"  2H 

—  =-,  or  x^= — -y, 
wx    y  w 


(1) 


le  equation  to  a  parabola  with  its  vertex  at  0,  its  axis  vertical, 
id  its  parameter  equal  to  ~  =^>  suppose. 
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Also,  taking  the  angle  PTN=e, 


WX' 


■2 


Tcose=H= ,     .......    (2) 

and  i/ie  horizontal  pull  at  every  point  of  the  cable  is  the  same  as  that  at 
the  lowest  point. 

I       ^ 

Again,  T-=V(wx)2+H^=wxsjl  +  ^2- 

The  radius  of  curvature  at  P 

2y/w\  w        ' 

I^A^h)         H 

so  that  the  radius  at  0  is, 

H 

'^      w' 

and  H=wpo. 

Parameter,  etc. — Let  hi,  /12  be  the  elevations  of  C  and  D,  respec- 
tively, above  the  horizontal  line  FAE. 

Let  AE=ai,  AF  =  a2,  and  let  ai+a2=a=EF. 
By  equation  (1), 


I2H      ai        02  ai+a2 

^    1/1        \/ji.       ■\/?i-      ^/J>.  -L-v/j 


w     Vh    \//i2    V/ii+V/ia    V/ii+V/^a' 
Then  '  P  = 


>    2g     /    _a     _Y 


w      Whi  Whz/  ■ 

Also,  tane=^=-7j-=^  =  2sJ^. 

X     H     P        >P 

If  ^1,  (?2  be  the  values  of  ^  at  C  and  D  respectively, 
tan  di  =  2s^p-    and    tan  $2  =  2\j^. 
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If  hi  =h2=h,  then 

« 

a     _     a2 
Oi=a2=2,  P=^> 

and 

4h 
tan  Oi  = —  =tan  82. 

Length  of  Arc  of  Cable. — Let  AP  =s. 


Since  tan  6  =^^, 


sec^  ra^  =Y}dx  =rfds  cos  ^,    or    ds  = 5-71- 

H        H  '  w  cos^  0 

Hence 

H  r'    dO       H 

*  ^w"/.   ^^^  ^2^**^^  ^  sec  5+log,  (tan  ^+sec  d)  \ 

An  approximate  value  of  the  length  of  the  arc  which  may  be- 
used  in  practice  may  be  obtained  as  follows: 

ds^=dx^+dy^=dxAl  +  l^j\=dx^(\+'~^. 

1  +  2  -Tj2  )  >  approximately. 

Integrating  between  0  and  P, 

I  w^x^  2  y2 

S=0P=X  +  2^^=T-=X  +  --. 

6  H^  3  X 

Deflection  of  a  Cable  due  to  an  Elementary  Change  in  its  Length. — 
The  total  approximate  length  (S)  of  the  cable  AOB  is 

•     2/u2    2h2^ 
S=ai+a2  +  ^'—+w—. 
6  ai     6  a2 
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Now  ai  and  02  are  constant,  and  hi  —hz  is  also  constant,  therefore 
dhi  =dh2.    Hence 


dS: 


3  \^i     a.2' 


If  the  alteration  in  length  is  due  to  a  change  of  t°  in  the  temperature, 

dS=etS, 

e  being  the  coefficient  of  Hnear  expansion. 

In  England  the  effective  range  of  temperature  is  about  60°  F., 
while  in  other  countries  it  is  usual  to  provide  for  a  range  of  from 
100°  to  150°  F. 

If  the  alteration  is  due  to  a  pull  of  intensity  /  per  unit  of  area, 

E  being  the  coefficient  of  elasticity  of  the  cable  material. 
If  hi  =h2=h, 

a  ,     ^„     i6h^, 

ai  =a2  =  — ,    and    dS  = dn. 

2'  3  a 

10.  Pressure  upon  Piers,  etc.,  Fig.  865. 

Let  Ti  be  the  tension  in  the  main  cable  at  A ; 
T2"    "        "        "    "    back-stay  at  A; 
a,  /?  be  the  inclinations  to  the  horizontal  of  the  tangents  at 
A  to  the  main  cable  and  back-stay,  respectively. 
The  total  vertical  pressure  upon  the  pier  at  A 

^Tisma  +  T2sm^^P. 

The  total  resultant  horizontal  force  at  A 

-=TiC0sa~T2CQsP=Q. 

If  the  cable  is  secured  to  a  saddle  which  is  free  to  move  horizontally 
on  the  top  of  the  pier  (Fig.  862),    . 

Qj<the  frictional  resistance  to  the  tendency  to  motion, 


PRESSURE  UPON  PIERS, 
fii  being  the  corresponding  coefficient  of  friction, 

Q 
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"''^: 


Fig.  864. 


■^JI 


Let  D,  Fig.  865,  be  the  total  height  of  the  pier,  and  let  W  be  its 
weight. 

Let  FG  be  the  base  of  the  pier,  and  K  the  limiting  position  of 
the  centre  of  pressure. 

Let  p,  q  be  the  distance  of  P  and  W,  respectively,  from  K. 


Then 


for  stability  of  position  Q<_       ^ — -, 


and  for  stability  of  friction,  when  the  pier  is  of  masonry, 
p  I  TTT-^the  coefficient  of  friction  of  the  masonry . 

If  fii  is  sufficiently  small  to  be  disregarded,  Q  is  approximately 
nil,  and  Ti  cos  a  =7^2  cos  p=H.  The  pressure  upon  the  pier  is  now 
wholly  vertical  and  is   =ff(tan  a+tan/?). 

When  the  cable  slides  over  smooth  rounded  saddles  (Fig.  847), 
the  tensions  Ti  and  T2  are  approximately  the  same. 

Thus 

P  =  7'i(sinQ:+sin/?)     and    Q=7'i(cos  a-cos /?). 

If  a  =/?,  Q  =0,  and  the  pressure  upon  the  pier  is  wholly  vertical, 
its  amount  being  2Ti  sin  a. 

The  piers  are  made  of  timber,  iron,  steel,  or  masonry,  and  allow 
of  great  scope  in  architectural  design. 
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The  cable  should  in  no  case  be  rigidly  attached  to  the  pier,  unless 
the  lower  end  of  the  latter  is  free  to  revolve  through  a  small  angle 
about  a  horizontal  axis. 

7.  Weight  of  Cable. — The  ultimate  tenacity  of  iron  wire  is 
90,000  lbs.  per  square  inch,  while  that  of  steel  rises  to  200,000  lbs., 
and  even  more.  The  strength  and  gauge  of  cable  wire  may  be 
insured  by  specifying  that  the  wire  is  to  have  a  certain  ultimate 
tenacity  and  elastic  limit,  and  that  a  given  number  of  lineal  feet 
of  wire  is  to  weigh  one  pound.  Each  of  the  wires  for  the  cables  of 
the  Brooklyn  Bridge  was  to  have  an  ultimate  tenacity  of  3400  lbs., 
an  elastic  limit  of  1600  lbs.,  and  14  lineal  feet  of  the  wire  were  to 
weigh  one  pound.  A  very  uniform  wire  having  a  coefficient  of 
elasticity  of  29,000,000  lbs.,  has  been  the  result,  and  the  process  of 
straightening  has  raised  the  ultimate  .tenacity  and  elastic  limit  nearly 
8  per  cent. 

Let  Wi  be  the  weight  of  a  length  ai{=AE)  of  a  cable  of  suf- 
ficient sectional  area  to  bear  safely  the  horizontal  tension  H ; 

Let  W2  be  the  weight  of  the  length  si{=AC)  of  the  cable  of  a 
sectional  area  sufficient  to  bear  safely  the  tension  Ti  at  C; 

Let  /  be  the  safe  inch-stress; 

Let  q  be  the  specific  weight  of  the  cable  material. 

r^,                         TTT      H              ^     „.      H  sec  ^1 
Then  TFi  =-TOig    and    W2  = 7 — Sig. 

Hence     TT.^TF.^sec  ^.  =-^(ax+|^)(n-^+  .  .  .), 
•    Oi  tti  ^        3  ai/\       a^f  /' 

/      8  hi.2\ 
or  W2=Wi(^i+-^j,  nearly. 

A  saving  may  be  effected  by  proportioning  any  given  section  to  the 

pull  across  that  section.    Thus  at  any  point  {x,  y)  the  pull  =H  sec  0, 

H  sec  6 
and  the    corresponding    necessary   sectional    area  =  — -, — .     The 

H  sec  6 
weight  per  unit  of  length  =  — -, — q,  and  the  total  weight  of  the 

length  Si(=AC)  is 
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ai2 


But  ^''^T^- 

Therefore  PF3  =  '^y^"'(l+2^a;2  +  .  .  .)^da; 

Hence  W3=Wi(l+^^), 

and  also  2PF3  =  TFi+F2. 


The  weight  of  a  cubic  inch  of  steel  averages  .283  lb. 

The  weight  of  a  cubic  inch  of  wrought  iron  averages  .278  lb. 

TI 

The  volume  in  inches  of  the  cable  of  weight  Wi  =  12ai-f. 

Wi 
Therefore  —~  =  .283  lb.  or  .278  lb., 

12ai-T 

according  as  the  cable  is  made  of  steel  or  iron. 

Let  the  safe  inch-stress  of  steel  wire  be  taken  at  33,960  lbs.,  of 
the  best  cable  iron  at  14,958  lbs.,  and  of  the  best  chain  links  at 
9972  lbs.    Then 

1  ey  TT 

Wi  =  Hai  X  .283  X  5537^  = for  steel  cables; 

33600     loooo  ' 

Wi = Hai  X  .278  X  ttt^^  = ~  for  iro^  cables; 

14958     4500  ' 

12         Hai 

Wi  =  Hai  X  .278  X  -j^j^;^ = for  link  cables. 

4J972       3000 
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Note. — About  one  eighth  may  be  added  to  the  net  weight  of  a 
chain  cable  for  eyes  and  fastenings. 

Ex.  3.  A  bridge  444  ft.  long  consists  of  a  central  span  of  180  ft.  and  two 
side  spans  each  of  132  ft.;  each  side  of  the  platform  is  suspended  by  vertical  rods 
from  two  iron-wire  cables;  each  pair  of  cables  passes  over  two  masonry  abutments 
and  two  piers,  the  former  being  24  ft.  and  the  latter  39  ft.  above  the  surface  of  the 
ground;  the  lowest  point  of  the.  cables  in  each  span  is  19  ft.  above  the  ground  sur- 
face; at  the  abutments  the  cables  are  connected  with  straight  wrought-vron  chains, 
by  m^eans  of  which  they  are  attached  to  anchorages  at  a  horizontal  distance  of  66  ft. 
from  the  foot  of  each  abutment;  the  dead  weight  of  the  bridge  is  3500  lbs.  per  lineal 
foot,  and  the  bridge  is  covered  with^a  proof  load  of  4500  lbs.  per  lineal  foot. 


X,        |20^ 
xr\5 


2    and    x,=2a;2  =  88  ft. 


The  load  per  lineal  foot  carried  by  each  cable  = -r =2000  lbs. 


44  22  44 

Then        ff  ^  =  T,  ,  =  T,  ,  =  88  X  2000  ^^  =  387,200  lbs. 

V442+20'       V22'  +  5'  20  ' 

Therefore     H^ = 387,200  lbs. ,  T^  =  425,323  lbs.  and  T^ = 396,074  lbs.. 


45  45 

Again,  H.  =  r^^===  =  90X2000X2Q=405,000  lbs. 

Therefore  ff,  =405,000  lbs.    and    T,  =443,200  lbs. 

2  5'  2  20* 

The  length  of  the  cable  ABC'-U  +3  44  +  88  +3  gg  =  135/ir  ft. 

(2  20\ 
90+3-g^j  =18511  ft. 

Change  of  dip  corresponding  to  a  variation  of  60°  F.  from  the  mean  tem- 
perature: 
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(a)  Side  Spon— Change  in  length  of  ABC  =  ^^^^^^135^  =  .0564  ft.    Hence 

4/(5     20\ 
change  of  dip  X  3"  ^77  +  gg )  =  -0564, 

or  change  of  dip  =  .1241  ft. 

(6)  Centre   Spon.— Change   in   length   of   cable  =  i44onQl^5|^ -.0775  ft. 

Hence  change  of  dip  X  g-  ( 5^: )  =  .0775, 

and  change  of  dip  =  .1308  ft. 

Change  of  dip  due  to  load,  15,000  Ibs./sq.  in.,  being  the  safe  working  stress: 

T 
(a)  Side  Span. — Sectional   area   of   ABC   (assumed  uniform)  =  , -'     = 

15000 

28.355  sq.  ins. 

Extension  of  ABC  =  15,000 Xg^^^  =.0677  ft., 

4/5     20\ 
and  change  of  dip  Xq"  (77  +agj  ""  -0^77  ft., 

or  change  of  dip  =  .1489  ft. 

T 
(6)  Centre  Span.. — Sectional  area  of  CZ)  (osswrned  wm/orm)  =:j-rj^=  29.55 


8511- 
Extension  of  cable  of  centre  span  =  1 5,000  qnnnnnnn  °  '^^^  ^*'» 

8  20 
and  change  of  dip  X  —  ^  =  .093, 

or  change  of  dip  =  .157  ft. 

Weight  of  cables: 
Weight  of  cable  for  side  span     =13,5s»2X^|||^X1728X.278=12,809  lbs. 

"       "    "      "  centre  span  =  185|fX^^X  1728 X. 278  =  18,329  " 
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If  cables  are  proportioned  at  each  point  to,  the  pull,  then 

'     wt.  of  side  cable  =^^^3^^  (88+1  |-'  +  44+|  g)"l2  =  ll,661  lbs. 

"    "  centre  cable  =2  X^"^°gQ^Q^^^  (90+1  |^)  12-16,747  lbs. 

Piers. — Overturning  moment  is  greatest  when  the  proof  load  covers  centre 

span  only.    Total  vertical  load  on  pier  =8000X90+3500X88  =  1,028,000  lbs. 

t  +  8 
The  weight  of  the  pier=39— r— 14|X128,  t  being  the  thickness  of  the  base  and 

14f  ft.  its  uniform  width. 

H^    _     _Mi         Again,       /?/ =  8000  X  90  X  |4    and    /?/  =  3500X88x|^. 

Therefore  the  horizontal  pull  at  the  top  of  the  pier 

=ff/-F/  =  942,000  lbs. 
Hence,  if  centre    of  resistance  at    base   is   |i  from  the 
middle  point, 

942400x39  =  overturning  moment 

=  39^14|X128Xft  +  l,028,000X|<, 

and  <  =  36.6  ft. 

Hence,  too,  the  weight  of  the  pier  =  39—^^^ 14|X  128  =  1,651,271  lbs.,  and 

LI 

the  total  pressure  on  the  base -=2,679,271  lbs. 
Anchm-age. — Vertical  pull  on  anchorage 

=ff,A  =  387,200XA 
=29,334  lbs.  for  each  cable. 

Let  TT- weight  of  masonry  required  in  anchorage  for  each  cable  to  resist 
horizontal  displacement. 

Then  /<TF  =  .76  X  TT  =  387,200  lbs. 

and  Tr  =  509,474  lbs. 

Thus  the  total  weight  required  to  resist  the  upward  pull 

=4X29,334  =  117,336  lbs, 
and  the  total  weight  required  to  resist  the  horizontal  pull 

=4X509,474=2,037,896  lbs. 


V66'  +  5' 
The  tension  in  the  anchorage  bar  =  iff ^ — =388,310  lbs. 

DO 
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g.  Curve  of  Cable  from  which  the  load  is  suspended  by  a  series 
of  sloping  rods. 


o        E 
Fig.  868. 

Let  0  be  the  lowest  point  of  such  a  cable.  Let  the  tangent  at  0, 
and  a  line  through  0  parallel  to  the  suspenders,  be  the  axes  of  x  and 
y  respectively. 

Let  w'  be  the  intensity  of  the  oblique  load.  Consider  a  portion 
OP  of  the  cable,  and  let  the  co-ordinates  of  P  with  respect  to  OX, 
OY  be  X  and  y. 

Draw  the  ordinate  PN,  and  let  the  tangent  at  P  meet  ON  in  E. 

As  before,  PNE  is  a  triangle  of  forces,  and  E  is  the  middle  point 
of  OiV.    Then 

v/x_PN__2y  2^2F 

H  ~NE~  x'    °^    ^  ~w'y' 

the  equation  to  a  parabola  with  its  axis  parallel  to  OY  and  its  focus 
at  a  point  S,  where  4S0  =  — 7-. 

In  bridges  with  sloping  rods  longitudinal  stresses  are  developed 
which  vary  in  intensity  in  different  parts  of  the  platform.  Such 
bridges  are  much  stifTer  vertically  than  when  the  rods  are  vertical. 

Parameter. — Let  the  axis  meet  the  tangent  at  0  in  T',  and  let 
its  inclination  to  OX  be  i. 

Let  A  be  the  vertex,  and  ON'  a  perpendicular  to  the  axis. 

Then  SO^ST'=SA+AT'  =  SA+AN'. 

But  4AS  ■  AN'  =  OiV'2  =  N'T'^  tan2  i = 4AN"^  tanz  i. 

AS 
Thereiove  AS = AN' tajxH,    and    SO=AS{l+cotH)=^-^.. 


862 
Hence 
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the  parameter = 4AS = 4S0  sin^  i. 


Stresses. — Let  P  be  the  oblique  load  upon  the  cable  between  0 
and  p. 

Let  Q  be  the  total  thrust  upon  the  platform  at  E; 

w"    "  load  per  horizontal  unit  of  length  ; 

q  "    "  rate  of  increase  of  stress  along  platform; 

t  "'    "  length  oiPE; 

o= length  of  each  bay  of  platform. 

Then  w' = w  cosee  i  and  pull  on  each  rod = w'a = wa  cosec  i. 

Also    q=w  cot  i,  and  the  horizontal  component  per  panel  =  wo  cot  i, 

which  represents  the  increment  of  force  developed  in  the  platform 
at  the  foot  of  the  sloping  rod. 

Again,  H  is  the  horizontal  force  at  0,  and  therefore  the  horizontal 
pull  on  the  chain 

=H—wa  cot  i=-^-T—wa,  cot  i, 

if  I  is  the  span  and  d  the  dip. 

The  tension  at  P=wxsee0,  6  being  the  angle  between  the  tan- 
gent at  P  and  the  horizontal. 


Also,      H 


//y.2 


w'x- 


vf 


=  2vy-S0= 2AS-^-i^ = 2AS-^ 


w 


sm-'i 


sm<»i 


3o> 


X        y    ' 


and 


<2=i/2  j^—j^xy  cos  i. 

Assuming  that  the  portions  of  the  cable 
between  the  upper  ends  of  consecutive  rods 
are  straight,  the  stresses  developed  may  be 
easily  determined  graphically. 

Fig.  869  represents  the  half-span  and 
Fig.  870  is  the  stress  diagram  when  the  ends  of  the  platform  are 
not  attached  to  the  piers,  the  horizontal  member  being  in  tension. 


Fig.  869. 
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This  member  will  be  in  compression  if  its  ends  are  attached  to  the 
piers  and  the  stress  diagram  is  then  Fig.  871. 


Fig.  870. 


Fig.  871. 


Length  of  Cable. — Let  s  be  the  length  of  OP,  and  let  6  be  the  inclina- 
tion of  P^'  to  OY.    Then 


Hsia^i  ' 


2w' 


s=AP-AO 
tan  (90° -d)  sec  {90° -6) 


+loge{ian  (90°-e)+sec  (90°-^)  J  -tan  (90°-i)  sec  (90°-i) 

-log, {tan  (90°-t)+sec  (90°-i)}  | 


Hsm^i 


-    2w' 
and  approximately, 


cot  6  cosec  5— cot  i  cosec  t+log. 


cot  d  +  cosec  6 
cot  i+ cosec  i 


.     2    2/2  sin^  i 

s=a;+vcosi+-i; ; :• 

^  3  a;+j/cosi 


II,  Auxiliary  or  Stiffening  Truss.  —  The  object  of  a  stiffening 
truss  (Fig.  872)  is  to  distribute  a  passing  load  over  the  cable  in  such 


D  E  C  B 

Fig.  872. 


a  manner  that  it  cannot  be  distorted.    The  pull  upon  each  stispender 
must  therefore  be  the  same,  and  this  virtually  assumes  that  the 
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effect  of  the  extensibility  of  the  cable  and  suspenders  upon  the 
figure  of  the  stiffening  truss  may  be  disregarded. 

The  ends  0  and  A  must  be  anchored,  or  held  down  by  pins,  but 
should  be  free  to  move  horizontally. 

Let  there  be  n  suspenders  dividing  the  span  into  (n+1)  equal 
segments  of  length  a. 

Let  P  be  the  total  weight  transmitted  to  the  cable  and  z  the 
distance  of  its  centre  of  gravity  from  the  vertical  through  0. 

Let  T  be  the  pull  upon  each  suspender. 

Taking  moments  about  0, 

Pz=T{a+2a+3a+.  .  .+na)  =  Ta'^^^^T'^, 

I  being  the  length  of  OA. 

Also,  if  t  is  the  intensity  of  pull  per  imit  of  span, 

tl = nT,    and  hence    Pz=t-^. 

Let  there  be  a  central  suspender  of  length  s.     There  will  there- 

n  — 1 
fore  be  — ^  suspenders  on  each  side  of  the  centre. 

12 

The  parameter  of  the  parabola  =  77-. 
Hence  the  total  length  of  all  the  suspenders 


=s+2 


-s- 


„,a2  n(n2-l)        /      h  n-l\ 
=ns  +  8h-^~-^^=n(s+-^--^). 

If  there  is  no  central  suspender,  i.e.,  if  n  is  even, 

the  total  length  =  (n — 1)  I  s + -^  — — tr  j . 

Denote  the  total  length  of  suspenders  by  L.    Then 

22 

the  stress  length=TL=-jPL. 
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Let  w  be  the  uniform  intensity  of  the  dead  load. 

Case  I.  The  bridge  partially  loaded. 

Let  w'  be  the  maximum  uniform  intensity  of  the  live  load,  and 
let  this  load  advance  from  A  and  cover  a  length  AB. 

Let  OB  =  x,  and  let  Ri,  R2  be  the  pressures  at  0  and  A  respec- 
tively. 

For  equilibrium, 

Ri+R2  +  tl-wl-w'il-x)=0;       ....     (1) 

P       P    'w' 
Ril+t^~w^-—(l-x)2'=0 (2) 

Also,  since  the  whole  of  the  weight  is  to  be  transmitted-  through 
the  suspenders, 

tl=wl+w'(l-x) (3) 

From  eqs.  (1),  (2),  and  (3), 

-Ri=~j(l-x)=R2,       (4) 

which  shows  that  the  reactions  at  0  and  A  are  equal  in  magnitude 

but  opposite  in  kind.    They  are  evidently  greatest  when  x=-^,  i.e., 

when  the  live  load  covers  half  the   bridge,  and  the  common  value 

is  then-r-. 
o 

The  shearing  force  at  any  point  between  0  and  B  distant  x'  from  0 
=Rr  +  {t-w)x'=-J-^(x'-^,      ....    (5) 

iyhich  becomes  -^j(l—x)=-^R\=R2  when  x'  equal  x.     Thus  the 

;hear  at  the  head  of  the  live  load  is  equal  in  magnitude  to  the  reaction 

it  each  end,  and  is  an  absolute  maximmn  when  the  live  load  covers 

lalf  the  bridge.     The  web  of  the  truss  must  therefore  be  designed 

v/l 
0  bear  a  shear  of  -^  at  the  centre  and  ends. 
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Again,  the  bending  moment  at  any  point  between  0  and  B  distant 
x'  from  0 

=^R,x'+~x'^=^^-^{x'^-xx'),      ....     (6) 


X 

which  is  greatest  when  3;'=-z,  i.e.,  at  the  centre  of  OB,  its  value  then 

being  — ^  ~r~^-    Thus  the  bending  moment  is  an  absolute  maximum 

when  3-(Za;2-a;3)=0,  i.e.,  when  x==-d,  and  its  value  is  then R 

ax  3  54 

The  bending  moment  at  any  point  between  B  and  A  distant  x^ 

from  0 


=ii;ix'+^-a;'2--(x'-x)2=-^(x'-x)(Z-x'),    .     .     (7) 


d  l-\-x 

which  is  greatest  when  -j-,{{x' —x)(}—x')]  =0,  i.e.,  when  x'=—^,  or 

^^  X 
at  the  centre  of  AB,  its  value  then  being  ~jQ,  —  x)^.     Thus   the 

bending  moment  is  an  absolute  maximum  when  -p  {a;(Z— a;)^}  ==0,. 

Z  w' 

i.e.,  when  x=-^,  and  its  value  is  then  -\ — P. 
o  54 

Hence  f/ie  maximum  bending  moments  of  the  unloaded  and  loaded 
divisions  of  the  truss  are  equal  in  magnitude  but  opposite  in  direction, 
and  occur  at  the  points  of  trisection  {D,  C)  of  OA  when  the  live  load 
covers  one  third  {AC)  and  two  thirds  (AD)  of  the  bridge  respectively. 

Each  chord  must  evidently  be  designed  to  resist  both  tension 
and  compression,  and  in  order  to  avoid  unnecessary  nicety  of  calcu- 
lation, the  section  of  the  truss  may  be  kept  uniform  throughout 
the  middle  half  of  its  length. 

Case  II.  A  single  concentrated  load  W  at  any  point  B  of  the  truss. 
W  now  takes  the  place  of  the  live  load  of  intensity  w'. 

The  remainder  of  the  notation  and  the  method  of  procedure 
being  precisely  the  same  as  before,  the  corresponding  equations  are 
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Ri+R2  +  (.t~w)l~W  =  0.  ..:...    (10 
Ril+^-^P-W{l-x)  =  0 (2') 

W 
i-w=Y (30 

W  /       l\ 
-Ri=-j-(x-Y)=R2, (40 

which  shows  that  the  reactions  at  0  and  A  are  equal  in  magnitude 

but  opposite  in  kind.    They  are  greatest  when  x=0  and  when  x  =  l, 

W 
i.e.,  when  W  is  either  at  0  or  at  A,  and  the  common  value  is  then  -x-. 

The  shearing  force  at  any  point  between  0  and  B  distant  x'  from  0 

=Ri  +  it-w)x'=-Y[^'-^+2)'      •     •     •     •     (50 

W 
which  is  a  maximum  when  x'=x,  and  its  value  is  then  — . 

W 
The  web  must  therefore  be  designed  to  bear  a  shear  of  -y  through- 
out the  whole  length  of  the  truss. 

Again,  the  bending  moment  at  any  point  between  0  and  B  distant 
x'  from  0 

First,  let  x<-x.  The  bending  moment  is  positive  and  is  a  maxi- 
mum  when  x' =x,  its  value  then  being 

W 

Next,  let  x>-^.    The  bending  moment  is  then  negative  and  is  a 
maximum  when  x^ =x—^,  its  value  then  being 
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21  V      2/  ■ 

The  bending  moment  at  any  point  between  B  and  A  distant  a;' 

from  0 

t'2    '  W  /r'       \ 

=R^x'  +  {t-wf^-W{x'-x)  =  -Y{x'-l)[^-z),.     .     (70 

which  is  a  maximum  when 

^{(a.-0g-«)}=0, 

I  J  W/        A2 

i.e.,  when  x'=x+-^  and  its  value  is  men  —^ix—^j  . 

Note. — The  stiffening  truss  is  most  effective  in  its  action,  but 
adds  considerably  to  the  weight  and  cost  of  the  whole  structure. 
Provision  has  to  be  made  both  for  the  extra  truss  and  for  the  extra 
material  required  in  the  cable  to  carry  this  extra  load. 

Stiffening  Truss  Hinged  at  the  Centre. — Provision  may  be  made 
for  coimteracting  the  straining  due  to  jchanges  of  temperature  by 
hinging  the  truss  at  the  centre  E. 

Let  a  live  load  of  intensity  w'  advance  from  A. 

First,  let  the  live  load  cover  a  length  AB=xi>-^). 

Let  Ri,  R2  be  the  pressures  at  0,  A,  respectively. 
The  equations  of  equilibrium  are 

Ri+R2+it-w)l-'w'x=0;    ..;;:.(!) 

R.^+it-w)---[x-^)  =0; (2) 

/  P     w' 

%+(i-^)-8— 8^2=0,    ....::.    (3) 

Eqs.  (2)  and  (3)  being  obtained  by  taking  moments  about  E.     Hence 
t-w=  —piP-Alx+2x^); (4) 
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„      Iw' 

«i  =  2y(^^-4Za;+3x2);    ......     (5) 

R2  =  ^jil-xy (6) 

Next,  let  the  live  load  cover  the  length  Bo(<^). 

Let  ^5  =  a;  as  before,  and  let  Ri,  R2,  t'  be  the  new  values  of  Ri, 
R2,  t,  respectively. 

The  equations  of  equilibrium  are  now 

Ri'+R2'  +  {t'-w)l-w'{l-x)=0;      ....     (7) 
Ri'^  +  {t'-w):^-^Q,-x)=0; (8> 

i22'2  +  (<'-w')^  =  0; (9) 

and  hence 

t'-w^2-^{l-x)\=-{t-w-w')];    .     .     o     .     (10) 

1  w' 
Ri'=-^j(P-4.lx  +  3x^)i^-Ri);     .     .     .     (11) 

R2'=-\'^{l-xn=-R2) (12) 

Diagram  of  Maximum  Shearing  Force. — The  shear  at  any  point 
distant  z  from  A  in  the  imloaded  portion  BO  when  the  live  load 
covers  AB 

=Rx  +  {t-w){l-z) (13) 

=  -{Ri'  +  {t'  -w-w'){l-z)\ 

=  -\Ri'  +  {t'  -w){l-z)  -w'{l-z)] 

= minus  the  shear  at  the  same  point  when  AB  is 
unloaded  and  the  live  load  covers  BO. 

For  a  given  value  of  z  the  maximum  shear,  positive  or  negative, 
at  any  point  of  OB  is  found  by  making  (see  eq.  (13)) 


dRi  +  il-z)d{t-w)=0, 
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W 


w 


or 


or 


ji-2l+3x)—j2(l-zK-il+ix)=0, 
4z-2l 


x=l-.      ,  . 
Hence,  by  eqs.  (4),  (5),  (13),  (14), 


the  maximum  shear  =  ±  iw'xi , 

*        1— X  ' 


(14) 


(15) 


Fig.  873. 


and  may  be  represented  by  the  ordinate  {posi- 
tive or  negative)  of  the  curve  mri'pq. 

For  example,  at  the  points  defined  by 
z=       I,  II,        fZ, 

the  shears  are  greatest  when 

x=    ¥,         ¥,      ¥, 

and  their  values  are,  respectively, 
=fWl,     =fj%w'l,    0. 


Again,  the  shear  at  any  point  distant  z  from  A  in  the  loaded 
portion  BE  when  the  live  load  covers  AB 

=Ri  +  it-w){l-z)-w'ix-z) (16) 

=Ri  +  {t-w-w'){l-z)+w'{l-x) 

=  -{Ri'  +  (t'  -wXl-z)  -w'{l-x)\ 

^minus  the  shear  at  the  same  point  when  AB  is 
unloaded  and  the  live  load  covers  BO. 


Hence,  by  eqs.  (4),  (5),  (16), 


Iw' 


the  shear  =T-^-nQ--^)Q- ^)^: 


(17) 


increasing  for  a  given  value  of  z  with  l—x,  and,  therefore,  a  maximum 
when  x=z:    Thus 


I  w 


the  maximum  shear  ==T-Tj(l- 4x)(l-x)^      •    .     (18) 
and  occurs  immediately  in  front  of  the  load  when  it  covers  AB,  and 
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immediately  behind  the  load  when  it  covers  BO.    It  may  be  repre- 
sented by  the  ordinate  (positive  or  negative)  of  the  curve  orsq. 
For  example,  at  the  points  defined  by 

2=^='»  ¥,  ¥,  II,  hi, 

the  maximum  shears  given  by  eq.  (18)  are,  respectively, 

0,         ±^^Wl,        ±isw%         ±iisw'l,         ±\vfl. 

Diagram  of  Maximum  Bending  Moment. — The  bending  moment 
at  any  point  in  BO  distant  z  from  A  when  the  live  load  covers  AB 

=R,(l-z)  +  (t-w)^^^ (19) 

=  -  i^R,'(J-z)  +  (t'-w-w')^^^  ■ 

=  -  ■  R,'Q-z)  +  itf-w)^I^-w'^^ 

= minus  the  bending  moment  at  the  same  point  when 
the  live  load  covers  BO. 

Hence,  by  eqs.  (4),  (5),  (19),  the  bending  moment 
For  a  given  value  of  z  this  is  a  maximum  and  equal  to 

W'zl  — Zl— 2Z         ,  2lz 

± y. r-    when    x  = 


—  2Z)  1  +  2Z 

Thus  the  maximum  bending  moment  may  be  represented  by 
the  ordinate  (positive  or  negative)  of  a  curve. 
For  example,  at  the  points  defined  by 

s=^,  ih  ¥)  ¥i  2> 
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the  bending  moments  are  greatest  when  x  = 

¥,  i\i,  ii,  ¥,  ¥, 

their  values  being,  respectively, 

0,  "fiUsy^'y,     T^hw'P,      T^hw'P,  0. 


The  absolute  maximum  bending  moment  may  be  found  as  follows: 
For  a  given  value  of  x  the  bending  moment  (see  eq.  (19))  is  a 
maximum  when 

Ri  +  {t-w){l-z)=0, 
or  L—z  = 


t—w 
Hence,  the  maximum  bending  moment 

I  Ri^  V  (12-4^+3x2)2 

~^2t-W~^8      12-^41X  +  2X2    ■ 

It  will  be  an  absolute  maximum  for  a  value  of  x  found  by  putting 
its  differential  with  respect  to  x  equal  to  nil. 
This  differential  easily  reduces  to 

3a;3-9ia;2+6i2a;-Z3=0. 

x=|-l  is  an  approximate  solution  of  this  equation,  and  the  cor- 
responding maximum  bending  moment  =7^w'12. 

The  preceding  calculations  show  that  at  every  point  in  its  length 
the  truss  may  be  subjected  to  equal,  maximum  shears  and  equal  maximum 
bending  moments  of  opposite  signs. 

Again,  it  may  be  easily  shown  in  a  similar  manner  that  when 
a  single  weight  W  travels  over  the  truss, 

the  maximum  positive  shear  at  a  distance  z  from  A 


SUSPENSION  BRIDGE  LOADS.  873 

=  ^(2l2-slz  +  4z2); 

the  maximum  negative  shear  either 
W 

or  .  =-y(31-4z), 

and         the  maximum  bending  moment 

W 

=  ±:J^Z(1-Z)(1-2Z). 

12.  Suspension-bridge  Loads.— The  heaviest  distributed  load  to 
which  a  highway  bridge  may  be  subjected  is  that  due  to  a  dense 
crowd  of  people,  and  is  fixed  by  modern  French  practice  at  82  lbs. 
per  square  foot.  Probably,  however,  it  is  imsafe  to  estimate  the 
load  at  less  than  from  100  to  140  lbs.  per  square  foot,  while  allowance 
has  also  to  be  made  for  the  concentration  upon  a  single  wheel  of 
as  much  as  36,000  lbs.,  and  perhaps  more. 

A  moderate  force  repeatedly  applied  will,  if  the  interval  between 
the  blows  corresponds  to  the  vibration  interval  of  the  chain,  rapidly 
produce  an  excessive  oscillation  (Chap.  IV,  Art.  3).  Thus  a  pro- 
cession marching  in  step  across  a  sxispension  bridge  may  strain  it 
far  more  intensely  than  a  dead  load,  and  will  set  up  a  synchronous 
vibration  which  may  prove  absolutely  dangerous.  For  a  like  reason 
the  wind  usually  sets  up  a  wave  motion  from  end  to  end  of  a  bridge. 

The  factor  of  safety  for  the  dead  load  of  a  suspension  bridge  should 
not  be  less  than  2|  or  3,  and  for  the  live  load  it  is  advisable  to  make 
it  6.  With  respect  to  this  point  it  may  be  remarked  that  the  efficiency 
of  a  cable  does  not  depend  so  much  upon  its  ultimate  strength  as 
upon  its  limit  of  elasticity,  and  so  long  as  the  latter  is  not  exceeded 
the  cable  remains  uninjured.  For  example,  the  breaking  weight  of 
one  of  the  15-inch  cables  of  the  Brooklyn  Bridge  is  estimated  to 
be  12,000  tons,  its  limit  of  elasticity  being  8118  tons;  so  that  with 
1^  only  as  a  factor  of  safety,  the  stress  would  still  fall  below  the 
elastic  limit  and  have  no  injurious  effect.     The  continual  application 


874  THEORY  OF  STRUCTURES. 

of  such  a  load  would  doubtless  ultimately  lead  to  the  destruction 
of  the  bridge. 

The  dip  of  the  cable  of  a  suspension  bridge  usually  varies  from 
■^  to  Y^3  of  the  span,  and  is  rarely  as  much  as  ^V  except  for  small 
spans.  Although  a  greater  ratio  of  dip  to  span  would  give  increased 
economy  and  an  increased  limiting  span,  the  passage  of  a  live  load 
would  be  accompanied  by  a  greater  distortion  of  the  chains  and  a 
larger  oscillatory  movement.  Steadiness  is  therefore  secured  at  the 
cost  of  economy  by  adopting  a  comparatively  flat  curve  for  the 
chains. 

13.  Modifications  of  the  Simple  Suspension  Bridge. — The  dis- 
advantages connected  with  suspension  bridges  are  very  great.  The 
position  of  the  platform  is  restricted,  massive  anchorages  and  piers 
are  generally  required,  and  any  change  in  the  distribution  of  the 
load  produces  a  sensible  deformation  in  the  structure.  Owing  to 
the  want  of  rigidity,  a  considerable  vertical  and  horizontal  oscillatory 
motion  may  be  caused,  and  many  efforts  have  been  made  to  modify 
the  bridge  in  such  a  manner  as  to  neutralize  the  tendency  to  oscilla- 
tion. 

(o)  The  simplest  improvement  is  that  shown  in  Fig.  875,  where 
the  point  of  the  cable  most  liable  to  deformation  is  attached  to  the 
piers  by  short  straight  chains  AB. 


Fig.  875. 

(6)  A  series  of  inclined  stays,  or  iron  ropes,  radiating  from  the 
pier-saddles,  may  be  made  to  support  the  platform  at  a  number  of 
equidistant  points  (Fig.  876).  Such  ropes  were  used  in  the  Niagara 
Bridge,  and  still  more  recently  in  the  Brooklyn  Bridge.  The 
lower  ends  of  the  ropes  are  generally  made  fast  to  the  top  or  bottom 
chord  of  the  bridge-truss,  so  that  the  corresponding  chord  stress 
is  increased  and  the  neutral  axis  proportionately  displaced.  To 
remedy  this,  it  has  been  proposed  to  connect  the  ropes  with  a  hori- 
zontal tie  coincident  in  position  with  the  neutral  axis.    Again,  the 
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bles  of  the  Niagara  and  Brooklyn  bridges  do  not  hang  in  vertical 
ines,  but  are  inclined  inwards,  the  distance  between  them  being 


Fig.  876. 


latest  at  the  piers  and  least  at  the  centre  of  the  span.    This  draw- 
;  in  adds  greatly  to  the  lateral  stability,  which  may  be  still  further 
;reased  by  a  series  of  horizontal  ties, 
(c)  In  Fig.  877  two  cables  in  the  same  vertical  plane  are  diag- 
ally  braced  together.    In  principle  this  method  is  similar  to  that 


Fig.  877. 

opted  in  the  stiffening  tniss  (discussed  in  Art.  11),  but  is  probably 
s  efficient  on  account  of  the  flexible  character  of  the  cables, 
hough  a  slight  economy  of  material  might  doubtless  be  reahzed. 
e  braces  act  both  as  struts  and  ties,  and  the  stresses  to  which 
iy  are  subjected  may  be  easily  calculated, 
(d)  In  Fig.  878  a  single  chain  is  diagonally  braced  to  the  plat- 
m.    The  weight  of  the  bridge  must  be  sufficient  to  insure  that 


Fig.  878. 

suspender  will  be  subjected  to  a  thrust,  or  the  efficiency  of  the 
angement  is  destroyed.  An  objection  to  this  as  well  as  to  the 
iceding  method  is  that  the  variation  in  the  curvature  of  the  chain 
ier  changes  of  temperature  tends  to  loosen  and  strain  the  joints. 
The  principle  has  been  adopted  (Fig.  879)  with  greater  perfec- 
1  in  the  construction  of  a  foot-bridge  at  Frankfort.  The  girder 
lut  at  the  centre,  the  chain  is  hinged,  and  the  rigidity  is  obtained 
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by  means  of  vertical  and  inclined  braces  which  act  both  as  struts 
and  ties. 


Fig.  879. 


(e)  In  Fig.   880  the  girder  is  supported  at  several  points  by- 
straight  chains  running  directly  to  the  pier-saddles,  and  the  chains 


Fig.  880. 

are  kept  in  place  by  being  hung  from  a  curved  chain  by  vertical  rods. 

(/)  It  has  been  proposed  to  employ  a  stiff  inverted  arched  rib 
of  wrought  iron  instead  of  the  flexible  cable.  All  straining  action 
may  beeUminated  by  hinging  the  rib  at  the  centre  and  piers,  and 
the  theory  of  the  stresses  developed  in  this  tension  rib  is  precisely 
similar  to  that  of  the  arched  rib,  except  that  the  stresses  are  reversed 
in  kind. 

{g)  The  platform  of  every  suspension  bridge  should  be  braced 
horizontally.  The  floor-beams  are  sometimes  laid  on  the  skew  in 
order  that  the  two  ends  of  a  beam  may  be  suspended  from  points 
which  do  not  oscillate  concordantly,  and  also  to  distribute  the  load 
over  a  greater  length  of  cable. 


EXAMPLES. 

1.  The  span  ofa  suspension  bridge  is  200  ft.,  the  dip  of  the  chains  is  80  ft. 
and  the  weight  of  the  roadway  is  1  ton  per  foot  run.  Find  the  tensions  at 
the  middle  and  ends  of  each  chain.  Ans.  Sl^tons;  58.94  tons. 

2.  Assuming  that  a  steel  rope  (or  a  single  wire)  will  bear  a  tension  of  15 
tons  per  square  inch,  show  that  it  will  safely  bear  its  own  weight  over  a  span 
of  about  one  mile,  the  dip  being  one  fourteenth  of  the  span. 

Ann.  Maximum  tension  =  33,074  lbs. 

3.  Show  that  a  steel  rope  of  the  best  quality,  with  a  dip  of  one  seventh 
of  the  span,  will  not  break  until  the  span  exceeds  7  miles,  the  ultimate  strength 
of  the  rope  being  60  tons  per  square  inch.     (1  ton =2240  lbs.) 

Ans.  Maximum  tension  =  59,545  tons/square  inch. 
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4.  If  the  span  =  Z,  the  total  uniform  load  =  TF,  and  the  dip=— ,  show  that 

the  maximum  tension  =  1.58TF,  the  minimum  tension  =  1.5Tr,  the  length  of 
the  chain  =  1.018Z,  and  find  the  increase  of  dip  corresponding  to  an  elonga- 
tion of  1  in.  in  the  chain. 

5.  A  cable  weighing  p  lbs.  per  Uneal  foot  of  length  is  stretched  between 
supports  in  the  same  horizontal  line  and  20  ft.  apart.  If  the  maximum  deflec- 
tion is  i  ft.,  determine  the  greatest  and  least  tensions. 

Ans.  Parameter  ??i  =  100  ft.;  maximum  tension  =  100Jp;  minimum  ten- 
sion =100p. 

6.  The  dead  weight  of  a  suspension  bridge  of  1600  ft.  span  is  i  ton  per 

lineal  foot;    the  dip=   ^„  .     Find  the  greatest  and  least  pulls  upon  one  of 

the  chains.     The  ends  of  the  chains  are  attached  to  saddles  on  rollers  on  the 
top  of  piers  50  ft.  high,  and  the  backstays  are  anchored  50  ft.  from  the  foot 
of  each  pier.     Find  the  load  upon  the  piers  and  the  pull  upon  the  anchorage. 
Ans.  255  tons;  243 J  tons;  637i  tons;  344.6  tons. 

7.  The  platform  of  a  suspension  foot-bridge  of  100  ft.  span  is  10  ft.  wide 
and  supports  a  load  of  150  lbs.  per  square  foot,  including  its  own  weight. 
The  two  suspension  chains  have  a  dip  of  20  ft.  Find  the  force  acting  on  each 
chain  close  to  the  tower  and  in  the  middle,  assuming  the  chain  to  hang  in  a 
parabolic  curve. 

8.  The  river  span  of  a  suspension  bridge  is  930  ft.  and  weighs  5976  tons, 
of  which  1439  tons  are  borne  by  stays  radiating  from  the  summit  of  each 
pier,  while  the  remaining  weight  is  distributed  between  four  15-in.  steel-wire 
cables,  producing  in  each  at  the  piers  a  tension  of  2064  tons.  Find  the  dip 
of  the  cables. 

The  estimated  maximum  traffic  upon  the  river  span  is  1311  tons  uniformly 
distributed.     Determine  the  increased  stress  in  the  cables. 

To  what  extent  might  the  traffic  be  safely  increased,  the  limit  of  elasticity 
of  a  cable  being  8116  tons,  and  its  breaking  stress  12,300  tons? 

Ans.  63.884  ft.;  596.4  tons  to  13,303  tons  uniformly  distributed. 

9.  The  uniform  load  on  each  of  the  cables  of  a  suspension  span  800  ft.  in 
length  is  4000  lbs.  per  lineal  foot  of  span.  The  dip  of  the  cables  is  60  ft. 
Find  the  stress  in  the  cables  at  the  centre  ^nd  at  the  towers. 

Ans.  5,333,333  lbs.;  5,552,000  lbs. 

10.  A  telegraph  wire  tu  in.  diameter  is  supported  on  poles  170  ft.  apart 
and  dips  2  ft.  in  the  middle.     Find  the  pull  on  the  wire. 

11.  A  trolley-wire  has  to  be  carried  on  poles  round  a  curve  of  1200  ft. 
radius.  The  poles  are  spaced  40  yards  apart,  and  in  the  middle  of  each  span 
the  wire  sags  down  6  ins.  below  the  points  of  support.  If  the  wire  weighs 
H  lbs.  per  yard,  show  that  the  resultant  horizontal  pull  on  each  pole  is  very 
nearly  180  lbs. 
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12.  A  copper  telegraph-wire  weighing  i  lb.  per  lineal  yard  is  suspended 
between  poles  on  level  ground  so  that  the  greatest  dip  of  the  wire  is  2  ft.  The 
tension  at  the  lowest  point  of  the  wire  is  100  lbs.  Find  the  distance  between 
the  poles. 

13.  A  flexible  cable  weighing  I'tj  lb.  per  lineal  foot  is  suspended  between 
two  poles  A  and  B,  400  ft.  apart,  and  hangs  in  a  catenary  having  a  modulus 
of  2000  ft.     The  poles  are  of  the  same  height  as  the  crown  level. 

A  second  cable,  of  the  same  weight  per  lineal  foot,  is  supported  between 
B  and  a  third  pole  C  of  the  same  height,  the  angle  ABC  being  150°.  If  the 
horizontal  puU  of  this  cable  is  1.155  times  that  on  the  first  cable,  find  its  dip 
and  modulus  and  show  that  the  intermediate  pole  should  be  supported  by 
a  stay  in  a  plane  at  right  angles  to  B  and  C  If  the  stay  slopes  at  45°,  find 
the  stresses  to  which  it  is  subjected. 

14.  A  suspension  bridge  has  a  dip  of  10  ft.  and  a  span  of  300  ft.  Find 
the  increase  of  dip  due  to  a  change  of  100°  F.  from  the  mean  temperature, 
the  coefficient  of  expansion  being  .00125  per  180°  F. 

Also  find  the  corresponding  flange  stress  in  the  stiffening  truss,  which  is 
12}  ft.  deep,  the  coefficient  of  elasticity  being  8000  tons. 

Am.  1.17  ft.;  6.24  tons. 

15.  The  ends  of  a  cable  are  attached  to  saddles  free  to  move  horizontally. 
If  Aa  is  the  horizontal  movement  of  each  saddle  due  to  the  expansion  of  the 
cables  in  the  side  spans,  and  if  AS  is  the  extension  of  the  chain  between  the 
two  saddles,  show  that  the  increment  of  the  dip  (h)  is  approximately 


h?'+''^ 


U  h     a) 


16.  Show  that  the  total  extension  of  a  cable  of  uniform  sectional  area  A 
under  a  uniformly  distributed  load  of  intensity  w  is 


H%). 


8EAd 
I  being  the  span  and  d  the  dip. 

17.  A  suspension  bridge  has  a  dip  of  30  ft.  and  the  span  is  900  ft.  If  the 
coefficient  of  expansion  is  .000007  per  1°  F.  and  if  15,000  tons  per  square  inch 
is  the  coefficient  of  elasticity,  find  (a)  the  change  in  dip  corresponding  to  a 
fluctuation  of  50°  from  the  mean  temperature,  (6)  the  corresponding  flange 
stress  in  an  auxihary  truss  25  ft.  deep. 

18.  The  cables  of  a  suspension  bridge  for  a  span  of  200  ft.  have  a  dip  of 
40  ft.  Find  (o)  the  length  of  a  cable,  and  also  find  (6)  the  change  of  dip  cor- 
responding to  a  change  of  30°  C.  from  the  mean  temperature,  the  coefficient 
of  Unear  expansion  being  .000012  per  degree  centigrade. 

The  suspension  bridge  is  supplied  with  an  auxiliary  truss  4  ft.  deep.    Show 
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(c)  that  the  intensity  of  flange  stress  at  the  centre  developed  by  the  change 
of  temperature  is  717  lbs.  per  square  inch.    (£=24,000,000  lbs.) 

If  the  live  load  is  .4000  lbs.  per  lineal  foot  of  span,  determine  (d)  the  maximum 
S.F.  and  B.M.  to  which  the  truss  is  subjected. 

19.  A  suspension  bridge  of  240  ft.  span  and  20  ft.  dip  has  48  suspenders  on 
each  side;  the  dead  weight  =  3000  lbs.  per  lineal  foot;  the  live  load  =  2000  lbs. 
per  lineal  foot.  Fjid  the  maximum  pull  on  a  suspender,  the  maximum  bend- 
ing moment  and  the  maximum  shear  on  the  stiffening  truss.  Also  find  the 
elongation  in  the  chain  due  to  the  live  load. 

Ans.  Max.  pull  =  12,500  lbs.;  max.  shear  =  30,000  lbs.;  max.  B.M.= 
1,066,666$  ft.-lbs.;  elongation  =  89,600,000  4- SA,  A  being  sectional  area  of  a 
cable  and  E  the  coefficient  of  elasticity. 

20.  Each  side  of  the  platform  of  a  suspension  bridge  for  a  span  of  100  ft. 
is  carried  by  nine  equidistant  suspenders.  Design  a  stiffening  truss  for  a  hve 
load  of  1000  lbs.  per  Uneal  foot,  and  determine  the  pull  upon  the  suspenders 
due  to  the  live  load  when  the  load  produces  (1)  an  absolute  maximum  shear; 
(2)  an  absolute  maximum  bending  moment. 

Ans.  Max.  shear  =  6250  lbs.;  max.  B.M.  =  92,592i4  ft.-lbs.;  pull  on  sus- 
pender =(1)  2777i  lbs.,  (2)  =18511?  lbs.  or  3703U  lbs. 

•  21.  The  platform  of  a  suspension  bridge  of  300  ft.  span  is  suspended  b}' 
vertical  rods  spaced  10  ft.  apart  and  the  platform  is  also  provided  with  an 
auxiUary  truss.  Determine  the  pull  on  a  suspender  when  one  half  the  bridge 
carries  a  live  load  of  half  a  ton  per  foot  nm.  Also  find  the  maximum  bending 
moment  and  maximum  shear  to  which  the  auxiliary  truss  is  subjected. 

22.  A  foot-path  8  ft.  wide  is  to  be  carried  over  a  river  100  ft.  wide  by  two 
cables  of  uniform  sectional  area  and  having  a  dip  of  10  ft.  Assiuning  the 
load  on  the  platform  to  be  112  lbs.  per  square  foot,  find  the  greatest  pull  on 
the  cables,  their  sectional  area,  length,  and  weight.  (Safe  stress  =  8960  lbs. 
per  square  inch;  specific  weight  of  cable  =480  lbs.  per  cubic  foot.)  Find  the 
depression  in  the  cables  due  to  an  increment  of  length  under  a  change  of  60°  F. 
from  the  mean  temperature.     (Coefficient  of  expansion  =  1 -^  144,000.) 

Ans.  56,000 lbs.:  60,312  lbs.;  6.73  sq.  ins.;  102|ft.;  2302.65  lbs.;  .0802  ft. 

23.  In  a  suspension  bridge  (recently  blown  down)  each  cable  was  designed 
to  carry  a  total  load  of  84  tons  (including  its  own  weight).  The  distance 
between  the  piers  =  1270  ft.;  the  deflection  of  the  cable  =-91  ft.  Find  (a)  the 
length  of  the  cable;  (6)  the  pull  on  the  cable  at  the  piers  and  at  the  lowest 
point ;  (c)  the  amounts  by  which  these  pulls  are  changed  by  a  variation  of  40°  F. 
from  the  mean  temperature;  (d)  the  tension  in  the  backstays,  assuming  thern 
to  be  approximately  straight  and  inclined  to  the  vertical  at  the  angle  whose 
tangent  is  |. 

The  platform  was  hung  from  the  cables  by  means  of  480  suspenders  (240 
on  each  side).  Find  (e)  the  pull  on  each  suspender  and  (/)  the  total  length 
of  the  suspenders,  the  lowest  point  of  a  cable  being  14  ft.  above  the  platform. 

Ans.  (a)  1287.4  ft.;  (6)  146r'j  and  152.4  tons;  (c)  1.5  and  1.45  tons; 
id)  394.55  tons;  (e)  .35  ton;  (/)  10,565.6  ft. 
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24.  In  a  suspension  bridge  of  1600  ft.  span  the  platform  is  carried  by 
two  cables,  one  on  each  side.  The  bridge  weighs  i  ton  per  Uneal  foot  of  span 
and  the  dip  is  one  thirteenth  of  the  span.  Find  the  greatest  and  least  pulls 
on  a  cable.  If  the  cablps  are  attached  to  saddles  or  rollers  on  the  top  of  piers 
50  ft.  high  and  the  backstays  are  anchored  at  50  ft.  from  the  foot  of  each  pier, 
find  the  load  upon  the  piers  and  the  pull  on  the  anchorage. 

25.  Find  the  length  of  the  cable  in  the  preceding  example,  and  also  find 
the  change  of  dip  corresponding  to  a  change  of  30°  C.  from  the  mean  tem- 
perature, the  coefficient  of  linear  expansion  being  .000012  per  degree  centigrade. 

If  an  auxiliary  truss  4  ft.  deep  is  added,  find  the  intensity  of  flange  stress 
at  the  centre  developed  by  the  change  of  temperature. 

26.  The  cables  for  a  suspension  bridge  of  210  ft.  clear  span  are  suspended 
from  piers  which  are  25  ft.  and  4  ft.  respectively  above  the  lowest  point  of 
the  cables. 

The  top  of  the  lowest  pier  is  anchored  by  a  backstay  inclined  at  60°  to  the 
vertical,  while  the  higher  pier  is  anchored  by  a  backstay  incUned  at  45°  to  the 
vertical.  Determine  (a)  the  length  of  the  cable  between  the  piers,  (6)  the 
horizontal  pull  on  the  cable,  (c)  the  tensions  in  the  cable  at  the  tops  of  the 
piers  when  the  load  on  each  cable  is  half  a  ton  per  lineal  foot  of  span. 

27.  At  Boughton  a  suspension  bridge  of  143  ft.  span  and  12.3  ft.  dip 
failed  on  account  of  serious  oscillations  caused  by  the  marching  of  a  company 
of  soldiers  across  the  bridge.  The  anchorage  was  a  2-in.  bolt  at  right  angles 
to  the  suspension  link  and  having  a  bearing  of  3i  ins.  The  estimated  weight 
of  the  soldiers  was  4.8  tons  (long) ,  and  this  combined  with  the  dead  weight  of 
the  bridge  produced  a  force  of  37.2  tons  on  each  anchor-bar.  Taking  18  tons 
as  th3  ultimate  tenacity  of  good  iron,  determine  the  factor  of  safety  and  the 
dead  weight  of  the  bridge.  Ans.  3;  47.8  tons. 

28.  The  platform  of  a  suspension  bridge  of  150  ft.  span  is  suspended  from 
the  two  cables  by  88  vertical  rods  (44  on  each  side) ;  the  dip  of  the  cables  is 
15  ft.;  there  are  two  stiffening  trusses;  the  dead  weight  is  2240  lbs.  per  lineal 
foot,  of  which  one  half  is  divided  equally  between  the  two  piers.  Find  the 
stresses  at  the  middle  and  ends  of  the  cables  when  a  uniformly  distributed 
load  of  78,750  lbs.  covers  one  half  of  the  bridge.  Also  find  the  maximum 
shears  and  bending  moments  to  which  the  stiffening  trusses  are  subjected 

when  a  live  load  of  1050  lbs.  per  lineal  foot  crosses  the  bridge. 

5 
Ans.  Pull  on  suspender  =  2803-H  lbs.;  ff  =  -p=r  =  154,2181  lbs. 

Max.  shear  on  each  truss  at  centre  and  due  to  78,750  lbs.  =  9843f  lbs. 

=that  due  to  1050  lbs.  per  lineal  foot. 
Max.  B.M.  due  to  78,750  lbs.  is  at  centre  of  loaded  and  unloaded 

halves  and  =  184,570^^8  ft.-lbs, 
Abs.  max.  B.M.  due  to  1050  lbs.  per  lineal  foot  is  at  points  of  trisec- 

tion  and  =  218,750  ft.-lbs. 
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29.  Solve  the  preceding  example  when  the  trusses  are  hinged  at  the  centre. 

5 
Ans.  Pull  on  suspender =2803|f  lbs.;  H — -;=r  =^  154,2181  lbs. 

Max.  shear  due  to  78,75.0  lbs.  =  98431  lbs.  at  centre  of  span  and  at 
end  of  loaded  half  of  bridge;  max.  shears  due  to  1050  lbs.  per 
lineal  foot  =  13,125,  5906i,  4921|,  8305/A,  and  98431  lbs.  at  ends 
of  the  half  truss  and  at  the  points  dividing  the  half  span  into  four 
equal  segments. 

Max.  B.M.  due  to  78,750  lbs.  is  at  centre  of  half  truss  and  =  184,570A 
ft.-lbs.  Max.  B.M.  due  to  1050  lbs.  per  lineal  foot  =  176, 180|||, 
221,4841,  and  153,808J|  ft.-lbs.  at  points  dividing  the  half  truss 
into  four  equal  segments. 

30.  Determine  the  horizontal  and  pier  tensions  on  a  cable  suspended  from 
two  piers  150  ft.  and  70  ft.  above  the  ground  level,  and  carr3ang  a  horizontal 
platform  loaded  with  one  ton  per  lineal  foot.  The  distance  between  the  piers 
is  200  ft.  and  the  lowest  point  of  the  cable  is  60  ft.  above  the  ground  level. 
The  platform  is  carried  by  nineteen  suspenders  equally  spaced.  Find  the 
pull  upon  a'  suspender  when  a  live  load  of  one  ton  per  lineal. foot  covers  one 
half  of  the  platform. 

31.  A  suspension  bridge  360  ft.  long  consists  of  a  central  span  of  160  ft. 
and  two  side  spans,  each  of  100  ft.  The  lowest  points  of  the  cable  are  in  the 
same  horizontal  plane,  70  ft.  above  mean  water  level,  30  ft.  below  the  summit 
of  the  abutments.  On  each  side  of  the  platform  there  are  two  cables  from 
which  the  platform  is  suspended  by  vertical  rods  10  ft.  apart.  The  bridge 
load  is  4000  lbs.  per  lineal  foot  of  span.  The  train  load  is  6000  lbs.  per  lineal 
foot  of  span.  When  the  train  load  covers  the  whole  of  the  centre  span,  find 
(a)  the  maximum  and  minimum  stresses  on  the  cables;  (6)  the  overturning 
moment  on  the  pier  at  the  mean  water  level.  When  the  train  load  covers 
the  bridge  between  the  lowest  points  of  the  centre  span  and  a  side  span,  find 
(c)  the  stress  on  a  suspender  in  each  span.  Assume  that  no  distortion  of  the 
cables  takes  place. 

Ans.  (a)  Centre  span,  Zf=266,666f  and  T  =  333,333i  lbs.;  side  span, 
ff= 106,6661  and  r  =  133,333i  lbs.;  (6)  16,000,000  ft.-lbs.;  (c)  centre  span, 
17,500  lbs. ;  side  span,  22,000  lbs. 

32.  An  island  divides  a  river  into  two  channels.  The  river  is  crossed  by 
a  suspension  bridge  of  two  spans,  the  one  of  216  ft.,  the  other  of  180  ft.  The 
lowest  points  of  the  cable  are  in  the  same  horizontal  plane,  36  ft.  below  the 
summit  of  the  pier  erected  on  the  island,  9  ft.  below  the  top  of  the  abutment 
at  the  end  of  the  180  ft.  span  and  4  ft.  below  the  top  of  the  abutment  at  the 
other  end  of  the  bridge.  There  are  four  cables  and  each  cable  is  to  carry  a  load 
of  1000  lbs.  per  lineal  foot  on  the  shorter  span  and  of  2000  lbs.  per  lineal  foot 
on  the  longer  span.  Find  (a)  the  cable  stresses  at  the  pier  and  abutments, 
(6)  the  horizontal  pull  upon  each  cable,  (c)  the  total  length  of  the  cable. 

The  pier  is  a  measured  prism  of  12  ft.  uniform  width,  60  ft.  high  and  weigh- 
ing 125  ft.  per  cubic  foot.  Find  (d)  the  proper  thickness  for  the  pier  at  the  top 
and  at  the  bottom,  taking  10,000  lbs.  per  square  foot  as  a  safe  load  and  assum- 
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ing  tha^  the  deviation  of  the  centre  of  pressure  from  the  middle  point  of  the 
base  is  not  to  exceed  4  ft. 

The  platform  is  provided  with  a  stiffening  truss,  the  vertical  suspenders 
being  12  ft.  apart.  If  the  dead  load  for  the  whole  truss  is  1000  lbs.  per  lineal 
foot  of  truss  and  if  one  half  of  each  span  is  covered  with  an  additional  load 
of  1000  lbs.  per  lineal  foot  of  truss,  find  (e)  the  stress  in  a  suspender  in  each 
span,  (6)  the  maximum  B.M.  and  S.F.  on  the  truss  in  each  span,  (/)  the  total 
length  of  the  suspenders,  the  suspenders  at  the  centre  being  12  ft.  in  length. 

33.  A  bridge  444  ft.  long  consists  of  a  central  span  of  180  ft.  and  two  side 
spans  each  of  132  ft. ;  each  side  of  the  platform  is  suspended  by  vertical  rods 
from  two  iron-wire  cables ;  each  pair  of  cables  passes  over  two  masonry  abut- 
ments and  two  piers,  the  former  being  24  ft.  and  the  latter  39  ft.  above  the 
surface  of  the  ground;  the  lowest  point  of  the  cables  in  each  span  is  19  ft. 
above  the  ground  surface;  at  the  abutments  the  cables  are  connected  with 
straight  wrought-iron  chains,  by  means  of  which  they  are  attached  to  anchor- 
ages at  a  horizontal  distance  of  66  ft.  from  the  foot  of  each  abutment;  the  dead 
weight  of  the  bridge  is  3500  lbs.  per  lineal  foot,  and  the  bridge  is  covered  with 
a  proof  load  of  4500  lbs.  per  lineal  foot.  The  piers  are  wrought-iron  oscillating 
columns,  and  if  equilibrium  under  an  unequally  distributed  load  is  main- 
tained by  connecting  the  heads  of  the  columns  with  each  other  and  with  the 
abutments  by  iron-wire  stays,  determine  the  proper  dimensions  of  the  stays, 
assuming  them  approximately  straight.  Assume  that  the  proof  load  covers 
(a)  a  side  span;   (6)  two  side  spans;   (c)  the  centre  span. 

Ans.  (a)  Pull  on  stays  in  centre  span  =  840,050  lbs. 

(6)    "     "      "      "      "        "    =  double  that  in  (a). 

(c)     "     "      "     "     side  span  =948,466  Iba. 


CHAPTER  XII. 

ARCHES  AND  ARCHED  RIBS. 

I.  Arches.^Fig.  881  represents  a  string  stretched  over  a  number  c 
smooth  pegs  and  carrying  certain  specified  loads,  ab,  be,  cd,  de.    Tal 


Fig.  881. 


Fig.  882. 


ing  ae  as  the  line  of  loads  and  0  as  the  pole  (Chapter  I)  in  Fig.  88^ 
the  horizontal  component  of  the  tension  along  each  element  betwee 
consecutive  pegs  is  constant  and  equal  to  OH. 


Fig.  883.  Fig.  884. 

Invert  Fig.  881  and  assume  that  each  element  remains  rigid 
The  several  forces  remain  the  same  in  magnitude  but  are  reversed  i: 
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kind,  and  each  element  is  now  acted  upon  by  a  constant  horizontal 
thrust,  OH.  With  a  new  set  of  forces  the  frame  will  assume  a  new 
shape  and  there  will  be  a  new  constant  horizontal  thrust.  This  is 
a  general  property 'and  the  rigid  portions  between  consecutive  pegs 
form  >a  line  of  resistance.  Again,  KL  "in  Fig.  885  is  the  closing  line 
of  the  funicular  polygon  for  a  number  of  given  vertical  loads  acting 
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Fig.  885. 


Fig.  886. 


upon  the  beam  AB,  and  by  Chapter  I  the  B.M.  at  any  point  G  is 
=  OHxDE,  where  OH  is  parallel  to  the  closing  line.  Taking  OH 
to  be  unity  and  inverting  the  funicular  polygon  so  that  the  closing 
line  is  horizontal,  it  becomes  the  actual  B.M.  diagram  for  the  loads 
in  question.    The  axis  AEB  of  an  arch.  Fig.  887,  rises  to  meet  the 


Fig.  887. 

B.M.  diagram  aDb,  and  the  B.M.  on  the  arch,  as  distinguished  from 
that  on  the  horizontal  beam,  is  OHxDE.  The  following  is  a  simple 
general' proof  of  this  result: 

In  Fig.  887  AEB  is  the  axis  of  the  arch,  aDb  is  the  B.M.  curve, 
and  DEF  is  a  vertical  ordinate  at  any  point  E  of  the  axis. 

Let  H,  V  be  respectively  the  horizontal  and  vertical  components 
of  the  reaction  at  A ; 
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Let  Mx  be  the  B.M.  at  E  of  the  vertical  load  on  the  arch  betweei 
A  and  F. 


Then 

But 

Therefore 


B.M.  at  E  =  V-AF-H-EF-Mx. 
0  =  V-AF-H-DF-Mx. 
B.M.  atE  =  M  =  HDE. 


Again,  let  the  normal  at  E  meet  the  B.M.  curve  in  D'  and  let  !i 
be  the  thrust  along  the  axis  at  E.    Then 

D'E 
T  cos  BED' =H  =  Tjr^,  approximately, 


or 


H  DE  =  TD'E  =  M. 


The  great  difficulty  in  developing  the  analysis  of  the  arch  is  due  t 
the  uncertainty  as  to  the  true  positions  of  the  ends  of  the  B.M.  curv6 
If  it  is  possible  to  introduce  hinges  at  the  ends  of  the  arch  or  at  an; 
other  point,  as,  e.g.,  its  centre,  the  B.M.  curve  must  pass  througl 
such  points.  From  the  nature  of  the  construction  it  is  impracticabl 
to  use  hinges  with  masonry  arches,  although  attempts  have  bee: 
made  to  provide  for  a  partial  rotation  by  introducing  flat  iro: 
plates  at  the  skewbacks  and  at  the  key.  These  arches  necessaril 
belong  more  or  less  to  what  may  be  called  an  indeterminate  class 


Fig.  888. 


The  different  parts  of  an  arch  are  indicated  by  the  terms  in  Fij 
888.  The  rise  of  the  arch  is  the  vertical  distance  between  the  spring 
ing  and  the  crown. 
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In  the  figure,  ABCD  represents  the  profile  of  an  arch.  The  under 
surface  AD  is  called  the  soffit  or  intrados.  The  upper  surface  BC 
is  sometimes  improperly  called  the  extrados.  The  highest  point  K 
of  the  soffit  is  the  crown  or  key  of  the  arch.  The  springings  or  skew- 
backs  are  the  surfaces  AB,  DC  from  which  the  arch  springs,  and  the 
haunches  are  the  portions  of  the  arch  about  half-way  between  the 
springings  and  the  crown.  Upon  each  of  the  arch  faces  stands  a 
spandrel  wall,  and  the  space  between  these  two  external  spandrels 
may  be  occupied  by  a  series  of  internal  spandrels  spaced  at  definite 
distances  apart,  or  may  be  filled  up  to  a  certain  level  with  masonry 
(i.e.,  backing)  and  above  that  with  ordinary  ballast  or  other  rough 
material  (i.e.,  filling). 

A  masonry  arch  consists  of  courses  of  wedge-shaped  blocks  with 
the  bed-joints  perpendicular,  or  nearly  so,  to  the  soffit.  The  blocks 
are  called  voussoirs,  and  the  voussoirs  at  the  crown  are  the  keystones 
of  the  arch. 

A  brick  arch  is  usually  built  in  a  number  of  rings. 

Consider  the  portion  of  the  arch  bounded  by  the  vertical  plane 
KE  at  the  key  and  by  the  plane  AB. 


Fig.  889. 

It  is  kept  in  equilibrium  by  the  reaction  R  at  KE,  the  reaction 
El  at  AB,  and  the  weight  Yi  of  the  portion  under  consideration 
and  its  superincumbent  load. 

Let  S  and  T  be  the  points  of  application  of  Si  and  R  respec- 
tively. 

Let  the  directions  of  Ri  and  R  intersect  in  a  point.  The  direc- 
tion of  Yi  must  also  pass  through  the  same  point. 

Taking  moments  about  S, 
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pi  and  yi  being  respectively  the  perpendicular  distances  of  the 
directions  of  R  and  Yi  from  S. 

Similarly,  the  portion  KECD  of  the  arch  gives  the  equatioi 

Y2  being  the  weight  to  which  it  is  subjected,  and  pz,  t/2  the  perpen^ 
dieular  distances  of  the  directions  of  R  and  Y2  from  the  point  ol 
application  V  of  the  reaction  at  the  plane  DC. 

If  the  arch  and  the  loading  are  symmetrical  with  respect  to  the 
plane  KE,  , 

Yi  =  Y2,    2/1=2/2,    and  therefore    Pi  =  P2  • 

Hence  the  direction  of  R  will  be  horizontal,  which  might  have  beer 
inferred  by  reason  of  the  symmetry. " 

The  magnitudes  of  the  reactions  are  indeterminate,  as  the  posi- 
tions of  the  points  of  application  {S,  T,  V)  are  arbitrary,  and  car 
only  be  fixed  by  a  knowledge  of  the  law  of  the  variation  of  the  stress 
in  the  material  at  the  bounding  planes  AB,  KE. 

Suppose  the  arch  to  be  divided  into  a  number  of  elementarj 
portions  he' ,  k'e"  .  .  .  (e.g.,  the  voussoirs  of  a  masonry  arch)  by  £ 
series  of  joints  ke,  k'^  .  .  . 


Fig.  890. 


Fig.  891. 


Let  Wi,  W2,  ...  be  the  loads  directly  supported  by  the  severa 
portions.  These  loads  generally  consist  of  the  weight  of  a  portioi 
(e.g.,  ke')+the  weight  of  the  superincumbent  mass+the  load  upor 
the  overlying  roadway;  the  lines  of  action  of  the  loads  are,  therefore 
nearly  always  vertical. 

Each  elementary  portion  may  be  considered  as  acted  upon  anc 
kept  in  equilibrium  by  three  forces,  viz.,  the  external  load  and  th( 
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pressures  at  the  joints.  If  the  pressure  and  its  point  of  application 
at  any  given  joint  have  been  determined,  the  pressures  and  the 
corresponding  points  of  apphcation  at  the  other  joints  may  also  be 
found. 

For,  let  1234  ...  be  the  line  of  loads,  so  that  12  =  Tfi,  23  = 
W2,  .  .  . 

Assume  that  the  pressure  P  and  its  point  of  application  r  at  any 
given  joint  ke  are  known. 

Draw  01  to  represent  P  in  direction  and  magnitude. 

Then  02  evidently  represents  the  resultant  of  P  and  Wi  in  direc- 
tion and  magnitude,  and  this  resultant  must  be  equal  and  opposite 
to  the  pressure  Pi  at  the  joint  k'e'. 

Hence  a  line  n'n  drawn  through  n,  the  intersection  of  P  and  Wi, 
parallel  to  02,  is  the  direction  of  the  pressure  Pi,  and  intersects 
k'e'  in  the  point  of  application  r'  of  Pi. 

Again  03  represents  the  resultant  of  Pi  and  W2  in  direction  and 
magnitude,  and  this  resultant  must  be  equal  and  opposite  to  the 
pressure  P2  at  the  joint  k"e". 

The  line  n'V  drawn  through  n',  the  intersection  of  Pi  and  W2, 
parallel  to  03,  is  the  direction  of  the  pressure  P2  and  intersects  k"e" 
in  the  point  of  application  r"  of  P2. 

Proceeding  in  this  manner,  a  series  of  points  of  application  or 
centres  of  resistance  r',  r",  r'",  .  .  .  may  be  found,  the  corresponding 
pressures  being  represented  by  02,  03,  04,  .  .  . 

The  polygon  of  pressures  formed  by  the  lines  of  action  of  P,  Pi, 
P2,  ...  is  termed  an  equilibrated  polygon,  and  is  a  funicular  polygon 
of  the  loads  upon  the  several  portions. 

The  polygon  formed  by  joining  the  points  r,  r',  r",  .  .  .  suc- 
cessively, is  called  the  line  of  resistance. 

In  the  limit,  when  the  joints  are  supposed  indefinitely  near, 
these  polygons  become  curves,  the  curve  in  the  case  of  the  equili- 
brated polygon  being  known  as  a  linear  arch. 

The  two  curves  may,  without  sensible  error,  be  supposed  identical, 
and  they  will  exactly  coincide  if  the  joints  (of  course  imaginary  in 
such  a  case)  are  made  parallel  to  the  lines  of  action  of  the  external- 
loads.    This  may  be  easily  proved  as  follows: 

Let  the  figure  represent  a  portion  of  an  arch  bounded  by  the  joints 
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(imaginary)  KE,  MN  parallel  to  the  lines  of  action  of  the  external  loads,  whic 
will  be  assumed  vertical. 

Reduce  the  superincumbent  loads  to  an  equivalent  mass  of  arch  materia 

Let  h,  e.g.,  be  the  depth  of  material  of  specific  weight  Wi,  overlying  th 
arch  at  any  given  point,  and  let  Q  be  the  load  per  unit  of  area  of  roadway. 

Also,  let  w  be  the  specific  weight  of  the 
arch  material. 

Then  x,  the  equivalent  depth,  is  given 
by 

wx=Wih+Q. 

If  the  value  of  x  is  determined  at 
different  points  along  the  arch,  a  profile 
en  may  be  obtained  defining  a  mass  ENne 
of  arch  material  which  may  be  substituted 
for  the  superincumbent  load.  Denote  the 
weight  of  the  mass  MKen  by  W. 

Let  the  pressure  P  and  its  point  of  application  0  at  the  joint  KE  be  given 

Take  0  as  the  origin,  the  line  OA  in  the  direction  of  P  as  the  axis  of  x,  an 
the  vertical  through  0  as  the  axis  of  y,  and  let  B  be  the  angle  between  the  tw 
axes. 

Let  the  lines  of  action  of  P  and  W  intersect  in  G.  The  line  of  action  c 
their  resultant  will  intersect  MN  in  the  centre  of  resistance  Oj. 

Let  X,  Y  be  the  co-ordinates  of  O^. 

Let  z  be  the  depth  of  an  elementary  slice  of  thickness  dx,  parallel  to  01 
at  any  abscissa  x.    Its  weight  =  wzdx  sin  d. 


Fig.  892. 


Then 


W-OG  =  j^  wzdxsme-x  =  W{X-AG). 


P     AG     AG 
But  yn-  =  ~Ao^^'  si"^^^  *^^  triangle  AGOi  is  evidently  a  triangle  of  force 

for  thq  forces  acting  upon  the  mass  under  consideration. 

Also,  ^^Jo  wzdx -sin  6. 

/•x  p  rX 

Therefore        J^    wzxdxsiad  =  WX-W^Y  =  Xj^  wz  sin  ddx-PY. 

This  is  the  equation  to  the  line  of  resistance. 
Taking  the  differential  of  this  equation, 

wz'X  sin  6dX=Xwz'  sin  edX-{-WdX-PdY, 

s'  being  the  depth  .corresponding  to  the  abscissa  X. 

J      ,  ^Y    W    AOi    sin  AgO.     ,       ,^-  ...    ^^ 

Therefore  ^-j  =Ig  =81^A0;G=*^^  ^^^^  '^  ''"^  ' 
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Thus  the  tangents  to  the  curve  of  pressures  and  to  the  curve  of  centres  of 
pressure  at  any  given  point  coincide,  and  the  curves  must  also  coincide. 

2,  Conditions  of  Equilibrimn. — Let  the  Fig.  893  represent  a  por- 
tion of  an  arch  of  thickness,  unity,  between  any  two  bed-joints  {real 
or  imaginary)  MN,  PQ. 

Let  W  be  its  weight  together  with  that  of  the  superincumbent 
load.     Let  the  direction  of  the  reaction  K'  at  the  joint  MN  intersect 

MN  in  m  and  the  direction  of  W  in  n. 
^P'  For   equiUbrium,   the   reaction   R"   at 
the  joint  PQ  must  also  pass  through  n. 
Let  its   direction  intersect   PQ  in   0. 
In  order  that  the  equiUbrium  may  be 
stable,   three     conditions  must  be  ful- 
,  filled,  viz.: 
Fig.  893.  First.  The  point  0  must  lie  between 

P  and  Q,  so  that  there  may  be  no 
tendency  to  turn  about  the  edges  P  and  Q. 

Second.  There  must  be  no  sliding  along  PQ,  and  therefore  the 
angle  between  the  direction  of  R"  and  the  normal  to  PQ  must  not 
exceed  the  angle  of  friction  of  the  material  of  which  the  arch  is  com- 
posed. 

{N.B. — The  angle  of  friction  for  stone  upon  stone  is  about  30°.) 

TJiird.  The  maximum  intensity  of  stress  at  any  point  in  PQ  must 
not  exceed  the  safe  resistance  of  the  material. 

Further,  the  stress  should  not  change  in  character,  in  the  case 
of  masonry  and  brick  arches,  but  should  be  a  compression  at  every 
point,  as  these  materials  are  not  suited  to  withstand  tensile  forces. 

The  best  position  for  0  would  be  the  middle  point  of  PQ,  as  the 
pressure  would  then  be  uniformly  distributed  over  the  area  PQ. 
It  is,  however,  impracticable  to  insure  such  a  distribution,  and  it 
has  been  sometimes  assumed  that  the  stress  varies  uniformly. 

With  this  assumption,  let  N  be  the  normal  component  of  R". 

Let  /  be  the  maximum  compressive  stress,  i.e.,  the  stress  at  the 
most  compressed  edge,  e.g.,  P. 

Let  OS  =  qPQ,  S  being  the  middle  point  of  PQ,  and  q  a  coeffi- 
cient whose  value  is  to  be  determined. 
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Then  if  P0<^, 


if  PO>f, 


iV  =  |/PO  =  |/PQ(i-g); 


l+6q' 

PQ 
and  in  the  limit  when  PO=-r-,  i.e.,  when  the  intensity  of  stress 

varies  uniformly  from  /  at  P  to  nil  at  Q, 

fPQ 


q=^    and    A''= 


2     • 


(See  Art.  12,  Chap.  V.) 

Similarly,  if  Q  is  the  most  compressed  edge,  the  limiting  position 
af  0,  the  centre  of  resistance  or  pressure,  is  at  a  point  0'  defined  by 

Hence,  as  there  should  be  no  tendency  on  the  part  of  the  joints 

PQ 
bo  open  at  either  edge,  it  is  inferred  that  PO  or  QO'  should  be  >  -x-, 

O 

:.e.,  that  the  point  0  should  lie' within  the  middle  third  of  the  joint. 
Experience,  however,  shows  that  the  "middle-third"  theory 
3annot  be  accepted  as  a  solution  of  the  problem  of  arch  stability, 
md  that  its  chief  use  is  to  indicate  the  proper  dimensions  of  the  abut- 
nents.  Joint  cracks  are  to  be  found  in  more  than  90  per  cent  of 
;he  arches  actually  constructed,  and  cases  may  be  instanced  in  which 
;he  joints  have  opened  so  widely  that  the  whole  of  the  thrust  is 
iransmitted  through  the  edges.  In  Telford's  masonry  arch  over 
he  Severn,  of  150  ft.  span.  Baker  discovered  that  there  had  been 
I  settlement  (15  ins.)  sufficient  to  induce  a  slight  reverse  curvature 
it  the  crown  of  the  soffit.  Again,  the  position  of  the  centre  of  pres- 
lure  at  a  joint  is  indeterminate,  and  it  is  therefore  impossible  as 
veil  as  useless  to  make  any  calculations  as  to  the  maximum  intensity 
)f  stress  due  to  the  pressure  at  the  joint.    What  seems  to  happen 
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in  practice  is,  that  the  straining  at  the  joints  generally  exceeds  the 
limit  of  elasticity,  and  that  the  pressure  is  uniformly  distributed 
for  a  certain  distance  on  each  side  of  the  curve  of  pressures.  Thus, 
the  proper  dimensions  of  a  stable  arch  are  usually  determined  by 
empirical  rules  which  have  been  deduced  as  the  results  of  experience. 
For  example.  Baker  makes  the  following  statement: 

Let  T  be  the  thrust  in  tons  or  pounds  per  lineal  foot  of  width  of 
arch. 

Let  /  be  the  safe  working  stress  in  tons  or  pounds  per  square 
foot. 

An  arch  will  be  stable  if  an  ideal  arch,  with  its  bounding  surfaces 

1  T 
at  a  minimum  distance  of  77  -7  from  the  curve  of  pressures,  can  be 

z  J 

traced  so  as  to  lie  within  the  actual  arch.    An  advance  would  be 

made  towards  a  more  correct  theory  if  it  were  possible  to  introduce 

into  the  question  the  elasticity  and  compressibility  of  the  materials 

of  construction.    These  elements,  however,  vary  between  such  wide 

limits  that  no  reliance  can  be  placed  upon  the  stresses  derivable 

from  their  values. 

Joint  of  Rupture. — As  already  shown,  the  B.M.  at  any  point  in 

the  axis  of  an  arch  is  HDE,  H  being  the  horizontal  thrust  and  DE 

the  vertical  intercept  at  the  point  between  the  axis  and  the  B.M- 

curve.     For  a  constant  B.M..,  H  diminishes  as  DE  increases,  and 

for  a  minimum  thrust  the  B.M.  curve  should  be  as  high  as  possible, 

consistent,  of  cotirse,  with  stabihty.    It  is  evident  that  in  a  masonry 

or  brick  arch  the  line  of  resistance  should  fall  within  the  thickness 

of  the  arch,  or  failure  may  occur  by  the  opening  of  the  joints,  as  in 

Fig.  894.    To  avoid  such  a  result  it  is  a  common  practice  to  require 


Fig.  894.  Fig.  895. 

that  the  line  of  resistance  shall  fall  within  the  middle  third  of  the 
thickness  of  the  arch,  with  the  object  also  of  insuring  that  the  stress 
at  every  point  shall  be  a  compression.    Thus,  for  a  minimum  thrust 
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le  line  of  resistance  should  take  a  position  nr  where  the  centre  of 
distance  r  is  as  high  as  possible  consistent  with  stability,  coinciding, 
)r  example,  with  the  upper  end  of  the  middle  third  of  the  depth  of 
le  arch.  The  point  n  should  not  fall  below  the  lower  end  of  the 
liddle  third  of  the  arch  thickness  at  the  skew-back. 

In  general,  let  12,  34  be  the  bound- 
ig  surfaces  between  which  the  curve 
f  pressures  must  He  and  let  4  be  the 
3ntre  of  resistance  at  the  crown.  A 
jries  of  curves  of  pressure  may  be  ^     ^^^  ggg 

rawn  for  the  same  given  load,  but 
dth  different  values  of  the  horizontal  thrust  h. 

Let  ixy  be  that  particular  curve  which  for  a  value  H  of  the  hori- 
ontal  thrust  is  tangent  to  the  surface  12  at  x;  the  joint  at  x  is  called 
lie  joint  of  rupture. 

The  position  of  this  joint  in  any  given  arch  may  be  tentatively 
3und  as  follows : 

Let  J  be  any  joint  in  the  surface  12. 

Let  W  be  the  weight  upon  the  arch  between  J  and  1. 

Let  X  be  the  horizontal  distance  between  /  and  the  centre  of 
ravity  of  W. 

Let  Y  be  the  vertical  distance  between  J  and  4. 

It  will  also  be  assumed  that  the  thrust  at  4  is  horizontal. 

If  the  curve  of  pressure  is  now  supposed  to  pass  through  /,  the 
oiresponding  value  of  the  horizontal  thrust  h  is  given  by 

hY=WX. 

By  means  of  this  equation,  values  of  h  may  be  calculated  for  a 
lumber  of  joints  in  the  neighborhood  of  the  haimch,  and  the  greatest 
if  these  values  will  be  the  horizontal  thrust  H  for  the  joint  x.  This 
3  evident,  as  the  curve  of  pressure  for  a  smaller  value  of  h  must 
lecessarily  fall  below  ^xy. 

When  this  happens,  the  joints  will  tend  to  open  at  the  lower 
dge  of  the  joint  14  and  at  the  upper  edges  of  the  joints  at  x  and 
13,  so  that  the  arch  may  sink  at  the  crown  and  spread,  unless  the 
ibutments  and  the  lower  portions  of  the  arch  are  massive  enough 
0  counteract  this  tendency. 
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If  the  curve  of  pressure  fall  above  4xy  an  amount  of  backing 
sufficient  to  transmit  the  thrust  to  the  abutments  must  be  provided. 
The  same  result  may  be  attained  by  a  uniform  increase  in  the  thick- 
ness of  the  arch  ring,  or  by  a  gradual  increase  from  the  crown  to 
the  abutments.' 


For  example,  the  upper  surface  (extrados)  of  the  ring  for  an  arch  with  a 
semicircular  soffit  AKB,  having  its  centre  at  0,  may  be  delineated  in  the  fol- 
lowing manner : 

Let  X  define  the  joint  of  rupture  in  the 
soffit. 

The  angle  AOx  is  approximately  30°  for 
a  semicircular  soffit  and  45°  for  an  elliptical 
soffit.     In  the  present  case  take  ^Oa;  =  30°, 
and  in  Ox  produced  take  xx'  =  2xKD,  KD 
being  the  thickness  at  the  crown. 
The  arc  Dx'  of  a  circle  struck  from  a  centre  in  DO  produced  may  be  taken 
as  a  part  of  the  upper  boundary  of  the  ring,  and  the  remainder  may  be  com- 
pleted by  the  tangent  at  x'  to  the  arc  Dx'. 

Minimum  Thickness  of  Abutment. — Let  T  be  the  resultant  thrust  at  the 
horizontal  joint  BC  of  a  rectangular  abutment  ABCD. 
Let  y  be  the  distance  of  its  point  of  application  from  B. 
Let  H  and  V  be  the  horizontal  and  vertical  components 
of  T. 

Let  w  be  the  specific  weight  of  the  material  in  the  Abut- 
ment. 

Let  h  be  the  height  AB  of  the  abutment. 

Let  t  be  the  width  AD  of  the  abutment. 

In  order  that  there  may  be  no  tendency  to  turn  about 

the  toe  D,  the  moment  of  the  weight  of  the  abutment  with 

respect  to  D  plus  the  moment  of  V  with  respect  to  D  must 

be  greater  than  the  moment  of  H  with  respect  to  D.    Or, 


V    n 


^V- 


0 
Fig. 


B 


A. 


898, 


■wht-  +  V(t-y)>Hh, 


wh 


\2H    _. 


27         7^ 


This  relation  must  hold  good  whatever  the  height  of  the  abutment  may 
be;   and  if  h  is  made  equal  to  oo, 


t> 


2H 


which  defines  a  minimum  limit  for  the  thickness  of  the  abutment. 
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3.  Empiric^  Formulae. — In  practice  the  thickness  t  at  the  crown 
is  often  found  in  terms  of  s,  the  span,  or  in  terms  of  p,  the  radius 
of  curvature  at  the  crown,  from  the  formulae 

t^s/s,    or    t=\/cp, 

t,  s,  and  p  being  all  in  feet,  and  c  being  a  constant. 

According  to  Dupuit,  t=.36\/s  for 'a  full  arch; 

t=.27\/s  for  a  segmental  arch. 
According  to  Rankine,=V'.12(0  for  a  single  arch; 

t=\/ .Vlp  for  an  arch  of  a  series. 

Ex.  1.  A  masonry  arch  of  90  ft.  span  and  30  p.  rise,  with  a  parabolic  intrados 
and  a  horizontal  extrados,  springs  from  abutments  with  vertical  faces  and  10  ft. 
thick,  the  outside  faces  being  carried  up  to  meet  the  extrados.  The  depth  of  the 
keystone  is  3  ft.  The  centre  of  resistance  at  the  springing  is  the  middle  of  the 
joint,  and  at  the  crown  12  ins.  below 
the  extrados.  The  specific  weight  of 
the  masonry  may  be  taken  at  150  lbs. 
per  cubic  foot^  Determine  (a)  the 
resultant  pressure  in  the  vertical  joint 
at  the  crown;  (b)  the  resultant  pres- 
sure in  the  horizontal  joint  at  the 
springing;  (c)  the  maximum  stress 
in  the  vertical  joint  aligning  with  the 
inside  of  an  abutment. 

Let  X,  Y  be  the  vertical  and  pj^,    ggg 

horizontal    distances,    respectively, 

from  the  point  C,  of  the  C.  of  G.  of  portion  of  the  structure  bounded  by  the 
surfaces  CO,  CE,  EF,  FA,  and  AO.    Then 

7(45X3+33X10+^X30X45)  =  7X915 

=45X3X22i+33X  10X50+4X30X45X331 

and  Z(4X53+33X10+iX30X45)=X-X915 

=45X3Xli+33X10Xl6i+4X30X  45X12. 

Therefore  F=37'-95    and    Z  =  12'-08. 
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The  weight  W  of  the  portion  under  consideration  =  915  X 150 

=  137,250  lbs. 

The  resultant  force  B  at  the  centre  of  resistance  S,  the  middle  point  of 
the  horizontal  plane  AF,  passes  through  the  point  of  intersection  K  of  the 
line  of  action  of  W  and  of  the'  horizontal  thrust  H  at  the  centre  of  resistance 
T,  CO  being  the  key  line  and  CT=\CO  =  1  ft.  The  triangle  KLS  is  therefore 
a  triangle  of  forces  and  if  d  is  the  angle  KSL, 

^    SL     50-37.95      „„,^ 
cot  e = -^ 32 '  ■^^®^* 


Therefore 
Hence 


8°  =  69°  ■  22      and    cosec  9  =  1 .069. 
if  =  TF^  =  137,250  cot  0  =  51,689  lbs. 


and 


^SK 


T=W^j^=  137, 250  cosec  6  =  146,721  lbs. 


Again  let  c^y,'  be  the  vertical  and  horizontal  distances  of  G',  the  C.  of  G. 

of  the  portion  between  AB  and  CO,  from  C. 
<H        Then 

j/'(45x3+iX30X45)=2/'x585=45X3X22i 
4-^X30X45X331  =  18,225 

and         x'X585=45X3Xli+iX30X45X12 

=  5602^. 

Therefore    y'  =  31\%    and    a;'  =  9'U. 

Also  w',  the  weight  of  ABCO 

=  585X150  =  87.750  lbs. 


Fig.  900. 


The  resultant  of  H  and  W  acts  along  K'N  and  must  be  equal  and  opposite 
to  the  resultant  pressure  R'  upon  the  face  AB,  so  that  N  is  the  centre  of  resis- 
tances in  this  plane.  Thus  K'NL'  is  a  triangle  of  forces  and  if  a  is  the  angle 
K'NU, 

cot  a  =r^  =  ,^^^„,  =  .3523    and    a  =  70°  35'. 


Hence 


'W     146721" 

i2'  =  Tr' cosec  a  =  93,042: 


If  the  intensity  of  the  pressure  varies  from  a  maximum  /  at  A  to  nil  at  B,' 
then 

2  2 

/= 2^^=33X51,689  =  3133  Ibs./sq.  ft. 


MOSE LEY'S  principle: 
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4.  Moseley's  Principle. — If  the  forces,  which  act  upon  or  within 
a  body  or  structure,  are  in  eqiliubrium  they  may  be  classified  as 
active  and  passive  forces,  standing  to  each  other  in  the  relation  of 
cause  and  effect.  The  passive  forces  are  then  the  least  which  are 
capable  of  balancing  the  active  forces  consistently  with  the  physical 
condition  of  the  body  or  structure. 

For  the  passive  forces  are  due  to  the  application  of  the  active 
forces  to  the  str-ucture  and  do  not  increase  after  they  have  balanced 
the  active  forces.  They  will,  consequently,  not  increase  beyond  the 
smallest  amount  capable  of  balancing  the  active  forces.  It  may, 
therefore,  be  concluded  that  as  the  force  which  one  member  of  a 
structure  exerts  on  another  is  a  minimum  with  any  given  specified 
loading,  then  the  horizontal  component  of  the  thrust  in  the  arch 
ring  must  be  a  minimum  with  that  loading,  and  hence  the 
line  of  resistance  will  be  that  which,  consistent  with  stability,  gives 
the  horizontal  component  a  minimum  value. 

To  draw  a  force  polygon  through  any  three  points  K,  L,  and  M. 


Fig.  901. 


Fig.  902. 


First  Draw  any  force  polygon  with  a  closing-line  km,  0  being 
the  pole  and  OJ  parallel  to  km. 

Second.  Draw  /O'  parallel  to  KM  and  with  pole  0'  draw -a  new 

polygon  which  will  pass  through  a  point  P.     It  will  not  in  general 

pass  through  L,  but  will  be  above  or  below  this  point.    If  above, 

PN 
increase  the  polar  distance  in  the  proportion  of  -jnr,  and  take  a 
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new  pole  0"  at  the  proper  horizontal  distance  from  the  line  of  loads, 
along  the  line  JO'. 

Of  course  it  is  only  necessary  to  draw  the  first  trial  polygon. 

5.  Fuller's  Method. — The  following  is  the  Fuller  method  of 
drawing  the  line  of  least  resistance  for  an  unsymmetrically  loaded 
arch: 

Let  Wi,  W2,  .  .  .Wq  be  the  loads  on  the  several  voussoirs.  Draw 
the  load-line  and  also  the  corresponding  fimicular  polygon  Jklmno. 


W,    vtj   vta    V/,    Ws 


Fig.  904. 


Fig.  903. 


From  the  point  0  draw  any  line  oZ  intersecting  the  base-line  in  Z. 
Let  horizontal  lines  through  k,  I,  m  .  .  .  intersect  the  line  oZ,  and 
from  the  points  of  intersection  drop  the  verticals  I,  II,  III  .  .  . 

From  the  points  of  intersection  of  the  lines  of  action  of  Wi,  W2,  W3 
.  .  .  with  the  upper  and  lower  boimdaries  of  the  middle  third,  draw 
horizontals  intersecting  the  corresponding  verticals  I,  II,  III,  etc. 

Join  the  points  so  obtained  and  complete  the  irregular  figure 
WXYZ.  Within  the  area  WXYZ  select  a  straight  line  xZ'  contain- 
ing the  smallest  possible  angle  at  x — and  contained  wholly  within 
the  boundaries  of  the  area  WXYZ. 

The  straight  line  xZ'  bears  the  same  relations  to  the  polygon 
required  to  be  drawn  within  the  central  third  of  the  arch  ring  as 
the  straight  line  oZ  does  to  the  polygon  Jklmno. 

From  the  points  of  intersection  of  the  line  Z'x  with  the  verticals 
I,  II,  etc.,  draw  horizontal  lines  intersecting  the  lines  of  action  of 
Wi,  W2,  W3  .  .  .  By  joining  the  points  thus  obtained,  the  required 
polygon  l3dng  within  the  central  third  of  the  arch  ring  is  drawn. 
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A  second  force  diagram  may  now  be  drawn  from  the.  polygon 
last  obtained,  giving  a  polar  distance  H  equal  to  the  minimum  hori- 
zontal thrust  of  the  arch  required  to  meet  all  the  conditions. 

If  it  is  not  found  possible  to  draw  any  straight  line  within  the 
boundaries  of  -  the  area  WXYZ  intersecting  the  middle  third  line 
at  X,  the  depth  of  the  arch  ring  must  be  increased  until  this  con- 
dition is  satisfied. 

The  above  method  is  of  course  equally  appUcable  to  an  arch 
with  a  symmetrical  load,  and  it  avoids  the  necessity  of  drawing 
repeated  trial  lines  of  least  resistance,  which  is  very  tedious. 

6.  Examples  of  Linear  Arches  or  Curves  of  Resistance. — Ldnear 
Arch  in  the  Form  of  a  Catenary.  If  the  cable  in  Art.  4,  Chap.  XI, 
Case  A,  is  inverted  and  stiffened  so  as  to 

resist  distortion,  a  linear  arch  is  obtained  ^      \       ° ^- 

suitable  for  a  real  arch  which  has  to  sup- 
port a  load  distributed  in  such  a  manner 
that  the  weight  upon  any  portion  AP  is 
proportional  to  the  length  of  AP,  and  is  ^^ 
in  fact  =  ps,   the  area  OAPN  being  ms. 

Thus,  a  lamina  of  thickness  unity  and 
speci^c  weight  ,iy,  bounded  by  the  curve  AP,  the  directrix  ON,  and 
the  verticals  AO,  PN,  weighs  vms,  and  may  be  taken  to  represent 
the  load  upon  the  arch  if  vms  =  ps,  i.e.,  ii  wm  =  p,  i.e.,  if  the  weight 
of  m  units  of  the  lamina  is  w. 

The  horizontal  thrust  at  the  erovm^H =wm  =  wp,  the  radius  of 
curvature  (p)  at  the  crown  being  equal  to  m. 

A  disadvantage  attached  to  a  linear  arch  in  the  form  of  a  catenary 
lies  in  the  fact  that  only  one  catenary  can  pass  through  two  given 
points,  while,  in  practice,  it  is  often  necessary  that  an  arch  shall 
pass  through  three  points  in  order  to  meet  the  requirements  of  a 
given  rise  and  span.  This  difficulty  may  be  obviated  by  the  use 
of  the  transformed  catenary. 

Upon  the  lamina  PAPNN  as  base  erect  a  soUd,  with  its  horizontal 
sections  all  the  same,  and,  for  simplicity,  with  its  generating  line 
perpendicular  to  the  base. 

Cut  this  solid  by  a  plane  through  NN  inclined  at  any  required 
angle  to  the  base.  The  intersection  of  the  plane  and  soHd  will  define 
a  transformed  catenary  P'A'P',  or  a  new  linear  arch,  and  the  shape 
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of  a  new  lamina  P'A'P'NN,  under  which  the  arch  will  be  balanced. 
This  is  evident,  as  the  new  arch  and  lamina  are  merely  parallel  pro- 
jections of  the  original. 

The  projections  of  horizontal  lines  will  remain  the  same  in  length. 
The  projection  of  the  vertical  lines  will  be  c  times  the  length 
of  the  Unes  from  which  they  are  projected,  c  being  the 
secant  of  the  angle  d  made  by  the  cutting-plane  with 
the  base.    Thus 

OA^_NF_ 
0A~  NP' 


Fig.  906. 


c  =  sec  6  = 


Let  X,  Y  be  the  co-ordinates  of  any  point  P'  of  the  transformed 
catenary; 
"   X,  y  be  the  co-ordinates  of  the  corresponding  point  P  in  the 

catenary  proper; 
"   A'0=M{>m). 
Then 

"     (1) 


Y    P'N AV_ 

y~  PN  ~'^~  AO 


m 


The  equation  to  the  catenary  proper  is 

ml  B.      _i\ 
y=-^\e">+e   ^j.      . 

M/  i      -i\ 
Therefore  Y^— Icn  +  e   "I, 


(2) 
(3) 


which  is  the  equation  to  the  transformed  catenary. 

With  this  form  of  linear  arch  the  depths  M  over  the  crown  and 
Y  over  the  springings,  for  a  span  2x,  may  be  assumed,  and  the  cor- 
responding value  of  m  determined  from  eq.  (3),  which  may  be  more 
conveniently  written  in  the  form 


m 


=  loge 


Y        JYf_ 


(4) 


The  slope  i'  at  P'  is  given  by 

,     .,    dY    M  (  B.      _i-\     Ms 
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s  being  the  length  AP  of  the  catenary  proper,  corresponding  to  the 
length  A'P'  of  the  transformed  catenary. 

The  area  OA'P'iV=  /]Vda;=^(e^-e"^)=Ms. 

The  tangents  at  P  and  P'  necessarily  intersect  in  the  point  T, 
and  P'TN,  PTN  are  triangles  of  forces  for  the  portion  AP'  and  AP, 
respectively. 

Let  H',  H  be  the  horizontal  thrusts  at  A'  and  A,  respectively. 

P',P  "     "  weights  upon  A'P  and  AP,  respectively. 
R'        "■     '■'■  tangential  thrust  at  P'. 


Then 


P'    area  OAT'iV    Ms    M 
P      area  OAPN  ~ ms  ~m' 


and  therefore  P' = — P  =  — ivms  =  wMs. 

m        m 


Also,  H' = P'  cot  i' = wMs^ = wm^  =  H, 


I      M^s^  

and  R' = H'  sec  i' = wm^\j  1  +  — r- = wv  m^ + M^s^. 

The  radius  of  curvature  p'  at  the  crown  =  -t^.    Therefore 

H'=wMp'  =  H=wp, 

and  the  radius  of  the  "catenary  proper"  is  M  times  the  radius  of 
the  transformed  catenary. 

The  term  "equilibrated  arch"  has  generally  been  applied  to  a 
linear  arch  with  a  horizontal  extrados. 

Ex.  2.  Determine  the  transformed  catenary  for  an  arch  of  30  ft.  span  and 
22  J  ft.  rise,  the  height  of  masonry  over  the  crown  being  13^  ft.;  weight  of  the  masonry 
=  125  lbs.  per  cubic  foot.  Also  find  the  thrust  at  the  springing  and  the  curvature 
at  the  croivn  and  the  springing. 
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F=22i+13i=36';    M  =  13i';    ^=loge(|+^(|y-l)  =1.6369; 

15  _15 

therefore    m  =  9.1637,    6™  =  5. 1387    and    e    "•=.1946. 


Hence 


Also 


s=AP=^-:5^(5.0387-.1946)  =22'.653. 


tan  i'  =  — ^  = 


Ms     13^X22.653 


=3.6418    and    i'  =  74°.39'; 


---l-j- *!«■ 15 HP 

Fig.  907. 


m'        (9.1637)' 

ff'=te;m2  =  125(69.1637)'  =  10,497  lbs; 

i2'=ff' sec  i'  =  39,653  lbs. 

At  the  crown     i"'  =  ^  =  6.22  ft. 


Again,    Y=6i{^^^-iy 
Hence  at  the  springing 


dY    6|X  4.9441 


=  3.6418, 


and 


dx         9.1637 

d'y_6fx  5.3333 
da;'  ~  (9.1637)' 


'     fe)   - 


13.263, 


=  .4287. 


Therefore  ai  the  springing, 

^=a±^L  125.65  ft. 

■(6)  Linear  Arch  in  the  Form  of  a  Parabola. — Suppose  that  the  cable  in 
Art.  4,  Chap.  XI,  Case  C,  is  exactly  inverted,  and  that  it  is  stiffened  in  such 
a  manner  as  to  resist  distortion.  Suppose  also  that  the  load  still  remains 
a  uniformly  distributed  weight  of  intensity  w  per  horizontal  unit  of  length. 
A  thrust  will  now  be  developed  at  every  point  of  the  inverted  cable  equal  to 
the  tension  at  the  corresponding  point  of  the  original  cable.  Thus  the  inverted 
parabola  is  a  linear  arch  suitable  for  a  real  arch  which  has  to  support  a  load 
of  intensity  w  per  horizontal  unit  of  length. 

The  horizontal  thrust  at  the  tiT(y<fm=H=wp, 

p  being  the  radius  of  curvature  at  the  crown. 


CIRCULAR  AND  ELLIPTIC  ARCHES. 
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(c)  Circular   and  Elliptic  Linear  Arches.— A  linear    arch  which  has  to 
support  an  external  normal  pressure  of  uniform  intensity  should  be  circular. 

Consider  an  indefinitely  small  element 
CD,  which  may  be  assumed  to  be  approx- 
imately straight. 

Let  the  direction  of  the  resultant  pressure 
upon  CD,  viz.,  p-CD,  make  an  angle  S  with 
OB. 

Let  CE,  DE  be  the  vertical  and  horizontal 
projections  of  CD. 

The  angle  DCE^d. 

The  horizontal  component  oi  p-CD=p-CD  cos  d=p-CE. 

This  is  distributed  over  the  vertical  projection  CE,  and  the  horizontal 
intensity  of  piessure=p ■CE-i-CE=p. 

Similarly,  it  may  be  shown  that  the  vertical  intensity  of  pressure = p. 

Thus,  at  any  point  of  the  arch, 
the  horizontal  intensity  of  pressure  =  vertical  intensity -normal  intensity =p. 

Again,  the  tota;l  horizontal  pressure  on  one  half  of  the  arch 

=  I(p-CE)  =pI{CE)  =pr=H, 

and  the  total  vertical  pressure  on  one  half  of  the  arch 

^Iip-DE)=pI(DE)=pr=P. 

Hence  at  any  point  of  the  arch  the  tangential  thrust  =  pi. 

Next,  upon  the  semicircle  as  base  erect  a  semi-cylinder.  Cut  the  latter 
by  an  inclined  plane  drawn  through  a  line  in  the  plane  of  the  base  parallel  to 
OA.    The  intersection  of  the  cutting-plane  and  the  semi-cylinder  is  the  semi- 


ellipse  B'AB',  in  which  the  vertical  lines  are  unchanged  in  length,  while  the 
lengths  of  the  horizontal  lines  are  c  times  the  lengths  of  the  corresponding  lines 
in  the  semicircle,  c  being  the  secant  of  the  angle  made  by  cutting-plane  with  the 
base.  A  semi-elliptic  arch  is  thus  obtained,  and  the  forces  to  which  it  is  sub- 
jected are  parallel  projections  of  the  forces  acting  upon  the  semicircular  arch. 

These  new  forces  are  in  equilibrium. 

Let  P'  =  the  total  vertical  pressure  upon  one  half  of  the  arch; 
H'=the  total  horizontal  pressure  upon  one  half  of  the  arch; 
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P' 
p'j,= vertical  intensity  of  pressure  =-pyD7; 

H' 

pi = horizontal  intensity  of  pressure  =  ^^j- 

Then  P'  =  p=H=pr; (1) 

P"    OB'      cOB      cr  ~  c  ' ^^ 

H'^cH  =  cP  =  cP'; (3> 

,      H'       cH     cpr 
P-  =  OA'^OA"T^''P ^*> 

w ob; 

P'    "^  OA  ' 


Hence,  by  eq.  (3), 


or  the  total  horizontal  and  vertical  thrusts  are  in  the  ratio  of  the  axes  to  which 
they  are  respectively  parallel,  and,  by  eqs.   (2)  and  (4), 

p'yl     OA'-' 
p'^    c"     OB"'' 

or  the  vertical  and  horizontal  intensities  of  pressure  are  in  the  ratio  of  the  squares 
of  the  axes  to  which  they  are  respectively  parallel. 

Any  two  rectangular  axes  OG,  OK  in  the  circle  will  project  into  a  pair 
of  conjugate  radii  OG',  OK'  in  the  ellipse. 

LetOG'=n,OX'  =  r,; 

Q= total  thrust  along  elliptic  arch  at  K; 

H      r       H      r  O     r 

or  the  total  thrusts  along  an  elliptic  arch  at  the  extremities  of  a  pair  of  conjugate 
radii  are  in  the  ratio  of  the  radii  to  which  they  are  respectively  parallel. 

The  preceding  results  show  that  an  elliptic  Unear  arch  is  suitable  for  a 
load  distributed  in  such  a  manner  that  the  vertical  aiid  horizontal  intensities, 
eqs.  (2)  and  (4),  at  any  point  of  the  arch  are  unequal,  but  are  uniform  in 
direction  and  magnitude. 

Again,  it  can  be  easily  shown  that  the  projected  forces  acting  upon  the 
elliptic "  arch  are  in  equilibrium. 

The  equations  of  equilibrium  for  the  forces  acting  upon  the  circular  arch 
may  be  written 


HYDROSTATIC  ARCH. 
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T  being  the  thrust  along  the  arch  at  the  point  xy,  and  X,  Y  the  forces  acting 
upon  the  arch  parallel  to  the  axes  of  x  and  y  respectively. 
If  T',  X',  Y'  be  the  corresponding  projected  forces, 

—  =£•,    Xds^cX'ds',     Yds^YW. 

Hence  the,  above  equations  may  be  written 


and 


di—cdx'\  +cX'ds'  =  Q, 


and 


V£) 


+  Y'ds'=0. 


Hence  the  forces  T',  X',  and  Y'  are  also  in  equilibrium 

(d)  Hydrostatic  Arch. — Let  the  figure  represent  a  portion  of  a  linear  arch 
suited  to  support  a  load  which  will  induce  on  it  a  normal  pressure  at  every 
point.     The  pressiu"e  being  normal  has  no  tangential 
component,  and  the  thrust  (T)  along  the  arch  must 
therefore  be -everywhere  the  same. 

Consider  any  indefinitely  small  element  CD. 

It  is  kept  in  equilibrium  by  the  equal  thrusts  (T) 
at  the '  extremities  C  and  D,  and  by  the  pressure 
p-CD.  The  intensity  of  pressure  p  being  assumed 
uniform  for  the  element  CD,  the  line  of  action  of  the 
pressure  p-CD  bisects  CD  at  right  angles. 

Let  the  normals  at  C  and  D  meet  in  Oj,  the  centre 
of  curvature. 

Take  Ofi=OJD  =  p,  and  the  angle  C0,D  =  24e. 

Resolving  along  the  bisector  of  the  angle  CO  J), 


Fig.  910. 


or 

and  hence 


2T am  dB=p-CD=pp-24e, 
2T4B=pp-24e; 
T  =  pp  =  a  constant.  . 


(1) 


Thus,  a  series  of  curves  may  be  obtained  in  which  p  varies  inversely  as  p, 
and  the  hydrostatic  arch  is  that  curve  for  which  the  pressure  p  at  any  point 
is  directly  proportional  to  the  depth  of  the  point  below  a  given  horizontal  plane. 

Denote  the  depth  by  y,  and  let  w  be  the  specific  weight  of  the  substance 
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to  which  the  pressure  p  is  due.    Then 

P=wy (2) 

and  T=pp=wyp=  a  constant. (3) 

The  curve  may  be  delineated  by  means  of  the  equation 

yp=const (4) 

It  may  be  shown,  precisely  as  in  case  (c),  that  the  horizontal  intensity  of 
pressure   (p^)       ' 

= the  vertical  intensity  (pi,)=p (5) 

Take  as  the  origin  of  coordinates  the  point  0,  Fig.  911,  vertically  above 
the  crown  of  the  arch  in  the  given  horizontal  plane. 
Let  the  horizontal  Une  through  0  be  the  axis  of  x; 
"    vertical       "         "       "  "    "      "    "  y. 
Any  portion  AM  of  the  arch  is  kept  in  equilibrium  by  the  equal  thrusts 
(T)  at  A  and  M,  and  by  the  resultant  load  P  upon  AM,  which  must  necessarily 

_0 act  in  a  direction  bisecting  the  angle  ANM. 

Complete  the  parallelogram  AM,  and  take 
SN=NM  to  represent  T. 

The  diagonal  NL  will  therefore  represent 
P. 

Let  6  be  the  inclination  of  the  tangent  at 
Fig.  911.  Af  to  the  horizontal. 

The  vertical  load  upon  AM= vertical  com- 
ponent of  P  • 

=LK=T  sind=ppsiD.d  =  ii]ypsind=v)y„PaSin.d,        ...     (6) 

3/o,  Po  being  the  values  of  y,  p,  respectively,  at  A. 

The  horizontal  load  upon  4M= horizontal  component  of  P 

=NK=SN-KS  =  T-Tcose- 


(T) 


=  2.(sin|)' 

= 2pp ^sin  - j  =  2ivyp (sin  ^  )  =  2wy„Po / sm - j  . 
Again,  the  vertical  load  upon  AM 

=  1   pdx=w      ydz=wyfPoSmd)    .,..,.      (8) 


'0 

the  horizontal  load  upon  AM 


pdy^wj  ydy-^iy'-yo'^=2wy^JaiD-j.    .     .    .    (9) 
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Eq.  (8)  also  shows  that  the  area  bounded  by  the  curve  AM,  the 
verticals  through  M  and  A,  and  the  horizontal  through  0  is  equal  to  yoPo  sin  5, 
and  is  therefore  proportional  to  sine.  At  the  points  defined  by  5  =  90°  the 
tangents  to  the  arch  are  vertical,  and  the  portion  of  the  arch  between  these 
tangents  is  alone  available  for  supporting  a  load.  The  vertical  and  horizontal 
loads  upon  one  haK  the  arch  are  each  equal  to  w/oft- 

The  relation  given  in  eq.  (1)  holds  true  in  any  arch  for  elements  upon 
which  the  pressure  is  wholly  normal. 

This  has  been  aheady  proved  for  the  parabola  and  catenary,  in  cases 
(a)  and  (6). 

At  the  point  A'  of  the  elliptic  arch. 


OB'' 


c'r' 


Hence,  the  horizontal  thrust  at  A' 

P 
=PyP  =  -p='pcr=cH. 

(e)  Geostatic  Arch. — The  geostatic  arch,  Fig.  912,  is  a  parallel  projection  of 
the  hydrostatic  arch. 

The  vertical  forces  and  the  lengths  of  vertical  lines  are  imchanged. 

The  horizontal  forces  and  lengths  of  horizontal  lines 
are  changed  in  a  given  ratio  c  to  1. 

Let   B'A   be  the   half -geostatic   curve   derived  from 
the  half -hydrostatic  curve  BA. 

The  vertical  load  on  AB' 

Fig.  912. 
=  P'=  P= thrust  along  arch  at  B'.      ,     .     (1) 

The  horizontal  load  on  AB' 

=fl''=cfl'= thrust  along  arch  at  A (2) 

The  new  vertical  intensity 

'^^  " 0B'~ cOB~  c     c ^' 

The  new  horizontal  intensity 

^^"-^OA^OA^'P^^'P (^) 

Thus,  the  geostatic  arch  is  suited  to  support  a  load  so  distributed  as  to 
produce  at  any  point  a  pair  of  conjugate  pressures;  pressures,  in  fact,  similar 
to  those  developed  according  to  the  theory  of  earth-work. 
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Let  Ri,  R2  be  the  radii  of  curvature  of  the  geostatic  arch  at  the  points  A, 
B',  respectively,  and  let  n,  r,  be  the  radii  of  curvature  at  the  corresponding 
points  A,  B  oi  the  hydrostatic  arch. 

The  load  is  wholly  normal  at  A  and  B'.    Thus, 


and 


Also, 


and 


H'=py'Rr=^R^=cH  =  cpri (5) 

i2i=cV, (6) 

P'=Px'R,  =  cpR,=  P=pr, (7) 

cR^  =  r^ (8) 


(/)  General  Case. — Let  Fig.  913  represent  any  linear  arch  suited 
to  support  a  load  which  is  symmetrically  distributed  with  respect 

p       to  the  crown  A,  and  which  produces  at  every 

point  of  the  arch  a  pair  of  conjugate  pressures, 
the  one  horizontal  and  the  other  vertical. 

Take  as  the  axis  of  y  the  vertical  through 

the  crown,  and  as  the  axis  of  x  the  horizontal 

through  an  origin  0  at  a  given  distance  from  A. 

Any  portion  AM  of  the  arch  is  kept  in 

Fig.  913.  equilibrium  by  the  horizontal  thrust  H  sd,  A, 

the  tangential  thrust  T  at  M,  and  the  resultant  load  upon  AM, 

which  must  necessarily  act  through  the  point  of  intersection  N  of 

the  lines  of  action  of  H  and  T. 

Since  the  load  at  A  is  wholly  vertical,  i?  at  A  is  given  by 


Ho  =  PoPo, 


(1) 


po  and  po  being,  respectively,  the  vertical  intensity  of  pressure  and 
the  radius  of  curvature  at  A. 

Let  MN=T,  and  take  N8=Ho. 

Complete  the  parallelogram  SM;  the  diagonal  NL  is  the  resultant 
load  upon  AM  in  direction  and  magnitude. 

The  vertical  (KL)  and  the  horizontal  (KN)  projections  of  NL 
are,  therefore,  respectively,  the  vertical  and  horizontal  loads  upon 
AM. 
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Denote  the  vertical  load  by  V,  the  horizontal  by  H.    Then 

Tsme=KL=V=£'Pydx,       .     .    .    .     .     (2) 

and    H=KN^SN-SK=Ho-V cote,    ...     (3) 
being  the  angle  between  MN  and  the  horizon. 

dV 
Pj,,  the  vertical  intensity  of  pressure  =  -r-.    ...     (4) 

J.,  the  horizontal  intensity  of  pressure 

-f-lc- »'»)•■  • (« 

Ex.  3.  A  semicircular  arch  of  radius  r,  with  a  horizontal  extrados  at  a  vertical 
stance  R  from  the  centre. 
The  angle  between  the  radius  to  M  and  the  vertical  =  6.    Then, 

x^rsind,     y=B—rcosd      .  ...        •  (1) 

•  dx=r  cos  ddd    dy=r  sin  Odd (2) 

Py  =  wy  =  w{R—r  cos  6),       (3) 

being  the  specific  weight  of  the  load.    Hence 

I'd 
V=w  I   {R— r  cos  6)r  cos  0dd 
Jo 

/„  .     .     r9       rsm2e\ 
=v)rlR8md—  — — 1 (4) 

Eqs.  (3)  and  (4)  give  H;   for 

Po=w(,R-r), (5) 

d  hence  H^=wr{R-r) (6) 

,  the  horizontal  intensity  of  pressure, 

d  ,fT     xm        It,    r  ff  — sin  (?  cos  9  A  ,_. 

<=- —(y  cot  e)=w(R-- :--; rcosei.    ...    (7) 

dy  \       2         sm  5  / 

RanMne  gives  the  following  method  of  determining  whether 
linear  arch  may  be  adopted  as  the  intrados  of  a  real  arch.  At  the 
)wn  o  of  a  linear  arch  ab  measure  on  the  normal  a  length  ac,  so 
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that  c  may  fall  within  the  limits  required  for  stability  (e.g.,  within 
the  middle  third). 

At  c  two  equal  and  opposite  forces,  of  the  same  magnitude  as 
the  horizontal  thrust  H  at  a,  and  acting  at  right  angles  to  ac,  may 
be  introduced  without  altering  the  eqmlibrium. 

Thus  the  thrust  at  a  is  replaced  by  an  equal  thrust  at  c,  and  a 
right-handed  couple  of  moment  Hxac. 

Similarly,  the  tangential  thrust  T  at  any  point  d  of  db  may  be 
replaced  by  an  equal  and  parallel  thrust  at  e,  and  a  couple  of  moment 
TXde. 

The  arch  will  be  stable  if  the  length  of  de,  which  is  normal  to 
db  at  d,  is  fixed  by  the  condition  TXde=HXac,  and  if  the  line  which 
is  the  locus  of  e  falls  within  a  certain  area  (e.g.,  within  the  middle 
third  of  the  arch  ring.) 

7.  Arched  Ribs  in  Iron,  Steel,  or  Timber. — The  term  arched  rib 
is  applied  to  arches  constructed  of  iron,  steel,  or  timber.  The  coef- 
ficients of  elasticity  are  quantities  which  are  found  to  he  between 
certain  not  very  wide  limits,  and  their  values  may  be  introduced 
into  the  calculations  with  the  result  of  givingto  them  greater  accuracy. 
There  are  other  considerations,  however,  involved  in  the  problem 
of  the  stability  of  arched  ribs  which  still  render  its  solution  more 
or  less  indeterminate. 

The  total  stress  at  any  point  is  made  up  of  a  number  of  subsidiary 
stresses,  of  which  the  most  important  are:  (1)  a  direct  compressive 
stress;  ,(2)  a  stress  due  to  flexure;  (3)  a  stress  due  to  a  change  of 
temperature.  Each  of  these  may  be  investigated  separately,  and 
the  results  superposed. 

8.  Rib  with  Hinged  Ends;   Invariability  of   Span. — Let  ABC  be 


Fig.  914. 


the  axis  of  a  rib  supported  at  the  ends  on  pins  or  on  cylindrical 
bearings.    The  resultant  thrusts  at  A  and  C  must  necessarily  pass 
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through  the  centres  of  rotation.  The  vertical  components  of  the 
thrusts  are  equal  to  the  corresponding  reactions  at  the  ends  of  a 
girder  of  the  same  span  and  similarly  loaded,  and  H  is  to  be 
determined  as  in  Art.  1  when  DE  has  been  found. 

Let  ADC  be  the  Unear  arch  for  any  arbitrary  distribution  of 
the  load,  and  let  it  intersect  the  axis  of  the  rib  at  S.  The  curvature 
of  the  more  heavily  loaded  portion  AES  will  be  flattened,  while  that 
of  the  remainder  will  be  sharpened. 

The  bending  moment  at  any  point  E  of  the  axis  tends  to  change 
the  inclination  of  the  rib  at  that  point. 

Let  the  vertical  through  E  intersect  the  linear  arch  in  D  and 
the  horizontal  through  A  in  F. 

Let  6  be  the  inclination  of  the  tangent  at  E  to  the  horizontal. 

Let  /  be  the  moment  of  inertia  of  the  section  of  the  rib  at  E. 

Let  ds  be  ah  element  of  the  axis  at  E. 

nu            fvv        ,  V    ^f>    ^^    H-DEds 
Change  ot  mclmation  at  a  =  dO=-^^  = ^ . 

If  this  change  of  curvature  were  effected  by  causing  the  whole 
curve  on  the  left  of  E  to  turn  about  E  through  an  angle  dd,  the 
horizontal  displacement  of  A  would  be 

EF 
AA'  =AL  cos  LAA'=AEde  sin  EAF=AEdd  -^ 

=EF-dd  =  ~DE-EF-ds. 

This  is. evidently  equal  to  the  horizontal  displacement  of  E,  and 
the  algebraic  sum  of  the  horizontal  displacements  of  all  points  along 
the  axis  is 

^H-DEEFds      fH-DE-EF-ds    „ 

^  EI  ~J  EI  ~^'      •    ■    •    ^^^ 

since  the  length  AC  is  assumed  to  be  invariable. 

Thus,  the  actual  linear  arch  must  fulfil  the  condition  expressed 
by  eq.  (1),  which  may  be  written 

DEEFds  ,-. 

-^ =0 (2) 


/ 


since  H  and  E  are  constant. 
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If  the  rib  is  of  uniform  section,  /  is  also  constant,  and  eq.  (2) 
becomes 


yDEEFds=o. 


(3) 


Also,  since  DE  is  the  difference  between  DF  and  EF, 

/(DF~EF)EFds  =  o  =  /DFEFds-/EF2ds.     .     .     (4) 

It  must  be  remembered  that  the  integration  extends  from  end  to 
end  of  the  arch. 

Eq.  1  expresses  the  fact  that  the  span  remains  invariable  when 
a  series  of  bending  moments,  H-DE,  act  at  points  along  the  rib. 
These,  however,  are  accompanied  by  a  thrust  along  the  arch,  and 
the  axis  of  the  rib  varies  in  length  with  the  variation  of  thrust. 

Let  Ho  be  the  horizontal  thrust  for  that  symmetrical  loading 
which  makes  the  linear  arch  coincide  with  the  axis  of  the  rib. 

Let  To  be  the  corresponding  thrust  along  the  rib  at  E. 

The  shortening  of  the  element  ds  at  ^  of  unit  section 


T-To 
E 


ds. 


Let  a  number  of  weights  Wi,  W2,  W3 
different  points  along  the  arched  rib. 


be  concentrated  at 


\ 


==% 


=>? 


Fig.  915. 


Fig.  916. 


Take  1234  ...  n  as  the  line  of  loads,  Wi  being  represented 
by  12,  Wz  by  23,  W3  by  34,  etc.,  and  let  the  segments  Ix,  nx,  respec- 
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tively,  represent  the  vertical  reaction  at  A  and  C  Take  the  hori- 
zontal length  xP  to  represent  H,  and  draw  the  radial  lines  PI,  P2, 
P3.  .  . 

The  equilibrium  polygon  Agigzgz  .  .  .  must  be  the  funicular 
polygon  of  the  forces  with  respect  to  the  pole  P,  and  therefore  the 
directions  of  the  resultant  thrusts  from  A  to  ^i,  Ei  to  Ez,  E2  to  E3, 
...  are  respectively  parallel  to  PI,  P2,  P3,  .  .  . 

The  tangential  (axial)  thrust  and  shear  at  any  point  p  of  the  rib, 
e.g.,  between  E2  and  E3,  may  be  easily  found  by  drawing  Pt  parallel 
to  the  tangent  at  p,  and  3t  perpendicular  to  Pt.  The  direct  tan- 
gential thrust  is  evidently  represented  by  Pt,  and  the  normal  shear 
at  the  same  point  by  3^     The  latter  is  borne  by  the  web. 

If  p  is  a  point  at  which  a  weight  is  concentrated,  e.g.,  E5,  draw 
Pt't"  parallel  to  the  tangent  at  E5,  and  5t',  Qt"  perpendicular  to 
Pt't". 

Pt'  represents  the  axial  thrust  immediately  on  the  left  of  E5, 
and  5t'  the  corresponding  normal  shear,  while  Pt"  represents  the 
axial  thrust  immediately  on  the  right  of  Es  and  6t"  the  correspond- 
ing normal  shear. 

A  vertical  line  through  P  can  only  meet  the  line  of  loads  at 
infinity. 

Thus,  it  would  require  the  loads  at  A  and  C  to  be  infinitely  great 
in  order  that  the  thrusts  at  these  points  might  be  vertical.  Prac- 
tically, no  linear  arch  will  even  approximately  coincide  with  the 
axis  of  a  rib  rising  vertically  at  the  springings,  and  hence  neither 
a  semicircular  nor  a  semi-elliptical  axis  is  to  be  recommended. 

Ex.  4.  Let  the  axis  of  a  rib  or  uniform  section  and  hinged  at  both  ends  be 
a  semicircle  of  radius  r. 

Let  a  sin^e  weight  W  be  placed  upon  the  rib  at  a  point  whose  horizontal 
distance  from  0,  the  centre  of  the  span,  is  a. 

The  linear  arch  (or  bending-moment  diagram)  consists  of  two  straight  lines 
DA,  DC.  D 

Draw  any  vertical  line  intersecting  the  axis,  the 
linear  arch  and  the  springing-line '.AC  in  E',  D',  F',  ^y'"'/^ 

respectively.  X^  /•' 

Let  OF'=x,  and  let  dx  be  the  horizontal  projec-         /  1  ;/ 
tion  vLoou  AC  of  the  element  ds  at  E'.  /  |£'    ^n 

mi,  .L^     |F'  ^O 

Then  ai^-M ^- 

|< X ^1 

^^coaeo E'OF'^^„    or    E'F'-ds-r-dx.  '    ^^^  g^ 
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Appl3^ng  condition  (4), 

r  D'F'rdx+  rD'F'rdx^  f  E'Prdx, 

J— a  •'o  "-r 

or  f  D'F'dx + fo'F'dx = /'  E'F>dx, 

or  area  of  triangle  ADC  =area  of  semicircle. 

Therefore,  if  «  be  the  vertical  distance  of  B  from  AC, 


zr  =  —     or     z  =  —  =  one-half  of  length  of  rib. 

2  2 


Therefore  ,DE'=DF-EF'=^-  Vr'  -a', 

and  if  h  is  the  horizontal  thrust  on  the  arch  due  to  W. 


hxDE  =  'BM.  =  ^^!^^—^-hXDF 
2r 


T'  — a" 
or  hXDF-=W- 


2r 

Similarly,  if  there  are  a  number  of  weights  TFi,  W,,  Wi,  .  .  .  upon  the 
rib,  and  if  hi,  h^,  hs,  .  .  .  are  the  corresponding  horizontal  thrusts,  the  total 
horizontal  thrust  H  will  be  the  sum  of  these  separate  thrusts,  i.e., 

H  =  hi+h,+ (5) 

It  will  be  observed  that  the  apices  (Di,  Dj,  Da,  .  .  .)  of  the  several  linear 

arches  (triangles)  lie  in  a  horizontal  hne  at  the  vertical  distance  -y  from  the 

springing-line. 

Ex.  5.  A  semicircular  rib  of  28  ft.  span  carries  a  weight  of  i  ton  at  4  ft.  (meas- 
ured horizontally)  from  the  centre.  Find  the  thrust  and  shear  at  the  centre  of 
the  rib  and  at  the  point  at  which  the  weight  is  concentrated. 

2=DF=\^  X7=22'. 

m,-        .  rr      .,„        1    18X10      45  ,      .  „       45  , 

Therefore  ^x22=--^^  =  - tons;     or    H=-t. 

The  vertical  reaction  at  A=f\t  and  at  B  =  ^^t. 

Let  6  be  the  angle  between  the  tangent  at  E  and  the  horizontal.    Then 

OE     14 
cosecff=7r==-^=3.5,    and    fl  =  16°.36'. 
Ui'      4 
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Fig.  919. 

In  Fig.  919  QR  is  the  line  of  loads,  QA  being  ^t  and  RA  ^%t.    Take 
AP=4ivt  and  draw  Ptjti  parallel  to  the  tangent  at  E.    Also  let  fall  the  per- 
pendiculars Qti  and  Rt^  upon  P<J, 
Then,  hehw  the  weight 

the  axial  thrust  =  Pi,  =  .\\%t{=H  cos  e+^-j  sin  6), 
"   shear  =Q,«  =  .1332i( F  sin  9+/,  cos  fl), 

and,  a6oDe  the  weight 

the  axial  thrust  =  Pt^  =  .0445<(  =H  cosO  —^  sin  5) , 
"  shear         ^    =i?<j  =  .1064«(=ff  sin  (?+A  cos  5). 

PQ  and  PR  are  of  course  parallel  to  the  lines  DB,  DA,  respectively,  of  the 
linear  arch. 

Ex.  6.  Let  the  axis  be  a  parabola  of  span  21  and  rise  k.     From  the  properties 
of  the  parabola, 

1  +  4— x'  j ,    or    ds = da;  M  +  2—x^ ) ,  approximately. 


Applsdng  condition  (4), 

=/";-&M'-r)(-r-)- 


Fia.  920. 


■916  THEORY  OF  STRUCTURES. 

which  easily  reduces  to 

an  equation  giving  z  or  DP. 

If  the  arch -is  flat,  so  that  ds  may  be  considered  as  approximately  equal  to 

dx,  the  term  2^a;'  in  the  above  equation  may  be  disregarded,  and  it  may  be 

easily  shown  that 

f .      1  V  +  a\       16 

32     kl' 


or 


S  Si' -a' 


Ex.  6.  Draw  the  equilibrium,  polygon  for  a  parabolic  arch  of  100  ft.  span 
and  20  ft.  rise  when  loaded  vnth  weights  of  3,  2,  4,  and  2  tons,  respectively,  at 
the.  end  of  the  third,  sixth,  eighth,  and  ninth  divisions  from  the  left  support, 
of  ten  equal  horizontal  divisions.     (Neglect  the  weight  of  the  rib.) 

If  the  rib  consist  of  a  web  and  of  two  flanges  2J  ft.  from  centre  to  centre, 
determine  the  maximum  flange  stress. 

FirsttoflndH.    ?9:^  J^^J±^Z,  J±^Z,  J.^-E^ 


W 


30^ 


40' 


Therefore  E^F^  =  16'.8,  E^F^  =  19'.2, 

E,Fg  =  12'.8,  and  E^,  =  7'.2. 
Applying  the  last  formula, 

3200 

121      '  "»     31 

800 


23  = 


800  ,^ 


-^  ,  3200  ,^ 

2,=— ft.,   and  2»=^^ft. 


Hence 


,3200    -30x70      ,800    „60x40     ,.      ,   800      ,80X20    ^, 

^'-m=^^m~'  '^»-3r=2-ioo-=*^'   ''»l9-=*^6r=®*' 


,     ,3200    ^90X10    ,„ 
and    ;.,— =2^0^  =  18. 

Therefore     A,=2.382«,    /i,  =  1.86i,    ^8=2.32*,    h„=0.613t, 
and  ^^=^,+^0+^8+^9  =  7.175  tons. 
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In  Fig.  922  take  the  vertical  through  A  as  the  line  of  loads. 

The  vertical  reaction  at  the 
left  support  =  3.9  tons. 

The  vertical  reaction  at  the 
right  support  =  7.1  tons. 

The     polar    distance     A0  = 
7.175  tons. 

Draw  the  radial  Unes  Op,  Oq, 
Or,  Os,  Ot.  Then  Ad,d^,d,  B  is 
the  linear  arch,  with  its  sides 
parallel  to  the  radial  lines  from 
0.  Denoting  by  a,  /?,  r,  S,  c  the  _^^ 
inclinations  of  these  lines  to  the  '  ^" 
horizontal, 

3.9     ^      ^    0.9 
tanQ:=— ,    tan^=— 

1.1      ^       ,    5.1 
tan  r  =  ^,    tan  o=^. 


Fig.  922. 


tan  e  = 


7A 
H' 


117  144 

Therefore     dj, = 30  tan  a = -— ,    d,/, = 30  (tan  a  +  tan  /?)  =  — r-, 

■H  H 

122  71 

dJs  =  dtf,  -  20  tan  r = -jj-,    and    djj  =  10  tan  e  =  — . 

The  vertical  intercept  between  the  linear  arch  and  the  axis  of  the  rib  is 
greatest  at  Cj  and  therefore  the  B.M.  at  this  point  is  a  maximum.    Hence 

/122  \ 

max.  B.M.  =^-^868  =  7.175^-^^ — 12.8J  =30.156  ft.-tons. 

The  maximum  bending  stress  at  the  same  point,  /  being  the  moment  of 
inertia  of  the  rib, 

15  5428 

=  ±—X  30.156X12=  ±— ^  tons  per  sq.  in. 

Draw  Otili  parallel  to  the  tangent  at  eg,  and  drop  the  perpendiculars  gti^ 
rt^.    If  d  is  the  inclination  of  the  tangent  to  the  horizontal. 


tang =^'■^",-^^•^^  =  0.48,    and    e  =  25°39'. 
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Hence,  just  helow  the  weight, 

the  axial  thrust  =  Oh  =  8.676  tons  {=H  cos  d  +5.1  sia.  8) 

and  the  shear  =  gti. 

Just  above  the  weight, 

the  axial  thrust  =  0<j= 6.945  tons  {  =  H  cos  5  +  1.1  sin  6) 

and  the  shear  =  ^2. 

rn.      ,        ^u  ■  ^         ■     ^  •     V,     8.676^5428 

Therefore  the  nxaximum  stress  m  tons  per  square  inch== — r — ± — —, 

A  L 

A  being  the  sectional  area  of  the  rib  at  e,. 
Again,  if  F  is  the  total  flange  stress, 

Fx2i  =  30.156    and    i^= 12.063  tons. 

Ex.  7.  Let  the  axis  of  the  rib  be  a  circular  arc  of  span  21  and  radius  r, 
subtending  an  angle  2  a  at  the  centre  N . 

Let  the  angles  between  the  radii  NE,  NE',  and  the  vertical  be  /?  and  d 

respectively. 
^  i  he  element  (is  at  £'  =  rdO.    Also, 

-^'^  E'F'  =  r (cos  fl  -  cos  a) ;  AF'  =  l-r  sin  B; 

D'F' ^-^  (I -r  sine). 

l±a 

Applying  condition  (4), 

r'(cos  5— cos  ayrdO 


Fig.  923. 


which  easily  reduces  to 


/«    z 
r-—(Z—r  sin  5)r(cos  0  — cos  a)rdS 
.pl  +  a 

+   I     -. —  {l—r  sin  6)r{cos  6  —cos  a)rd8. 
Jn    t-a 


r\  a{cos  2a  +2)  -f  sin  2a;! 

= ]  P(sin  a- a  cos  a) +-  (cos  2  a  -  cos  2^) 

P  —  a'i  4 

—rl  cos  q:(cos  a  —cos  /?)  — Zo(sin  j8— /3  cos  a)  \, 
an  equation  giving  z  or  DF.     Also, 

DE  =  DF-EF, 
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and  the  corresponding  horizontal  thrust  may  be  found,  as  before,  by  the 
equation 

h-DF^W^—j^. 
Note— 11  a°  =  90°, 


°irr^A~2~/'     °'     2=2  as  in  Ex.  3. 


9.  Rib   with   Ends   Absolutely  Fixed. — Let  ABC  be  the  axis  of 
the  rib.     The  fixture  of  the  ends  introduces  two  unknown  moments 


Fig.  924, 

at  these  points,  and  since  H  is  also  unknown,  three  conditions  must 
be  satisfied  before  the  strength  of  the  rib  can  be  calculated. 

Represent  the  linear  arch  by  the  dotted  lines  KL;  the  points 
K,  L  may  fall  above  or  below  the  points  A,  C. 

Let  a  vertical  hne  EF  intersect  the  linear  arch  in  D,  the  axis 

of  the  rib  in  E,  and  the  horizontal  through  A  in  F. 

Mds 
As  before,  the  change  of  inclination  at  E,  or  dd,   =^^prr-    But 

the  total  change  of  inclination  of  the  rib  between  A  and  C  must 
be  nil,  as  the  ends  are  fixed. 

fMds    ^       rH-DE-ds  ,^, 

Therefore  J  W^^  =  J  ^Er~' (^^ 

which  may  be  written 


/^ds^o,     .     .     .• (2) 


since  H  and  E  are  constant. 

If  the  section  of  the  rib  is  uniform,  /  is  constant  and  eq.  (2) 
becomes 

fDEds  =  0.    .    .    .  ,.    .    .    .    .    (3) 
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Again,  the  total  horizontal  displacement  between  A  and  C  will 
be  nil  if  the  abutments  are  immovable.  If  they  yield,  the  amount 
of  the  yielding  must  be  determined  in  each  case,  and  may  be  denoted 
by  an  expression  of  the  form  fiH,  fi  being  some  coefficient. 

As  before,  the  total  horizontal  displacement 


'H-DE-EFt 
EI 


r,,,       ,  fH-DEEF-ds    ^ 

Therefore         /  ^ -=0    or     =fiH (4) 

But  H  and  E  are  constant,  so  that 

/"DEEF-ds 
J  1 =  0    or     =//E      .....     (5) 

If  the  section  of  the  rib  is  uniform,  /  is  also  constant,  and  hence 

fDEEF-ds=0    or     -fiEI; (6) 

and  since  DE  is  the  difference  between  DF  and  EF,  this  last  may 
be  written 

fDFEFds~jEFHs=Q    or     =iiEI.     ...    (7) 

Again,  the  total  vertical  displacement  between  A  and  C  must 
be  nil. 

The  vertical  displacement  of  E  (Fig.  914) 

AF 
=A'L=AL  cos  EAF=AEddj^ 

=AFdd=AF^. 

Hence  the  total  vertical  displacement 

fH-DE-AF^     „ 
=  J ^f—ds=0, (8) 
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wMch  may  be  •written 
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(9) 


since  H  and  E  are  constant.    If  the  section  of  the  rib  is  also  con- 
stant, 

yDEAFds  =  o=/DFAFds-/EF  AFds.    .     .     (10) 

Eqs.  (2),  (5),  and  (9)  are  the  three  equations  of  condition. 
In  eq.  (9)  J.i^'.must  be  measured  from  same  abutment  throughout 
the  summation. 

The  integration  extends  from  A  to  C. 

Ex.  8.  Let  the  axis  be  a  parabola  of  span  21  and  rise  k  (Fig.  925). 


Also, 


or 


IK  IX 


^ 


Fig.  925. 


E'F'^-k  (l  -j)  ;    ds'=  (l  +^a;')  dx. 


A«-3/i 


D'F'=y,-\-{l-x)-r-^  oa  the  left  of  DF, 
l+a 


=y,  +  (Z-x)^-^'  on  the  right  of  DF; 


and  AF'^l^x. 

The  equations  of  condition  become 


and 


+ 
I 
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These  equations  may  be  at  once  integrated,  and  the  resulting  equations 
will  give  the  values  of  j/j,  y^,  z. 

If  the  iirch  is  very  flat,  so  that  ds  may  be  taken  to  be  approximately  the 
same  as  dx,  it  may  be  easily  shown  that 

2kl+sa  2kl  — sa  .  6 

Let  h',  h",  h'"  ...  be  the  horizontal  thrusts  due  to  loads  p',  p",  p'"  . . . ,  , 
respectively. 

Let  yj,y^',  2//"  . . .  ,  y^,  y^',  ?//"  • .  • ,  be  the  corresponding  values  of  yi,  j/,. 
Let  2/1,  2/2  be  the  resultant  values  for  the  total  thrust  H.    Then 

H-yI  =  AV+'i"2/i"+'^"V"  +  .  •  .=2(hy,) 

and  ^■J,  =  h>y^+h"y^'^h"'yr'  +  . .  .=S(hy,), 

i"  denoting  algebraic  sum.     If  y'l  or  y^  is  negative,  it  merely  indicates  that 
A'  or  C  falls  below  AC. 

10.  Value  of  H. — In  the  case  of  the  flat  parabolic  arch  A  C,  fixed 
at  both  ends  and  carrying  a  weight  W  at  E, 

„ "      J_^  distant  a  from  the  middle  point  0,  measured 

horizontally,  simple  expressions  for  H  and 
the  vertical  reactions  {Rji,  Re)  at  A  and  C 
can  easily  be  found. 

Let  the  segments  AF=l—a=p, 
CF  =l+a=q. 
Fig.  927.  Take  the  verticals 
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15   L—a     15       p 
„„,  2    l+5a      2    S?-2p 


and 


.FD  =  z  = 


15   Z+a      15       q 

-g-A;  (Ex.  8). 


The  linear  arch  is  composed  of  the  straight  lines  A'D,  DC. 

Take  the  vertical  LK  =  W  and  draw  KP,  LP  parallel  to  A'D, 
CD,  respectively.  Also  draw  the  horizontal  Unes  PQ,  A'M,  and 
CN. 


Then 
Hence 


and 


PQ=H,    KQ=Ra,    and    LQ=Rc. 


W    Ra    Rc 

o:-  =  -TF+"ur=tan  ^  +  tan  <j)-- 


-yi_^z_ 


V 


1        15  \ 


DM     DN 

"A'M'^CN 

32  MS 


l+p     l+q 
p2        q 


15  p\^' 


Hence,  also, 


32      M? 


and 


Ex.  9.  Draw  the  linear  arch  and  determine  the  maximum  flange  stresses  for 
an  arched  rib  of  80  ft.  span,  16  ft.  rise,  and  loaded  with  five  weights  each  of  2  tons' 
at  the  end  of  the  first,  second,  third,  fourth,  and  fifth  divisions,  of  eight  equal  hori- 
zontal divisions.  The  rib  is  of  double-tee  section  and  30  ins.  deep.  Also  find 
the  shears  and  the  axial  thrusts  at  the  fifth  point  of  division. 


30' 


20' 
16 -E,F,     16 -E^, 


10'  10' 

Therefore         E^F^^T,        E^^=12', 
E,F,='15'=E,F,. 


Fig.  928. 
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Applying  the  formiilae  obtained  in  Ex.  8  and  in  Art.  9, 


AtE„    y,'     =- 


352 


15 '     2/2  105' 

32  .,  224 


_§°l        h>  3675         p    ,       _245         „   , 

^  inK.  fl'  BIDq^J        ^A  128'  ^ 


n 


'  8192'' 
1350, 


"  128'': 
27, 


E^,    y,"    =-f,    y."    =f,     h"    =^,t,    Ra"    =%t,     Re"    =1%, 


128'') 


S, 


'»,      2/1" 


32  ,„    _96 

45'       2/2  25' 

32  ffff   32 

15'      2/2         — 15' 

96       ..,„„  32      !///,,_  16875,      p    /,w^81^,       Jf^i/rit ..^U^f 

45'    "         ~  8192   '        -^  128'      "'"        —inol 


f—A.^       ,1  iiiti 
*^25'      2/2 


1,111    =16875  D    //,    =115/       p_w     ^ 
"             8192   '        -^  128''      ■"''^ 

ft""  =  |«,  iJ^""  =!-<,■  iSc""  =  1  -t, 

16875,  Tf  ^1,/ii^^t  

8192''  -""^  128''      •"''-'        ~128' 


Therefore  the  total  H=h' +h"  +h"' +h""  +h""'  =  8.2Z0Qt 

"       "     RA  =  RA'+RA"  +  ...+RA""'-^t 

"     "    Rc=Rc'+Rc"+...+Rc""'=^t. 


Again,  if  1/1,  y,  are  the  true  ordinates  of  the  linear  arch  at  A  and  C  re- 
spectively, 


32  .16875, 
■5  "^8192 


-"t/l  —  8192  15       1024  6       s)'"**  /iK^^go^iK^^Qino  ^^ 


32      75      32      16875     96 
45  "'"32'^  15 '•'8192  ^25 


3675  .,608   .  1350.^224      16875      96  ,  75^32  .   16875, 
^8192'^  105  "^1024'^  45  "'"8192  ^25  "'"32  ^15 "'"  8192  ' 


45" 


Hence 


Vi- 


-0.9136  ft.  =  AA' 


■H 


r  3_f  2-F-3-  Fi--F6?'*-l^%-'^ 


:/ 


./ 


y 


V 


Fig.  929. 


and  2/j=2.5035  ft.  =  CC'. 

Taking  pqrsfv  as  the  line  of  loads, 
then 

Ap  =  fie  =  3.4  tons 

and         Av=Ra=&.&  tons. 

Also,  the  polar  distances  OA  — 
8.2306<. 

Join  Op,  Oq. .  .Ov  and  draw  the 
linear  arch  A'DjDj . . .  D^C,  with  its 
sides  A'D^,  Dfi^  . . .  parallel  to  the 
corresponding  lines  Ov,  Ot,  .  .  .  ,  re- 
spectively. Designating  by  a,  ^,  j- 
. . .  the   slopes   of  these  lines, 

6.6     ^      ^    4.6 
tana=— ,    tan^=— , 


2.6 


0.6 


1.4 


3.4 


tan7-  =  Tr'    tan  5=-^,    tanti  =  -^,    and    tan  5=-==-. 
tl  a  a  H 
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Hence 

I>ii!'i  =  10tana-y,      =  7'.1072  and  D,^i=D,jPi-Sii'', =0.1072  ft. 

D^s,-DiFi  +  10tani9=12'.698        "  D^,=-DJi'.-Ejr^^0M8    •' 

D,F,=D,F,  +  10ta.ar='15'.859        "  D^,^D^:-EJi',=0.8588  " 

D,F,=D,F,  +  10ta.nd^l6'.5897      "  D^E  =D,Ft-E^Ft  =  0.5897  " 

D^F^=30  ta.n  ,j> +y,     =14'.8906      "  D^^=D,F^-E,F,  =  0.1094:  " 

At  E„    H  X  0.8588  =  B.M.  =  7 .0685  ft.-tons,    and  therefore 

1  e  1979  Q^ 

the  max.  bending  stress  in  tons  per  sq.  in.=  ±— X  7.0685  X 12=  ± y — 

2 
If  e  is  the  slope  at  E„  tanc=T^  =  0.2    and    e  =  ll°  19'. 

Therefore  sec  £  =  1.02    and    /?sec  e  =  8.3952<. 

Hence  the  total  maximum  skin  stress  per  square  inch  in  tons  at  E 

8.3952     1272.33 
~     A     "^       I      • 

Draw  Ot^i  parallel  to  the  tangent  at  E^,  and  let  C  be  the  slope  at  E^.  Then 
tan  C=0.2. 

Just  above  the  weight,  at  E^, 

the  axial  thrust  =  Ot^ = 8.3486<, 
and  the  shear  ^pt^  =0.243^, 

and  just  below  the  weight,  at  E^, 

the  axial  thrust  =  0<i=8.74U, 
and  the  shear  ^qt^  =1.719*. 

The  absolute  maximum  B.M.  is  at  C  and  is 

=^2/2= 20.6054  ft.-tons. 

The  slope  at  C= tan-' 0.8  =  38°  40',  and  f?  sec  38°  40' =  10.434*.  Hence 
the  absolute  maximum  flange  stress  per  square  inch 

10.434    15  X  20.654X12     10.434    3709 
'A  I  A        ~T~- 

The  B.M.  changes  sign  at  the  points  where  the  linear  arch  intersects 
the  axis  of  the  rib. 

Ex.  10.  Let  the  axis  of  the  rib  be  a  circular  arc  of  span  21,  subtending  an 
angle  2a  at  the  centre  N. 
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iC 


Let  a  welgnt  W  be  concentrated  on  the  rib  at  a  point  E  whose  horizontal 

distance  from  the  middle  point  of  the 
span  is  a. 

Let  the  radius  NE  make  an  angle  ^ 
with  the  vertical. 
.  i  The  "  linear  arch  "  consists  of  two 

^G      straight  lines  DA',  DC. 

Let  AA'=y^,  DF^z,  CC'^y,. 
Draw  any  ordinate  E'F'  intersect- 
ing the  linear  arch  in  D'. 

Let  the  radius  NE'  make  an  angle  d 
with  the  vertical.    Then 

E'F'=r(coB  9 -cos  a). 
Also,         AF'  =  l-rsme    and    D'F' ^(l-r  Bin  8}^^ +yi, 


if  F'  is  on  the  left  of  F, 

while 
if  F'  is  on  the  right  of  F. 

Also, 

Applying  condition  (2), 


l+a 


s?-]h 


AF'=l+rsmd    and    D'F'=(J-r  sin  e)-—^+y„ 


ds=rdd. 


^rj     (cos  6- COB  a)dd.     (1) 
Appl3dng  condition  (5),  and  assuming  ft=0, 

I     (cos  e -COB  a)l(l-r sin  e)?p^+yAde 

+  I     (cob  e -cos  a)  I  (l-r  sin  e)^^^+yA=rf' (cos  e -cos  ayd6.     (2) 

Applying  condition  (9), 
f"  a -r  sin  e^  {  a-r  sin  ff)^  +y^ }  dfi 

+f''il+r  sin  6)  {  (l-r  sin  e)j^+y^]de 
= rT  (cos  9  -  cos  a)  (Z  -  r  sin  d)dB  +  r /""(cos  e-cosa)(l+r  sin  e)de.     (3) 
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Eqs.  (1),  (2),  (3)  may  be  easily  integrated,  and  the  resulting  equations 
will  give  the  values  of  y^,  z,  and  y^. 

The  corresponding  horizontal  thrust,  h,  may  now  be  obtained  from  the 
equation  h-DE=M=h{z- EF) . 

Note. — If  the  axis  is  a  semicircle,  and  if  W  is  at  the  crown, 

0  =  0,    a  =  90°,    j9=0, 
and  eqs.  (1),  (2),  (3)  reduce  to 

z(,j!-2)+yi+y,=2r; 
2z+yi+y,  =  nr, 

Therefore  z=ir    and    2/1  =  11'" =2/2- 

II.  Effect  of  a  Change  of  Temperature. — The  variation  in  the 
span  21  of  an  arch  for  a  change  of  t°  from  the  mean  temperature  is 
approximately =2£ii,  e  being  the  coefficient  of  expansion. 

Hence,  if  Ht  is  the  horizontal  force  induced  by  a  change  of  tem- 
perature, the  condition  that  the  length  AC  is  invariable  is  expressed 
by  the  equation 

"DEEFds    „  ,    „ 
±2stl=0. 


-■r- 


EI 


If  the  rib  is  of  uniform  section,  /  is  constant;  and  since  E  is  also 
constant,  the  equation  may  be  written 

§]fDE  ■EF-ds±  2etl = 0. 

Ex.  11.  Let  the  axis  AEC  of  a  rib  of  uniform  section  be  a  parabola  of  span 
21  and  rise  k. 


Fig.  931. 

First,  let  the  rib  be  hinged  at  both  ends. 

The  straight  Une  AC  is  the  Unear  arch.    Then 
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fnE-EF-ds  -^f^EF'U  +2jx^dx 

A2/1     »^'^V,^2fc'\,      16„,  ,32fc* 


and  hence 

Hi 
Et 


«(fMf)— »■ 


Second,  let  the  rib  be  fxed  at  both  ends. 

The  linear  arch  is  the  Une  A'Q'  at  a  distance  «( =DF)  from  jIC  given  by  the 
equation 

JDE-ds  =0  =f(DF^EF)ds, 
or  DFfds=fEF-ds. 

Hence  2^"  (l+y^x»)da;=J^'fc(l-^)  /l+2^a;2)da), 

Also, 

/"dS  -EF-ds^  JDF  -EF-ds  ^JEF'ds 

Htm\    r      2  P\      4A;/       2  fc\  )       „   ,    „ 

Remark. — The  coefficient  of  expansion  per  degree  of  Fahrenheit  is  0.0000062 
and  0.0000067  for  cast-  and  wrought-iron  beams  respectively.  Hence  the 
corresponding  total  expansion  or  contraction  in  a  length  of  100  ft.,  for  a  range 
of  60°  F.  from  the  mean  temperature ,  is  0.0372  ft.  ( = ^'0  and  0.0402  f t.  ( =  V)  ■ 

In  practice  the  actual  variation  of  length  rarely  exceeds  one  half  of  these 
amounts,  which  is  chiefly  owing  to  structural  constraint. 

Ex.  12.  Let  the  axis  AEC  of  a  rib  of  uniform  section  be  the  arc  of  a  circle  of 
radius  r  subtending  an  angle  2a  at  the  centre. 


TEMPERATURE  EFFECT.  929 

First,  let  the  rib  be  hinged  at  both  ends. 

It  is  evident  that  the  straight  line  AC  is  the  "  linear  arch."    Then 

fDE-EF-ds==fEP'ds='r'  f"  (cos  6 -cos  a)W=rMa(2  +  .ios  2a)  -f  sin  2a\. 

Also,  Z=rsin  a.    Therefore 

^^^la(2+cos2a)-f  sin2al±2e«=0. 

Note. — If  the  axis  is  a  semicircle,  a  =  90°,  and 

gf=.2e«  =  0. 

Second,  let  the  rib  be  fixed  at  both  ends. 

The  "linear  arch"  is  now  a  straight  line  A'C  at  a  distance  2  (^^DF^  from 
AC  given  by  the  equation 

fDE-ds=0. 


Fig.  932. 


Then 


or 


or 


Also, 


JDF-ds  =  JEF-ds, 

zjds=r'  f    (cos  e-cos  a)dd, 
a3  =  r (sin  a  — a  cos  a). 

JdE  -EF-ds-^f  (DF  ■  EF^EF')  ds = z  J  EFd^^  J  EF^ds 

=2zr^{ama  —  a  cos  a)-^r-'ia:(2+cos2a)  — |sin2a! 
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Hence 

•^  |2sr'(sm  a  -a  cos  a)  -r'|a(2  +COS  2a)  -f  sin  2ai  j-  ±2etl=0, 
and  Z=r  sin  a, 

12.  Deflection  of  an  Arched  Rib. 

Let  the  abutments  be  immov- 
able. 

Let  ABC  be  the  axis  of  the  rib 
in  its  normal  position. 

Let  ADC  represent  the  position 
of  the  axis  when  the  rib  is  loaded. 
Let  BDF  be  the  ordinate  at  the  centre  of  the  span;  join  AB, 
AD.    Then 


DF^=AD^-AF^=AB^(^^^^Y-AF2. 
\arc  AB/ 


aic  AB=  arc  AD     / 
^"*  axcAB         ~E' 

f  being  the  intensity  of  stress  due  to  the  change  in  the  length  of  the 
axis.    Then 

DF^=AB^(l-^y-AF^=BF^-AB^^2^-(^y]^, 
AbA  2^-  (-^)  ^  I  =BF2-DF2^iBF-DF)(BF+DF) 


and 


=2BF{BD),  approximately. 

(^)    is  also  sufficiently  small  to  be  disregarded.    Hence 

AB^  f     k2+12  f 
BD,  the  deflection,  =  D-Er"Ei= — ^ —  ^,  approximately. 

13.  Elementary  Deformation  of  an  Arched  Rib. 

The  arched  rib  represented  by  Fig.  934  springs  from  two  abut- 
ments and  is  under  a  vertical  load.  The  neutral  axis  PQ  is  the 
locus  of  the  centres  of  gravity  of  all  the  cross-sections  of  the  rib, 
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and  may  be  regarded  as  a  linear  arch,  to  which  the  conditions  govern- 
ing the  equilibrium  of  the  rib  are  equally  applicable. 

Let  AA'  be  any  cross-section  of  the  irib.  The  segment  AA'P 
is  kept  in  equilibrium  by  the  external  forces  which  act  upon  it, 
and  by  the  molecular  action  at  AA'. 

The  external  forces  are  reducible  to  a  single  force  at  C  and  to  a 


couple  of  which  the  moment  M  is  the  algebraic  sum  of  the  moments 
with  respect  to  C  of  all  the  forces  on  the  right  of  C. 

The  single  force  at  C  may  be  resolved  into  a  component  T  along 
the  neutral  axis,  and  a  component  ;S  in  the  plane  AA'.  The  latter 
has  very  Uttle  effect  upon  the  curvature  of  the  neutral  axis,  and 
may  be  disregarded  as  compared  with  M. 

Before  deformation  let  the  consecutive  cross-sections  BB'  and 
A  A'  meet  in  R;  R  is  the  centre  of  curvature  of  the  arc  CC  of  the 
neutral  axis. 

After  deformation  it  may  be  assumed  that  the  plane  AA'  re- 
mains luichanged,  but  that  the  plane  BB'  takes  the  position  B"B"'. 
Let  A  A'  and  B"B"'  meet  in  R';  R'  is  .the  centre  of  curvature  of 
the  arc  CC  after  deformation. 

Let  abc  be  any  layer  at  a  distance  z  from  C. 
>  Let  CC'  =  ds,  CR=R,  CR'=R',  and  let  da  be  the  sectional  area 
of  the  layer  abc. 

By  similar  figures, 

ac     R'+z         ,     ab    R+z 
and 


ds       R 


ds      R 
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Therefore  bc  =  ac—ab  =  ds-z(^-^,—^). 

The  tensile  stress  in  dbc 

^^\W~^)  S<^a,  very  nearly. 
The  moment  of  this  stress  with  respect  to  Q 

Hence  the  moment  of  resistance  at  AA' 

the  integral  extending  over  the  whole  of  the  section. 

Therefore  ^=5/(^7--^) (1) 

Again,  the  effect  of  the  force  T  is  to  lengthen  or  shorten  the 
element  CC,  so  that  the  plane  BB'  will  receive  a  motion  of  trans- 
lation, but  the  position  of  R'  is  practically  unaltered. 

Corollary  1.  Let  A  be  the  area  of  the  section  AA'. 

The  total  unit  stress  in  the  layer  dbc 

T  ,  Mz 
.=P=I±7-'      (2; 

the  sign  being  plus  or  minus  according  as  M  acts  towards  or  from 
the  edge  of  the  rib  under  consideration. 

From  this  expression  may  be  deduced  (1)  the  position  of  the 
point  at  which  the  intensity  of  the  stress  is  a  maximum  for  any 
given  distribution  of  the  load;  (2)  the  distribution  of  the  load  that 
makes  the  intensity  an  absolute  maximum;  (3)  the  value  of  the 
intensity. 
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Cor.  2.  Let  w  be  the  total  intensity  of  the  vertical  load  per  hori- 
zontal unit  of_ length. 

Let  Wi  be  the  portion  of  w  which  produces  only  a  direct  com- 
pression. 

Let  H  be  the  horizontal  thrust  of  the  arch. 

Let  P  be  the  total  load  between  the  crown  and  AA'  which  pro- 
duces compression. 

Refer  the  rib  to  the  horizontal  OX  and  the  vertical  OPY  as 
the  axes  of  x  and  y  respectively. 

Let  X,  y  be  the  coordinates  of  C. 

Then  ^^^^'    ^^^    dP=widx. 

Therefore  wi=H~, (3) 

and  also  ,  ^=-^d^ (^^ 

14.  General  Equations. 

Let  I  be  the  span  of  the  arch. 

Let  X,  y  be  the  coordinates  of  the  point  C  before  deformation. 

Let  x',  y'  be  the  coordinates  of  the  point  C  after  deformation. 

Let  6  be  the  angle  between  tangent  at  C  and  OX  before  deforma- 
tion. 

Let  0'  be  the  angle  between  tangent  at  C  and  OX  after  deforma- 
tion. 

Let  ds  be  the  length  of  the  element  CC  before  deformation. 

Let  ds'  be  the  length  of  the  element  CC  after  deformation. 

T,^        ,^  dO'      I  ,    de     1      ^^ 

Effect  of  flexure.     j~;  =  p7    and     j~  =  d"-    Hence 

Ml      \     dJd'    dO    dO'-dJd 

Let  i  be  the  change  of  slope  at  C.    Then 

ax  =  00— au  =  TpT  —^Effydx. 
EI      EI  dx 
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C'M  ds 

Integrating,  i'  =  0-d'  =  io+  j    -^  j-dx, 


(5) 


I'o  being  the  change  of  slope  at  P,  and  a  quantity  whose  value  has 

yet  to  be  determined. 

Again,  the  general  equations  of  equilibrium  at  the  plane  AA' 

are 

dm    dS        ,  .         /       „d^y\ 

=  -iw-wi)=-iw-H-^^j  .    ...     (6) 


dx^      dx 


for  the  portion  Wi,  Cor.  2,  Art.  13,  produces  compression  only  and 
no  shear.     Therefore 

S^S,-f:^.H{%y^) (7) 

(So  being  the  still  undetermined  vertical  component  of  the  shear  at 
P,  and  ~r-  the  slope  at  P.    Also, 

M=Mo+SoX-  fj fjwdx^+H{y-yo-x^,   .     .     (8) 

Mq  being  the  still  undetermined  bending  moment  at  P. 

Equations  (5),  (6),  (7),  and  (8)  contain  the  four  undetermined 
constants  H,  So,  Mo,  io- 

'i       Let  Ml,  Si,  and  ii  be  the  values  of  M,  S,  and  i,  respectively,  at  Q. 
Equations  of  Condition. — In  practice  the  ends  of  the  rib  are  either 
fixed  or  free. 

I;       If  they  are  fixed,  io  =  0;  if  they  are  free,  ^0=0.     In  either  case 
the  number  of  undetermined  constants  is  reduced  to  three. 

If  the  abutments  are  immovable,  Xi  —  l==0.  If  the  abutments 
yield,  xi  —  l  must  be  found  by  experiment.  Let  xi  —  l=/iH,  [i  being 
some  coefficient.    The  first  equation  of  condition  is 

Xi—l=Q,    or    xi  —  l  =  iiH (9) 

Again,  Q  is  immovable  in  a  vertical  direction,  and  the  second 
equation  of  condition  is 

yi-yo='0 :   :   .    (lO) 
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Again,  if  the  end  Q  is  fixed,  ii=0;  and  if  free,  21^1=0;  and  the 
third  equation  of  condition  is 

ii=0,    or    ilfi=0 (11) 

Substituting  in  equations  (7)  and  (8)  the  values  of  the  three 
constants  as  determined  by  these  conditions,  the   shearing  force 
•  and  bending  moment  may  be  foxmd  at  any  section  of  the  rib. 

Again,  cos  0'  =  cos  {6—i)  =  cos6+i  sin  d, 

sin  6'  =  sin  (^ — i)  =  sin  6 —i  cos  0. 

mu     e  dx'    dx     .dy         ,    dy'    dy     .dx 

Therefore        ^=^+^J    and    f,=^-^^.        .    .    .     (12^ 

Hence,  approximately, 

d ,  ,      >     .dy         .     d ,  ,      .         .dx 
^(x'-x)=t^    and    -(y'-y)=-^- 

Thus,  if  X  and  Y  are  respectively  the  horizontal  and  vertical 
displacements, 

dX     .dy         .    dY         .dx 

-^r=i'~r    and    — r~  =  — t~r. 
ds       ds  ds  ds' 

dX  dY 

15.  Effect  of  T  and  of  a  Change  of  t°  in  the  Temperature. 

ds'  =  ds(l-^). 

Also,  if  there  is  a  change  from  the  mean  of  f  in  the  temperature, 
the  length  dsa--^^)  must  be  multiplied  by  {l±et),  s  being  the 
coefficient  of  Unear  expansion.    Hence 

ds'  =  ds(l-^il±d, 

=  dsll—y-r  ±d),  aY>P^oidm&tely.    .     (14) 
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By  equations  (12), 

ds'  /       T         \ 

dx''=(dx+idy)-i-  =  {dx.+idy)  y--^  ±«9 

and 

ds'  /       T        \ 

dnf  ==  (dy  -  idx)-^  =  {dy  -  idx)  (l  ~  ;^  ±  ^7  • 

Therefore 

dX=d(a;'  —X)  =idy—  \W7^  ^7  <^^> 

and 

dY=d(y'—y)  =  —idx—  (eTtT  et)  dy,  approximately. 

X=x'-x=f\f^dx-fj(^T,t)dx    .    .    .    (15) 

Y^y'-y=-fjidx-£(-^Tet)f^dx.     .    .    (U) 


Hence 


and 


J\ote. — A  nearer  approximation  than  is  given  by  the  preceding  results 
may  be  obtained  as  follows : 

Let  x+dx,  y+dy  be  the  coordinates  of  a  point  very  near  C  before  defor- 
mation. 

Let  x'+dx',  y'+dy'  be  the  coordinates  of  a  point  very  near  C  after  defor- 
mation. 

Then  ds^=dx'+dy'    and    ds"=dx''+dy" 

and  ds'''—ds'=dx'''—dx'+dy"—dy", 

or  (ds'-ds)(ds'+ds)  =  (dx'  -dx)(dx' +dx)  +{dy'  -dy){dy'  +dy). 

Hence     {ds'—ds)ds  =  {dx'—dx)dx  +  idy'—dy)dy,  approximately, 

or  dx'—dx=(ds'—ds)- — {dy'—dy)-T- 

and  dy'—dy  —  {ds'—ds)-r--i (da;'— da;)— . 

Hence,  by  equations  (12)  and  (14), 

dx'-dx=rf^dx-^^i^'dx±ai^ydx 
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and  dy'-dy=  -id.-^(|J|d.±.«(gJ|dx. 

Integrating, 

J  ,  /''._,         f'T  /ds\'dx^    ,        r''/ds\'dx. 

These  equations  are  to  be  used  instead  of  eqs.  (15)  and  (16),  the  remainder 
of  the  csalculations  being  computed  precisely  as  before. 

The  following  problems  are  in  the  maiin  the  same  as  those  given  in 
Rankine's  Civil  Engineering,  20th  edition. 

Ex.  12.  Rib  of  Uniform  Stiffness. — Let  the  depth  and  sectional  form  of 
the  rib  be  uniform,  and  let  its  breadth  at  each  point  vary  as  the  secant  of  the 
inclination  of  the  tangent  at  the  point  to  the  horizontal. 

Let  Aj,  /j  be  the  sectional  area  and  moment  of  inertia  at  the  crown. 

Let  A,  I  be  the  sectional  area  and  moment  of  inertia  at  any  point  C, 
Fig.  934. 

Then 

A  =A,  sece  =  4i— (17) 

da;  ' 

Also,  since  the  moments  of  inertia  of  similar  figures  vary  as  the  breadth 
and  as  the  cube  of  the  depth,  and  since  the  depth  in  the  present  case  is  con- 
stant, 

,     ,         „     , ds 

/=/,sece=7i— (18) 

Again,  -j  =  -. =-r,  and  the  intensity  of  the  thrust  is  constant  through- 

A.     A-.  sec  w     A-Y 

out. 

Hence  eqs.  (5),  (15),  and  (16),  respectively,  become 

^-<=wr    r^dx; (19) 


'idx -  \w^T st\  (y -y^) (21) 
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Eq.  (19)  shows  that  the  deflection  at  each  point  of  the  rib  is  the  same 
as  that  at  corresponding  points  of  a  straight  horizontal  beam  of  a  uniform 
section  equal  to  that  of  the  rib  at  the  crown,  and  acted  upon  by  the  same 
bending  moments. 

Ribs  of  uniform  stiffness  are  not  usual  in  practice,  but  the  formulse  deduced 
in  the  present  article  may  be  applied  without  sensible  error  to  flat  segmental 
ribs  of  uniform  section. 

Ex.  13.  Paraholic  rib  of  uniform  depth  and  stiffness,  with  rolling  load;  the 
ends  fixed  in  direction;  the  abutments  immovable. 


Fig.  935 

Let  the  axis  of  a;  be  a  tangent  to  the  neutral  curve  at  its  summit.  Let 
k  be  the  rise  of  the  curve.  Let  x,  y  be  the  coordinates  at  any  point  C  with 
respect  to  0.    Then 

y=fiH^' (22) 

and 

^__8fc/'j__  \       dy^ 4fc      dy,^4Jt      d}yj&k 

dx         P\2       )'     dx,  I'     dx^      I'     dx'     P'     •     •     ^^^' 

Let  w  be  the  dead  load  per  horizontal  unit  of  length. 

(I      y)'    "      "      Jiye  "  "  "  il        II  II 

Let  the  live  load  cover  a  length  DE,  =rl,  of  the  span. 
Denote  by  (A)  formulse  relating  to  the  unloaded  division  OE,  and  by  (B) 
formulse  relating  to  the  loaded  division  DE. 
Eqs.  (7)  and  (8),  respectively,  be«ome 

(A)  S=S,+  (-j^ w)x; (24) 

(B)  S=S„+(-j, w^x-w'\x-(l-r)l\ (25) 

(A)  M^M,+S,x+(^-w)^; (26) 

(B)  M=M,+S„x+(^-«,)|-|%-(l-r)Zl».    .    .    .    (27) 

Since  the  ends  are  fixed, 

»=0=i (28) 
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Hence  by  eqa.  (19)  and  (26), 

(A,  ,-i-{„.,4.(?»-.)|U (,,, 

and  by  eqs.  (19)  and  (27), 

(B)  i=-±[M,x+S,^+{^-w)^-'^\x-a-rW}..    .     (30) 

When  x=l,  t=t,=0,  and  therefore,  by  the  last  equation, 

0  =  M„-HS„|+(?f-.)f-|W (31) 

dv 
Again,  let  i='i--    Then 

ax 

VQ    ax       «/o  dxdx  ax    •/q    dx^ 

Buti,=0,    and    -r7=-77-    Hence, 
dx^     P- 

By  the  conditions  of  the  problem  x'~x  and  y'—y  are  each  zero  at  Q.    Hence 
eqiiations  (20)  and  (21),  respectively,  become 

Q=-J    idx (34) 

Substitute  in  eqs.  (33)  and  (34)  the  value  of  i  given  by  eq.  (30),  and  integrate 
between  the  limits  0  and  I.    Then 

and 

1  {M„p  sj'   /8kH     \i*     ,  ,in 

which  may  be  written 

I      /8kH       \P       ,J'      3/H        \EI 
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and 


(36) 


^     „      „  Z      /8kH      \P       ,  ,P 

Hence,  by  eqs.  (31),  (35),  (36), 

S„=f+^'Zr'(l-0-4ff; (37) 

wP    w'Pr'/      3  \     2 

^o=-i2— y~\^-4V+3"^^' (3«) 

,\w       ,/5  ,    15     ,3  A  ^45,^/il 


p 


"When  x=lr,M  =  Mi,  and  S  =  Sj,. 
Hence,  by  eqs.  (25)  and  (27), 


and 


and 


,      ,,      „,     /Sit/?       \Z'     w'rH'' 
M,=Mo+S„Z  +  (^-y^ — ii)J2 2~- 

Substituting  in  these  equations  the  values  of  /S„,  M„,  given  above,  we  have 

S.=  -f-.'rf(l-.'+0+^ (40) 

M.=  -^-z«'Zv(|-3r  +  4)+3-A:ff (41) 


To  find  the  greatest  intensity  of  stress,  etc. — The  intensity  of  the  stress  due 

.         T     H 
t,o  direct  compression  =-7- =  -7-. 

The  intensity  of  the  stress  in  the  outside  layers  of  the  rib  due  to  bending 
is  the  same  as  that  in  the  outside  layers  of  a  horizontal  beam  of  uniform  sec- 
tion Ai,  acted  upon  by  the  same  moments  as  act  on  the  rib,  for  the  deflections 
of  the  beam  and  rib  are  equal  at  every  point  (eq.  (19)  ).  Also,  since  the  rib 
is  fixed  at  both  ends,  the  bending  moment  due  to  that  portion  of  the  load 
which  produces  flexure  is  a  maximum  at  the  loaded  end,  i.e.,  at  Q.     Hence 

H  z  - 

the  maximum  intensity  of  stress  (p,)  occurs  at  Q,  and  p,  =-r-±Af,-5r,  2,  being 

the  distance  of  the  layers  from  the  neutral  axis. 
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H  and  M3  are  both  functions  of  r,  and  therefore  pi  is  an  iabsolute  maximum 
when 


But 


and 


dpi       _  1  dH    zidMi 
dr  A   dr     h  dr 

dH_15w'P  r'jl-ry 
dr  ~  4    k         45/1  ' 

^  "•"  4  AA;> 


dr         ^'■'^^^    ""^  ^S^dr- 


Hence  Pi  is  an  absolute  maximum  when 


0=w'Pr(l-ry 


/I       2   fczA 

Aa,^jt) 


-t 


(42) 
(43) 

(44) 


The  roots  of  this  equation  are 


and 


d'p 


r=±- 


2         4  A,k' 


5  3     7, 

2  AiZifc 


±1 


(45) 


r=l  makes  — -  zero,  so  that  the  maximum  value  of  p  corresponds  to  one 
dr'^ 


of  the  remaining  roots. 

Thus, 

1  (       Az      \ 
the  max.  thrust=-j-lH +~pMA  =p,'. 


(46) 


and 


the  max.  tension 


ion^~{-H+^M,)=p/',  .     .    .    .     (47) 


the  values  of  H  and  Ma  being  found  by  substituting  in  eqs.  (39)  and  (41) 

1+45  J^ 
2        4  A,P 


5j     3     /, 


or 


r  = 


2  A,g,k 

2        4  A,fc' 
5i+AJ^' 

2  4,2,fc 


(48) 


according  as  the  stress  is  a  thrust  or  a  tension. 
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If  eq.  (47)  gives  a  negative  result,  there  is  no  tension  at  any  point  of  the 
rib. 

Note. — The  moment  of  inertia  may  be  expressed  in  the  form 

g  being  a  coefficient  depending  upon  the  form  of  the  section. 
Hence 

the  maximum  intensity  of  stress  ——(±H  A — -) ....    (49) 

Cor.  1. — If  the  depth  of  the  rib  is  small  as  compared  with  k,  the  fraction 

jf  will  be  a  small  quantity,  and  the  maximum  intensity  of  stress  will  approxi 

mately  correspond  to  r =f .     The  denominator  in  eq.  (39)  may  be  taken  to  be 
k,  and  it  may  be  easily  shown  that  the  values  of  p/,  p,"  are 

1    (wZ'/l     15  2A     5   etEIi      54  w'l' ) 

P'  =j;lTV&+TP/^4"ii;r+3i25"ii:p   •  •  •  ^^^ 

„     1  j  wP/     1     15  Zi\     5  itEh      54  w'l'  1  ,„^ 

P'   ^i;lTV~fc^2"W^4'^+3125^r    ■    ■    •■  ^    ^ 

Cor.  2. — If  the  numerator  in  eqs.  (48)  is  greater  than  the  denominator, 
then  r  must  be  unity.    Hence,  by  eq.   (39)  and  putting 

^    ,     45   /.       ,     45g2i' 


"-8     bk    "^4    bk" ^^'^' 

and  by  eqs.  (38)  and  (41), 

„      „      I',  ^1 -b  ,15 etEI,         15,jv+w'  z,\5HEL         ,„, 


Thus,  pi',  p,"  can  be  found  by  substituting  these  values  of  H  and  M,  in 
eqs.  (46)  and  (47). 

Ex.  14. — Parabolic  Rib  of  Uniform  Stiifness,  hinged  at  the  Ends. 
Let  the  rib  be  similar  to  that  of  the  preceding  article. 
Since  the  ends  are  hinged,  M„=0  =  M„  while  i  is  an  imdetermined  constant. 
The  following  equations  apply: 
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(A)  S=S,+  [^-w^x; (54) 

(B)  s=S,+  [~-w^x-w'\x-(l-rW,     ....    (55) 

(A)  M=S,x+[^-w)^; (56) 

(B)  M=S,x+[^-w)^-'!^lx-a-rW.    .    .    .    (57) 

*=*«-!/ j  %+ l-p— ^) -6  }'■ ^^^^ 

*=^-i|'So|+(^-w)|-flx-(l-r)il»|.     .    .     (59) 

Assume  that  the  horizontal  and  vertical  displacements  of  the  loaded  end 
are  nil. 

Substitute  in  eqs.  (20)  and  (21)  the  value  of  i  given  by  eq.  (59).  Integrate 
and  reduce,  neglecting  the  term  involving  the  temperature.    Then 

„     .       1    (  „  i'      /8fcff       \  V        ,„r*  \       H    I     I 
0=^»-M{^°12  +  (^-")-60-^Vo[-4ii;l-     •     (60) 

«--i{4+(T-)£-<4} («^) 

From  (57),  since  Mi  =  0, 

0=S„+(^-u>)|-«)'i^' (62) 

Equations  (60),  (61),  and  (62)  are  the  equations  of  condition. 
Subtract  (61)  from  (60).    Then 

which  may  be  written 

„     „       fsm       \3l        ,Jr*     r\      „„/.  1  ,„, 
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Subtract  (63)  from  (62).    Then 

Heace, 

H=  -. J    ,  r.  ......    (65) 

Eliminating  S^  between  (61)  and  (62), 

Also,  by  (55), 

-p — w J Z-«)'rf= -P,  suppose (67) 

Eliminating  S^  between  (62)  and  (67), 

-P=^.=  (^-t«)|-w7(r-j) (68) 

Eqs.  (62),  (65),  (66),  and  (68)  give  the  values  of  H,  <S„,  S,,  and  %. 
Again,  the  maximum  bending  moment  M'  occurs  at  a  point  given  by 

'^=0m  (57),i.e., 

0-S,+  (^-w^x-w'\x-{l-r)l\ (69) 

Subtract  (69)  from  (67).    Then 


-P.=Si=  (-p--«')  {l-x)-w'{l-x). 


Hence,  the  distance  from  the  loaded  end  of  the  point  at  which  the  bending 
moment  is  greatest  is 

'-^ ^ (7«) 

w+w' — y 

Substitute  this  value  of  x  in  (57),  and,  for  convenience,  put 

W+W ;r— =  OT. 

P 
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Then 

\      ml          2      \     ml        2\m        I 
-l{S,+-^-l--rH)--{S,  +  {w'-m)l-w'rl]  +  ~[— -) . 

Butby(62),0=S„+--— Z— -Hi.    Therefore, 

^  '     m^       '     m^\     21      2m 
Hence,  M',  the  maximum  bending  moment, 

p2 


.(„..-»■ 


(71) 


As  before,  the  greatest  stress  (a  thrust) 

=i;(^ff+7^^')=P.', (72) 

and  the  value  of  r  which  makes  p/  an  absolute  maximum  is  given  by  -~  =0. 

dr 

But  by  (71),  M'  involves  r'°  in  the  numerator  and  r*  in  the  denominator,  so 

that  -3— =0  will  be  an  equation  involving  r'*. 
dr 

One  of  its  roots  is  r  =  l,  which  generally  gives  a  minimum  value  of  p,'. 
Dividing  by  r  —  1,  the  equation  reduces  to  one  of  the  thirteenth  order,  but  is 
still  far  too  complex  for  use.  It  is  found,  however,,  that  r= J  gives  a  close 
.approximation  to  the  absolute  maximum  thrust. 

With  this  value  of  r,  and,  for  convenience,  putting. 


,^15  7,   1 


By  (65), 
By  (62), 

By  (68), 


„      lU       w\n-l    w'i 
c      7>     n  /       w^n-O    w') 
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By  (66  , 

Z'    I  /       w'\n-l    v/) 

By  (70), 

*         /       w'\n-l     w'     '  ' ^    ' 

■    r+2)  — +¥      - 

By  (71), 

M' ; 7— (78) 

('^+2)— +  2- 

Note. — If  the  rib  is  merely  supported  at  the  ends  but  not  fixed,  the  hori- 
zontal displacement  of  the  loaded  end  may  be  represented  by  iJI  (Art.  9). 
Thus  the  term  — /il?  must  be  added  to  the  right-hand  side  of  eq.  (15). 

Ex.  15. —  Parabolic  Rib  of  Uniform  Stiffness,  hinged  at  the  Crown  and 
also  at  the  Ends, — In  this  case  Jlf =0  at  the  crown,  which  introduces  a  fourth 
equation  of  condition. 

By  (57), 

„     „  Z       /8kH       \P     w'P/     1       \» 

which  may  be  written 

O^S,+  {^-w)^-w'l(r'-r+\) (79) 

EUminating  S^,  between  (79)  and  (62). 

—- w=w'i-2r'+4r~l). 

Hence, 

H  =  ~^{w-w'i2r'-4r  +  l)] (80) 

By  (79), 

w'l 

S„=-~(3r'-4:r  +  l) (81) 

By  (68), 

w'l 
P=S.^—{r-iy (82) 


By  (66), 

'°^24£/ 


w'l 
^o  =  o.,rr(l-4'-+4?-'-'-0 (83) 


DEFLECTION  OF  AN  ARCHED  RIB.- 
By  (70)  and  (82), 


l-x  = 


By  (71), 
Whenr-=J, 


2w'{r-iy     4" 


w'P 


1    w7^ 
"384  B/i' 


and        M'= 


w'P 
64' 
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(84) 
(85) 

(86) 


These  results  agree  with  those  of  (73)  to  (78),  if  n  =  l. 
In  general,  when  n  =  l, 

w' 

by  (65)  and  (80).    Hence, 

2r^-5r*+Qr'+8r+2=0  =  i2r-l)(r-iy{r'-2), 

and  the  roots  are  r=i,  r  =  l,  r=  ±\/2. 

Hence,  n  =  1  only  renders  the  expressions  in  (86)  identical  with  the  corre- 
sponding expressions  of  the  preceding  article  when  n  =  ^  or  1. 

Again  the  intensity  of  thrust  is  greatest  at  the  outer  flange  of  the  loaded 
and  the  inner  flange  of  the  unloaded  haH  of  the  rib,  and  is 


P   \ZlW'     1  /        t«'\  ) 


The  intensity  of  tension  is  greatest  at  the  inner  flange  of  the  loaded  and 
the  outer  flange  of  the  unloaded  haK  of  the  rib,  and  is 


P    (21  w'      1 


8A,(/i8     k 


{^+^)  \- 


The  greatest  total  horizontal  thrust  occurs  when  r=l,  and  its  value  is 

|(u;+«.'). 

i6.  Maximum    Deflection    of    an   Arched    Rib. — The   deflection 
must  necessarily  be  a  maximum  at  a  point  given  by  i=0.    Solve 
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for  X  and  substitute  in  (16)  to  find  the  deflection  y'  —y;  the  deflec- 
tion is  an  absolute  maximum  when   -r{y'  —y)=0.    The  resulting 

equation  involves  r  to  a  high  power,  and  is  too  intricate  to  be  of 
use.  It  has  been  found  by  trial,  however,  that  in  all  ordinary  cases 
the  absolute  maximum  deflection  occurs  at  the  middle  of  the  rib, 

when  the  live  load  covers  its  whole  length,  i.e.,  when  x=-^,  and  r=  1. 

45  /i 
Ex.  16. — Sib  of  Ex.  13.     For  convenience,  put  1+XTP~*" 


Then,  by  (39), 
By  (38)  and  (41), 


8k      s  8  s  k'  ^    ' 


,^      P,         „s-l     5  HEh 


By  (36)  and  (38), 

M 
S„=-6-|-" (89) 

By  (30),  (38),  (89), 

i=-~(M^-3Mjj+2M,j) (90) 

Hence,  the  maximum  deflection 

2 

Z*  w+w's-\      5   Hl^     , 
=384~Bir^'Fl287F=''"^"PP°«^ (91) 

The  central  deflection  d^  of  a  uniform  straight  horizontal  beam  of  the 
same  span,  of  the  same  section  as  the  rib  at  the  crown,  and  with  its  ends  fixed, 
is 

,       I*  w+w'  _„^ 

'^'=384~Br ^^^ 

Hence,  neglecting  the  term  involving  the  temperature, 


di=^d, (93) 


Ex.  17.— Rib  of  Ex.  14. 
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By  (65), 

w= 

8A;     n 

By  (66)  and  (62) 


H-L"^. (94) 


/  p  n  —  lSP 

^''=24M^'"+'^'^~ir=i2l/ (^^^ 

By  (30),  (94),  and  (95), 

.     So  /P     x'    x'\ 

'  =  EtAl2-Y+3l) (96) 

Hence,  the  maximum  deflection 

So    r2/P      X'     x^  ,        5    i\    ^    ,.n-l      ,, 

If  the  ends  of  the  beam  in  Case  I  are  free,  its  central  deflection 

5  l*{w+w') 


"384       EI 


•=d/. 


and  d,'=:- d/ (98) 

Thus,  the  deflection  of  the  arched  rib  in  both  cases  is  less  than  that  of 
the  beam. 

Ex.  18. — Arched  Rib  of  Uniform  Stiffness  fixed  at  the  Ends  and  connected 
at  the  Crown  with  a  Horizontal  Distributing  Girder. — The  load  is  transmitted 
to  the  rib  by  vertical  struts  so  that  the  vertical  displacements  of  corresponding 
points  of  the  rib  and  girder  are  the  same.  The  horizontal  thrust  in  the  loaded 
is  not  necessarily  equal  to  that  in  the  unloaded  division  of  the  rib,  but  the 
excess  of  the  thrust  in  the  loaded  division  will  be  borne  by  the  distributing 
girder,  if  the  rib  and  girder  are  connected  in  such  a  manner  that  the  horizontal 
displacement  of  each  at  the  crown  is  the  same. 

The  formulae  of  Ex.  13  are  applicable  in  the  present  case  with  the  modi- 
fication that  7i  is  to  include  the  moment  of  inertia  of  the  girder. 

The  maximum  thrust  and  tension  in  the  rib  are  given  by  equations  (64) 
and  (65). 

Let  z'  be  the  depth  of  the  girder.  A'  its  sectional  area. 

The  greatest  thrust  in  the  girder  =-       .a'+oWT-   •    •    •     <^^^) 
The  greatest  tension  in  the  girder  =  -^.  .    .    .(100) 

H  and  M^  being  given  by  equations  (66)  and  (67),  respectively. 
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The  girder  must  have  its  ends  so  supported  as  to  be  capable  of  transmitting 
a  thrust. 

17.  Stresses  in  Spandril  Posts  and  Diagonals. — Fig.  936  represents 
an  arch  in  which  the  spandril  consists  of  a  series  of  vertical  posts 
and  diagonal  braces. 


Fig.  936. 

Let  the  axis  of  a  curved  rib  be  a  parabola.  The  arch  is  then 
equilibrated  under  a  uniformly  distributed  load,  and  the  diagonals 
will  be  only  called  into  play  under  a  passing  load. 

Let  X,  y  be  the  coordinates  of  any  point  F  of  the  parabola  with 
respect  to  the  vertex  C.    Then 


y- 


4fc 


Let  the  tangent  at  F  meet  CB  in  L,  and  the  horizontal  BE  in  G. 
Let  BC==k'.     Then 

BL=BC-CL=BC-CN=k'-y. 

Let  N  be  the  total  number  of  panels. 

Consider  any  diagonal  ED  between  the  nth  and  (n+l)th  postSi 

Let  w'  be  the  greatest  panel  live  load. 

The  greatest  compression  in  ED  occurs  when  the  passing  load 
-is  concentrated  at  the  first  n— 1  panel-points. 

Imagine  a  vertical  section  a  little  on  the  left  of  EF. 

The  portion  of  the  frame  on  the  right  of  this  section  is  kept  in 
equilibrium  by  the  reaction  R  at  P,  and  by  the  stresses  in  the  three 
members  met  by  the  secant  plane. 

Taking  moments  about  G, 

D-GE  cos  d  =  R- AG, 
D  being  the  stress  in  DE,  and  6  the  angle  DEF. 


Now,  R 
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w'  n{n  —  l) 


N 


and  hence 

~„     __,  k'x+xy  ,     ^,      I     k'x—zy 

GE=GB+x=      „      ■,     and    GA  =  -^+ — ^^-^-. 
ly  I         ly 

„                       „     u^  n{n  —  \)ly-\-k'x—xy 
Hence  D=-r--  ^  ,.         ',,    , ^  sec  d. 

2       N,         k'x  +  xy 

The  stresses  in  the  counterbraces  (shown  by  dotted  lines  in  the 
figure)  may  be  obtained  in  the  same  manner. 

The  greatest  thrust  in  EF=w'+w. 

The  greatest  tension  in  EF=D  cos  6— w,  w  being  the  dead  load 
upon  EF. 

If  the  last  expression  is  negative,  EF  is  never  in  tension. 

i8.  Clerk  Maxwell's  Method  of  determining  the  Resultant  Thrusts 
at  the  Supports  of  a  Framed  Arch, — Let  Js  be  the  change  in  the 
length  s  of  any  member  of  the  frame  under  the  action  of  a  force  P, 
and  let  a  be  the  sectional  area  of  the  member.    Then 

the  sign  depending  upon  the  character  of  the  stress. 

Assume  that  all  the  members  except  the  one  under  consideration 
are  perfectly  rigid,  and  let  M  be  the  alteration  in  the  span  I  corre- 
sponding to  is.  The  ratio  -j-  is  equal  to  a  constant  m,  which  depends 
only  upon  the  geometrical  form  of  the  frame. 

Therefore  M = mJs  =  ±  mP^. 

Again,  P  may  be  supposed  to  consist  of  two  parts,  viz.,  /i  due 
to  a  horizontal  force  H  between  the  springings,  and  /a  due  to  a  ver- 
tical force  V  applied  at  one  springing,  while  the  other  is  firmly 
secured  to  keep  the  frame  from  turning. 
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By  the  principle  of  virtual  velocities, 

.    /i     ^l 

/a   . 
Similarly,  y  is  equal  to  some  constant  n,  which  depends  only 

upon  the  form  of  the  frame.     Also 

P=h+f2=mH+nV. 

Therefore  Al=  ±  {m^H + mnV)~-. 

Mia 

Hence  the  total  change  in  I  for  all  the  members  is 

If  the  abutments  yield,  let  IM=fiH,  //  being  some  coefficient 
to  be  determined  by  experiment.     Then 

•  If  the  abutments  are  immovable,  IM  is  zero,  and 

«=-- Vrr-  ■■■■-■-■-■  (^) 

V  is  the  same  as  the  corresponding  reaction  at  the  end  of  a  girder 
of  the  same  span  and  similarly  loaded.  The  required  thrust  is  the 
resultant  of  H  and  V,  and  the  stress  in  each  member  may  be  com- 
puted graphically- or  by  the  method  of  moments.  In  any  particular 
case  proceed  as  follows: 

(1)  Prepare  tables  of  the  values  of  m  and  n  for  each  member. 
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(2)  Assume  a  cross-section  for  each  member,  based  on  a  probable 
assumed  value  for  the  resultant  of  V  and  H. 

(3)  Prepare  a  table  of  the  value  of  m^-^-  for  each  member,  and 

form  the  sum  lim^-rr 

(4)  Determine,  separately,  the  horizontal  thrust  between  the 
springings  due  to  the  loads  at  the  different  joints.  Thus  let  vi,  V2  be 
the  vertical  reactions  at  the  right  and  left  supports  due  to  any  one 

of  these  loads.     Form  the  sum  llmnV-pr),  using  vi  for  all  the 

members  on  the  right  of  the  load  and  V2  for  all  those  on  its  left. 
The  corresponding  thrust  may  then  be  found  by  eq.  (C)  or  eq.  (D), 
and  the  total  thrust  H  is  the  sum  of  the  thrusts  due  to  all  the  weights 
taken  separately. 

(5)  Repeat  the  process  for  each  combination  of  liye  and  dead 
load  so  as  to  find  the  maximum  stresses  to  which  any  member  may 
be  subjected. 

(6)  If  the  assimied  cross-sections  are  not  suited  to  these  maxi- 
mum stresses,  make  fresh  assumptions  and  repeat  the  whole  calcu- 
lation. 

The  same 'method  may  be  applied  to  determine  the  resultant 
tensions  at  the  supports  of  a  framed  suspension  bridge. 

Note. — The  formulos  for  a  parabolic  rib  may  be  applied  vnthout 
material  error  to  a  rib  in  the  form  of  a  segment  of  a  circle.  More  exact 
formulce  may  be  obtained  for  the  latter  in  a  manner  precisely  similar 
to  that  described  in  Exs.  13-17,  but  the  integrations  mil  be  much  sim/- 
plified  by  using  polar  coordinates,  the  centre  of  the  circle  being  the  pole. 

EXAMPLES. 

1.  The  arch  represented  in  the  figure  is  constructed  of  masonry  weighing  150 
lbs.  cf.  The  span  is  40  ft.,  the  rise  8  ft.,  the  depth  of  masonry  above  the 
centre  3  ft.,  the  thickness  of  the  abutments  6  ft. 
The  centre  of  resistance  at  the  middle  point  of 
upper  key  is  1  ft.  below  the  crown  surface.  Deduce 
(o)  the  resultant  pressure  in  the  vertical  joint  at 
the  key,  (6)  the  resultant  pressure  in  the  horizontal  '•- 
joint  at  the  springing,  (c)  the  maximum  stress  in 
the  vertical  line  coinciding  with  the  side  of  the 
abutment.    Ans.  (a)  21,182  lbs.;  (6)  38,700  lbs.;  (c)  3852  lbs./ sq.  in.  if  q=i. 
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2.  A  masoniy  arch,  of  48  ft.  span  and  17  ft.  rise  and  having  an  intrados 
consisting  of  two  plane  faces,  springs  from  abutments  6.2  ft.  thick  and  with 
vertical  faces.  The  outer  thrusts  of  the  abutments  are  produced  to  meet  the 
extrados,  which  is  horizontal;  the  depth  of  the  key  is  3  ft.  and  the  specific 
weight  of  the  masonry  is  150  lbs.  per  cubic  foot.  The  centre  of  resistance 
at  the  springing  is  at  the  middle  point  and  one  foot  below  the  extrados  at  the 
crown.  Find  the  resultant  pressures  at  the  crown  and  springing.  Also  find 
the  maximum  stresses  of  the  vertical  joint  ahgning  with'  the  inside  of  the 
abutment. 

3.  The  intrados  of  an  arch  of  100  ft.  span  and  20  ft.  rise  is  the  segment  of 
a  circle.  The  arch  ring  has  a  vmiform  thickness  of  3  ft.  and  weighs_140  lbs. 
per  cubic  foot;  the  superincumbent  load  may  be  taken  at  480  lbs.  per  lineal 
foot  of  the  ring.  Determine  the  mutual  pressures  at  the  key  and  springing, 
their  points  of  application  being  2  ft.  and  IJ  ft.  respectively  from  the  intrados. 
Also  find  the  curve  of  the  centres  of  pressure.       Ans.  56,546  lbs. ;  76,676  lbs. 

4.  T^suming  that  an  arch  may  be  divided  into  elementary  portions  by 
imaginary  joint  planes  parallel  to  the  direction  of  the  load  upon  the  arch,  find 
the  limiting  span  of  an  arch  with  a  horizontal  upper  surface  and  a  parabolic 
soffit  (latus  rectum =40  ft.),  the  depth  over  the  crown  being  6  ft.  and  the 
specific  weight  of  the  load  120  lbs.  per  cubic  foot;  the  thrust  of  the  crown  is 
horizontal  ( =  P)  and  4  ft.  above  the  soffit. 

5.  Fig.  938  represents  one  half  of  a  masonry  arch  of  3  ft.  rise  and  weighing 
120  lbs.  per  cubic  foot.    ,The  centres  of  resistance  S  and  T  are  at  the  middle 

point  of  AB  and  at  1  ft.  below  D.  Find  the  resultant 
thrusts  at  S  and  T,  and  determine  the  maximum  intensity 
of  stress  in  the  vertical  joints  AC  and  EP. 


6.  A  masonry  arch  of  96  ft.  span  and  24  ft.  rise, 

with  a   parabolic   intrados  and  a  horizontal  extrados, 

,  springs  from  abutments  with  vertical  faces,  the  outside 

Fig   938  faces  being  carried  up  to  meet  the  extrados.    The  depth 

of  the  masonry  at  the  key  is  6  ft.    The  centre  of  pressure 

is  2  ft.  from  the  extrados  at  the  key  and  at  the  middle  of  the  joint  at  the 

springing.    The  masonry  weighs  150i  lbs. "per  cubic  foot;  width  of  abutment  = 

12  ft.     Find'  the  resultant  pressiu-es  at  the  key  and  at  the  springing. 

Am.  83,592 lbs.;  177,100 lbs. 
7.  A  niasonry  arch  for  a  span  of  40  ft.  and  a  rise  of  10  ft,  springs  from 
abutments  with  vertical  faces  and  10  ft.  thick.  The  masonry  has  a  depth 
of  3J  ft.  at  the  crown,  is  level  from  abutment  to  abutment,  and  weighs  150  lbs. 
per  cubic  foot.  The  intrados  is  a  circular  arc.  The  centres  of  resistance  at  the 
springing  and  at  the  crown  are  4i  ft.  from  the  inside  face  of  the  abutment  and 
2  ft.  above  the  crown  respectively.  Find  the  resultant  pressures  at  the  crown, 
at  the  springing,  and  in  the  vertical  aligning  with  the  inside  face  of  an  abut- 
ment. 
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8.  A  masonry  arch  for  a  span  of  40  ft.  and  a  rise  of  10  ft.  springs  from 
abutments  with  vertical  faces  and  10  ft.  thick.  The  masonry  has  a  depth  of 
3J  ft.  at  the  crown,  is  level  from  abutment  to  abutment,  and  weighs  150  lbs. 
per  cubic  foot.  The  intrados  is  a  circular  arc.  The  centres  of  resistance  at  the 
springing  and  at  the  crown  are  4^  ft.  from  the  insidfe  face  of  the  abutment  and 
2  ft.  above  the  crown  respectively.  Find  the  resultant  pressures  at  the  crown,  at 
the  springing,  and  in  the  vertical  aligning  with  the  inside  face  of  an  abutment. 

9.  The  sofiat  of  an  arch  of  30  ft.  span  and  12  ft.  rise  is  a  transformed  catenary. 
The  masonry  rises  12  ft.  over  the  crown,  and  the  specific  weight  of  the  load 
upon  the  arch  may  be  taken  at  120  lbs.  per  cubic  foot.  Determine  the  direction 
and  amount  of  the  thrust  at  the  springing.  Ans.  32,408  lbs.;  61°  16'. 

10.  A  concrete  arch  has  a  clear  spring  of  15  ft.  and  a  rise  of  10  ft.;  the 
height  of  masonry  over  crown  =  15  ft.;  the  weight  of  the  concrete  =  144  lbs. 
per  cubic  foot.  Determine  the  transformed  catenary,  the  amount  and  direction 
of  the  thrust  at  the  springing,  and  the  curvatures  at  the  crown  and  springing. 

11.  Determine  the  transformed  catenary  for  an  arch  of  60  ft.  span  and 
45  ft.  rise,  the  masonry  rising  18  ft.  over  the  crown  and  weighing  120  lbs.  per 
cubic  foot.     Also  find  the  amount  and  direction  of  the  thrust  at  the  abutments. 

Ans.  m  =  15.586;  116,690  lbs.;  75°  32'. 

12.  A  concrete  arch  for  a  span  of  15  ft.  and  a  rise  of  6  ft.  has  a  depth 
of  9  ft.  of  masonry  over  the  crown.  The  concrete  weighs  144  lbs.  per  cubic 
foot.  Determine  the  transformed  catenary  and  the  thrusts  at  the  crown  and 
springing. 

13.  A  concrete  arch  of  44  ft.  span  and  16  ft.  rise  weighs  144  lbs.  per  cubic 
foot ;  the  masonry  rises  24  ft.  over  the  crown.  Determine  the  transformed 
catenary  and  the  thrust  at  the  springings.     (Take  loge  3  =  1.1.) 

14.  The  metal  of  an  arch  of  100  ft.  span  and  25  ft.  rise  has  a  modulus  of 
elasticity  of  28,000,000  lbs.  per  square  inch  and  a  coefBcient  of  expansion  of 
0.0000055.  If  the  temperature  rise  50°,  find  the  corresponding  horizontal 
thrust.  -Ans.  92.4. 

15.  A  concrete  arch  has  a  clear  spring  of  75  ft.  and  a  rise  of  37i  ft.;  the 
height  of  the  masonry  over  the  crown  is  25  ft.  and  the  weight  of  the  con- 
crete is  144  lbs.  per  cubic  foot.  Determine  the  transformed  catenary,  the 
amount  and  direction  of  the  thrust  at  the  springing  and  the  curvatures  at  the 
crown  and  springing. 

Ans.  TO=23.934;  214,053  lbs.;  67°  20';  22.914  ft.;  160  ft. 

16.  A  3-pin  arch,  100  ft.  span,  20  ft.  rise,  loaded  with  2000  lbs.  per  horizontal 
foot  run  for  1st  quarter  span,  3000  lbs.  for  2d  quarter,  4000  lbs.  for  3d  quarter,' 
and  1000  lbs.  for  4th  quarter. 

Divide  the  load  into  eight  parts  and  draw  the  line  of  resistance.  Also  deter- 
mine the  horizontal  thrust  and  the  maximum  B.M.  at  any  point  of  the  arch. 

i^.  A  semicircular  rib,  pivoted  at  the  crown  and  springings,  is  loaded 
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uniformly  per  horizontal  unit  of  length.  Determine  the  position  and  magni- 
tude of  the  maximum  bending  moment,  and  show  that  the  horizontal  thrust 
on  the  rib  is  one  fourth  of  the  total  load.       Ans.  ^wr^  at  .866r  from  support. 

i8.  Draw  the  hnear  arch  for  a  semicircular  rib  of  uniform  section  under  a 
load  imiformly  distributed  per  horizontal  unit  of  length  (a)  when  hinged  at 
both  ends;  (6)  when  hinged  at  both  ends  and  at  the  centre;  (c)  when  fixed  at 
both  ends. 

Ans.  (a)  A  parabola  z  being  ffr;  (6)  a  parabola  through  the  three  hinges; 
(c)  y^=<h\r=y.,,  e=mr- 

iQ.  A  semicircular  rib  of  28  ft.  span  carries  a  weight  of  i  ton  at  10  ft.  and 
a  weight  of  i  ton  at  21  ft.  (measured  horizontally)  from  the  left  support.  Find 
the  thrust  and  shear  at  the  centre  of  the  rib  and  at  the  point  at  which  the 
weight  is  concentrated,  (a)  when  both  ends  are  hinged;  (6)  when  both  ends 
are  fixed. 

20.  An  arch  (Fig.  939)  of  62  ft.  span,  and  10^  ft.  rise  has  a  depth  at  the 
crown  of  2ift.  and  at  the  springing  line  of  3J  ft.  The  loads  per  foot  of 
breadth  beginning  with  a  are  23.04,  19.45,  16.35,  13.94,  12.01,  10.35,  8.98. 
7.93,  6.32,  5.79,  5.52, 5.39  cwts.    Find  the  horizontal  thrust  per  foot  of  breadth, 

^ns.  129  cwt. 


Fig.  939. 


Fig.  940. 


21.  The  arch  (Fig.  940)  has  a  clear  span  of  90  ft.  and  radius  of  50  ft. 
Thickness  of  arch-ring  is  4  ft.  Draw  the  line  of  resistance,  the  load  being  500 
lbs.  per  foot  run. 


22.  Determine  the  stability  of  a  segmental  arch  of  40  ft.  span  and  25  ft. 
radius  (Fig.  941);   the  loads  in  hundredweights  being  as  shown.    There  is 
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Fig.  941. 

also  a  concentrated  load  of  2J  tons  per  foot  of  width  at  10  ft.  from  the  centre. 
Depth  of  arch  =  2  ft. 
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.23.  A  semi-elliptic  rib  (axes  2a  and  26)  is  pivoted  at  the  springings.  Find 
the  position  and  magnitude  of  the  maximum  bending  moment,  the  load  being 
uniformly  distributed  per  horizontal  unit  of  length. 

How  will  the  result  be  affected  if  the  rib  is  also  pivoted  at  the  crown? 

24.  A  pin-ended  parabolic  arch  of  100  ft.  span  and  25  ft.  rise  carries  a 
weight  P  at  25  ft.  from  the  left  support.     Find  the  horizontal  thrust. 

Ans.  UP. 

25.  A  pin-ended  parabolic  arch  of  100  ft.  span  and  25  ft.  rise  is  acted  upon 
by  a  horizontal  force  Q  at  25  ft.  from  the  left  support.  Find  the  horizontal 
thrust.  Ans.  .574:  Q. 

26.  In  a  parabolic  arch  of  50  ft.  span  and  10  ft.  rise,  hinged  at  both  ends, 
a  weight  of  1  ton  is  concentrated  at  a  point  whose  horizontal  distance  from 
the  crown  is  10  ft.  Find  the  total  thrust  along  the  axis  of  the  rib  on  each 
side  of  the  given  point,  allowing  for  a  change  of  60°  from  the  mean  temperature 
(s  =  .0000694).  Ans.  .7941  qp  .11957. 

27.  Solve  the  preceding  example,  assuming  both  ends  to  be  fixed. 

28.  An  arched  rib  with  a  parabolic  axis,  of  100  ft.  span  and  12J  ft.  rise, 
is  loaded  with  1  ton  at  the  centre  and  1  ton  at  20  ft.  from  the  centre,  measured 
horizontally.  Determine  the  thrusts  and  shears  along  the  rib  at  the  latter 
point,  and  show  how  they  will  be  affected  by  a  change  of  100°  F.  from  the 
mean;  the  coefficient  of  linear  expansion  being  .00125  for  180°  F.  Take  both 
ends  hinged. 

29.  Solve  the  preceding  example  assuming  both  ends  to  be  fixed. 

30.  A  parabolic  arched  rib  hinged  at  the  ends,  of  64  ft.  span  and  16  ft. 
rise,  is  loaded  with  1  ton  at  each  of  the  points  of  division  of  eight  equal  hori- 
zontal divisions.  Find  the  horizontal  thrust  on  the  rib,  allowing  for  a  change 
of  60°  F.  from  the  mean  temperature.  Also  find  the  maximum  flange  stresses, 
the  rib  being  of  double-tee  section  and  12  ins.  deep  throughout.  (Coefficient 
of  linear  expansion  per  1°  F.  =  14-144000.) 

31.  The  axis  of  an  arched  rib  of  50  ft.  span,  10  ft.  rise,  and  hinged  at  both 

ends  is  a  parabola.     Draw  the  linear  arch  when  the  rib  is  loaded  with  two 

weights  each  equal  to  2  tons  concentrated  at  two  points  10  ft.  from  the  centre 

of  the  span.    If  the  rib  is  of  double-tee  section  and  24  ins.  deep,  find  the  max- 

3.176  ,  254 
imum  flange  stresses.  Ans,  —^ — ='=~T'- 

If  the  arch  is  loaded  so  as  to  produce  a  stress  of  10,000  lbs.  per  square  inch 
in  the  metal,  show  that  the  rib  will  deflect  .029  ft.,  E  being  25,000,000  lbs. 

32.  Solve  the  preceding  example,  assuming  both  ends  to  be  fixed. 

33.  A  steel  parabolic  arched  rib  of  50  ft.  span  and  10  ft.  rise  is  hinged 
at  both  ends  and  loaded  at  the  centre  with  a  weight  of  12  tons.  Find  the  hori- 
zontal thrust  on  the  rib  when  the  temperature  varies  60°  F.  from  the  mean, 
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and  also  find  the  maximum  flange  stresses,  the  rib  being  of  double-tee  section 
and  12  ins.  deep.  Am.  im^^^—:  j± —.(15-11). 

34.  Solve  the  preceding  example,  assuming  both  ends  to  be  fixed. 

35-  A  paraboUc  rib  of  48  ft.  span  and  12  ft.  rise  carries  a  weight  oi  1  ton 
at  the  centre  and  at  two  points  each  12  ft.  (measured  horizontally)  from  the 
centre.     The  rib  is  pin-ended. 

Determine  the  horizontal  thrust  on  the  rib  and  draw  the  linear  arch.     Find 
the  thrust  and  shears  at  the  points  at  which  the  weights  are  concentrated. 
Ans.  1.8945  ton;  thrusts  1.72  and  2.2  ton;  shears  .39  and  .49  tons. 

36.  An  arch  with  fixed  ends  of  100  ft.  span  and  25-j[t.  rise  carries  a  weight 
P  at  25  ft.  from  the  left  support.  Determine  the  reactions,  the  Ijiorizontal 
thrust  and  the  B.M.  ordinates,  at  the  ends  and  at  E. 

Ans.  .SUP;   .156P;   .5265  P;    -10',  7'. 78,  30'. 

37.  In  the  preceding  example  determine  how  the  results  are  modified  if  P 
is  replaced  by  a  horizontal  force  Q. 

Ans.   +.1053Q;    -.1053Q;    .633Q;    8'.33,  7'.97. 

38.  An  arch  with  fixed  ends  of  100  ft.  span  and  25  ft.  rise  is  constructed 
of  metal  having  a  modulus  of  elasticity  of  28,000,000  lbs  per  square  inch,  and 
a  coefficient  of  expansion  of  .0000055.  If  the  temperature  rises  50°,  determine 
the  ordinates  of  the  Unear  arch  at  the  springings  and  at  the  centre  and  also 
find  the  horizontal  thrust.  Ans.  16'J:  554.4  lbs. 

39.  An  arched  parabolic  rib  of  64  ft.  span  and  8  ft.  rise,  carries  a  load  of 
2  tons  at  the  centre  and  at  8  and  16  ft.  from  the  centre  measured  horizontally. 
Determine  the  axial  thrusts  and  shears  at  the  points  at  which  the  weights  are 
concentrated  and  also  the  06s.  max.  B.M.  (a)  When  the  arch  is  pin-ended; 
(6)  when  the  arch  is  fixed  at  both  ends. 

Also  determine  (c)  the  deflection  in  each  case. 

40.  If  a  flat  parabolic  arched  rib,  of  60  ft.  span  and  16i  ft.  rise,  is  loaded 
at  10  ft.  from  the  centre,  measured  horizontally,  with  650  lbs.,  draw  the  Unear 
arch  and  find  the  B.M.  and  shear  at  the  point  at  which  the  weight  is  concen- 
trated. 

What  weight  at  the  centre  of  the  rib  will  give  the  same  horizontal  thrust? 

41.  A  parabolic  arched  rib,  of  80  ft.  span  and  13-i  ft.  rise,  with  both  ends 
fixed,  carries  three  weights  of  2  tons,  4  tons,  and  6  tons  at  10,  20,  and  30  ft, 
from  one  end.  Draw  the  equilibrium  polygon  and  determine  the  thrust  and 
shear  on  each  side  of  the  point  at  which  the  6-ton  load  is  concentrated. 

42.  A  semicircular  arched  rib  of  40  ft.  span  is  loaded  at  the  centre  and  at 
two  points,  each  12  ft.  from  the  centre,  measured  horizontally,  with  a  weight 
of  1  ton.  Find  the  axial  thrusts  on  the  rib  at  the  centre  and  at  the  points 
where  the  weights  are  concentrated. 

43.  Draw  the  equilibrium  polygon  for  a  flat  parabolic  arch,  hinged  at  both 
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ends,  of  100  ft.  span  and  20  ft.  rise,  loaded  with  a  weight  of  2  tons  at  25  ft., 
measured  horizontally  from  the  centre. 

44-  A  flat  paraboUc  arched  rib  of  100  ft.  span  and  18  ft.  rise  is  hinged  at 
the  springing  and  carries  a  load  of  4000  lbs.  concentrated  10  ft.,  measured 
horizontally,  from  the  centre.     Find  the  horizontal  thrust  on  the  rib  and  also^ 
find  the  axial  thrust  and  shears  at  the  point  at  which  the  load  is  concentrated. 
Determine  the  three  points  at  which  the  B.M.  is  nil. 

45-  An  arched  parabolic  rib  of  64  ft.  span  and  8  ft.  rise  carries  a  load  of 
2  tons  at  the  centre  and  at  8  ft.  and  16  ft.,  measured  horizontally  from  the 
centre.     Determine  the  thrusts  and  shears  at  the  load  8  ft.  from  the  centre. 

46.  A  flat  parabolic-arch  rib  of  100  ft.  span  and  18  ft.  rise  is  fixed  at  the 
springing  and  carries  a  load  of  4000  lbs.  concentrated  10  ft.,  measured  hori- 
zontally, from  the  centre.  Find  the  horizontal  thrust  on  the  rib  and  also 
find  the  axial  thrust  and  shears  at  the  point  at  which  the  load  is  concentrated. 
Determine  the  three  points  at  which  the  B.M.  is  nil. 

47.  Draw  the  hnear  arch  for  a  flat  parabolic  arch  with  both  ends  fixed 
of  22^  ft.  rise  and  90  ft.  span,  loaded  at  the  centre  and  at  one-quarter  span 
with  a  weight  of  1  ton.  If  both  ends  were  hinged,  what  should  be  the  weight 
at  the  centre  and  at  the  quarter  span  to  produce  the  same  horizontal  thrust? 

48.  Find  the  skin  stress  due  to  change  of  curvature  in  a  two-hinged  arch 
rib,  on  account  of  its  own  dead  weight,  which  produces  a  mean  compressive 
stress  of  6  tons  per  square  inch.  (E  =  12,000  tons  per  square  inch.)  Span, 
550  ft.;  rise,  114  ft.;  depth  of  rib,  15  ft.  Also  find  the  deflection  due  to  a 
stationary  test  load  which  produces  a  further  mean  compressive  stress  fc  of  one 
ton  per  square  inch. 

49.  A  pin-ended  arch  of  100  ft.  span  and  25  ft.  rise  is  in  the  form  of  a 
circular  arch.  Find  the  horizontal  thrust  due  to  (a)  a  weight  of  100  lbs. 
at  25  ft.  from  the  left  support;  (6)  a  horizontal  force  of  100  lbs.  at  the  same 
point.  ^'is-  («)  57  lbs.;    (6)  55.7  lbs. 

50.  How  will  the  results  in  the  preceding  example  be  modified  if  both 
ends  are  fixed?  Am.  (a)  54.6  lbs. 

51.  Draw  the  equilibrium  polygon  for  a  parabolic  arch  of  100  ft.  span  and 
20  ft.  rise  when  loaded  with  weights  of  3,  2,  4,  and  2  tons;  respectively,  at  the 
end  of  the  third,  sixth,  eighth,  and  ninth  division  from  the  left  support,  of  ten 
equal  horizontal  divisions.  (Neglect  the  weight  of  the  rib.)  If  the  rib  con- 
sist of  a  web  and  of  two  flanges  2i  ft.  from  centre  to  centre,  determine  the  maxi- 
mum flange  stress.  Find  the  flange  stresses  at  the  ends  of  the  rib,  and  also 
at  the  points  at  which  the  weights  are  concentrated.  Both  ends  are  absolutely 
^^^-  Ans.  2/.  =  1.98;  y,-  -3.434;  F=6.8644  tons;  !:Zp±245p^ 

7  2076    743  4    6.96    629.28    7.6147    3236.76    8.1494  ,310.356 
^J-=^-]r'  "1"*~7~'      A     ^      I      '      A     "^      I      ' 
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S2."The  axis  of  an  arched  rib  hinged  at  both  ends,  for  a  span  of  50  ft.  and 
a  rise  of  10  ft.,  ii  a  parabola.  Draw  the  equiUbrium  polygon  when  the  arch 
is  loaded  with  two  equal  weights  of  2  tons  concentrated  at  two  points  10  ft. 
from  the  centre  of  the  span.  Also  determine  the  maximum  flange  stress  in 
the  rib,  which  is  a  double-tee  section  2  ft.  deep. 

53.  Solve  the  preceding  example  when  both  ends  are  fixed. 

Am.    2/i=2/2=¥;     F=3.3075tons;        '         ±—7^;      max.     B.M=2.025 

ft.-tons. 

54.  The  load  upon  a  parabolic  rib  of  50  ft.  span  and  15  ft.  rise,  hinged  at 
both  ends,  consists  of  weights  of  1,  2,  and  3  tons  at  points  15,  25,  and  40  ft., 
respectively,  from  one  end.    Find  the  axial  thrusts  and  the  shears  at  these  points. 

Ans.  i?  =  2.9915  tons;  axial  thrusts,  3.2595,  3.6924,  2.8365,  and  4.59  tons; 
shears,  0.1231,  0.8179,  1.1806,  and  1.2536  tons. 

55.  Solve  the  preceding  example  when  both  ends  are  fixed. 

56.  A  paraboUc  arched  rib  of  100  ft.  span  and  20  ft.  rise  is  fixed  at  the 
springings.  The  uniformly  distributed  load  upon  one  half  of  the  arch  is  100 
tons,  and  upon  the  other  200  tons.  Find  the  bending  moment  and  shearing 
force  at  25  ft.  from  each  end. 

Ans.  B.M.-|ff+i-'#^,-|5+A-'gii.    S.F.  87i-.4ff,-112i  +  .4jy. 

57.  A  wrought-iron  parabolic  rib  of  96  ft.  span  and  16  ft.  rise  is  hinged  at 
the  two  abutments;  it  is  of  a  double-tee  section  uniform  throughout,  and  24 
in.  deep  from  centre  to  centre  of  the  flanges.  Determine  the  compression  at 
the  centre,  and  also  the  position  and  amount  of  the  maximum  bending  moment 
(a)  when  a  load  of  48  tons  is  concentrated  at  the  centre;  (6)  when  a  load  of 
96  tons  is  uniformly  distributed  per  horizontal  unit  of  length. 

Determine  (c)  the  deflection  of  the  rib  in  each  case. 

Ans.  (a)  — j 1 z — ;  max.  B.M.  is  at  crown  and  =  252  ft.-tons. 

58.  Design  a  parabolic  arched  rib  of  100  ft.  span  and  20  ft.  rise,  hinged 
at  both  ends  and  at  the  middle  joint ;  dead  load  =  40  tons  uniformly  distributed 
per  horizontal  unit  of  length,  and  live  load  =  1  ton  per  horizontal  foot. 

59.  Show  how  the  calculations  in  the  preceding  question  are  affected  when 
both  ends  are  absolutely  fixed. 

60.  In  the  framed  arch  represented  by  the  figure,  the  span  is  120  ft.,  the 
rise  12  ft,,  the  depth  of  the  truss  at  the  crown  5  ft.,  the  fixed  load  at  each  top 

A  ^  AAj^S^'^^^^SlAAA  a      ^°^^  ^^  ixms,  and  the  moving  load  10  tons. 

ly\pj--^  ^^^-jCyX     Determine  the  maximum  stress  in  each  member 

„  with  any  distribution  of  load.    Show  that,  a'p- 

proximately,  the  amount  of  metal  required  for 

the  arch:  the  amount  required  for  a  bowstring  lattice  girder  of  the  same  span 
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and  17  ft.  deep  at  the  centre :  the  amount  required  for  a  girder  of  the  same 
span  and  12  ft.  deep  : :  100 :  155 :  175. 

6i.  Weights  Wi,  W2,  W3 . . .  are  concentrated  at  a  series  of  points  in 
horizontal  girder  of  span  21  resting  upon  supports  at  the  ends,  the  correspond- 
ing B.M.s  being  Mi,  M^,  Ms,  . . .  respectively.  If  a  flat  parabolic  arch,  fixed 
at  both  ends,  of  the  same  span  and  of  rise  k,  carry  the  same  weights  at  points 
vertically  above  the  points  in  the  girder,  show  that  the  horizontal  thrust  on 
the  arch  is 

15     M^ 

Slk^W ' 

62.  Show  that  a  weight  at  the  crown  of  a  flat  parabolic  arch  fixed  at  both 
ends  will  produce  the  same  horizontal  thrust  as  a  weight  at  any  other  point 
dividing  the  horizontal  span  into  two  segments,  ml,  nl,  if  the  two  weights  are 
in  the  ratio  of  {mn)'  to  1. 

63.  The  steel  parabolic  ribs  for  one  of  the  Harlem  River  bridges  has  a  clear 
opening  of  510  ft.,  a  rise  of  90  ft.,  a  depth  of  13  ft.,  and  are  spaced  14  ft.  centre 
to  centre.  The  dead  weight  per  lineal  foot  is  estimated  at  33,000  lbs.  and  the 
five  load  at  8000  lbs.;  a  variation  in  temperature  of  75°  F.  from  the  mean  is 
also  to  be  allowed  for.  Determine  the  maximum  bending  moment  (assuming 
/  constant)  and  the  maximum  deflection.  (^=26,000,000  lbs.)  Show  how  to 
deduce  the  play  at  the  hinges. 

64.  A  cast-iron  arch  (see  figure)  whose  cross  sections  are  rectangular  and 

uniformly  3  ins.  wide  has  a  straight  horizontal  ex-  d-s'o'    -„ 

trados  and  is  hinged  at  the  centre  and  at  the  abut-  "i TT — --^ 

ments.  Calculate  the  normal  intensity  of  stress  at  the  4^— -.----it-^-z-^i^ 
top  and  bottom  edges  D,  E  of  the  vertical  section,  dis-        J  T 

tant  5  ft.  from  the  centre  of  the  span,  due  to  a  ver-  „       g^„ 

tical  load  of  20  tons  concentrated  at  a  point  distant 

5  ft.  4  in.  horizontally  from  B.  Also  find  the  maximum  intensity  of  the 
shearing  stress  on  the  same  section,  and  state  the  point  at  which  it  occurs. 
(45=21  ft.  4  in.) 
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Abutment,  Minimum  thickness  of,  894 

Acceleration,  54 

Accumulators,  358 

Advantage,  Mechanical,  379 

Advantages  of  2, 3,  or  4  main  trusses,  679 

Airy,  325 

Allowance  for  weight  of  beam,  472 

Anchorage,  843 

Anderson,  388 

Angle  of  friction,  378 
"     "  repose,  305,  378 

Angular  velocity,  166 

Annealing,  239,  246 

Anti-friction  pivots,  395 

Arc  of  approach,  404 
"    "  recess,  405 

Arch,  Three-hinged  braced,  59 

Arch  formulae.  Empirical,  895 

Arched  ribs,  883 

"         "    ,  Deflection  of ,  930 

"         "•  ,  Deformation  of,  930 

"         "    ,  General  equations  for,  933 

"         "   hinged  at  crown  and  ends, 

946 
"         "  with  fixed  ends,  919 
"         "      "     pin-ends,  910 

Arches,  883 

Area,  Reduction  of,  236 

Baker,  325,  891 

' '       on  wind  pressure,  747 
Balancing,  180 
Bail,  377 

Batter  for  walls,  326 
Bauschinger,  237,  238,  246 
Beam  acted  on  by  oblique  forces,  473 

' '     ,  Equilibrium  of,  102 

"     ,  Collar,  32 
Beams      of      approximately      uniform 

strength,  447 
Beams  fixed  at  both  ends,  436 

"  "     "one  end,  439 

"        on  more  than  two  supports,  512 

' '        resting  on  two  supports,  434 

"     ,  Tubular,  431 

"        of  uniform  strength,  446 


Bearings,  327 

"         of  shafts,  Distance  between, 
651 
Belt  transmission,  395 
Bending  moment,  102,  124 

"  "       ,  Graphical  determina- 

tion of,  130 
"  "         in  a  plane  which  is 

not     a      principal 
plane,  478 
Bevel-wheels,  408 
Blows,  243 
Bochet,  377 

Boiler-joints,  Efficiency  of,  259 
Boiler-plate,  Thickness  of,  261 
Boiler-shells,  258 
Boussinesque,  324 

Bovey's  neutral-axis    experiments,  424 
Bow's  method,  12 
Bowstring  suspension  bridge,  721 
"  truss,  49,  717,  726 

' '  with  isoscefes  bracing,  726 

Brake,  396 
Breaking  stress,  239 

"         strength  of  pillars,  595,  596, 
600 
Brickwork,  241 
Bridge  stresses,  689 

"  "      ,  Graph,  determ.  of,  696 

"     ,  Three-hinged,  731 
' '       truss.  Depth  of,  678 
' '       trusses,  46 
"     ,  Types  of,  677 
Bridges,  626 
Brunei,  327 

Buckling  of  pillars,  895 
Built  beams,  488 
Bulging  of  pillars,  594 
Bulk  modulus,  332 

Cable,  Curve  of,  845 
"     ,  Deflection  of,  853,  854 
"     ,  Length  of ,  853 
"     ,  Weight  of,  856 
"      with  sloping  suspenders,  Curve 
of,  861 

963 


964 


INDEX. 


Camber,  686 
Cantilever,  102,  751 

"  boom  curve,  757 

"  trusses,  751 

Cast  iron,  239 
Catenary,  845 
Cauchy,  687 
Cement,  241 

Centrifugal  whirling  of  shafts,  657 
Chords,  750 

Coefficient  of  elasticity,  217,  232 
Coefficients  for  pillars,  Table  of,  601 

"  "  shapes    in    compression, 

604 
"  of  friction,  377,  408 

"  "  rupture,  446 

Collapsing  pressure  of  tubes,  262 
Collar  beam,  32 
Columns,  Flexure  of,  625 
Compound  stress,  290 
Conditions  of  equilibrium  for  arch,  890 
Conical  pivots,  393 
Conjugate  stresses,  299 
Constant  components  of  pressure,  292 
Continuous  girders,  515 

"  "     ,  Advantages  and  dis- 

advantages of,  535 
"  "     ,  Max.  B.M.s  at  points 

of  support  of,  537 
Contrary  flexure,  Points  of,  515 
Coulomb's  laws  of  friction,  376,  388,  641, 
647 
"  wedge,  324 

Counter-efficiency,  401,  406,  407 
Counterforts,  326 
Crane,  Bent,  35 
"     ,  Derrick,  21 
"     ,  Jib,  19 
"     ,  Pit,  21 
' '     ,  Throw  of,  21 
Creeping  effect,  288 
Crown  of  arch,  885 
Cubic  strain,  345 
Curvature  of  a  beam,  419,  420 
Curves  of  deflection,    slope,  and    B.M., 
503 
"       "   norm,  and  tang,  stress,  458 
"       "   piston  velocity,  185 
Cylinders,  Thin,  258 
Cylindrical  pivots,  390 

Dam,  Equilibrium  of,  314 
Deflection  due  to  shear,  457 
' '         of  arched  rib,  930 
"  "  cantilever  trusses,  761 

"  "  trusses.  Statical,  761,  810 

Deformation  of  arched  rib,  930 
Derrick  crane,  21  ' 

Design  of  an  I  section,  496 

"  "a  50-ft.  plate  girder,  499 
"  "a  520-ft.  swing-span,  792 
"       "  127-ft.  riveted  span,  779 


Dilatation,  Coefficient  of,  346 
Dines'  wind-pressure  formula,  746 
Distortion,  335,  338 
Double-intersection  truss,  698,  715 
Ductility,  236 
Dupuit,  388 
Dynamometer,  Prony's,  400 

Earth  foundation,  308 

' '     pressure,  307 
Earthwork  theory,  305 
Easton,  388 

Effect  of  high-speed  belting,  398 
Effective  belt  tension,  398 

"        length  and  depth  of  a  girder. 
486 
Efficiency,  162,  380,  404,  408 

"  of  shafting,  652 

Elastic  constants,  332 

' '       curve,  465 

"       moment,  418 
Elasticities,  Tables  of,  263, 264, 266  271 
Elasticity,  215 

,  Coefficient  of,  217,  236 
"        ,  Modulus  of,  217 
"        .Range  of,  246 
' '        ,  Torsional  coefficient  of,  234 
Ellipse  of  stress,  298 
Ellipsoid  of  strain,  344 
"        "  stress,  343 
Elliptic  integrals.  Tables  of,  631,  632 
Endless  screw,  -384 
Energy,  158 

"      ,  Conservation  of,  161 

"      ,  Curves  of,  187 

"      ,  Fluctuation  of,  187 

"      ,  Kinetic,  155,  162 

"      ,  Potential,  155,  162 

' '      ,  Transmission  of,  354 
EquaUzation  of  stress,  423 
Equations  of  motion  and  energy,  164 

"  "  stress,  General,  339 

Equilibrated  polygon,  888 
Equilibriiun  of  retaining-walls,  313 
Equivalent  elongation,  236 
Erection  of  continuous  girder,  537 
Euler's  strut  formulse,  608 
Examples,  66,  141,  169-179,  180-184, 

189-214,  362-375,  409^15,  546-592, 

632-640,  664-675,  820-841,  846-882 
Extrados,  885 

Eye-bar  proportions,  764,  765 
Eye-bars,  688,  762,  764 

"        ,  Stresses  in,  430 

Factor  of  safety,  242 

Fairbaim,  237 

Fanshawe,  325 

Fatigue,  245 

Fink  truss,  54 

Flange  and  web  rivet  connection,  687 
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Flanged  girders,  479 

"  "      ,  Classification  of,  479 

"      ,  Equilibrium  of,  480 

"  "      ,  Moments  of  resistance 

of,  482 
Flexure  of  column,  625 

"      ,  Work  of,  423 
Floor-beams,  795 
Flow  of  lead,  257 

''     "  solids,  235,  254 
Fluctuation  of  energy,  187 

"    stress,  228,  244 
Fluid  pressure,  254 
Fluidity,  Coefficient  of,  254 
Force,  Shearing,  102 

"     ,  Moments  of ,  122 
Forced  oscillation,  225 
Forces,  Polygon  of,  3,  6 
Foundations  in  earth,  308,  327 
Frames,  1,  19 

' '      ,  Incomplete,  28 
Franke's  formula,  377 
Friction,  376 

' '       ,  Coefficients  of,  377,  405 

"       .Journal,  388 

"       .Laws  of,  376 

"       .Rolling,  385 

"  ,  Sliding,  376 
Fuller's  method,  898 
Funicular  curve,  99 

"  polygon,  3,  7 

Galton,  377 

General  equations  for  arched  rib,  933 

of  stress,  339 
Gin,  22 

Girders,  Hinged,  137 
Gordon's  formulse,  Rankine's  modified, 
601 
"        pillar  formula,  599 
Graphical  determination  of  slope  and 

deflection,  505 
Graphical     determination     of     bridge 

stresses,  696 
Grashof,  346,  657 
Gravity,  Centres  of,  10 

' '       ,  Specific,  155 

"       ,  Values  of ,  155 
Gun-barrels,  158 

Hardness,  Coefficient  of,  256 

Hartnell,  661 

Helical  springs,  660 

Highway-bridge  loads,  Table  of,  820 

Hinged  girders,  137,  536 

Him,  390 

Hodgkinson's  pillar  formulae,  595,  596 

Hooke's  law,  217,  237 

Hooks,  Stresses  in,  430 

Horse-power,  159 

Howe  truss,  47 

Hutton's  formula,  16 


Hydraulic  presses,  358 
Hysteresis,  237 

Inclined  plane,  377 
Incomplete  frames,  28 
Impulse,  158 
Inertia,  180 

"      ,  Moments  of,  7 

' '      ,  Variable  moment  of,  462 
Inflexion,  Points  of,  515 
Internal  stress,  290 
Intrados,  885 
Isotropic  bodies,  332,  345 

Jenkin,  Fleeming,  377 

Jib  crane,  19 

Joint  of  rupture  in  arch,  892 

Joule,  159 

Journal  friction,  388 

Keystone,  885 
Kilowatt,  159 
Kinetic  energy,  155,  160 
King-post  truss,  27,  34 

Lam6,  341 

Lateral  bracing,  750,  783,  784,  789,  797 
Lattice  truss,  698,  704,  707 
Launhardt's  formula,  247 
Lenticular  truss,  721 
Levy,  324 

Limit  of  elasticity,  162,  236,  246 
Line  of  resistance,  888 
"     "         "  of  dam,  314,  316,  330 

"     "  rupture,  311 
Linear  arch,  888 

"    ,  Catenary,  899 

"         "   ,  Circle,  903 
"   ,  Ellipse,  903 

"         "    ,  General,  908 

"         "    ,  Geostatic,  907 

"         "    ,  Hydrostatic,  905 

"         "   .Parabola,  902 
Live  load,  15 
Load,  Dead,  232 
Loads,  Accidental  (live),  15 

' '     .  Distribution  of,  17 

"     ,  Live,  116,  232 

"       on  bridges  (dead),  680 
"       "  .    (live),  682 

"     ,  Permanent  (dead),  15 
Lock-joint  truss,  38 
Long  struts,  616 

Mansard  roof,  6 

Masonry,  241 

Maximum  B.M.  at  points  of  support  of  a 

continuous  girder,  537 
Maxwell's  framed  arch, 
Mechanical  advantage,  379,  382 
Middle-third  theory,  891 
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Modulus  of  bulk,  332 

"        "  cubic  compressibility,  332 
"        "  elasticity,  217 
"        "  rigidity,  298,  338 
"        "section,  421 
Moment,  Bending,  102 
of  force,  122 
"         "  inertia,  Variable,  462 
"         ''  resistance,  416 
"         "  stability,  314 
Moments  of  resistance  of  flanged  girders, 

482 
Momentum,  158,  160 

"         ,  Conservation  of,  161 
Morin,  377,  388,  389 
Mortar,  241 

Moseley's  principle,  897 
Muir,  238 

Neutral  axis,  416 

' '       surface,  416 
Normal   and  tangential  stress.  Curves 
of,  458 

Oblique  resistance,  157 
Obliquity,  290 
Oscillation,  Forced,  225 

' '  of  elastic  rod,  225-231 

Overturning  moment,  314 

Parallelogram  of  velocity,  163 

Pauli  truss,  713 

Pearson,  242 

Perry,  545 

Petit  truss,  49,  715 

Piers,  52,  855 

Pillars,  593 

' '     ,  Classification  of,  593 

■' '     ,  Manner  of  failure  of,  593 
Pin-bearing  pillar,  601 
Pin-connected  trusses,  680 
Pins,  688,  762,  807 
Piston  velocity.  Curves  of,  185 
Pivots,  Conical,  393 

"     ,  Cylindrical,  390 

"     ,  Schiele's,  394 

"     ,  Wear  of,  392 
Planes  of  principal  stress,  292,  297  342 
Plastic  deformation  of  bar,  256 
Plasticity,  216 

Plates,  Thickness  of  flat,  262 
Platform,  Position  of  bridge,  676 
Pole,  7 

Polygon,  Funicular,  3 
"       ,  Non-closing,  6 
' '         of  forces,  3,  6 
Poisson's  ratio,  217,  346 
Poncelet,  324,  381 
Portal  bracing,  787 
Potential  energy,  155,  162 
Power,  159 
Pratt  truss,  693 


Presses,  Hydraulic,  358 
Pressure  of  earth,  307 
Pressure  of  wind,  16 
Principal  planes,  292,  297,  342 

"        stress,  292,  342 
Principals,  13 
Prony's  dynamometer,  400 
Purchase  of  machine,  378 
Purlins,  13 

Queen-post  truss,  30 

Rafters,  13 

Rankine,  261,  389,  601 

Rankine's  earthwork  theory,  305 

Redtenbacher,  400 

Reinforced  concrete  beams,  443 

Relations  between  deflection,  slope,  and 

bending  moment,  503 
Relative  velocity,  164 
Rennie,  377 
Repose,  Angle  of,  305 
Reservoir  walls,  328 
Resilience,  218 
Resilience,  Table  of,  545 
Resistance,  Line  of,  314,  316 
Retaining-walls,  313 

' '         ,  Practical  rules  for,  324 
Reuleaux,  262,  392,  400 
Rigidity,  Flexural,  647 

"       ,  Torsional,  647 

"       ,  Modulus  of,  298,  339,  347 
Rivet  connection  of  flange  and  web,  687 
Riveted  joints,  767 

"  "     ,  Eflaciency  of ,  773 

"  "     ,  Friction  of ,  777 

"  "     ,  Theoretical      deduction, 

770 

' '       plates.  Strength  of,  766 

"        trusses,  680 
Riveting,  Chain,  768 

"»     ,  Cold,  765 
,  Hot,  765 

"       ,  Zigzag,  768 
Rivets,  764 
Rollers,  762,  791,  823 
Rolling  friction,  385 
Roof,  Mansard,  6 
' '      truss,  36 
' '      weights,  15,  65 
Rope  transmission,  395 
Rouse's  wind-pressure  formula,  746 

Saddles,  844 

St.  Venant,  216,  324,  353,  647,  649 
Saltash  bridge,  721 
Sault  Ste.  Marie  bridge,  683 
Schiele  pivots,  394 
Schwedler  truss,  712 
Screw,  381 
"     .Endless,  384 
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>  Semigirder,  102 
Set,  218,  237 
Shafting,  303 

'\    ,  Efficiency  of,  652 
Shafts*  Distance  between  bearings  of, 
651 
' '     ,  Non-circular,  647 
' '     ,  Torsional  strength  of,  642 
"       under  bending  and  torsion,  654 
"  "    variable  resistance,  649 

Shear,  216,  298 

"     J  Deflection  due  to,  457 
Shearing  force,  102 

' '        stress,  Distribution  of,  453 
Shear-legs  (shears),  22 
Shells,  Spherical,  260 
Shocks,  243 
Shoes,  790 
Simple  shear,  298 
Single-intersection  bridge,  709,  714 
Skewbaek,  885 
Slip  of  belts,  399 

Slope  and  deflection.  Graphical  deter- 
mination of,  505 
Snow,  Weight  of,  15 
Spandrel,  885 

Specification  for  pillars,  606 
Specifications,  783 
Specific  weight,  231 
Springing,  885 
Springs,  222-225 
' '      ,  Carriage,  470 
' '      ,  Deflection  of,  467,  468, 469, 472 
' '      ,  Energy  of,  467,  468,  469,  472 
"      ,  Flat,  464 
"      ,  Helical,  660 
"      ,  Parabolic,  469 
"      ,  Rectangular,  468 
"      .Spiral,  466 
' '      ,  Triangular,  468 
Square-bearing  pillars,  601 
Stanton  on  wind  pressure,  747 
Statical  deflection  of  trusses,  761 
Steel,  240 
Stiffeners,  782 
Stiffening  truss,  863 
Stiffness  of  beams,  451 

"         "  belts  and  ropes,  400 
Stokes  on  wind  pressure,  746 
Straight-line  formula,  606 
Strain,  215,  216,  217 

"    ,  Compound,  290 
Struts,  15 
"     ,  Bending  of,  608 
"     ,  Long,  616 
"       in  torsion,  611 
' '       under  a  lateral  load,  610 
"       with  one    square    and   one  pin 

end,  613 
»  "     pin  ends,  608 

"         "     square  ends,  612 
Strength  modulus,  421 


Stress,  215,  216,  217 
Stress,  Internal,  290 
Stresses  in  bridge  members,  689 
Stress-strain  curve,  240 
Stringers,  685,  782,  793,  795 
Suspenders,  844 
Suspension-bridge  loads,  873 

' '  modifications,  875 

"  bridges,  842 

Table  of  coeff.  of  axle  friction,  408 
"      "     "      "   linear  expansion,  268 
"      "     "      "   sliding  friction,  377 
"      "  elliptic  integrals,  631,  632 
"      "  eye-bar  proportions,  764,  765 
"      "  factors  of  safety,  243 
"      "  highway-bridge  loads,  820 
"      "  moments  of  inertia,  422 
"      "  roof  weights,  67 
"      "  resiliences,  545 
"      "  section  moduli,  422 
"      "  shearing  strength  of  timbers, 

270 
"      "  strengths,  elasticities,  etc. : 
of  alloys,  263 
of  cements,  270 
of  concrete,  270 
of  copper  wire,  265 
of  iron  and  steel,  264 
of  manila  rope,  265 
of  rocks,  268-270 
of  timbers,  266 
of  wire  rope,  264 
"      "  transverse  strength  of  timbers, 

265,  267 
"      "  values  of  A,  A.,  and  /,  601 
"      "         "    "  E,G,K,  and  a,  271 
"      "  weights  of  bridges,  814-819 
Telford,  891 
Temperature  effect  on  arched  ribs,  927, 

935 
Theorem  of  three  moments,  515 
Thick  cylinders,  355 
Thomson,  246 
Three-hinged  braced  arch,  59,  731 

' '  bridge  truss,  62,  731,  739' 

Thurston,  389,  390 
Toothed  gearing,  404 
Torsion,  216,  349,  641 
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Laplace's  Philosophical  Essay  on  Probabilities.    (Tniscott  and  Emory.)  ■  i2mo,  2  00 

llahan's  Treatise  on  Civil  Engineering.     (1873.)     (Wood.) 8vo,  5  00 

*  Descriptive  Geometry 8vo,  i  50 

l^erriman's  Elements  of  Precise  Surveying  and  Geodesy. 8vo,  2  50 

Elements  of  Sanitary  Engineering 8vo,  2  00 

Merriman  and  Brooks's  Handbook  for  Surveyors i6mo>  morocco,  2  00 

Uugent's  Plane  Surveying 8vo,  3  So 

Ogden's  Sewer  Design i2mo,  2  00 

Patton's  Treatise  on  Civil  Engineering 8vo  half  leather,  7  50 

Reed's  Topographical  Drawing  and  Sketching 4to,  5  00 

Rideal's  Sewage  and  the  Bacterial  Purification  of  Sewa(,a 8vo,  3  50 

Siebert  and  Biggin's  Modern  Stone-cutting  and  Masonry 8vo,  i  50 

Smith's  Manual  of  Topographical  Drawing.     (McMillan.) 8vo,  2  50 

Sondericker's  Graphic  Statics,  with  Applications  to  Trusses,  Beams,  and  Arches. 

Svo,  2  00 

Taylor  and  Thompson's  Treatise  oh  Concrete,  Plain  and  Reinforced 8vo,  5  00 

*  Trautwine's  Civil  Engineer's  Pocket-book i6mo,  morocco,  5  00 

Wait's  Engineering  and  Architectural  Jurisprudence 8vo,  6  00 

Sheep,  6  50 
Law  of  Operations  Preliminary  to  Construction  in  Engineering  and  Archi- 

tecttire 8vo,  s  00 

Sheep,  5  so 

Law  of  Contracts 8vo,  3  00 

"Warren's  Stereotomy — Problems  in  Stone-cutting 8vo,  2  50 

Webb's  Problems  in  the  Use  and  Adjustment  of  Engineering  Instruments. 

i6mo,  morocco,  z  25 

*  Wheeler  s  Elementary  Course  of  Civil  Engineering 8vo,  4  00 

Wilson's  Topographic  Surveying 8vo,  3  50 

BRIDGES  AND  ROOFS. 

Boiler's  Practical  Treatise  on  the  Construction  of  Iron  Highway  Bridges.  .8vo,  2  00 

*  Thames  River  Bridge 4to,  paper,  5  00 

Burr's  Course  on  the  Stresses  in  Bridges  and  Roof  Trusses,  Arched  Ribs,  and 

Suspension  Bridges 8vo,  3  50 

Burr  and  Falk's  Influence  Lines  for  Bridge  and  Roof  Computations.  ,  .  .8vo,  3  00 

Du  Bois's  Mechanics  of  Engineering.     Vol.  II Small  4to,  10  00 

Foster's  Treatise  on  Wooden  Trestle  Bridges 4to,  5  00 

Fowler's  Ordinary  Foundations 8vo,  3  50 

Greene's  Roof  Trusses 8vo,  i  25 

Bridge  Trusses 8vo,  i  50 

Arches  in  Wood,  Iron,  and  Stone 8vo,  2  50 

Howe's  Treatise  on  Arches 8vo,  4  00 

Design  of  £imple  Roof-trusses  in  Wood  and  Steel 8vo,  2  00 

Johnson,  Bryan,  and  Turneaure's  Theory  and  Practice  in  the  Designing  of 

Modern  Framed  Structures Small  4to,  10  00 

Merriman  and  Jacoby's  Text-book  on  Roofs  and  Bridges : 

Part  I.     Stresses  in  Simple  Trusses 8vo,  2  50 

Part  n.     Graphic  Statics 8vo,  2  50 

Part  in.     Bridge  Design 8vo,  2  50 

Part  IV.     Higher  Structures 8vo,  2  50 

Morison's  Memphis  Bridge , . . . .  4to,  10  00 

Waddell's  De  Pontibus,  a  Pocket-book  for  Bridge  Engineers. .  i6mo,  morocco,  3  00 

Specifications  for  Steel  Bridges i2mo,  i  25 

Wood's  Treatise  on  the  Theory  of  the  Construction  of  Bridges  and  Roofs.  .8vo,  2  oo 
Wright's  Designing  of  Draw-spans : 

Part  I.     Plate-girder  Draws 8vo,  2  50 

Part  n.     Riveted-truss  and  Pin-connected  Long-span  Draws 8vo,  2  50 

Two  parts  in  one  volume .Svo,  3  50 
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HYDRAULICS. 

Bazin's  Bzperiments  upon  the  Contraction  of  the  Liquid  Vein  Issuing  from 

an  Orifice.     (Trautwine.) 8vo, 

Bovey's  Treatise  on  Hydraulics 8vo, 

Church's  Mechanics  of  Engineering 8vo, 

Diagrams  of  Mean  Velocity  of  Water  in  Open  Channels paper, 

Coffin's  Graphical  Solution  of  Hydraulic  Problems i6mo,  morocco, 

Flather's  Dynamometers,  and  the  Measurement  of  Power i2mo, 

Folwell's  Water-supply  Engineering Svo, 

Frizell's  Water-power 8vo, 

Fuertes's  Water  and -Public  Health i2mo, 

Water-filtration  Works i2mo, 

Ganguillet  and  Kutter's  General  Formula  for  the  Uniform  Flow  of  Water  in 

Rivers  and  Other  Channels.     (Hering  and  Trautwine.) 8vo, 

Hazen's  Filtration  of  Public  Water-supply 8vo, 

Hazlehurst's  Towers  and  Tanks  for  Water-works 8vo, 

Herschel's  115  Experiments  on  the  Carrying  Capacity  of  Large,  Riveted,  Metal 

Conduits ; 8vo, 

Mason's  Water-supply.     (Considered  Principally  from  a  Sanitary  Standpoint.) 

8vo, 

Merriman's  Treatise  on  Hydraulics 8vo, 

*  Michie's  Elements  of  Analytical  Mechanics 8vo, 

Schuyler's   Reservoirs  for  Lrigation,   Water-power,   and   Domestic   Water- 
supply Large  8vo, 

**  Thomas  and  Watt's  Improvement  of  Rivers.     (Post.,  44c.  additional.). 4to, 

Turneaure  and  Russell's  Public  Water-supplies 8vo, 

Wegmann's  Designand  Construction  of  Dams 4to, 

Water-supply  of  the  City  of  New  York  from  1658  to  1895 4to,  : 

Williams  and  Hazen's  Hydraulic  Tables 8vo, 

Wilson's  Irrigation  Engineering Small  8vo, 

Wolff's  Windmill  as  a  Prime  Mover. 8vo, 

Wood's  Turbines 8vo, 

Elements  of  Analytical  Mechanics 8vo, 

MATERIALS  OF  ENGINEERING. 

Baker's  Treatise  on  Masonry  Construction 8vo, 

Roads  and  Pavements 8vo, 

Black's  United  States  Public  Works Oblong  4to, 

Bovey's  Strength  of  Materials  and  Theory  of  Structures 8vo, 

Burr's  Elasticity  and  Resistance  of  the  Materials  of  Engineering 8vo, 

Byrne's  Highway  Construction Bvo, 

Inspection  of  the  Materials  and  Workmanship  Employed  in  Construction. 

i6mo, 

Church's  Mechanics  of  Engineering. 8vo, 

Du  Bois's  Mechanics  of  Engineering.     Vol.  I Small  4to, 

^Eckel's  Cements,  Limes,  and  Plasters Bvo, 

Johnson's  Materials  of  Construction Large  8vo, 

Fowler's  Ordinary  Foundations 8vo, 

Keep's  Cast  Iron 8vo, 

Lanza's  AppUed  Mechanics 8vo, 

Marten*s  Handbook  on  Testing  Materials.     (Henning.)     2  vols 8vo, 

Merrill's  Stones  for  Building  and  Decoration Bvo, 

Merriman's  Mechanics  of  Materials.  8vo, 

Strength  of  Materials i2mo, 

Metcalf's  Steel.     A  Manual  for  Steel-users i2mo, 

Patton's  Practical  Treatise  on  Foundations ■. 8vo, 

Richardson's  Modern  Asphalt  Pavements Bvo, 

Richey's  Handbook  for  Superintendents  of  Construction i6mo,  mor., 

Rockwell's  Roads  and  Pavements  in  France i2mo,    i  25 
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Sabin's  Industrial  and  Artistic  Technoiogy  of  Paints  and  Varnish 8vo,  3  00 

Smith's  Materials  of  Machines i2mo,  i  00 

Snow's  Principal  Species  of  Wood 8vo,  3  50 

Spalding's  Hydraulic  Cement i2mo,  2  00 

Text-book  on  Roads  and  Pavements i2mo,  2  00 

Taylor  and  Thompson's  Treatise  on  Concrete,  Plain  and  Reinforced 8vo,  s  00 

Thurston's  Materials  of  Engineering.     3  Parts 8vo,  8  00 

Part  I.     Non-metallic  Materials  of  Engineering  and  Metallurgy 8vo,  2  00 

Part  II.     Iron  and  Steel 8vo,  3  50 

Part  III.     A  Treatise  on  Brasses,  Bronzes,  and  Other  Alloys  and  their 

Constituents 8vo»  2  50 

Thurston's  Text-book  of  the  Material  of  Construction 8vo,  5  00 

Tillson's  Street  Pavements  and  Paving  Materials 8vo,  4  00 

Waddell's  De  Pontibus.   ( *  Pocket-book  for  Bridge  Engineers.) .  .  i6mo,  mor.,  3  00 

Specifications  for  Stt .  1  Bridges i2mo,  i  25 

Wood's  (De  V. )  Treatise  on  the  Resistance  of  Materials,  and  an  Appendix  on 

the  Preservation  of  Timber 8vo,  2  00 

Wood's  (De  V.)  Elements  of  Analytical  Mechanics 8vo,  3  00 

Wood's  (M.  P.)  RustlesiXoatings :    Corrosion  and  Electrolysis  of  Iron  and 

Steel. 8vo,  4  00 

RAILWAY  ENGINEERING. 

Andrew's  Handbook  for  Street  Railway  Engineers 3x5  inches,  morocco. 

Berg's  Buildings  and  Structures  of  American  Railroads 4to, 

Brook's  Handbook  of  Street  Railroad  Location i6mo,  morocco. 

Butt's  Civil  Engineer's  Field-book z6mo,  morocco, 

Crandall's  Transition  Curve i6mo,  morocco. 

Railway  and  Other  Earthwork  Tables 8vo, 

Dawson's  "Engineering"  and  Electric  Traction  Pocket-book.  .  i6mo,  morocco. 
Dredge's  History  of  the  Pennsylvania  Railroad:   (1879) Paper, 

*  Drinker's  Tunnelling,  Explosive  Compounds,  and  Rock  Drills.  4to,  half  mor., 

Fisher's  Table  of  Cubic  Yards Cardboard, 

Godwin's  Railroad  Engineers'  Field-book  and  Explorers'  Guide.  . .  i6mo,  mor., 

Howard's  Transition  Curve  Field-book i6mo,  morocco, 

Hudson's  Tables  for  Calculating  the  Cubic  Contents  of  Excavations  and  Em- 
bankments  8vo,    1  00 

Molitor  and  Beard's  Manual  for  Resident  Engineers i6mo,  1  00 

Nagle's  Field  Manual  for  Railroad  Engineers i6mo,  morocco,  3  00 

Philbrick's  Field  Manual  for  Engineers i6mo,  morocco,  3  00 

Searles's  Field  Engineering. i6mo,  morocco,  3  00 

Railroad  Spiral i6mo,  morocco,  i  50 

Taylor's  Prismoidal  Formulae  and  Earthwork 8vo,  i  50 

*  Trautwine's  Method  of  Calculating  the  Cube  Contents  of  Excavations  and 

Embankments  by  the  Aid  of  Diagrams 8vo,  2  00 

The  Field  Practice  of  Laying  Out  Circular  Curves  for  Railroads. 

^       i2mo,  morocco,  2  50 

Cross-section  Sheet Paper,  25 

Webb's  Railroad  Construction i6mo,  morocco,  5  00 

Wellington's  Economic  Theory  of  the  Location  of  Railways Small  8vo,  5  00 

DRAWING. 

Barr's  Kinematics  of  Machinery 8vo,    2  50 

*  Bartlett's  Mechanical  Drawing 8vo,    3  00 

*  "                   "                   "        Abridged  Ed 8vo,  i  50 

Coolidge's  Manual  of  Drawing 8vo,  paper  i  00 

Coolidge  and  Freeman's  Elements  of  General  Drafting  for  Mechanical  Engi- 
neers  Oblong  4to,  2  50 

Durley's  Kinematics  of  Machines 8vo,    4  00 

Emch's  Introduction  to  Projective  Geometry  and  its  Applications 8vo.    2  so 
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Hill's  Text-book  on  Shades  and  Shadows,  and  Perspective 8vo,    2  00 

Jamison's  Elements  of  Mechanical  Drawing 8vo,    2  50 

Advanced  Mechanical  Drawing 8vo,    2  00 

Jones's  Machine  Design; 

Part  I.     Kinematics  of  Machinery. 8vo,    i  50 

Part  n.     Form,  Strength,  and  Proportions  of  Parts 8vo, 

MacCord's  Elements  of  Descriptive  Geometry 8vo, 

Kinematics;  or.  Practical  Mechanism 8vo, 

Mechanical  Drawing 4to, 

Velocity  Diagrams 8vo, 

*  Mahan's  Descriptive  Geometry  and  Stone-cutting 8to, 

Industrial  Drawing.     (Thompson.) 8vo, 

Moyer's  Descriptive  Geometry 8vo, 

Reed's  Topographical  Drawing  and  Sket(*ing 4to, 

Reid's  Course  in  Mechanical  Drawing 8vo, 

Text-book  of  Mechanical  Drawing  and  Elementary  Machine  Design. 8vo, 

Robinson's  Principles  of  Mechanism 8vo, 

Schwamb  and  Merrill's  Elements  of  Mechanism 8vo, 

Smith's  Manual  of  Topographical  Drawing.     (McMillan.) 8vo, 

Warren's  Elements  of  Plane  and  Solid  Free-hand  Geometrical  Drawing.  i2ma. 

Drafting  Instruments  and  Operations i2mo, 

Manual  of  Elementary  Projection  Drawing. i2mo. 

Manual  of  Elementary  Problems  in  the  Linear  Perspective  of  Form  and 

Shadow ■ i2mo. 

Plane  Problems  in  Elementary  Geometry i2mo. 

Primary  Geometry i2mo. 

Elements  of  Descriptive  Geometry,  Shadows,  and  Perspective 8vo, 

General  Problems  of  Shades  and  Shadows 8vo, 

Elements  of  Machine  Construction  and  Drawing 8vo, 

Problems,  Theorems,  and  Examples  in  Descriptive  Geometry. 8vo, 

Weisbach's  Kinematics  and  Power  of  Transmission.    (Hermann  and  Klein)Svo, 

Whelpley's  Practical  Instruction  in  the  Ait  of  Letter  Engraving i2mo, 

"Wilson's  (H.  M.)  Topographic  Surveying .8vo, 

Wilson's  (V.  T.)  Free-hand  Perspective 8vo, 

Wilson's  (V.  T.)  Free-hand  Lettering 8vo, 

Woolf's  Elementary  Course  in  Descriptive  Geometry Large  8vo, 


ELECTRICITY  AWD  PHYSICS. 

Anthony  and  Brackett's  Text-book  of  Physics.     (Magie.) Small  8vo, 

Anthony's  Lecture-notes  on  the  Theory  of  Electrical  Measurements ....  i2mo, 
Benjamin's  History  of  Electricity 8vo, 

Voltaic  Cell 8vo. 

Classen's  Quantitative  Chemical  Analysis  by  Electrolysis.     (Boltwood.).8vo, 

Crehore  and  Squier's  Polarizing  Photo-chronograph 8vo, 

Dawson's  "Engineering"  and  Electric  Traction  Pocket-book.  i6mo,  morocco, 
Dolezalek's   Theory   of   the    Lead  ■  Accumulator    (Storage   Battery).      (Von 

Ende.) i2mo, 

Duhem's  Thermodynamics  and  Chemistry.     (Burgess.) 8vo, 

Flather's  Dynamometers,  and  the  Measurement  of  Power i2mo, 

Gilbert's  De  Magnete.     (Mottelay.) 8vo, 

Hanchett's  Alternating  Currents  Explained i2mo, 

Bering's  Ready  Reference  Tables  (Conversion  Factors) i6mo,  morocco, 

Hohnan's  Precision  of  Measurements 8vo, 

Telescopic  Mirror-scale  Method,  Adjustments,  and  Tests. . .  .Large  8vo, 

Kinzbrunner's  Testing  of  Continuous-Current  Machines. 8vo, 

Landauer's  Spectrum  Analysis.     (Tingle.) 8vo, 

Le  Chatelien's  High-temperature  Measurements.  (Boudouard — Burgess.)  i2mo. 
Lob's  Electrolysis  and  Electrosynthesis  of  Organic  Compounds.  (Lorenz.)  i2mo, 
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*  Lyons's  Treatise  on  Electromagnetic  Phenomena.  Vols.  I.  and  II.  8vo,  each,»  6  oo 

*  Michie's  Elements  of  Wave  Motion  Relating  to  Sound  and  Light Sto,  4  00 

Kiaudet*s  Elementary  Treatise  on  Electric  Batteries.     (Fishback.) i2mo,  2  50 

*  Rosenberg's  Electrical  Engineering.     (Haldane  Gee — Kinzbrunner.).  .  .8vo,  i  50 

Ryan,  Norris,  and  Hoxie's  Electrical  Machinery.     VoL  I Svo,  2  50 

Thurston's  Stationary  Steam-engines 8vo,  2  50 

*  Tillman's  Elementary  Lessons  in  Heat 8vo,  i  50 

Tory  and  Pitcher's  Manual  of  Laboratory  Physics Small  8vo,  2  00 

Ulke's  Modem  Electrolytic  Copper  Refining Svo,  3  00 

LAW. 

*  Davis's  Elements  of  Law : Svo, 

*  Treatise  on  the  Military  Law  of  United  States Svo, 

*  Sheep, 

Manual  for  Courts-martial i6mo,  morocco. 

Wait's  Engineering  and  Architectural  Jurisprudence Svo, 

Sheep, 
Law  of  Operations  Preliminary  to  Construction  in  Engineering  and  Archi- 
tecture  Svo, 

Sheep, 

Law  of  Contracts Svo, 

Winthrop's  Abridgment  of  Military  Law.> i2nio,  2  50 

MANUFACTURES. 

Bernadou's  Smokeless  Powder — Nitro-cellulose  and  Theory  of  the  Cellulose 

Molecule i2mo,  2  5« 

Bolland's  Iron  Founder i2mo,  2  50 

"The  Iron  Founder,"  Supplement i2mo,  2  so 

Encyclopedia  of  Founding  and  Dictionary  of  Foundry  Terms  Used  in  the 

Practice  of  Moulding i2mo,  3  00 

Eissler's  Modern  High  Explosives Svo,  4  00 

Effront's  Enzymes  and  their  Apphcations.     (Prescott.) Svo,  3  00 

Fitzgerald's  Boston  Machinist i2mo,  i  00 

Ford's  Boiler  Making  for  Boiler  Makers iSmo,  i  00 

Hopkin's  Oil-chemists'  Handbook Svo,  3  00 

Keep's  Cast  Iron ' Svo,  2  50 

Leach's  The  Inspection  and  Analysis  of  Food  with  Special  Reference  to  State 

Control Large  Svo,  7  50 

Matthews's  The  Textile  Fibres Svo,  3  50 

Metcalf's  Steel.     A  Manual  for  Steel-users i2mo,  2  00 

Metcalfe's  Cost  of  Manufactures — And  the  Administration  of  Workshops .  Svo,  5  00 

Meyer's  Modem  Locomotive  Construction 4to,  10  00 

Morse's  Calculations  used  in  Cane-sugar  Factories i6mo,  morocco,  i  50 

*  Reisig's  Guide  to  Piece-dyeing Svo,  25  00 

Sabin's  Industrial  and  Artistic  Technology  of  Paints  and  Varnish Svo,  3  00 

Smith's  Press-working  of  Metals Svo,  3  00 

Spalding's  Hydraulic  Cement i2mo,  2  00 

Spencer's  Handbook  for  Chemists  of  Beet-sugar  Houses.    ...  i6mo,  morocco,  3  00 

Handbook  for  Sugar  Manufacturers  and  their  Chemists.  .  i6mo,  morocco,  2  00 

Taylor  and  Thompson's  Treatise  on  Concrete,  Plain  and  Reinforced Svo,  5  00 

Thurston's  Manual  of  Steam-boilers,  their  Designs,  Construction  and  Opera- 
tion  Svo,  s  00 

♦"Walke's  Lectures  on  Explosives Svo,  4  00 

Ware's  Manufacture  of  Sugar.     (In  press.) 

West's  American  Foundry  Practice i2mo,  2  50 

Moulder's  Text-book r2mo,  2  50 
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Wolff's  Windmill  as  a  Prime  Mover 8vo,    3  00 

Wood's  Rustless  Coatings :  Corrosion  and  Electrolysis  of  Iron  and  Steel.  .Svo,    4  00 


MATHEMATICS. 

Baker's  Elliptic  Functions 8vo,  i  SO 

*  Bass's  Elements  of  Differential  Calculus izmo,  4  00 

Briggs's  Elements  of  Plane  Analytic  Geometry i2mo,  i  00 

Compton's  Manual  of  Logarithmic  Computations i2mo,  i  50 

Davis's  Introduction  to  the  Logic  of  Algebra 8vo,  1  50 

*  Dickson's  College  Algebra Large  i2mo,  i  50 

*  Introduction  to  the  Theory  of  Algebraic  Equations Large  izmo,  i  2S 

Emch's  Introduction  to  Projective  Geometry  and  its  Apphcations 8vo,  2  50 

Halsted's  Elements  of  Geometry. 8vo,  i  75 

Elementary  Synthetic  Geometry. 8vo,  i  so 

national  Geometry. i2mo,  i  75 

*  Johnson's  (J.  B.)  Three-place  Logarithmic  Tables:  Vest-pocket  size. paper,  is 

100  copies  for  5  00 

••=                                                       Mounted  on  heavy  cardboard,  8X10  inches,  25 

10  copies  for  2  00 

Johnson's  (W.  W.)  Elementary  Treatise  on  Differential  Calculus .  .SmahSvo,  3  00 

Johnson's  (W.  W.)  Elementary  Treatise  on  the  Integral  Calculus. Small 8vo,  i  50 

Johnson's  (W.  W.)  Curve  Tracing  in  Cartesian  Co-ordinates i2mo,  1  00 

Johnson's  (W,  W.)  Treatise  on  Ordinary  and  Partial  Differential  Equations. 

Small  8vo,  3  so 

Johnson's  (W,  W.)  Theory  of  Errors  and  the  Method  of  Least  Squares,  izmo,  i  so 

*  Johnson's  (W.  W.)  Theoretical  Mechanics i2mo,  3  00 

Laplace's  Philosophical  Essay  on  Probabilities.    (Truscott  and  Emory.).  i2mo,  2  00 

*  Ludlow  and  Bass.     Elements  of  Trigonometry  and  Logarithmic  and  Other 

Tables 8vo,  3  00 

Trigonometry  and  Tables  published  separately Each,  2  00 

*  Ludlow's  Logarithmic  and  Trigonometric  Tables. .  .• 8vo,  i  00 

Maurer's  Technical  Mechanics 8vo,  4  00 

Merriman  and  Woodward's  Higher  Mathematics 8vo,  s  00 

Merriman's  Method  of  Least  Squares 8vo,  2  00 

Rice  and  Johnson's  Elementary  Treatise  on  the  Differential  Calculus. .  Sm.  8vo,  3  00 

Differential  and  Integral  Calculus.     2  vols,  in  one Small  8vo,  2  so 

Wood's  Elements  of  Co-ordinate  Geometry. 8vo,  2  00 

Trigonometry:  Analytical,  Plane,  and  Spherical i2mo,  i  00 


MECHANICAL  ENGINEERING. 

MATERIALS  OF  ENGINEERING,  STEAM-ENGINES  AND  BOILERS. 

Bacon's  Forge  Practice umo, 

Baldwin's  Steam  Heating  for  Buildings i2mo, 

Barr's  Kinematics  of  Machinery. 8vo, 

*  Bartlett's  Mechanical  Drawing 8vo, 

*  "  "  "        Abridged  Ed 8vo, 

Benjamin's  Wrinkles  and  Recipes i2mo. 

Carpenter's  Experimental  Engineering. 8vo, 

Heating  and  Ventilating  Buildings 8vo, 

Gary's  Smoke  Suppression  in  Plants  using  Bituminous  Coal.     (In  Prepara- 
tion.) 

Clerk's  Gas  and  Oil  Engine Small  8vo, 

Coolidge's  Manual  of  Drawing 8vo,  paper, 

Coolidge  and  Freeman's  Elements  of  General  Drafting  for  Mechanical  En- 
gineers  Oblong  4to,    2  50 
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Cromwell's  Treatise  on  Toothed  Gearing X2mo,  x  50 

Treatise  on  Belts  and  Pulleys i2mo,  i  50 

Durley's  Kinematics  of  Machines 8vo,  4  00 

Flather's  Dynamometers  and  the  Measurement  of  Power. i2mo,  3  00 

Rope  Driving. i2mo,  2  00 

Gill's  Gas  and  Fuel  Analysis  for  Engineers z2mo,  i  25 

Hall's  Car  Lubrication i2mo,  i  00 

Bering's  Ready  Reference  Tables  (Conversion  Factors) i6mo,  morocco,  2  50 

Button's  The  Gas  Engine 8vo,  5  00 

Jamison's  Mechanical  Drawing 8vo,  2  50 

Jones's  Machine  Design: 

Part  I.     Kinematics  of  Machinery. 8vo,  i  50 

Part  n.     Form,  Strength,  and  Proportions  of  Parts 8vo,  3  00 

Kent's  Mechanical  Engineers*  Pocket-book i6mo,  morocco,  5  00 

Kerr's  Power  and  Power  Transmission 8vo,  2  00 

Leonard's  Machine  Shop,  Tools,  and  Methods 8vo,  4  00 

*Lorenz's  Modern  Refrigerating  Machinery.     (Pope,  Baven,  and  Dean.)  .  .  8vo,  4  00 

MacCord's  Kinematics;  or.  Practical  Mechanism 8vo,  5  00 

Mechanical  Drawing. 4to,  4  00 

Velocity  Diagrams 8vo,  i  50 

Mahan's  Industrial  Drawing,     (Thompson.) 8vo,  3  50 

Poole  s  Calorific  Power  of  Fuels 8vo,  3  00 

Reid's  Course  in  Mechanical  Drawing 8vo,  2  00 

Text-book  of  Mechanical  Drawing  and  Elementary  Machine  Design. 8vo,  3  00 

Richard's  Compressed  Air izmo,  i  50 

Robinson's  Principles  of  Mechanism 8vo,  3  oo 

Schwamb  and  Merrill's  Elements  of  Mechanism 8vo,  3  00 

Smith's  Press-working  of  Metals 8vo,  3  00 

Thurston's  Treatise   on  Friction  and  Lost  Work  in  Machinery  and   Mill 

Work 8vo,  3  00 

Animal  as  a  Machine  and  Prime  Motor,  and  the  Laws  of  Energetics .  z2mo,  z  00 

Warren's  Elements  of  Machine  Construction  and  Drawing , . .  .8vo,  7  50 

Weisbach's    Kinematics    and  'the    Power    of    Transmission.     (Berrmann — 

Klein.) 8vo,  5  00 

Machinery  of  Transmission  and  Governors.     (Berrmann — Klein.).  .8vo,  5  00 

Wolff's  Windmill  as  a  Prime  Mover 8vo,  3  00 

Wood's  Turbines 8vo,  2  50 


MATERULS   OF   ENGINEERING. 

Bovey's  Strength  of  Materials  and  Theory  of  Structures 8vo,  7  so 

Biirr's  Elasticity  and  Resistance  of  the  Materials  of  Engineering.    6th  Edition. 

Reset 8vo,  7  50 

Church's  Mechanics  of  Engineering Svo,  6  00 

Johnson's  Materials  of  Construction Svo,  6  00 

Keep's  Cast  Iron Svo,  2  50 

Lanza's  Applied  Mechanics Svo,  7  50 

Martens's  Handbook  on  Testing  Materials.     (Henning.) Svo,  7  50 

Merriman's  Mechanics  of  Materials.                                Svo,  5  00 

Strength  of  Materials i2mo,  1  00 

Metcalf's  SteeL     A  manual  for  Steel-users i2mo.  2  00 

Sabin's  Industrial  and  Artistic  Technology  of  Paints  and  Varnish Svo,  3  00 

Snuth's  Materials  of  Machines z2mo,  z  00 

Thurston's  Materials  of  Engineering 3  vols.,  Svo,  8  00 

Part  II.     Iron  and  Steel Svo,  3  50 

Part  in.     A  Treatise  on  Brasses,  Bronzes,  and  Other  Alloys  and  their 

Constituents Svo,  2  50 

Tezt-book  of  the  Materials  of  Construction Svo,  5  00 
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Wood's  (De  V.)  Treatise  on  the  Resistance  of  Materials  and  an  Appendix  on 

the  Preservation  of  Timber 8vo,    2  oo 

Wood's  (De  V.)  Elements  of  Analytical  Mechanics , Svo,    3  00 

Wood's  (M.  P.)  Rustless  Coatings:    Corrosion  and  Electrolysis  of  Iron  and 

Ste»l. 8vo,    4  00 


STEAM-ENGINES  AND  BOILERS. 

Berry's  Temperature-entropy  Diagram ismo,  i  25 

Carnot's  Reflections  on  the  Motive  Power  of  Heat.     (Thurston.) i2mo,  i  so 

Dawson's  "  Engineering  "  and  Electric  Traction  Pocket-book. .  . ,  i6mo,  mor.,  s  00 

Ford's  Boiler  Making  for  Boiler  Makers iSmo,  x  00 

Goss's  Locomotive  Sparks Svo,  2  00 

Hemenway's  Indicator  Practice  add  Steam-engine  Economy i2mo,  2  00 

Button's  Mechanical  Engineering  of  Power- Plants Svo,  s  00 

Heat  and  Heat-engines Svo,  s  00 

Kent's  Steam  boiler  Economy. Svo,  4  00 

Kneass's  Practice  and  Theory  of  the  Injector Svo,  i  30 

MacCord's  Slide-valves Svo,  2  00 

Meyer's  Modern  Locomotive  Construction 4to,  10  00 

Peabody's  Manual  of  the  Steam-engine  Indicator i2mo,  i  so 

Tables  of  the  Properties  of  Saturated  Steam  and  Other  Vapors Svo,  i  00 

Thermodynamics  of  the  Steam-engine  and  Other  Heat-engines Svo,  s  oo 

Valve-gears  for  Steam-engines Svo,  2  so 

Peabod^and  Miller's  Steam-boilers Svo,  4  00 

Pray's  Twenty  Years  with  the  Indicator Large  Svo,  2  50 

Pupin's  Thermodynamics  of  Reversible  Cycles  in  Gases  and  Saturated  Vapors. 

(Osterberg.) i2mo,  i  2S 

Reagan's  Locomotives:  Simple  Compound,  and  Electric i2mo,  2  so 

Rontgen's  Principles  of  Thermodynamics.     (Du  Bois.) Svo,  s  00 

Sinclair's  Locomotive  Engine  Running  and  Management 'i2mo,  2  00 

Smart's  Handbook  of  Engineering  Laboratory  Practice i2mo,  2  50 

Snow's  Steam-boiler  Practice Svo,  3  00 

Spangler's  Valve-gears Svo,  2  so 

Notes  on  Thermodynamics ' i2mo,  i  00 

Spangler,  Greene,  and  Marshall's  Elements  of  Steam-engineering Svo,  3  00 

Thiuston's  Handy  Tables Svo,  i  so 

Manual  of  the  Steam-engine .2  vols.,  Svo,  10  00 

Part  I.     History,  Structure,  and  Theory Svo,  6  00 

Part  II.     Design,  Construction,  and  Operation Svo,  6  00 

Handbook  of  Engine  and  Boiler  Trials,  and  the  Use  of  the  Indicator  and 

the  Prony  Brake Svo,  5  00 

Stationary  Steam-engines Svo,  2  50 

Steam-boiler  Explosions  in  Theory  and  in  Practice i2mo,  i  50 

Manual  of  Steam-boilers,  their  Designs,  Construction,  and  Operation Svo,  5  00 

Weisbach's  Heat,  Steam,  and  Steam-engines.     (Du  Bois.) Svo,  s  00 

Whitham's  Steam-engine  Design Svo,  s  00 

Wilson's  Treatise  on  Steam-boilers.     (Flather.) i6mo,  2  50 

Wood's  Thermodynamics,  Heat  Motors,  and  Refrigerating  Machines. .  .Svo,  4  00 


MECHANICS  AND  MACHINERY. 

Barr's  Kinematics  of  Machinery Svo,  2  50 

Bovey's  Strength  of  Materials  and  Theory  of  Structures Svo,  7  so 

Chase's  The  Art  of  Pattern-making i2mo,  2  5o_ 

Church!s  Mechanics  of  Engineering Svo,  6  00' 
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Church's  Notes  and  Examples  in  Mechanics 8vo,    2  oo 

Compton's  First  Lessons  in  Metal-working izmo,    i  s© 

Compton  and  De  Groodt's  The  Speed  Lathe i2mo,    1  so 

Cromwell's  Treatise  on  Toothed  Gearing izmo,    i  30 

Treatise  on  Belts  and  Pulleys i2mo,    1  50 

Dana's  Text-book  of  Elementary  Mechanics  for  Colleges  and  Schools.  .i2mo,    z  50 

Dingey's  Machinery  Pattern  Making i2mo,    2  oa 

Dredge's  Record  of  the  Transportation  Exhibits  Building  of  the  World's 

Columbian  Exposition  of  1893 4to  half  morocco,    5  00 

Du  Bois's  Elementary  Principles  of  Mechanics : 

Vol.     I.     Kinematics 8vo, 

Vol.    n.     Statics 8vo, 

Vol.  in.     Kinetics 8vo, 

Mechanics  of  Engineering.     Vol.    I Small  4to, 

VoL  II ^ Small  4to, 

Dtirley's  Kinematics  of  Machines 8vo, 

Fitzgerald's  Boston  Machinist i6mo, 

Flather's  Dynamometers,  and  the  Measurement  of  Power i2mo, 

Rope  Driving i2mo, 

Goss's  Locomotive  Sparks 8vo, 

Hall's  Car  Lubrication i2mo, 

Holly's  Art  of  Saw  Filing i8mo,        75 

James's  Kinematics  of  a  Point  and  the  Rational  Mechanics  of  a  Particle.  Sm  .8vo,2  oa 

*  Johnson's  (W.  W.)  Theoretical  Mechanics i2mo,    3  00 

Johnson's  (L.  J.)  Statics  by  Graphic  and  Algebraic  Methods 8vo,    2  00 

Jones's  Machine  Design : 

Part   I.     Kinematics  of  Machinery 8^0, 

Part  n.     Form,  Strength,  and  Proportions  of  Parts 8vo, 

Kerr's  Power  and  Power  Transmission 8vo, 

Lanza's  Applied  Mechanics 8vo, 

Leonard's  Machine  Shop,  Tools,' and  Methods 8vo, 

*Lorenz's  Modern  Refrigerating  Machinery.      (Pope,  Haven,  and  Dean.)  .8vo, 

MacCord's  Kinematics;  or,  Practical  Mechanistn 8vo, 

Velocity  Diagrams 8vo, 

Maurer's  Technical  Mechanics 8vo, 

Merriman's  Mechanics  of  Materials 8vo, 

*  Elements  of  Mechanics i2mo, 

*  Michie's  Elements  of  Analytical  Mechanics '. 8vo, 

Keagan's  Locomotives:  Simple,  Compound^  and  Electric i2mo^ 

Reid's  Course  in  Mechanical  Drawing 8vo, 

Text-book  of  Mechanical  Drawing  and  Elementary  Machine  Design. 8vo, 

Richards's  Compressed  Air i2mo.    i  50 

Robinson's  Principles  of  Mechanism 8vo,    3  00 

Ryan,  Norris.  and  Hoxie's  Electrical  Machinery.     VoL  1 8vo,    2  30^ 

Schwamb  and  Merrill's  Elements  of  Mechanism 8vo,    3  00 

Sinclair's  Locomotive-engine  Ruxming  and  Management i2mo,    2  00 

Smith's  (O.)  Press-working  of  Metals 8vo,    3  00 

Smith's  (A.  W.)  Materials  of  Machines i2mo,    i  00 

Spangler,  Greene,  and  Marshall's  Elements  of  Steam-engineering 8vo,    3  00 

Thurston's  Treatise  on  Friction  and  Lost  ^7ork  in    Machinery  and    Mill 

Work 8vo,    3  00 

Animal  as  a  Machine  and  Prime  Motor,  and  the  Laws  of  Energetics. 

i2mo,     I  00 

Warren's  Elements  of  Machine  Construction  and  Drawing 8vo,    7  50 

Weisbach's  Kinematics  and  Power  of  Transmission.   (Herrmann — Klein.)  .8vo,    s  00 

Machinery  of  Transmission  and  Governors.      (Herrmann — Klein. ).Svo,    5  00 
Wood's  Elements  of  Analytical  Mechanics 8vo,    3  00 

Principles  of  Elementary  Mechanics X2mo,    i  25 

Turbines 8vo,    2  50 

The  World's  Columbian  Eaposition  of  1893 4t0i    i  oo^ 
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METALLURGY. 

Egleston's  Metallurgy  of  Silver,  Gold,  and  Mercury: 

Vol.    i.    Silver 8vo,  7  So 

Vol.  n.     Gold  and  Mercury 8vo,  7  SO 

**  lles*s  Lead-smelting.     (Postage  9  cents  additional.) i2nio,  2  50 

Keep's  Cast  Iron 8vo,  2  50 

Kunhardt's  Practice  of  Ore  Dressing  in  Europe 8vo,  i  go 

Le  Chatelier's  High-temperature  MeasuremePts.  (Boudouard — Burgess. )i2mo,  3  00 

Metcalf's  Steel.     A  Manual  for  Steel-users-     i2mo,  2  00 

Smith's  Materials  of  Machines i2mo,  i  00 

Thurston's  Materials  of  Engineering.     In  Three  Parts 8vo.  8  00 

Part   II.     Iron  and  Steel , 8vo,  3  so 

Part  in.     A  Treatise  on  Brasses,  Bronzes,  and  Other  Alloys  and  their 

Constituen|ts 8vo,  2  50 

Hike's  Modern  Electrolytic  Copper  Refining 8vo,  3  00 

MINERALOGY. 

Barringer's  Bescription  of  Minerals  of  Commercial  Value.    Oblong,  morocco,  2  50 

Boyd's  Resources  of  Southwest  Virginia 8vo,  3  00 

Map  of  Southwest  Virignia Pocket-book  form.  3  00 

Brush's  Manual  of  Determinative  Mineralogy.     (Penfield.) 8vo,  4  00 

Chester's  Catalogue  of  Minerals 8vo,  paper,  1  00 

Cloth, 

Dictionary  of  the  Names  of  Minerals 8vo, 

Dana's  System  of  Mineralogy. Large  8vo,  half  leather. 

First  Appendix  to  Dana's  New  "  System  of  Mineralogy." Large  8vo, 

Text-book  of  Mineralogy 8vo, 

Minerals  and  How  to  Study  Them i2mo. 

Catalogue  of  American  Localities  of  Minerals Large  8vo,  1  00 

Manual  of  Mineralogy  and  Petrography i2mo ,  2  00 

Douglas's  Untechnical  Addresses  on  Technical  Subjects i2mo,  i  00 

Eakle's  Mineral  Tables 8vo,  i  25 

Egleston's  Catalogue  of  Minerals  and  Synonyms.  , 8vo,  2  50 

Hussak's  The  Determination  of  Rock-forming  Minerals.    (Smith.)  Small  8vo,  2  00 

Merrill's  Non-metallic  Minerals:  Their  Occurrence  and  Uses 8vo,  4  00 

*  Penfield's  Notes  on  Determinative  Mineralogy  and  Record  of  Mineral  Tests. 

8vo.  paper,  o  50 
Rosenbusch's   Microscopical  Physiography  of   the   Rock-making  Minerals. 

(Iddings.) 8vo.  5  00 

*  Tillman's  Text-book  of  Important  Minerals  and  Rocks 8vo.  2  00 

Williams's  Manual  of  Lithology.  . .'. , 8vo,  3  00 

MINING. 

Beard's  Ventilation  of  Mines i2mo.  2  50 

Boyd's  Resources  of  Southwest  Virginia 8vo,  3  00 

Map  of  Southwest  Virginia Pocket  book  form,  2  00 

Douglas's  Untechnical  Addresses  on  Technical  Subjects i2mo.  i  00 

*  Drinker's  Tunneling,  Explosive  Compounds,  and  Rock  Drills .  .4to,  hf .  mor  .  25  00 

Eissler's  Modern  High  Explosives 8vo,  4  00 

Fowler's  Sewage  Works  Analyses r2mo.  2  00 

Goodyear's  Coal-mines  of  the  Western  Coast  of  the  United  States i2mo.  2  50 

Ihlseng's  Manual  of  Mining 8v(x  5  00 

**  Iles's  Lead-smelting.     (Postage  gc.  additional.) i2mo.  2  50 

Kunhardt's  Practice  of  Ore  Dressing  in  Europe. -.Svo,  i  go 

O'Driscoll's  Notes  on  the  Treatment  of  Gold  Ores 8vo.  2  00 

*  Walke's  Lectures  on  Explosives 8vo,  4  00 

Wilson's  Cyanide  Processes , I2m0o  i  50 

Chiorination  Process i2mo,  i  50 
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Wilson's  Hydraulic  and  Placer  Mining l2mo, 

Treatise  on  Practical  and  Theoretical  Mine  Ventilation lamo, 

SANITARY  SCIENCE. 

Bashore's  Sanitation  of  a  Country  House i2mo, 

Folwell's  Sewerage.     (Designing,  Construction,  and  Maintenance.) 8vo, 

Water-supply  Engineering 8to, 

Fuertes's  Water  and  Public  Health i2mo. 

Water-filtration  Works izmo, 

Gerhard's  Guide  to  Sanitary  House-inspection i6mo, 

Goodrich's  Economic  Disposal  of  Town's  Refuse Demy  8vo, 

Hazen's  Filtration  of  Public  Water-supplies Svo, 

Leach's  The  Inspection  and  Analysis  of  Food  with  Special  Reference  to  State 

Control 8vo, 

Mason's  Water-supply.  (Considered  principally  from  a  Sanitary  Standpoint)  Svo, 

Examination  of  Water.     (Chemical  and  Bacteriological.) i2mo, 

Merriman's  Elements  of  Sanitary  Engineering Svo, 

Ogden's  Sewer  Design i2mo, 

Prescott  and  Winslow's  Elements  of  Water  Bacteriology,  with  Special  Refer- 
ence to  Sanitary  Water  Analysis i2mo, 

*  Price's  Handbook  on  Sanitation i2mo, 

Richards's  Cost  of  Food.     A  Study  in  Dietaries i2mo, 

Cost  of  Living  as  Modified  by  Sanitaxy  Science i2mo, 

Richards  and  Woodman's  Air,  Water,  and  Food  from  a  Sanitary  Stand- 
point  Svo, 

*  Richards  and  Williams's  The  Dietary  Computer. Svo, 

Rideal's  Sewage  and  Bacterial  Purification  of  Sewage Svo, 

Turneaure  and  Russell's  Public  Water-supplies Svo, 

Von  Behring's  Suppression  of  Tuberculosis.     (Bolduan.) i2mo, 

Whipple's  Microscopy  of  Drinking-water Svo, 

Woodhull's  Notes  on  Military  Hygiene i6mo, 

MISCELLANEOUS. 

De  Fursac's  Manual  of  Psychiatry.  (Rosanoff  and  Collins.). . .  .Large  lamo,  3  so 
Emmons's  Geological  Guide-book  of  the  Rocky  Mountain  Excursion  of  the 

International  Congress  of  Geologists Large  Svo,  i  so 

Ferrel's  Popular  Treatise  on  the  Winds Svo.  4  00 

Haines's  American  Railway  Management.  . ! i2mo,  2  so 

Mott's  Composition,  Digestibility,  and  Nutritive  Value  of  Food.  Mounted  chart,  i  2S 

Fallacy  of  the  Present  Theory  of  Sound i6mo,  i  00 

Ricketts's  History  of  Rensselaer  Polytechnic  Institute,  1824-1894.  .Small  Svo,  3  00 

Rostoski's  Serum  Diagnosis.     (Bolduan.) i2mo.  i  00 

Rotherham's  Emphasized  New  Testament Large  Svo,  2  00 

Steel's  Treatise  on  the  Diseases  of  the  Dog 8vo,  3  so 

Totten's  Important  Question  in  Metrology 8vo,  2  so 

The  World's  Columbian  Exposition  of  1893 4*0,  i  00 

Von  Behring's  Suppression  of  Tuberculosis.     (Bolduan.) i2mo,  i  00 

Winslow's  Elements  of  Applied  Microscopy i2mo,  i  so 

Worcester  and  Atkinson.     Small  Hospitals,  Establishment  and  Maintenance; 

Suggestions  for  Hospital  Architecture :  Plans  for  Small  Hospital. i2mo,  123 

HEBREW  AND  CHALDEE  TEXT-BOOKS. 

Green's  Elementary  Hebrew  Grammar i2mo,  i  23 

Hebrew  Chrestomathy 8vo,  3  00 

Gesenius's  Hebrew  and  Chaldee  Lexicon  tc   the  Old  Testament  Scriptures. 

(Tregelles.) Small  4to,  half  morocco,  s  00 

Letteris's  Hebrew  Bible 8vo,  2  25 
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